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ABSTRACT. In this paper, we consider the problem of the existence of positive
weak solutions of
(=A)*u=uP inQ
{u =0 on R™\Q
having prescribed isolated interior singularities.

We prove that if ﬁ < p < p1 for some critical exponent p; defined in

the introduction which is related to the stability of the singular solution wus,
and if S is a closed subset of 2, then there are infinitely many positive weak
solutions with S as its singular set.

We also show the existence of solutions to the fractional Yamabe problem
with singular set to be the whole space R™. These results are the extension of
Chen and Lin’s result [9] to the fractional case.

1. INTRODUCTION

In this paper we are concerned with the existence of positive weak solutions with
a prescribed singular set of the fractional version of the Lane-Emden equation

(=A)u=uP inQ,

. (1.1)
u=0 in R™\Q,

where 0 < s < 1,  is a smooth open set in R™ with n > 2 and
Syl u(z) — u(y)
(—A) U(Z’) = Cn7sPV - W d
is the fractional Laplacian. Here ¢, s is a normalization constant.

First, let us recall some results for the classical case when s = 1. Consider the
Lane-Emden equation

Au+u?P =0 in Q, (1.2)
u=0 on 0f).
The corresponding equation to (1.2) in R™ for -5 < p < Z—f% when n > 3 with an

isolated singularity at the origin,

Au+uP =0 in R™\{0},

u>0 in R™\{0}, (1.3)
lim u(z) = +o0,

|z]|—0
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is studied in [5] and [9]. The following result classifies all solutions of (1.3):

Proposition 1.1 ([9]). Suppose that "5 < p < Z—f% and u is a solution of (1.3).
Then either
2
u(x) = cp || 7T,

where ¢y, = [p%l(n -2- p%l)]ﬁ7 or there exists a constant o > 0 such that
li n—2 _
lim _u(z)|z|

Conversely, for any o > 0, there exists a unique solution uy(z) of (1.8) such
that

Q.

lim u(z)|z|""? = o
|z|—o00
Using this proposition, Chen and Lin [9] constructed positive weak solutions
of (1.2) with prescribed interior singular set. The basic cells in the construction
of Chen and Lin are the radially symmetric solutions u, of (1.3) which have the
following asymptotic behaviour at 0 and oo:

2
cpnlz| P-T  as|z| — 0,
Uq(x) = ’ 1.4

@) {am|(”2) as |z| — oo. (1.4)

These solutions have the same behaviour near the origin but they converge uni-
formly to 0 on any compact subset of R"\{0} as a« — 0. Thus given k different
points x1,- -,z € €, the function

k
ux(x) = Zua(m—xl) (1.5)

constitutes for a small, a good approximate solution to (1.2) with isolated singular-
ities at the points x1,...x,. Then a variational argument establishes the existence
of actual singular solution to (1.2) near u.(z). So the key point in the proof is the
existence of a solution to (1.3) which satisfies (1.4).

A related question is to look at the Yamabe problem on R”™ for the scalar cur-

vature
n+2

—Au=ur-=2, u>0, (1.6)

and consider the measure dyu = (1 + |z[2)="%" dz. Through stereographic projec-
tion, this problem is equivalent to the Yamabe problem on the sphere S™ with its
canonical metric. Schoen and Yau conjectured in [28] that weak solutions for (1.6)

that satisfy u € L%;(R",du) must have a singular set of Hausdorff dimension

less or equal than "?’2 A counterexample was provided by [26] in dimensions 4

and 6, while [9] gave examples of weak solutions that are singular in the whole

n+2
R™. However, in all these examples the conformal metric g, = u=-2|dz|? is not
complete.

On the other hand, complete metrics that are solutions to (1.6) have been con-
structed by Mazzeo and Pacard [25] when the singular set is a smooth submanifold
of dimension less than 2532. By the work of Schoen and Yau [28] for complete met-
rics, this dimension is sharp. The construction in [25] also relies on the existence
of ODE solutions with the asymptotic behavior (1.4) which allow to construct a
suitable approximate solution that is singular along the prescribed submanifold.
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Finally, the Yamabe problem on R™ with isolated singularities has been consid-
ered in [27, 24].

