ON A NONLOCAL EIGENVALUE PROBLEM

JUNCHENG WEI AND LIQUN ZHANG

ABSTRACT. We consider a nonlocal eigenvalue problem which arises in the study of sta-
bility of point-condensation solutions in some reaction-diffusion systems. We give some
sufficient (and explicit) conditions for the stability in the general case.

1. INTRODUCTION

Recently there have been a lot of studies on the so—called point-condensation solutions

generated by the Gierer-Meinhardt system from pattern formation ([11])
Ay =2AA— A+ APH 91in Q,

THy = DyAH — H+ A"H® in Q, (1.1)
g—f = %—f =0 on 0f.

Here, the unknowns A = A(x,t) and H = H(x,t) represent the respective concentrations
at point z € Q C RY and at time ¢ of the biochemical called an activator and an inhibitor;
e >0,7>0,Dg > 0 are all positive constants; A = Z;\;l 53_;? is the Laplace operator in
RY; Q is a smooth bounded domain in R"; v(x) is the unit outer normal at x € 9. The
exponents (p, q,r, s) are assumed to satisfy the condition

p>1,¢g>0,r>0,s>0, and 7::%>1. (1.2)
For backgrounds and recent progress, please see [3], [4], [11], [15], [16], [19], [20], [21], [26],
[27], [29], etc.

If we take Dy = 400, then we obtain the following so-called shadow system of (1.1)
A, = @AA— A+ APH 0 in ©,

& = —E+ g (foANE, (1.3)
%—‘3 =0 on 09.

For Dy sufficiently large, the full Gierer-Meinhardt system (1.1) can be considered as a

quite regular perturbation of its shadow system (1.3). It is well known that the stationary
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solutions of (1.3) are determined by the equation

{ eAu—u+u? =0in Q,

u > 0in €, %:Oonaﬂ, (1.4)

through the substitution A = £r-tu(z).

It is easy to see that the eigenvalue problem for the the linearization of (1.3) at a solution
A = &7 Tu(z), where &5 = || Jq ut and u, is a solution to (1.4), reduces to the
eigenvalue problem

{8A@—@+m€%fwg£ﬂum0lkwlﬂzaaimm
% =0 on 09.

Let u, be an interior or boundary spike solution. We consider two cases: A\ — 0 ase — 0
and A\c =& A # 0 as € — 0. (See Lemma A of [[27], page 359].) As e — 0, the study of the
nonzero eigenvalues is reduced to the study of the following nonlocal eigenvalue problem,

qr fRN w''¢
s+1+7A [y w

(1.5)

Ad— ¢+ pur ¢ — w” =\, ¢ € HA(RY). (1.6)

where
AeEC,\A#0,
and w is the unique solution of the following problem

Aw —w+wP =0,w >0 in RY,
{ w(0) = max,cpy w(z), w(r) — 0 as |x| — oc. (17)
(See [27], [28] for details on the derivation of (1.6).)

By [27] and [28], if problem (1.6) admits an eigenvalue A with positive real part, then all
single point-condensation solutions are unstable, while if all eigenvalues of problem (1.6)
have negative real part, then all single point-condensation solutions are either stable or
metastable. (Here we say that a solution is metastable if the eigenvalues of the associated
linearized operator either are exponentially small or have strictly negative real parts.)
Therefore it is vital to study problem (1.6).

Problem (1.6) can be simplified further. First, we can consider the simplest case 7 = 0.
(The results work for small 7. For large 7, we refer to [20] and a recent paper by Dancer

[2].) Second, let us decompose

L*(RY) = L}(RY) & H
where L2(R") is the set of radially symmetric L? functions on R and # is its orthogonal
complement (in L2(R")). It is easy to see that the left hand side operator of (1.6), denoted
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by £, maps L2(RY) N H?(RY) into L2(RY) and so L?(R") is invariant under £. On the
other hand, if ¢ € H, [, w"~'¢ = 0 and hence on this subspace H, L& = Ap — d+pw?~'¢
and it follows easily £ maps H?(R"Y) N H into H. Thus the equation (1.6) is reduced to
one on L2(RY) and one on H. On H, the equation is

