
ON A NONLOCAL EIGENVALUE PROBLEM

JUNCHENG WEI AND LIQUN ZHANG

Abstract� We consider a nonlocal eigenvalue problem which arises in the study of sta�

bility of point�condensation solutions in some reaction�di�usion systems� We give some

su�cient �and explicit� conditions for the stability in the general case�

�� Introduction

Recently there have been a lot of studies on the so�called point�condensation solutions

generated by the Gierer�Meinhardt system from pattern formation ��������
�

At 	 ��
A� A� ApH�q in ��
�Ht 	 DH
H �H � ArH�s in ��
�A
��

	 �H
��

	 
 on ���
�����

Here� the unknowns A 	 A�x� t� and H 	 H�x� t� represent the respective concentrations

at point x � � � RN and at time t of the biochemical called an activator and an inhibitor�

� � 
� � � 
� DH � 
 are all positive constants� 
 	
PN

j��
��

�x�j
is the Laplace operator in

RN � � is a smooth bounded domain in RN � ��x� is the unit outer normal at x � ��� The

exponents �p� q� r� s� are assumed to satisfy the condition

p � �� q � 
� r � 
� s � 
� and 	 �	
qr

�p� ���s� ��
� �� �����

For backgrounds and recent progress� please see ���� ���� ����� ����� ����� ����� ��
�� ����� �����

����� ����� etc�

If we take DH 	 ��� then we obtain the following so�called shadow system of �������
�

At 	 ��
A� A � ApH�q in ��
�
t 	 �
 � �

j�j
�
R
�
Ar�
�s�

�A
��

	 
 on ���

�����

For DH su�ciently large� the full Gierer�Meinhardt system ����� can be considered as a

quite regular perturbation of its shadow system ������ It is well known that the stationary
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solutions of ����� are determined by the equation�
��
u� u� up 	 
 in ��
u � 
 in �� �u

��
	 
 on ���

�����

through the substitution A 	 

q

p��u�x��

It is easy to see that the eigenvalue problem for the the linearization of ����� at a solution

A 	 

q

p��u��x�� where 

s��� qr

p�� 	 j�j�� R
�
ur� and u� is a solution to ������ reduces to the

eigenvalue problem�
��
�� � �� � pup��� �� � up�

qr

s�����
�
R
�
ur��

��
R
�
ur��� �� 	 ���� in ��

���
��

	 
 on ���
�����

Let u� be an interior or boundary spike solution� We consider two cases� �� � 
 as �� 


and �� � � �	 
 as � � 
� �See Lemma A of ������ page ������ As �� 
� the study of the

nonzero eigenvalues is reduced to the study of the following nonlocal eigenvalue problem�


�� �� pwp���� qr

s� � � ��

R
RN wr���R
RN wr

wp 	 ��� � � H��RN�� �����

where

� � C� � �	 
�

and w is the unique solution of the following problem�

w � w � wp 	 
� w � 
 in RN �

w�
� 	 maxx�RN w�x�� w�x�� 
 as jxj � ��
�����

�See ����� ���� for details on the derivation of �������

By ���� and ����� if problem ����� admits an eigenvalue � with positive real part� then all

single point�condensation solutions are unstable� while if all eigenvalues of problem �����

have negative real part� then all single point�condensation solutions are either stable or

metastable� �Here we say that a solution is metastable if the eigenvalues of the associated

linearized operator either are exponentially small or have strictly negative real parts��

Therefore it is vital to study problem ������

Problem ����� can be simpli�ed further� First� we can consider the simplest case � 	 
�

�The results work for small � � For large � � we refer to ��
� and a recent paper by Dancer

����� Second� let us decompose

L��RN� 	 L�
r�R

N��H
where L�

r�R
N� is the set of radially symmetric L� functions on RN and H is its orthogonal

complement �in L��RN ��� It is easy to see that the left hand side operator of ������ denoted
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by L� maps L�
r�R

N� 	 H��RN� into L�
r�R

N� and so L�
r�R

N� is invariant under L� On the

other hand� if � � H� R
RN wr��� 	 
 and hence on this subspace H� L� 	 
����pwp���

and it follows easily L maps H��RN� 	 H into H� Thus the equation ����� is reduced to

one on L�
r�R

N� and one on H� On H� the equation is


�� �� pwp��� 	 ��� � � H
which has zero as an eigenvalue of multiplicity N and all the other eigenvalues are real and

negative� This follows from the fact that the following eigenvalue problem


�� �� pwp��� 	 
�� � � L��RN �� �����

admits the following set of eigenvalues


� � 
� 
� 	 ��� 	 
N�� 	 
� 
N�� � 
� ���

where the eigenfunction corresponding to 
� is radially symmetric� �See Theorem ��� of