Let us go back to the non-local equation (1.1). In this paper, we would like
to obtain similar results as in Chen-Lin [9] for the fractional case 0 < s < 1. As
we have mentioned before, the key point is the existence of fast decaying singular
entire solutions to

(~A)yu=w  inR"\{0},
u>0 in R™\{0}, (1.7)
Jm () = +oo.

For this equation, it is known in [17] that

us () =Ap7n\x|_1%1, (1.8)
where
—1 n—2s s
AP = (g2 — p{l) (1.9)
and +25+2 +25—2
F n S (% 1—‘ n S—zx
)\(Oé) = 228 (n—2§—2a) (n—2§+2a)’
[(e====) (=)
is a singular solution to (1.7). By virtue of the following Hardy’s inequality [20, 16]
¢2
A /R L o < [0l (1.10)
with the optimal constant given by
F n+2s\2
An,s = 228 (n_425)2a
NG
this solution ug is stable if
Aps > pAbTL (1.11)

which is equivalent to
H(n,s) > pK(n,p,s),

where 912 T( )T )
I-\(n s) L i S+ i
H(n,s) = FTAZSQ, K(nap,s) = 1—\ 2,5 I} 111725 pS - :
(*5) (pfl) ("5 _Pfl)

Concerning the roots of
H(n,s) =pK(n,p,s), (1.12)
recently, Luo, Wei and Zou [23] have proved the following classification result: there

exists ng(s) € NT, such that for n < ng(s), there exists only one root p; of (1.12)

and it satisfies —5- < p; < ngj On the contrary, for n > ng(s), there exist

exactly two roots pi,p2 and they satisfy - < p; < nt2s o py < +oo (for the

n—2s
explicit expression of p; and pa, see Theorem 1.1 in [23]). In summary there exists
a unique p; € (=2, 242%) gych that for —2- < p < 2£28

n—2s’ n—2s n—2s n—2s?

us is stable if and only if <p<pr.

n—2s

In order to find a good approximate solution for our problem, it is crucial that
there exists an entire solution to (1.7) which has the same asymptotic behaviour as
ug(x) in (1.8) near 0, but which has a faster decay at co.
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Our first result shows that:

n

Theorem 1.2. Suppose "5
solution uy, of (1.7) with the following asymptotic behaviour:

o () = {A

az|~

< p < p1. Then for every a € (0,00), there exists a

2| 7T as |z| — 0,
n—2s)

as |z| — oo.
Moreover, we have 0 < uq(z) < us(z) for 0 < a < 00, and

iii% uq(z) =0, ah_)n;o () = ug(x)
uniformly in any compact set in R™\{0}.

Unlike the corresponding result when s = 1 which can be proved by a simple
phase-plane analysis, the proof of Theorem 1.2 is quite involved: first we use Kelvin
transformation to a subcritical problem with a weight. Then we use a blow up
argument to establish the existence of entire solutions to this subcritical problem.

We conjecture that outside the stability regime, i.e., for p; < p < Zi‘gi, this
theorem is also true. We hope to return to this problem elsewhere.

Using Theorem 1.2, we follow the arguments in Chen-Lin [9] to prove the fol-
lowing existence results. While the general scheme of the proofs in [9] is also valid
in the fractional case, there are extra difficulties and subtleties that come from the
non-locality of the operator (—A)?, for instance when handling cutoff functions.

Theorem 1.3. Suppose that 0 < s < 1, 5= < p < p1, Q is a bounded smooth
domain in R™ and S is a closed subset of ().
Then there exist two distinct sequences of solutions of (1.1) having S as their
singular set such that one sequence converges to 0 in L1()), and the other sequence
n(p—1)

converges to a smooth positive solution of (1.1) in LY(Q) for 1 < q < p* := =5—.

The next result concerns the existence of weak solutions to the fractional Yamabe
problem
(—A)'u=u"2 inR", u>0, (1.13)
with prescribed singular set. For the regular case, see the references [19, 21, 22].

In the case of an isolated singularity for (1.13), the authors have established in
[6] the asymptotic behavior of solutions in the spirit of [5], while radially symmetric
solutions have been constructed in [13, 14]. In addition, Ao, Dela Torre, Gonzéalez
and Wei [1] have recently proved the existence of solutions to 1.13 that are singular
at a prescribed set of isolated points through a gluing method together with a
Lyapunov-Schimidt reduction.