Ap— ¢+ pwP ¢ =N\p, 0 € H

which has zero as an eigenvalue of multiplicity N and all the other eigenvalues are real and

negative. This follows from the fact that the following eigenvalue problem
Ap— ¢ +puP™'¢ = ug, ¢ € L*(RY), (1.8)
admits the following set of eigenvalues
1 > 0,00 = oo = iy = 0, piyao < 0, ...

where the eigenfunction corresponding to puy is radially symmetric. (See Theorem 2.1 of
[17] and Lemma 1.2 of [27].)

Thus the eigenvalue problem (1.6) with 7 = 0 can be reduced to the following simple

form
200+ g oo - DI Lo e ), (9
where '
yzm,)\EC,)\%O.

From now on, we shall work exclusively with (1.9).

When v = 0, problem (1.9) has an eigenvalue A = p; > 0. An important property of
(1.9) is that nonlocal term can push the eigenvalues of problem (1.9) to become negative
so that the point-condensation solutions of the Gierer-Meinhardt system become stable or
metastable.

We remark that problem (1.9) also arises in the study of generalized Gray-Scott models,
see [5], [6], [7] , [13], [14], [18], [22], [23], [28], etc.

A major difficulty in studying problem (1.9) is that the operator is not self-adjoint
if  # p + 1. Therefore it may have complex eigenvalues or Hopf bifurcations. Many
traditional techniques don’t work here. We remark that the linear stability analysis for
another scalar non-local problem has previously been conducted by Freitas [8], [9] and [10].

In those papers, he considered the linear operator of non-local problem as a perturbation
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of a local operator. (Similar approach has been used in [1].) Our approach here is not
perturbation type. Instead, we work directly with the non-local problem.
In [28] and [27], the eigenvalues of problem (1.9) in the following two cases
r=2,orr=p+1

are studied and the following results are proved.
Theorem A: (1) If (p,q,r,s) satisfies

qr
A -
S R
and A N 49
_|_
(B) r:2,1<p<1+N 0rr=p+1,1<p<(N_2)+,
where (322) = 242 when N > 3 and (312)4 = +o00 when N =1, 2.

Then Re(\) < —c¢y < 0 for some ¢y > 0, where X\ # 0 is an eigenvalue of problem (1.9).
(2) If (p,q,r,s) satisfies (A) and
4
() r:2,p>1+N and v < 1+ cq,
for some ¢y > 0. Then problem (1.9) has an eigenvalue \; > 0.

For general r, the first author in [25] proved the following:
Theorem B: (1) If

D(r) = (P = 1) Jur (((Lfan;r)z)wr ) S @ >

where Ly = A — 1+ pwP~t (Ly" exists in HX(RY) := {u € H*(RN)|u(z) = u(|z|)}) and

0 (1.10)

1 1
1+ <y <1+ , 1.11
L+ po v1—=1po (L.11)
where py > 0 is given by
Jis <1 (1.12)

Po =
Then for any nonzero eigenvalue \ of problem (1.9), we have Re(\) < —¢; < 0 for some
cp > 0.
(2) If (p,q,r, s) satisfies

1+2r< <(N—i—2
N PSS\

for some ¢y > 0. Then problem (1.9) has a real eigenvalue Ay > 0.

)+ and v < 1+ ¢y, (1.13)
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Generally speaking, it is very difficult to compute D(r). Thus Theorem B does not give
us an explicit value for r and p.

The purpose of this paper is to study the general case and to give some explicit conditions
on r and p. Our main idea is to start with Theorem A where the cases r =2 and r =p+1
are studied, and do a continuation argument for r. To this end, we fix v > 1 and p > 1.
Set
p—1

2r
The following theorem gives us some explicit values for r and p.

Firy=1-2"2N. (1.14)

Theorem 1. Suppose 2 <r <p+1,F(r) >0 and

F(r) > VT”F(M 1)+ @\/F(w DFp+1) —F@2), (1.15)

then for any nonzero eigenvalue \ of problem (1.9), we have Re(\) < —¢; < 0 for some

c1 > 0.