���� and Lemma ��� of ������

Thus the eigenvalue problem ����� with � 	 
 can be reduced to the following simple

form


�� �� pwp���� 	�p� ��

R
RN wr���R
RN wr

wp 	 ��� � � L�
r�R

N�� �����

where

	 	
qr

�p� ���s� ��
� � � C� � �	 
�

From now on� we shall work exclusively with ������

When 	 	 
� problem ����� has an eigenvalue � 	 
� � 
� An important property of

����� is that nonlocal term can push the eigenvalues of problem ����� to become negative

so that the point�condensation solutions of the Gierer�Meinhardt system become stable or

metastable�

We remark that problem ����� also arises in the study of generalized Gray�Scott models�

see ���� ���� ��� � ����� ����� ����� ����� ����� ����� etc�

A major di�culty in studying problem ����� is that the operator is not self�adjoint

if r �	 p � �� Therefore it may have complex eigenvalues or Hopf bifurcations� Many

traditional techniques don�t work here� We remark that the linear stability analysis for

another scalar non�local problem has previously been conducted by Freitas ���� ��� and ��
��

In those papers� he considered the linear operator of non�local problem as a perturbation
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of a local operator� �Similar approach has been used in ����� Our approach here is not

perturbation type� Instead� we work directly with the non�local problem�

In ���� and ����� the eigenvalues of problem ����� in the following two cases

r 	 �� or r 	 p� �

are studied and the following results are proved�

Theorem A� ��� If �p� q� r� s� satis�es

�A� 	 	
qr

�s� ���p� ��
� ��

and

�B� r 	 �� � � p � � �
�

N
or r 	 p� �� � � p � �

N � �

N � �
���

where �N��
N��

�� 	 N��
N��

when N � � and �N��
N��

�� 	 �� when N 	 �� ��

Then Re��� � �c� � 
 for some c� � 
� where � �	 
 is an eigenvalue of problem ���	��

�
� If �p� q� r� s� satis�es �A� and

�C� r 	 �� p � � �
�

N
and 	 � � � c��

for some c� � 
� Then problem ���	� has an eigenvalue �� � 
�

For general r� the �rst author in ���� proved the following�

Theorem B� ��� If

D�r� �	
�p� ��

R
RN

�
�L��

� wr���wr��
� R

RN w�

�
R
RN wr��

� 
 ����
�

where L� 	 
� � � pwp�� �L��
� exists in H�

r �R
N� �	 fu � H��RN �ju�x� 	 u�jxj�g� and

� �
�p

� � ��
� 	 � � �

�p
�� ��

� ������

where �� � 
 is given by

�� �	

R
RN wp��qR

RN w�p
R
RN w�

� �� ������

Then for any nonzero eigenvalue � of problem ���	�� we have Re��� � �c� � 
 for some

c� � 
�

�
� If �p� q� r� s� satis�es

� �
�r

N
� p � �

N � �

N � �
�� and 	 � � � c�� ������

for some c� � 
� Then problem ���	� has a real eigenvalue �� � 
�
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Generally speaking� it is very di�cult to compute D�r�� Thus Theorem B does not give

us an explicit value for r and p�

The purpose of this paper is to study the general case and to give some explicit conditions

on r and p� Our main idea is to start with Theorem A where the cases r 	 � and r 	 p��

are studied� and do a continuation argument for r� To this end� we �x 	 � � and p � ��

Set

F �r� 	 �� p� �

�r
N� ������

The following theorem gives us some explicit values for r and p�

Theorem �� Suppose � � r � p� �� F �r� � 
 and

F �r� � 	 � �

	
F �p� �� �

j	 � �j
	

p
F �p� ���F �p� ��� F ����� ������

then for any nonzero eigenvalue � of problem ���	�� we have Re��� � �c� � 
 for some

c� � 
�

Remark� Condition ������ holds if � � r � p � �� F ��� � 
 �i�e� � � p 
 � � �
N
� and