In this paper we are interested in the existence of solutions to (1.13) with non-
isolated singular sets, in fact, when the Hausdorff dimension dimy of the singular
set is greater than 0. In the case of complete metrics that are singular along a
smooth submanifold S, a dimension estimate was shown in [18], and it includes,
in particular, the case dimy(S) < "_227. On the contrary, if one removes the
completeness assumption, one may have very general singular sets as in the classical

Yamabe problem. This is our next result:

Let dp = (1 + |x|2)’n_T2sdx, and assume that s € (0,min{1,2}) satisfies the
following:
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H. There exists an integer m > 2528 such that

remge)? - Tl — )+ 55)

n+2s
n—2s"’

for p =

Theorem 1.4. Suppose 0 < s < min {1 a satisﬁes assumption H. above. Then

there exist positive weak solutions of (1.13) in Lwte (R™, dp) whose singular set is
the whole R™.

Remark 1.5. For s = 1, it is shown in [9] that for n > 9, assumption H. is
satisfied for m = ”TJF?’ form odd and m = ”7“ forn even. So at least for s close to
1 andn > 9, we can find some m such that H. is satisfied.

The paper is organized as follows. In Section 2, we will deal with fast decaying
entire solutions of (1.7) and give the proof of Theorem 1.2. Instead of ODE meth-
ods, we use a blow up argument which has been used in [12] to prove this result.
Once the existence of singular entire solutions is obtained, we then follow the idea
in Chen and Lin’s paper [9]. We use these entire solutions to construct approxi-
mate solutions for (1.1) with finitely many isolated singular points in Section 3. In
Section 4, we give complete proofs of Theorems 1.3 and 1.4.

2. PROOF OF THEOREM 1.2: CONSTRUCTION OF ENTIRE RADIAL SINGULAR
SOLUTIONS OF (1.7)

In this section, we consider the entire solutions for (1.7). We will use the Kelvin
transform and a blow up argument in [12] to prove Theorem 1.2.

It is known [17] that
(=A)’u=uP in R" (2.1)
has a singular solution of the form

us(r) = Apynrfﬁl ,

where r = |z| and the constant A, ,, is defined in (1.9). We would like to construct
another singular solution to (2.1) with fast decay at infinity. More precisely,

=
)= {2 T 22
First of all, the Kelvin transform v(x) = |x|_("_28)u(#) of u(x) satisfies
(=A)*v(z) = |z|’vP(z) in R", (2.3)
where 8 = p(n — 2s) — (n 4+ 2s). The corresponding singular solution is
vs() = Applz|7Tm 72,
since p > 5 implies p2f1 —(n—2s) <0.
We show that under the conditions 5 <p < "+2$ and
MR TG - 2T+ ) o

FEZR ” PTCE(E = )

p—1 2 p—1
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vs 1s a stable solution to (2.3). Indeed, the corresponding quadratic form is given
by

Q@) = [ (~A70-0 - plaluy 1"
_ 2 _ 8. p—1 .2
ol = [ Jalvy o

ST
By Hardy’s inequality ,
Mo [ < Wl
we have
PAY

Q) (@) = (1 - A) 1913 > 0.

n,s

provided that A,, s > pAP 1, which is equivalent to (2.4) by direct calculation. This

pn
implies that vy is stable.

So we have proven that under (2.4), v, is a stable singular solution of (2.3). We
will use this singular solution to construct an entire stable radial solution to (2.3)
following the idea in [12].