Remark: Condition (1.15) holds if 2 < 7 < p+1,F(2) > 0 (ie. 1 <p <1+ %) and
1 < 4 < 2. Thus in this case we obtain the stability of the nonzero eigenvalues of (1.9).
This is the first explicit result for the case when r ¢ {2,p + 1}. For v > 2, we need

v—2
F(r) = T[F(zﬂr D+ VEp+1)(F@p+1) - F2))]
Theorem 1 follows from the following more general result:

Theorem 2. Suppose that there exists an interval (r1,73) C (1,+00) such that either 2 €
(ri,m2) orp+1 € (r1,12), and for any r € (r1,72), we have

(1) ¥?D(r) = F(p+1) = 29(y = DF(r) + (v = 1)*F(2) <0,

(i) F(p+1) +~F(r) = (v = DF(2) > 0,

r)—(vy— 2
(iii) ¥2D(r) > (v = 2)?F(p + 1) — LH AT

Then for any r € (r1,72) and any nonzero eigenvalue X of problem (1.9), we have Re(\) <

—c1 < 0 for some ¢y > 0.

Remarks: 1. Assumption (i) is satisfied at r =2 or r = p+ 1 for any v > 1. In the proof
of Theorem 1, it is shown that assumption (i) is satisfied if 2 < r < p+1 and F(r) > 0.
2. If F(r) > 0, then assumption (ii) is always true, since v > 1 and F'(r) is an increasing

function of r.
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3. Assumption (iii) is satisfied for r = 2 if and only if F'(2) > 0. For r = p+1 assumption
(iii) is also satisfied for any v > 1. Thus (1) of Theorem A is covered by Theorem 2.

4. Note that if v = 2 and D(r) > 0, assumption (iii) is always satisfied. It can be
shown that if 2 < r < p+ 1, assumption (i) and (ii) are always satisfied if D(r) > 0. Thus
Theorem 2 covers the result of (1) of Theorem B.

5. Let (y(t),7(t)),0 <t <1 be a path in (1,+00) x (1,+00) with the property that
r(0) = p+ 1 or r(0) = 2 and the assumptions (i), (ii) and (iii) hold for r = r(¢),y =
v(t),0 <t < 1. Then the result of Theorem 2 is true along the path.

6. Let F'(r) > 0,2 <r < p+1. Then the condition (1.15) of Theorem 1, in general, can
be replaced by assumption (iii) of Theorem 2. Namely if there exists (ry,7r9) C [2,p + 1]
with property that for all » € (1, 7r2) we have F(r) > 0 and
(VF(r) = (v =2)F(p+1))

TP > (=D e ) - T T

then the conclusion of Theorem 1 still holds.
Finally, we remark that the condition that v > 1 is necessary for the stability of eigen-
values of (1.9). In fact, for v < 1, we have

Theorem 3. If v < 1, then problem (1.9) has a positive eigenvalue Ay > 0.

In the rest of the paper, we prove Theorem 2 in Section 3, Theorem 1 in Section 4 and
Theorem 3 in Section 5. We collect some preliminary results in Section 2. Our main idea
is a continuation argument. We find a quadratic functional which depends on r and is

positive definite along a path from r to p+ 1 or from r to 2.

Acknowledgments: The research of the first author is supported by an Earmarked Re-
search Grant from RGC of Hong Kong. The result is obtained when the second author is
visiting the IMS of the Chinese University of Hong Kong. He thanks the hospitality of IMS
and the Department of Mathematics. We thank the referee for his/her carefully reading

the manuscript and many valuable suggestions.

2. SOME PRELIMINARIES

Let w be the unique solution of (1.7). We now collect some useful results.