� � 	 
 �� Thus in this case we obtain the stability of the nonzero eigenvalues of ������

This is the �rst explicit result for the case when r �� f�� p� �g� For 	 � �� we need

F �r� � 	 � �

	
�F �p� �� �

p
F �p� ���F �p� ��� F ������

Theorem � follows from the following more general result�

Theorem �� Suppose that there exists an interval �r�� r�� � ������ such that either � �
�r�� r�� or p� � � �r�� r��� and for any r � �r�� r��� we have

�i� 	�D�r�� F �p� ��� �	�	 � ��F �r� � �	 � ���F ��� � 
�

�ii� F �p� �� � 	F �r�� �	 � ��F ��� � 
�

�iii� 	�D�r� � �	 � ���F �p� ��� ��F �r	�����	F �p��		�

F �p��	�F ��	
�

Then for any r � �r�� r�� and any nonzero eigenvalue � of problem ���	�� we have Re��� �

�c� � 
 for some c� � 
�

Remarks� �� Assumption �i� is satis�ed at r 	 � or r 	 p� � for any 	 � �� In the proof

of Theorem �� it is shown that assumption �i� is satis�ed if � 
 r 
 p� � and F �r� � 
�

�� If F �r� � 
� then assumption �ii� is always true� since 	 � � and F �r� is an increasing

function of r�
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�� Assumption �iii� is satis�ed for r 	 � if and only if F ��� � 
� For r 	 p�� assumption

�iii� is also satis�ed for any 	 � �� Thus ��� of Theorem A is covered by Theorem ��

�� Note that if 	 	 � and D�r� � 
� assumption �iii� is always satis�ed� It can be

shown that if � 
 r 
 p� �� assumption �i� and �ii� are always satis�ed if D�r� � 
� Thus

Theorem � covers the result of ��� of Theorem B�

�� Let �	�t�� r�t��� 
 
 t 
 � be a path in ������ � ������ with the property that

r�
� 	 p � � or r�
� 	 � and the assumptions �i�� �ii� and �iii� hold for r 	 r�t�� 	 	

	�t�� 
 
 t 
 �� Then the result of Theorem � is true along the path�

�� Let F �r� � 
� � 
 r 
 p� �� Then the condition ������ of Theorem �� in general� can

be replaced by assumption �iii� of Theorem �� Namely if there exists �r�� r�� � ��� p � ��

with property that for all r � �r�� r�� we have F �r� � 
 and

	�D�r� � �	 � ���F �p� ��� �	F �r�� �	 � ��F �p� ����

F �p� ��� F ���
�

then the conclusion of Theorem � still holds�

Finally� we remark that the condition that 	 � � is necessary for the stability of eigen�

values of ������ In fact� for 	 � �� we have

Theorem �� If 	 � �� then problem ���	� has a positive eigenvalue �� � 
�

In the rest of the paper� we prove Theorem � in Section �� Theorem � in Section � and

Theorem � in Section �� We collect some preliminary results in Section �� Our main idea

is a continuation argument� We �nd a quadratic functional which depends on r and is

positive de�nite along a path from r to p� � or from r to ��

Acknowledgments� The research of the �rst author is supported by an Earmarked Re�

search Grant from RGC of Hong Kong� The result is obtained when the second author is

visiting the IMS of the Chinese University of Hong Kong� He thanks the hospitality of IMS

and the Department of Mathematics� We thank the referee for his�her carefully reading