We will work with the localized extension problem which is due to Caffarelli-
Silvestre [7]. Write X = (z,t) € R} For 0 < s < o0 < 1, and u € C?*(R") N
LY(R™, (1 + |y|)~("*2%) dy), the s-harmonic extension 5(X) of u(z) is given by

o) = [ POXguly)d,
where
P(X,y) = past® |X — (y,0)]7 "
and p, s is chosen so that fRn P(X,y)dy = 1. Then v € CZ(RTFI) N C(Riﬂ),
t1=259,v € C(R''1") and v satisfies

V- (t1725V0) =0 in R
v=w on 8RT‘1
R 1-2s9 = _ o s n+1
}1_{%15 00 = Kks(—A)%v on OR™,
where
217251(1 — )
kg = ———
I'(s)

In our case, let A € (0,1) and denote by B**! the ball in R"™! of radius r
centered at the origin. Writing vs as the s-harmonic extension of v, we consider
the extension problem in the unit ball

V- (t'725Vo) =0 in By AR}
U= AU on 9B NRYT! (2.5)
- }%tl—zsat@ = kg || 0P on By naR .
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Since ¥, is a positive super-solution of (2.5), we get a minimal solution v = wvj.
The family (vy) is non-decreasing in A. Moreover, by the truncation method (see
[2], [11]), va is bounded for each fixed A € (0,1). The moving plane method (see,
for instance, [4]) shows that vy is axially symmetric in = with respect to the ¢-
axis and is decreasing in |z|. Since v, is stable, we have vy 1 U5 as A T 1 by the
classical convexity argument. The readers are referred to [3] or Section 3.2.2 in the
monograph [15]. Note also that having |:£|ﬁ in the equation does not modify the
arguments.

Now we perform a blow-up argument to obtain a radial entire stable solution.
Let A\; 11 and

po1
mj = HU)‘.?HLOO =0y, (0), Ry =m;>,
so that m;, R; — oo as j — co. Define
_ T
Vi(z) =m; 'y, ()
J ] R_]
Then 0 < V] < min {1, o5} solves
V- (#172VV;) =0 in Bt R}
Vi = \jvs on 6317%;7'1 NR7YH

—lim 1720, V; = 2|7 VP on BETnoRYH

By elliptic estimates, we can extract a subsequence of (‘_/J) converging in CZOC(RTJFH

)
to some axially symmetric function V which satisfies 0 < V < min {1,9,}, V(0) = 1
and solves B
V-tV V) =0 in R
—lim t'72%9,V = K, |x|5 %4 on GRIH.
t—0

Therefore, it trace v = V (-, 0) is a bounded, smooth and radially decreasing solution
to
(=A)*v = [z’ v?  in R™.
Moreover, from v < v, one also deduces that v is stable.
It has the following asymptotic behaviour

o(a) = {1+O(x| ) as |z| — 0,

2f1 —(n—2s)

Apnlz|? as |z| — oo.

If we denote v, (z) = av (a T x), then v, () is also solution to (2.3) and

the corresponding solution u,(x) = |m|_("_25)va(ﬁ) is a solution of (2.1) which

satisfies .
Apnlz|”71  as|z| = 0,
ua(x) = P —(n—2s) (26)
alx] as |z| — oc.

Moreover, by the above argument and the maximum principle, one can check that
0 < uq(z) < us(zx) for 0 < a < oo, and

i% uq(x) =0, Oéh_}rr;o Ue () = ug(x)

uniformly in any compact set in R™\{0}.
Thus we finish the proof of Theorem 1.2.
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3. CONSTRUCTION OF APPROXIMATE SOLUTIONS

We construct approximate solutions of (1.1) in this section. The ideas here
follow closely [9]; our new difficulty is to estimate the non-local terms that come
from (—A)® and || - [|gs.

A pair of functions (@, f) is called quasi-solution of (1.1) if

(=AYu=al+ f inQ.
Given the family of solutions {u,} that we have just constructed, we have
lim ul dr =0 (3.1)
a—0 Rn
for 0 < g < p*, where p* is defined by
b=

Under our hypothesis —>— < p < p1, which yields the stability condition (1.11),

let g9 be

pAD!
An ,S

The reason for this choice will become clear in the proof.

co=1-— > 0.

Lemma 3.1. Fiz pg, qo > 0 such that p < pg < p*, % <qo < g55- Letn >0 and

{{fl,-'-,.’fk}CQ. B
Then a quasi-solution (4, ) of (1.1) can be constructed to satisfy the following:
(i) @ := Uy is smooth except at T;, 1 < j < k. At &;, Uy has the asymptotic

behavior ,
lim @y (z)|z — |71 = Ay (3.2)
T—Tj
(i)
/ ah® dx <, / flodx <. (3.3)
Q Q
(iii) Set
k .
Qo) = (1437200 | Il —p [ 70 dn, @4)
j=1
for ¢ € H5(Q). Then Qy, is positive definite and equivalent to the HE-norm
in HE(S2).