We first recall the following lemma.
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Lemma 4. (Lemma 4.1 of [24].) (1) The linear operator
Log = Ap— ¢+ puw?'6,¢ € H*(RY),

is an invertible map from H2(RN) to L*(RY), where H2(RY) (or L?(RY)) consists of
radially symmetric functions in H*(RN)( or L*(RN)).
(2) The eigenvalue problem

Ap—¢+auw o =0,¢€ H(RY),
admits the following set of eigenvalues
a; =1, Vi = span {w},
ow | .
Qp = ...=ayy1 =P, Vo = span {a—|j =1,..,N},
Lj

QNy2 > P.

In particular, we have
/ IV +¢* — puP™'¢°] > anys ¢, (2.1)
RN RN

for all ¢ € HY(RN) = {u € H'(R")|u(x) = u(|z])} and [px wPd = 0.

Let
Lol 0) = [ [VoV0+ 06— pur' il 0.6 € H(RY) 22)
and V = Ly'w"™. So V satisfies
AV =V +puw 'V = w1V € H*(R"). (2.3)
It is easy to see that
1
/RN wlV = ) w'. (2.4)

Note that Lo(w + &2z - Vw) = (p — 1)w. So we have
N(p—1
/ (h—wV = (1— %) / W' = F(r)/ W (2.5)
RN r RN RN
By Pohozaev identity we also have that
Flp+1)= (2.6)

Finally we recall the following result.
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Lemma 5. (Lemma 5.1, Lemma 5.2 and Lemma 5.3 of [27].)
(1) If r =2, F(2) > 0, then there exists a positive constant ay > 0 such that

2(p_1)wap¢wa¢ wap+1
Vol 1+ 6% — pwP~ld?) & R R _(p_1)JR /w2
[ (990 + 6 = puria? P T 1y
> ald[/2 RN) (¢7 Xl)a V¢ € HI(RN)a
where X1 = span {w ,j =1,...,N} and dp>gvy means the distance in L?-norm.
(2) Ifr=p+1, then there exists a positive constant ay > 0 such that
1) (fpy wP9)?
Vo2 2 op—1,2 (p R
[ 9+ 6 = i) + s

> agd7s vy (6, X1), Vo € H'(RY).
3. PROOF OF THEOREM 2

In this section, we shall prove Theorem 2. As we remarked earlier, we introduce a
quadratic form which is positive definite at » = p+1 and r = 2. Then we use a continuation
argument for r.

We first introduce a quadratic form.

To this end, let us suppose that (\, ¢) is a solution of (1.9) with A # 0. Set A = Ag +iA;
and ¢ = ¢r + 1¢;. Then we obtain two equations

Logpr — (p— 1) IR} d)R w” = Arpr — A\, (3.1)
RN
Lopr — (p— 1) fRN w” = Aror + A\1or. (3.2)

IRN

Multiplying (3.1) by ¢ and (3.2) by ¢; and adding them together, we obtain
“n [ (o) (33)
RN

r—1 P
:/ (IVérl* + o7) —p/ W+ op - 1) f¢Rfwa Or
RN RN "

r—1 P
+/RN(|V¢I|2+¢J%) —p/RN WPy (p — fRN f¢1fRNw b1
RN

Multiplying (3.1) by w and (3.2) by w we obtain

fRN "~ 1¢R +1
—~ P — Pl = ) —A
(p 1) /RN v ¢R 7(27 fRN /RN v R/RN w¢R I/RN w¢b (3‘4)
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fRN o +1
- Pr — Pl = )\ A .
1) [ wror == [ o [ o [ o -

For ¢t > —1, let us set

I'(¢) = Lo(p, ) (L;v 1)7/ w”w/RN w”w—t(f;N_;g /RN w”so/RN we

fRNw fRN /RN " /RN / we: (3.6)
)

where L is defined by (2.2).
From (3.3), (3.4) and (3.5) we obtain that

R e |

S w? (3.7)
To prove Theorem 2, our main idea is to find a continuous function ¢ = ¢(r) > —1 such

that ") is positive definite. That is the following lemma.

Lemma 6. Suppose that for all r € (r1,72) assumptions (i), (ii) and (iii) hold. Moreover
either 2 € (ry,m3) or p+1 € (r1,72). Then there exists a continuous function t = t(r) >
—1,7 € (r1,79) such that I'™)(p) > 0 for any o € H'(RN),p Z 0.