the manuscript and many valuable suggestions�

�� Some Preliminaries

Let w be the unique solution of ������ We now collect some useful results�

We �rst recall the following lemma�



NONLOCAL EIGENVALUE PROBLEM �

Lemma �� �Lemma ��� of ������ ��� The linear operator

L�� �	 
�� �� pwp���� � � H��RN��

is an invertible map from H�
r �R

N� to L�
r�R

N�� where H�
r �R

N� �or L�
r�R

N�� consists of

radially symmetric functions in H��RN�� or L��RN ���

�
� The eigenvalue problem


�� �� �wp��� 	 
� � � H��RN��

admits the following set of eigenvalues

�� 	 �� V� 	 span fwg�

�� 	 � � � 	 �N�� 	 p� V� 	 span f �w
�xj

jj 	 �� ���� Ng�
�N�� � p�

In particular� we have Z
RN

�jr�j� � �� � pwp����� � �N��

Z
RN

��� �����

for all � � H�
r �R

N� 	 fu � H��RN�ju�x� 	 u�jxj�g and
R
RN wp� 	 
�

Let

L���� �� 	

Z
RN

�r�r�� ��� pwp������ �� � � H��RN�� �����

and V 	 L��
� wr��� So V satis�es


V � V � pwp��V 	 wr��� V � H�
r �R

N �� �����

It is easy to see that Z
RN

wpV 	
�

p� �

Z
RN

wr� �����

Note that L��w � p��
�
x � rw� 	 �p� ��w� So we haveZ

RN

�p� ��wV 	
�
�� N�p� ��

�r

� Z
RN

wr 	 F �r�

Z
RN

wr� �����

By Pohozaev identity we also have that

F �p� �� 	

R
RN w�R

RN wp��
� �����

Finally we recall the following result�
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Lemma �� �Lemma ���� Lemma ��
 and Lemma ��
 of ������

��� If r 	 �� F ��� � 
� then there exists a positive constant a� � 
 such thatZ
RN

�jr�j� � �� � pwp����� �
��p� ��

R
RN wp�

R
RN w�R

RN w�
� �p� ��

R
RN wp��

�
R
RN w���

�

Z
RN

w���

� a�d
�
L��RN 	���X��� 
� � H��RN��

where X� 	 span fw� �w
�xj

� j 	 �� ���� Ng and dL��RN 	 means the distance in L��norm�

�
� If r 	 p� �� then there exists a positive constant a� � 
 such thatZ
RN

�jr�j� � �� � pwp����� �
�p� ���

R
RN wp���R

RN wp��

� a�d
�
L��RN 	���X��� 
� � H��RN��

�� Proof of Theorem �

In this section� we shall prove Theorem �� As we remarked earlier� we introduce a

quadratic form which is positive de�nite at r 	 p�� and r 	 �� Then we use a continuation

argument for r�

We �rst introduce a quadratic form�

To this end� let us suppose that ��� �� is a solution of ����� with � �	 
� Set � 	 �R� i�I

and � 	 �R � i�I � Then we obtain two equations

L��R � �p� ��	

R
RN wr���RR

RN wr
wp 	 �R�R � �I�I � �����

L��I � �p� ��	

R
RN wr���IR

RN wr
wp 	 �R�I � �I�R� �����

Multiplying ����� by �R and ����� by �I and adding them together� we obtain

� �R

Z
RN

���R � ��I� �����

	

Z
RN

�jr�Rj� � ��R�� p

Z
RN

wp����R � 	�p� ��

R
RN wr���R

R
RN wp�RR

RN wr

�

Z
RN

�jr�Ij� � ��I�� p

Z
RN

wp����I � 	�p� ��

R
RN wr���I

R
RN wp�IR

RN wr
�

Multiplying ����� by w and ����� by w we obtain

�p� ��

Z
RN

wp�R � 	�p� ��

R
RN wr���RR

RN wr

Z
RN

wp�� 	 �R

Z
RN

w�R � �I

Z
RN

w�I�

�����
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�p� ��

Z
RN

wp�I � 	�p� ��

R
RN wr���IR

RN wr

Z
RN

wp�� 	 �R

Z
RN

w�I � �I

Z
RN

w�R�

�����

For t � ��� let us set

I t��� 	 L���� �� �
�p� ��	R
RN wr

Z
RN

wr���

Z
RN

wp�� t
�p� ��R
RN w�

Z
RN

wp�

Z
RN

w�

�t
	�p� ��R

RN wr
R
RN w�

Z
RN

wp��

Z
RN

wr���

Z
RN

w�� �����

where L� is de�ned by ������

From ������ ����� and ����� we obtain that

I t��R� � I t��I� 	 ��R
� Z

RN

�j�Rj� � j�Ij�� � t
�
R
RN w�R�

� � �
R
RN w�I�

�R
RN w�

�
�

�����

To prove Theorem �� our main idea is to �nd a continuous function t 	 t�r� � �� such

that I t�r	 is positive de�nite� That is the following lemma�

Lemma 	� Suppose that for all r � �r�� r�� assumptions �i�� �ii� and �iii� hold� Moreover

either � � �r�� r�� or p � � � �r�� r��� Then there exists a continuous function t 	 t�r� �

��� r � �r�� r�� such that I t�r	��� � 
 for any � � H�
r �R

N �� � �� 
�

Proof�

We �rst note that

I t��� 	 ���Lt��� ��

where

Lt� �	 L��� �p� ��	

�
R
RN wr

�
wp

Z
wr���� wr��

Z
RN

wp�
�

�t
p� �

�
R
w�

�
wp

Z
RN

w�� w

Z
RN

wp�
�

�t �p� ��	

�
R
RN wr

R
RN w�

Z
RN

wp��
�
wr��

Z
RN

w�� w

Z
RN

wr���
�
�

Since Lt is self�adjoint� it is easy to see that I t is positive de�nite if and only if Lt has

only negative eigenvalues�

We now study the following zero eigenvalue problem for Lt on L�
r�R

N��

Lt� 	 
� � � L�
r�R

N �� � �� 
� �����
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It is easy to see that � � H�
r �R

N�� By ��� of Lemma �� we have

� 	

	
	
R
RN wr���

�
R
RN wr

� t
R
RN w�

�
R
RN w�



w �����

�

	
�p� ��	

R
RN wp�

�
R
RN wr

�
t	�p� ��

R
RN wp��

R
RN w�

�
R
RN wr

R
RN w�



V

�

	
t	
R
RN wp��

R
RN wr���

�
R
RN wr

R
RN w�

� t
R
RN wp�

�
R
RN w�



�w �

p� �

�
x � rw��

Set A 	
R
RN w�� B 	

R
RN wp�� C 	

R
RN wr���� Then we have

A 	
	
R
RN w�

�
R
RN wr

C � t

�
A �

�	
�
B �

	t

�

R
RN wp��R
RN w�

A
�
F �r�

�
�	t R

RN wp��

�
R
RN wr

C � t

�
B
�
F ���� ����
�

B 	
	

�

R
RN wp��R
RN wr

C � t

�

R
RN wp��R
RN w�

A �
�	
�
B �

	t

�

R
RN wp��R
RN w�

A
�

�
�	t R

RN wp��

�
R
RN wr

C � t

�
B
�
� ������

C 	
	

�
C � t

�

R
RN wrR
RN w�

A �
�	
�
B �

	t

�

R
RN wp��R
RN wr

A
��p� ��

R
RN V wr��R

RN wr

�
�rt R

RN wp��

�
R
RN w�

C � t

�

R
RN wrR
RN w�

B
�
F �r�� ������

Recall that D�r� �	
�p� ��

R
RN V wr��

R
RN w�

�
R
RN wr��

�

Since A��B��C� �	 
 �otherwise� by ������ � � 
�� we have by ����
�� ������ and ������

that ������
	tF �r�� F �p� ���t� �� 	F �r�� tF ��� 	F �p� �� � 	F ���t

�	 � ��t 	 � �� t 	 � 	t�
	D�r�� F �p� ��

�
t 	D�r�� F �r�t �	 � ��F �p� �� � 	F �r�t

������ 	 
�

That is

I��t� �	

������
�
	F �r�� F �p� ��

�
t� �F �p� �� 	F �r�� tF ��� 	F �p� �� � 	�F �r�

�	 � ��t 	 � �� t 	� � 	�
	D�r�� F �p� ��

�
t 	D�r�� F �r�t 	�D � �	 � ��F �p� ��

������ 	 
�
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It is easy to check that

I��
� 	 �F �p� ��
�
	�D�r�� �	 � ���F �p� ��

�
�

I ���
� 	 �F �p� ��
�
	�D�r� � �	 � ��F �p� ��� 	�	 � ��F �r�

�
�

I ����
� 	 �F �p� ��
�
	�D�r�� F �p� ��� �	�	 � ��F �r� � �	 � ���F ���

�
�

Thus we obtain that Lt has a zero eigenvalue if and only if

I��t� 	
�

�
I ����
�t

� � I ���
�t� I��
� 	 
�

Note that I����� 	 ��	 � ���F �p � ���F ��� � F �p � ���� Assumption �i� implies that