Proof. We will construct (i, fx) by induction on k. First we note that for a €
(0,00), we have

p [ @@ ds <p [ @6 do

n

— pAp,n |$‘_28¢2($) dx (35)
Rn

= (1—<o)llolF-,
for any ¢ € C3°(R™). Here we have used Hardy’s inequality (1.10) in the last step.
Now let x(z) = x(]z|]) be a smooth cut-off function such that x(t) = 1 for
0<t< % and x(¢) =0 for t > 1. For r > 0, we denote x,(z) = x(£).

T
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For k = 0, the pair (0,0) is a (trivial) quasi-solution and satisfies (%)-(%ii) of
Lemma 3.1.

Next, suppose that the conclusions of Lemma 3.1 hold true for (k — 1) points
(T1,+++ ,Zp_1) and (4x_1, fx_1) is a quasi-solution satisfying (i)-(iii). Let

0<rg < %min{dist(ik,ag), |Zg — ij|, 1<j<k-1}

and define
Uk = Uk—1 + Xry, (I — jk)ua(x — :fk) (36)
where 7, a are to be chosen later. Then
l[ar = tx-1llLro < [[uallLro-
If « is small enough, we have
[uallro < 5(n = [lax—1llzr0),
which yields
[@kllzro < 50+ [@x-1llzre) <.
For simplicity, denote x% := Xr,, we may also take Z = 0. Set
fr = (=A)%ay, — aj,
= fr—1 — (@ — Tj_y — Xjub)

+ [k = XDk + e PV /Q ““(y)|;x’“(§)n:2§’“(y>) dy

= fr—1— 91+ g2-

We note that @g—; is smooth in B(Zy, rg). Hence,

/ g1° dx = / lg1|% dz < C/ (1 4 uP=D0) 4z, (3.7
Q B(ik,rk) B(ik,rk)
which can be small if both 7y, « are small and % < qo < 35. Moreover,
e < 00k — XU e + CMPV/ ua(y) Oxw(2) — xk(y)) H
||92HL = ”(Xk Xk) ||L , 0 |Jj — y|n+23 Y o0 (38)

< Cllluallzoe gy + lluallze),

where Dy, = {z € R", % < |z| < 7} for some 1 < ¢ < p*, which is small if « is
small enough by (3.1). We conclude from (3.7) and (3.8) that

[ fellzoo < [ fe-1llzao + llg1llzao + [lg2llLa <.
This proves 3.3 for 4y, and fy.
The proof of (i) is divided into two steps:

Step 1. There exists a constant Cy > 0 independent of « such that

k—1

p [ @76 < 0+ Y 3 e ool +Co [ e (39
Q j=1 Q

holds true for any ¢ € H§(Q).
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Let x; € C*°(Q),i = 1,2, such that x? + x2 = 1 and the support of y; is disjoint
from B(Zy,r) and the support of ya is disjoint from {Z1,- -+ ,Zx—1}. Then, by our
induction hypothesis and the initial claim (3.5),

p/@Z‘1¢2dx=p/@p‘lx%¢2dx+p/ - x30° dx
Q Q Q
k—1

< (1+ Y 37e — eo)lxadllde + (1 — eo)lxedll%e +C /Q ¢? dz
j=1
k—1

<1+ 379 — ) (X160l + Ixadl3e) +C /Q & do

Jj=1

k
< (143370 — o) 0113 +c/ 62 da.
Q

=1
Here we have used that
Ix19lr + lIx20ll%-
Cn,s // o()o(y)[(xa(z) — x1())* + (xa(@) — x2())?] dedy
aJa

2 |z — gyt

= [l +

< 6l3. +C /Q & da.

Step 2. Denote 69 = 1 + Zj;l 37Jgy — 9. We can find a finite dimensional
subspace N of Hj(f2) such that

Co /Q ¢? dr < 37 * D5 0Qp 1 () (3.10)

for all ¢ € HE(Q) which is orthogonal to A with respect to the quadratic form
Qr—1 and Cj is the constant stated in (3.9).