Proof:
We first note that

I'g) = (=LY, ¢)

where

-1
Ltgp = Loy — %(wp/wr—lw_kqu/ wp(p)
Jav w RN

p—1 p/ / P
+t2fw2(w Rngo—i—w RNw go)
4 (p—1)y / wp-l—l(wr—l/ wg0+w/ wr_ISO)-
2 fRN w’ fRN 'LU2 RN RN RN

Since L' is self-adjoint, it is easy to see that I' is positive definite if and only if L' has

only negative eigenvalues.

We now study the following zero eigenvalue problem for L on L?(R"):

L' =0,p € L2(RY),p # 0. (3.8)
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It is easy to see that ¢ € H2(RYN). By (1) of Lemma 4, we have

wt t w
o= (”RN oL f>w (3.9)
2 [ w" 2 [pnw
(b =D L),
2 [ w” 2 [pw W [pw w?
t wPt [y w! t [y w? -1
+< Y Jry Sy L oy 90)( L P z - V).

2fRNw’"fRNw2 2fRNw2 2
Set A= [y wp, B= [y wPp, C = [pnw '¢. Then we have

_foRNw2 ot vy ot '
A_QIRNWC A+ (GB+ 3 (- A)F(r)

t | on p+1
M " 'BYF(2), (3.10)
2fRN w” 2

P R
2 fpvur 2 [on w?

+

0% 1
A+ (5B + - —A4)

¢ p+1
e tpy 5.1
QIRNw’" 2
c-To_ tfRNerjL(lB_i_fY_tfRprHA (p—1) [on V™!

2 §fRNw2 2 2 favwn S 0"

7t fon wPt! t fon "
2fRNw2 _§fRNw2
(p—1) fRN V'™ fRN w’

(fRN wr)?
Since A%+ B*+(C? # 0 (otherwise, by (3.9), ¢ = 0), we have by (3.10), (3.11) and (3.12)

that

+

+ ( B)F(r). (3.12)

Recall that D(r) :=

YtE(r) — F(p+1)(t+2) ~vF(r)—tF(2) vF(p+1)+~F(2)t
(y — 1)t y—2—t v+t =0.
(yD(r) = Fp+ 1)t yD(r) = F(r)t (y=2)F(p+1)+F(r)t

That is
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It is easy to check that
L(0) =2F(p+1)(y*D(r) — (v = 2)*F(p + 1)),
I'(0) =4F(p+ 1) (+*D(r) + (v = 2)F (p + 1) = 7(y = 1) F(r)),
I"(0) =4F (p+ 1) (v’D(r) = F(p+1) = 2y(y = 1)F(r) + (v = 1)*F(2)).
Thus we obtain that L! has a zero eigenvalue if and only if
L) = %1’@(0)# + I(0)t + 1, (0) = 0.

Note that I;(—1) = 2(y — 1)2F(p + 1)(F(2) — F(p + 1)). Assumption (i) implies that

I,(t) is concave while assumption (ii) implies that the maximum point

!

R ()
1;(0)
is greater than —1. Finally simple computations show that
(1,(0))?

I (tmaz) = 1,(0) —

217 (0)

_ (Al -DHF(p+1))°
21;'(0)

by assumption (iii).

(Y*D(r)—(v=2)°F (p+1))(F(2)—F(p+1)) = (vF (r)— (v=2) F (p+1))*| >0

Let (ry,73) be defined in Lemma 6 or Theorem 2. Without loss of generality, we may

assume that 2 € (r1,72). Let us now choose

11(0)
t(r) == tyan = — . 3.13
Then t(r) > —1 and I, (t(r)) > 0.
We first prove Lemma 6 for r = 2. We need to show that
I'®(p) > 0,¥ p € HX(RY),p £ 0. (3.14)

To this end, we use a continuation argument. By Lemma 5 (1), if F|(2) > 0, then 772 is
positive definite which implies that L7=2 has no nonnegative eigenvalues. Moreover, when
r=2,

Li(y—2)=8F(p+1)(y—1)*F(2) >0 (3.15)

and
YF(2)+(y=2)F(p+1)

H2) = Flp+1)— F(2)

>y —2. (3.16)




12 JUNCHENG WEI AND LIQUN ZHANG

Since I;(t) is concave, we have that I;(t) > 0 for ¢t € [y — 2,¢(2)].