I��t� is concave while assumption �ii� implies that the maximum point

tmax �	 � I
�

��
�

I
��

� �
�

is greater than ��� Finally simple computations show that

I��tmax� 	 I��
�� �I
�

��
��
�

�I
��

� �
�

	
���	 � ��F �p� ����

�I
��

� �
�

�
�	�D�r���	����F �p�����F ����F �p������	F �r���	���F �p�����

�
� 


by assumption �iii��

Let �r�� r�� be de�ned in Lemma � or Theorem �� Without loss of generality� we may

assume that � � �r�� r��� Let us now choose

t�r� �	 tmax 	 � I ���
�

I ����
�
� ������

Then t�r� � �� and I��t�r�� � 
�

We �rst prove Lemma � for r 	 �� We need to show that

I t��	��� � 
� 
 � � H�
r �R

N�� � �� 
� ������

To this end� we use a continuation argument� By Lemma � ���� if F ��� � 
� then I��� is

positive de�nite which implies that L��� has no nonnegative eigenvalues� Moreover� when

r 	 ��

I��	 � �� 	 �F �p� ���	 � ���F ��� � 
 ������

and

t��� 	
	F ��� � �	 � ��F �p� ��

F �p� ��� F ���
� 	 � �� ������
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Since I��t� is concave� we have that I��t� � 
 for t � �	 � �� t�����

Let us now vary t� We claim that

I t��� � 
� 
t � �	 � �� tmax�� and � � H�
r �R

N�� � �� 
� ������

In fact� suppose not� Then at some point t 	 t� � �	 � �� tmax�� we must have that L
t� has

a zero eigenvalue� which implies that I��t�� 	 
� This is impossible�

So ������ is proved�

Next we vary r� Assume that r 	 r� � � is the �rst value for which I t�r	��� 	 
 and that

r� satis�es assumptions �i���iii�� Then at r 	 r�� L
t�r�	 must have a zero eigenvalue which

implies that I��t�r��� 	 
� This is in contradiction to the fact that I��t�r��� � 
� Thus we

deduce that I t�r	��� � 
 for any � � H�
r �R

N� and r satisfying the assumptions �i���iii��

Similarly we can prove the case when p� � � �r�� r���

Lemma � is thus proved�

Finally� Theorem � follows directly from Lemma � and ������

�� Proof of Theorem �

In this section� we prove Theorem �� Through this section� we assume that � � r � p���

We �rst estimate the value D�r� under the assumption that F �r� � 
� Note that F �r�

is easy to compute while D�r� is not� The next lemma relates D�r� with F �r�� which is of

independent interest� �A similar idea was used in ��
���

Lemma 
� Suppose that � � r � p� � and F �r� � 
� then D�r� � 
�

Proof� Note that for r 	 p � �� F �r� � 
 and D�r� � 
� Let r� be the least value in

��� p � �� such that D�r� � 
 while F �r� � 
 for r� � r � p � �� If r� 	 �� we are done�

Suppose that � � r� � p � �� Then it follows that D�r�� 	 
 while F �r�� � 
� We shall

derive a contradiction by claiming that V 	 L��
� wr��� cannot change sign� In the following�

we still denote r� by r�

We �rst claim that V changes sign at most twice� In fact� if V changes sign more than

twice� then there exist intervals �s�� s�� and �s
� s�� such that V �x� � 
 for jxj � �s�� s�� or
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jxj � �s
� s�� and V �x� 	 
 for jxj 	 si� i 	 �� �� �� �� Put

V��x� 	

�
V �x�� jxj � �s�� s���


� otherwise�

V��x� 	

�
V �x�� jxj � �s
� s���


� otherwise�

Let � be such that � 	 V� � �V� satis�esZ
RN

wp� 	 
� �����

Integrating over �Bs��
�nBs��
�� � �Bs��
�nBs��
��� we obtain thatZ
RN

�jr�j� � �� � pwp����� 	 �
Z
RN

wr���V� � ��V�� � 


which� by ������ contradicts ����� of Lemma ��

If V changes sign exactly twice� then there exist 
 � s� � s� such that either

V �x� � 
 for jxj � s� and jxj � s�� �����

or

V �x� � 
 for jxj � s� and jxj � s�� �����

Case ����� can be eliminated by our previous arguments �if we take s� 	 ���� Thus we

only need to consider case ������

Let w�si� 	 �i� i 	 �� �� Since � � r � p � �� it is not hard to �nd two constants ��� ��

such that f�t� �	 tp�����t
r����� changes sign exactly at points t 	 �i i 	 �� � for t � 
�

In fact we can solve �
�
p��
� � ���

r��
� � �� 	 
�

�
p��
� � ���

r��
� � �� 	 
�

Since � 
 r 
 p � �� �� � ��� we have �� � 
� �� � 
� By our assumption�
R
RN wr��V 	