Consider, for instance, the k-th eigenspace A for (—A)® with Dirichlet conditions
for k& > | with [ large. Since the eigenvalues of (—A)® increases to +oc, we can take
N = N+ with respect to Qx_; in H3(9).

For any ¢ € H§(2), decompose ¢ = ¢; + ¢ where ¢1 € N and ¢ € N (with
respect to Qx—1). Let Gy = Gg—1 + vx and By = B(Zg,ri). Then,

» / WL de = p / BNy + 6a)? do
Q Q
:p/a§*1¢%dz+p/ T dx+2p/ @b p1 o da
Q Q Q
gp/ﬂﬂf%gw+p/gaz:1¢%dx+2p/Qu§z:i¢1¢2dx

e (/ g2 da:+/ B 16 d:c+/ (62 +<z>1¢2)d:c> ,
Q Q By,
(3.11)
where we have used that 4y = ux_1 outside By, and that in By,

ﬂiil = (ﬂk,1 + ’Uk)p71 § C(l + Uzil).
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To estimate the sum of the first three terms in the last step of (3.11), we utilize
Step 1 and the induction hypothesis to obtain

Q

saouwluqu+H@H%Is)+2p/ﬂaz:1¢1¢2dx+co/ﬂ¢§dx.
(3.12)

Since ¢1 L ¢2, by the definition of the quadratic form Qy_; and its associated
bilinear form we have

/uk 1¢1¢2*50// (1 |x_)§/(|fi(26) 020) gy, (3.13)

Therefore, recalling the definition of the H® norm, we have from (3.12) and (3.10),

p/Q-p 1¢2dx+p/a§ §¢2dx+2p/ga§j¢1¢2dx

< boll¢ll 7 +CO/ ¢5 du
Q

< 8o||pl|3- + 37D e0Qr—1(9)
< (80 + 37 % eg) |13

Now we estimate the last line in (3.11). For any € > 0, using Holder’s inequality
and (3.5) we have

/Q Y(1616al + 62) da é/ﬂvk & dx+c/vk 82 da

< CZ(1 - o)1 8l1%. + C: / P de
Q

3—(k+1)

< = —=ollgllf +Ce | of ot de,
By

A

provided that € is small enough. Next, for the last two terms of (3.11),

/B (62 + |p10a]) dz < C: ¢% d:c+é/ ¢*dr < C: | ¢Fdr+ Ciel|o)|%-

By,
3(k1

colllfy +C: [ ot
In conclusion, we have that (3.11) can be estimated by

P / @1 0% dw < (80 +2- 37 Do) gl + o / (61 + 01) do
Q

By,

where C' is a constant independent of o and 7. Since N has finite dimension, 7
can be chosen so small such that

Cr | ¢ide <2737 eoQr 1 (¢1) < 27137 FF e |g]|3..
By
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After fixing 7k, we may choose « small, then by Theorem 1.2 and (3.5), we have
Ci /v£71¢§ dz < 2_13_(’““)50@;6,1(%) dx
< 27137+ Qp_1(¢) da
< 27137 e
This completes the proof of the Lemma. ([l

Let (@, f) be a quasi-solution. If u = @ + v is a solution, then v satisfies

(=AY v+af — (u+v)P+ f=0 inQ,

+v>0 in Q, (3.14)
v=20 on Of)
Define )
E(¢) = =|o||%- — | F(u,¢)d fod 3.15
(@) = 3lolly. — [ Pao)de+ [ foda (315)
for ¢ € H§(S2), where
F(s,t) = P} (Is +t[P(s+t) — "1 — (p+1)sPt). (3.16)

Lemma 3.2. E € C'(H§;R) and any critical point v of E satisfies
(—A)*v —|a+vP —aP+f=0 inQ,
v+v>0 in Q, (3.17)
v=20 on 0f2.

Moreover, E satisfies (P.S.) condition.