Let us now vary ¢. We claim that
I'(¢) > 0,V € [y — 2, timas), and @ € HY(RY), ¢ # 0. (3.17)

In fact, suppose not. Then at some point ¢t =ty € (V — 2, t;naz], We must have that L' has
a zero eigenvalue, which implies that I;(¢y) = 0. This is impossible.

So (3.14) is proved.

Next we vary 7. Assume that 7 = ry > 1 is the first value for which ") (¢) = 0 and that
ro satisfies assumptions (i)-(iii). Then at 7 = ry, L") must have a zero eigenvalue which
implies that I,(¢(r)) = 0. This is in contradiction to the fact that I, (¢(rp)) > 0. Thus we
deduce that I'™ () > 0 for any ¢ € H}(RY) and r satisfying the assumptions (i)-(iii).

Similarly we can prove the case when p+ 1 € (7, 72).

Lemma 6 is thus proved.

Finally, Theorem 2 follows directly from Lemma 6 and (3.7).

4. PROOF OF THEOREM 1

In this section, we prove Theorem 1. Through this section, we assume that 2 < r < p+1.
We first estimate the value D(r) under the assumption that F'(r) > 0. Note that F(r)
is easy to compute while D(r) is not. The next lemma relates D(r) with F(r), which is of

independent interest. (A similar idea was used in [30].)
Lemma 7. Suppose that 2 <r <p+1 and F(r) > 0, then D(r) > 0.

Proof: Note that for r = p+ 1, F(r) > 0 and D(r) > 0. Let r; be the least value in
[2,p + 1) such that D(r) > 0 while F'(r) > 0 for ry <r < p+ 1. If r, = 2, we are done.
Suppose that 2 < r; < p+ 1. Then it follows that D(r;) = 0 while F(r;) > 0. We shall
derive a contradiction by claiming that V' = Ly w™~! cannot change sign. In the following,
we still denote ry by r.

We first claim that V' changes sign at most twice. In fact, if V' changes sign more than

twice, then there exist intervals (s, s9) and (s3, s4) such that V(z) > 0 for |z| € (s1, s2) or
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|z| € (s3,54) and V(z) =0 for |z| = s;, i = 1,2,3,4. Put
V(x), |x|€ (s1,582),
m):{ (1), ol € (s1,52)

0, otherwise,
‘/2(1,) — V(l‘), |£U| € (53754)7
0, otherwise.

Let a be such that ¢ = Vi 4+ aV; satisfies

/ wPo = 0. (4.1)
RN
Integrating over (B, (0)\Bs, (0)) U (Bs,(0)\Bs,(0)), we obtain that

/ (IVol* + ¢* — pu~'¢?] = —/ w' (Vi +a’V,) <0
RN RN
which, by (4.1), contradicts (2.1) of Lemma 4.
If V' changes sign exactly twice, then there exist 0 < s; < sy such that either
V(z) <0 for |z| < sy and |z| > sq, (4.2)
or
V(z) > 0 for |z| < s; and |z| > s5. (4.3)

Case (4.3) can be eliminated by our previous arguments (if we take s, = +00). Thus we
only need to consider case (4.2).

Let w(s;) = (i, i = 1,2. Since 2 < r < p + 1, it is not hard to find two constants oy, s
such that f(t) := t*~' + 1"~ + ay changes sign exactly at points t = 3; i = 1,2 for ¢ > 0.
In fact we can solve

B+ o+ =0,
{ P By = 0.
Since 2 < r < p+1,0; < B, we have ay > 0,04 < 0. By our assumption, [,y w™ 'V =
0, [ov wV >0, [x wPV > 0, we have

/ wV (W’ '+ aqw? + ay) > 0. (4.4)
RN
On the other hand, because of the choices of oy and «s, we have for all |z,

V(wP ' +oqw™ ? 4+ ap) <0, (4.5)

which is a contradiction to (4.4).