�
R
RN wV � 
�

R
RN wpV � 
� we haveZ

RN

wV �wp�� � ��w
r�� � ��� � 
� �����

On the other hand� because of the choices of �� and ��� we have for all jxj�
V �wp�� � ��w

r�� � ��� 
 
� �����

which is a contradiction to ������

Thus we have proved that V changes sign at most once�
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Next� if V changes sign exactly once at jxj 	 s�� again we put w�s�� 	 ��� By our

assumption that D�r� 	 
 and F �r� � 
� we obtain two inequalities�Z
RN

�wp � �
p���r
� wr���V � 
� �����

and Z
RN

�wr��V � �r��� wV � 
 
� �����

Two cases are considered� if V � 
 for jxj � s�� then

�wp���r � �
p���r
� �wr��V 
 
� �����

which contradicts to ������ If V � 
 for jxj � s�� we have

�wr�� � �r��� �V � 
� �����

which contradicts to ������

In conclusion� V cannot change sign� contradicting our assumption that D�r� 	 
�

Thus D�r� � 
 when F �r� � 
�

Our next lemma gives us an upper bound for D�r��

Lemma �� If � � r � p� �� F �r� � 
� then we have

D�r� � F �p� ���
�
F �p� ��� F �r�

��
F �p� ��� F ���

� ����
�

Proof�

Note that by Lemma �� D�s� � 
 for r 
 s 
 p� ��

We �rst claim that for r 
 s 
 p � � it holds that

inf

�Z
RN

�jr�j� � �� � pwp�����

����� � H�
r �R

N��

Z
RN

�� 	 � and

Z
RN

ws��� 	 




� 
�
������

In fact� this is true for s 	 p�� by ��� of Lemma �� Suppose that there exists s � �r� p���

such that

inf

�Z
RN

�jr�j� � �� � pwp�����

����� � H�
r �R

N� �

Z
RN

�� 	 � and

Z
RN

ws��� 	 




	 
�
������

Then � satis�es


�� �� pwp��� 	 c�w
s�� � c���

Z
RN

ws��� 	 
�

Z
RN

�� 	 ��
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for some constants c�� c�� By ������� we have c� 	 
� So � 	 c�V � We note that c� �	 


otherwise � � 
 by Lemma �� Thus
R
RN ws��V 	 
� which contradicts to the fact that

D�s� � 
�

Next we consider the following variational problem�

inf

�Z
RN

jr�j� � �� � pwp����

����� � H�
r �R

N ��

Z
RN

wr��� 	 �



� ������

We claim that it is achieved by some function ��� In fact� we put � 	
�R

RN wr
w � �� thenR

RN wr��� 	 
� Therefore by ������ there exists a c� � 
 such thatZ
RN

�jr�j� � �� � pwp����� � c�

Z
RN

���

Then by the standard variational method� we can easily show that there exists a �� which

achieves ������ and satis�es


�� � �� � pwp���� 	 �wr��

where � 	 �L����� ���� By uniqueness� �� 	 �V and thus

D�r� 	
�p� ��

R
RN V wr��

R
RN w�

�
R
RN wr��

	
�p� ��

R
RN w�

�
R
RN wr��

�

�
� ������

We now choose some special test functions to compute a lower bound for �� In fact� we

take

� 	 c
�
��w � ���w �

p� �

�
x � rw��

where

c��� � ��F �r��

Z
RN

wr 	 �� ������

and �� and �� are to be chosen later� It follows thatZ
RN

wr��� 	 c
�
�� � ��F �r�

�Z
RN

wr 	 ��

Let us compute
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L���� �� 	 c�
�
���L��w�w� � ���L��w �

p� �

�
x � rw� w �

p� �

�
x � rw�

� �����L��w�w �
p� �

�
x � rw�

�

	 c�
�
������ p�

Z
RN

wp�� � ������ p�F ���

Z
RN

w�

� �������� p�

Z
RN

wp�w �
p� �

�
x � rw��

	 c�
�
������ p�

�

F �p� ��
� ������ p�F ��� � �������� p�

� Z
RN

w�

	
���

�
F �p��	

� ���F ��� � �����

��� � ��F �r���
��� p�

R
RN w�

�
R
RN wr��

	
��� � ���F ���F �p� �� � �����F �p� ��

��� � ��F �r���
��� p�

R
RN w�

�
R
RN wr��F �p� ��

�

Set ��
��

	 � and

h��� �	
�� � F �r���

�� � ��F �p� �� � F ���F �p� ��
� F �p� ��� ������

Then we obtain that

L���� �� 	
�

h���

��� p�
R
RN w�

�
R
RN wr��

� ������

We now choose an optimal �� To this end� we need to compute the minimum of h���� Let