Proof. The first part of this lemma is standard. To prove the Palais-Smale condi-
tion, suppose that there is a sequence {v;} C H§(£) such that

E(v;) = C and E'(vj) -0 in H{(Q) (3.18)

as j — 0o0. We would like to show that there exists a strongly convergent sequence
of {v;}. It is straightforward to calculate

B =gz [ [ 0 50 4y,

—/(|a+vj|p—ﬁp)¢dx+/f¢dx.
Q Q

(3.19)

Case 1. Let p < 2. A direct computation shows that

B(uy) — ——(E'(v;), ;)

p+1
p—1 1 T Py _ gptl T4
= 5t ol = oo | [l eslra -t — puresas
fvjd:c
pH/

Since p < 2, there holds the inequality

-1
||t + v;[Pa — aPt! — puPv;| < %ﬂpflv?.
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So we have by (3.18) that,

p—1 2 /—p71 2}
— | lvjllFe — w’ s | < C(1+ ||vjllms)- 3.20
st sl = [ @] <ot ol (320)
By Lemma 3.1,

v 1|3 —p/ﬂaf’—lvf dz > C|lvj||%-. (3.21)

Combining the above two estimates, we have the boundedness of ||v;|| gs. Further-
more, by (3.19), we have

(E'(vi) — E'(v;), vi —v3) = |lvi — vl

(3.22)
_ / (Jvi + al” — [v; + al?)(vr — v;) da.
Q

Since
|14 2P = 14 y|”| < pmax{(1+|=)P~", 1+ [y])P" "}z —y|
<plz—yl+ C|lz|P~" + [y~ )|z -yl

we have from (3.22)

s — w12 — p / @ o; — v du < C / (sl + oy 1) (v — vy)? d
Q Q

+o(V)[vi = vl s

(3.23)

By Holder’s inequality, the first term of the right hand side can be estimated by

/ (loiP~" + |v [P~ D) |vi — v;]? dae
Q

1, 1
’ q q
< (/ (Jos[P~1 + vy P~ 1)1 dz) </ lv; — vj|* dx> dx
Q Q

1
sc( / vi|q’<P-”+|vjq’<f’-1>dx)" loi — w10,
Q

Wherei—l-%:l,%:1—%>1—%§,sothat2q< nz_”% and ¢'(p—1) =
2n
n—2s"

By construction, there exists a subsequence of {v;}, still denoted by v;, which
converges in L?7(£2). Then by the above inequality, from (3.23) we have that {v;}
strongly converges in H§(Q).

Case 2. Let p > 2. We first use (3.19) with ¢ = v; to get
(E'(v5),v; ) = —||vj_||%1 + /Q(ﬂp —|u— vj_‘p)vj_ dx—l—/ﬂfvj_ dx.

Here we have used the fact that (v;r, v;) = 0. Since 1 —[1 —z|” < pz for all z > 0,
we have

@ = om)5ly. = [ 705 e <€



14 W. AO, H. CHAN, M. GONZALEZ, AND J. WEI

as j — 0o. Now the boundedness of ij_ ||
have that, it is easy to see

/F(a, —v;)‘ < C/ ]vj—\p“ +aP (v;)? dw
Q Q

<C =17 4 o |
<c [ (g I + o7 1)
<C

5 follows from Lemma 3.1(iii). Once we

so that

E(vy)

Ly w2 Ly -2 / =t / T Flort _ o
= — ||v + = ||v; — | F(a,v;)dx— | F(u,v;)dr+ F—wv:)d

Sl I+ 30 = [ Fayde = [ Fa)de+ [ Fof —op)ds
= E(v]) +0(1)

as j — oo.
Next we look for a bound of HU;FHH by putting ¢ = v;-r in (3.19), which yields

(E’(vﬂ,’uj-') = HUJ_‘—H%[ f/Q(|ﬂ+v;'|p fﬂp)vj' dlL’+/QfT’U;_ dx. (3.24)

From the elementary inequality

2 p—1
1 Pr—p——2 ((1 p+l 1 _ 1 >7p-i-17
(1+x)Pz—2z p+1(( +x) (p+ )m)7p+1a:

which holds for > 0, we have

p—1 +\p+1 / + / 7t
e 4 2E(v;) — (E'(v),v]) — "d 1). 2
P Q(v]) < 2E(vj) — (E'(v)),v5) va] z+0(1) (3.25)
For any € > 0, there exists C; > 0 such that