Thus we have proved that V' changes sign at most once.
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Next, if V' changes sign exactly once at |x| = s, again we put w(s;) = ;. By our

assumption that D(r) = 0 and F(r) > 0, we obtain two inequalities:

/ (WP — AT Y > 0, (4.6)
RN
and
/ (w" 'V — ] 2wV) < 0. (4.7)
RN
Two cases are considered: if V' < 0 for |z| < sy, then
(WPt — gV <0, (4.8)

which contradicts to (4.6). If V' > 0 for |z| < s;, we have
(w2 = g7 )V >0, (4.9)

which contradicts to (4.7).
In conclusion, V' cannot change sign, contradicting our assumption that D(r) = 0.
Thus D(r) > 0 when F(r) > 0.

Our next lemma gives us an upper bound for D(r).

Lemma 8. If2 <r <p-+1,F(r) > 0, then we have

(F(p+1)—F(r))
F(p+1)—F(2)

2

D(r) < F(p+1) — (4.10)

Proof:
Note that by Lemma 7, D(s) > 0 for r < s <p+ 1.
We first claim that for r < s < p+1 it holds that

inf{/ [[Vol]* + ¢* — pwP'¢?]|p € HTI(RN),/ ¢©* =1 and / w' = 0} > 0.
RY RN RN (4.11)

In fact, this is true for s = p+1 by (2) of Lemma 4. Suppose that there exists s € [r,p+1)
such that

in { [ 196+ 2 = pur i
RN

0 € H'(RY) ,/ ©? =1 and / w5190:()} =0.
R Ry (4.12)

Then ¢ satisfies

Ap — o+ puw o =cuw' + Czso,/ Wl = 0,/ ©* =1,
RN RN
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for some constants ¢, cy. By (4.12), we have ¢ = 0. So ¢ = ¢;V. We note that ¢; # 0
otherwise ¢ = 0 by Lemma 4. Thus [,y w*™'V = 0, which contradicts to the fact that
D(s) > 0.

Next we consider the following variational problem:

inf { / IVo|? + ¢ —puP~lp?|p € HTI(RN),/ w" = } (4.13)
RN RN
1
We claim that it is achieved by some function . In fact, we put ¢ = T —w + 1, then
ry W

Jpx W' = 0. Therefore by (4.11) there exists a ¢y > 0 such that

/ VP + 62 — pur 97 > 0 | w2
RN RN

Then by the standard variational method, we can easily show that there exists a ¢y which

achieves (4.13) and satisfies
Ay — o +pu oy = A"

where A = —L (0, ¢0). By uniqueness, ¢y = AV and thus

P —1) [ V'™ [on w?

b = ([

=) [pvw®l

(fRN wr)? A

We now choose some special test functions to compute a lower bound for A. In fact, we
take

(4.14)

p—1

SOZC()\NU"‘)\Q(UJ-F I-Vw))

where
¢ + Ao F(r) / W =1, (4.15)
RN
and \; and A9 are to be chosen later. It follows that
/ wr_l(p = C()\l + )\QF(T)) / w" =1.
RN RN

Let us compute
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1 -1
x-Vw,w—i—p z - Vuw)

ca%@zwﬂﬁ@wum+xaaw+p‘

-1
+ 2A1)\2£0(w, w + b X - VU]):|

—ep-p) [ ot exsa-pre) [ o

N

+2A1 (1 —p)/ wP(w + - lx - Vw)]

RN

=M -p)

1 2 2
Foi) + A1 = p)F(2) + 2\ 2o (1 — p)] / w
)\2

LF(p+1) p+1 +)‘2F( )+2)‘1)‘2 1 - fRN
(A1 + A F(r))? fRN wr)?
XN XNFQF(p+ 1)+ 20 0F(p+1)  (1—p) [ w?
B (A1 + X F(r))? ([pvw)?F(p+1)