h����� 	 
� Then it is easy to check that

�� 	
F �r�� F ���

F �p� ��� F �r�
F �p� �� � 


and

h���� 	 F �p� ��� �F �p� ��� F �r���

F �p� ��� F ���
�

Note that

h���� 	 F �p� ��� �F �p� ��� F �r���

F �p� ��� F ���
� F �r� � 


for � � r � p� ��

By ������ and the de�nition of �� we have

D�r� 	
�p� ��

R
RN w�

�
R
RN wr���

� h����� ������

which proves Lemma ��
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Lemma �� For � � r � p� �� F �r� � 
 and 	 � �� there always holds that

	�D�r�� F �p� ��� �	�	 � ��F �r� � �	 � ���F ��� � 
� ������

Proof� It is enough to show that

D�r� �
�

	�
F �p� �� � ���� �

	
�F �p� ��� ��� �

	

��
F ����

Let s 	 �
�
� �
� �� and

��s� 	 s�F �p� �� � ���� s�F �r�� ��� s��F ���

	 s�
�
F �p� ��� F ���

�
� �s

�
F ���� F �r�

�
� �F �r�� F ����

Since

� ��
� 	 �
�
F ���� F �r�

� 
 
� � ���� 	 ��F �p� ��� F �r�� � 
�

��s� has a minimum in �
� ���

Let 
 	 � ��s�� 	 �s�
�
F �p� ��� F ���

�
� �

�
F ���� F �r�

�
� Then

s� 	
F �r�� F ���

F �p� ��� F ���
� 


and simple computations show that

��s�� 	 F �p� ���
�
F �p� ��� F �r�

��
F �p� ��� F ���

�

Thus the minimum of ��s� in �
� �� is

��s�� 	 min
s���	��

��s� 	 F �p� ���
�
F �p� ��� F �r�

��
F �p� ��� F ���

�

By Lemma �

D�r� � F �p� ���
�
F �p� ��� F �r�

��
F �p� ��� F ���

	 ��s�� 
 ��s�� 
 
 � s 
 ��

Lemma � is thus �nished�

Proof of Theorem �� By Lemma �� assumption �i� is always satis�ed if � � r � p � �

and F �r� � 
� Assumption �ii� is satis�ed if F �r� � 
� By Lemma �� D�r� � 
� By �������

Assumption �iii� is satis�ed� Theorem � now follows from Theorem ��
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�� Proof of Theorem �

We prove Theorem � in this section�

Assume that 	 � �� To prove Theorem �� we introduce the following function�

���� �	

Z
RN

wr � 	�p� ��

Z
RN

��L� � ����wp�wr��� �����

Note that ���� is well�de�ned in �
� 
��� where 
� is the unique positive eigenvalue of L��

Let us denote the corresponding eigenfunction by ��� Since 
� is a principal eigenvalue�

we may assume that �� � 
� �See Lemma ��� of ������

It is easy to see that to prove Theorem �� it is enough to �nd a positive zero of �����

First we have

��
� 	

Z
RN

wr � 	�p� ��

Z
RN

L��
� wpwr�� 	 ��� 	�

Z
RN

wr � 
� �����

Set �� 	 �L� � ����wp� Then �� satis�es

�L� � ���� 	 wp� �����

Multiplying ����� by �� and integrating by parts� we have

�
� � ��

Z
RN

���� 	

Z
RN

��w
p�

which implies that Z
RN

���� 	
�


� � �

Z
RN

��w
p�

Let

�� 	
� �

�
� � ��
R
RN ��

�

Z
RN

��w
p
�
�� � ��

� ��
�
� � ��� �����

Then as �� 
�� � � 
�� we have that k��
� kL��RN 	 is uniformly bounded and by �����Z

RN

��w
r�� � ���

which implies that

����� �� as �� 
�� � � 
�� �����

By ����� and ������ there is a �� � �
� 
�� such that ����� 	 
�

Theorem � is thus proved�
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