Set i—; =n and

(n+ F(r)*

P P+ + FQFp+D) | P (4.16)

h(n) ==
Then we obtain that

Lo(, ) = h(ln) 4 (}fj i’ff;zw : (4.17)

We now choose an optimal 7. To this end, we need to compute the minimum of h(n). Let
h'(ny) = 0. Then it is easy to check that
F(r) - F(2)

"= e - Ry P >0
and
bm) = Flp+ 1) - L=
Note that

(Flp+1) - F(r))?

h(ng) = F(p+1) — > F(r)>0
for2<r<p+1.
By (4.14) and the definition of A, we have
-1 2
D(r) = (P —1) Jux v < h(no), (4.18)

(fRN w”)?\

which proves Lemma 8. O



NONLOCAL EIGENVALUE PROBLEM 17

Lemma 9. For2<r <p+1,F(r) >0 and v > 1, there always holds that
YV’D(r) — F(p+1) —2y(y — 1)F(r) + (v — 1)*F(2) < 0. (4.19)
Proof: It is enough to show that

D(r) < %F(er 1) +2(1 — %)F(p +1) - (1- l)2}7(2).

~
Let s = % € (0,1] and
B(s) =s*F(p+1)+2(1 —s)F(r) — (1 — 5)’F(2)
=s(F(p+1) — F(2)) +2s(F(2) — F(r)) + 2F(r) — F(2).
Since

3(0) =2(F(2) - F(r)) <0,8(1) =2[F(p+ 1) — F(r)] >0,

((s) has a minimum in (0, 1).
Let 0 = ((so) = 2so(F(p+1) — F(2)) + 2(F(2) — F(r)). Then

and simple computations show that

(F(p+1) - F(r))?
Flp+1)— F(2)

Bso) = F(p+1) —

Thus the minimum of 5(s) in (0,1] is

o B (F(p+1) — F(r))?
By Lemma 8

(Flp+1)— F(r))

D(r) < F(p+1) - Flp+1)— F(2)

= ((so) < f(s), VO<s<1.

Lemma 9 is thus finished.
]

Proof of Theorem 1: By Lemma 9, assumption (i) is always satisfied if 2 < r < p+1
and F(r) > 0. Assumption (ii) is satisfied if F'(r) > 0. By Lemma 7, D(r) > 0. By (1.15),

Assumption (iii) is satisfied. Theorem 1 now follows from Theorem 2. O
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5. PROOF OF THEOREM 3

We prove Theorem 3 in this section.

Assume that v < 1. To prove Theorem 3, we introduce the following function:

p(A) = /RN W —A(p—1) /RN((L0 ) ), (5.1)

Note that p()) is well-defined in (0, z41), where p; is the unique positive eigenvalue of Ly.
Let us denote the corresponding eigenfunction by ®,. Since pu; is a principal eigenvalue,
we may assume that @y > 0. (See Lemma 1.2 of [28].)

It is easy to see that to prove Theorem 3, it is enough to find a positive zero of p(\).

First we have
p0) = [ westo-1) [ Lwwr =) [ wso (5.2
RN RN RN
Set @y = (Ly — A\)~'wP. Then ®, satisfies
(Lo — \)®y = w?. (5.3)

Multiplying (5.3) by @y and integrating by parts, we have

(/Ll - )\)/ q)/\(I)() = / q)gwp,
RN RN

1
/ q)/\q)g == / q)gwp.
RN /,Ll - )\ RN

Dow?) Dy + Dy, Py L Py, (5.4)

which implies that

Let

o, =

o),
((,ul - >‘) fRN (I)% RN
Then as A — i1, A < pu1, we have that ||®y||72(g~) is uniformly bounded and by (5.4)
/ O \w ™t = +oo,
RN
which implies that
p(A) = —ooas A — g, A < py. (5.5)

By (5.2) and (5.5), there is a Ay € (0, pt1) such that p(Ag) = 0.

Theorem 3 is thus proved.
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