(@4 — @) < (p+ )@~ (v)? + Co(o] )7+,
By (3.24),

It |2 — (o +e) / @ (v} da

< (E'(vj),v;) — / fv;' dz + C; / (v;')pH dz + O(1).
Q Q
Together with Lemma 3.1 and (3.25) we see for any fixed € > 0 small,
loF I3 < O+ ot i)

for all sufficiently large j. Hence we have established the boundedness of ||v; | gs =

\/Hvﬂﬁ{s + ||UJ_||2HS We can use the argument in Case 1 to obtain strongly con-

vergence in H§(§). Therefore, the (P.S.) condition is satisfied and the proof is
complete.
O

Lemma 3.3. Let {Z1, - ,Zx} be any set of finite points in Q. Then there exists
at least two distinct solutions having {Z1,--- , Tk} as its singular set.
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Proof. We claim that there exist positive numbers 7o, p, # > 0 such that if (a, f) is
a quasi-solution of (1.1) with 0 < 7 < 79, then

E(u)>6>0

for u € Hg(Q2) such that p < [Jul|lgs < 2p. After the claim, the existence part
follows immediately. Indeed, one solution can be obtained from minimizing

min  E(u) < E(0)=0<6,

lullms <p
and the other solution obtained from the mountain pass lemma.

First, for any € > 0, there exists C > 0 such that
|Fy(s,t) < = (1 +€)sPT M2 + OPTE

Thus

n—2s

2E(v) > |lv||3e — p(1 + 6)/ a?~ M de — C. | P dr — 2770</ vitE da:) -
Q Q Q

using Lemma 3.1 to estimate f. By Sobolev’s embedding and Lemma 3.1 again,
for € > 0 small

2B(v) 2 Callolll- — Ca (Il +mollvllae ) -
Then the claim follows easily.

Suppose that u = % + v is any solution of (1.1) with v € H§(£2). Since p < 2428

n—2s
is subcritical, a standard bootstrap argument shows that v € C*°(Q\{Z1, - ,Zx})

(see, for instance, [14] for the regularity of equation (1.1)).

If we assume that Z; is a removable singularity for w, by (i) of Lemma 3.1,
—u < v < ¢—1 in a neighborhood of Z; which implies that v ¢ LPT1(Q) (note that

% > n). This contradicts the fact that v € H§() since p + 1 < ’;s, and

completes the proof of the Lemma.

O

Lemma 3.4. Let v be a solution of (3.14) and v € H{(Y). Then |v|* € H5(Q) for
some a > 1. The constant a depends on p,qo and n.

Proof. By Lemma 3.3, we know v € C®(Q\{Z1,--- ,Zr}). We claim that there
exists § = 6(p, go,n) > 0 such that |z — 7;|%v € L%(Q) for 1 <i<k.

Let n(z) = (o — 22+ 0272, 1 <i < k for 0 > 0 small. Using the weak
formulation of (3.14) with the test function n?v we have

- / / n@) = 1) ) g,

Iw - yl"“*

:/[(ﬂ—l-v)p—ﬂp]nzvdx—/fn%dx

Q Q

< (p+8)/ﬁp_17721)2 dx—l—Cg/nva'H dx—/ fn?vdaz.
Q Q Q
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By the elementary inequality 2ry < 22 + y? and similar argument in the proof of
Lemma 2.2 of [12], we have

cns// |x_ |2+—2517(y))2 dzdy

—1(y))* 2 (@) =)
< C/ / < y|n+25 + U(y) |£L' B y|n+25 ) d dy

o

<

°f, o2+|m—x|>5+sd
<C.

Thus, using Lemma 3.1, we deduce that for € small enough,

nllz. <C+C (/anqdas) ! </Qvf"2 dx)

n+2s n—2s

C(/(an)igdx> (/ vZ‘TLde) ,
Q Q

(n—2s)(p+1)
2n

(3.26)

where we have applied Holder’s inequality with exponents & = ("_QZM, 1
q n q
1-— % for the first integral, and with exponents ¢/ = n%gs7 q= nigs for

the second one.

Since f € L% with ¢y > ni%, 0 can be chosen so small that the integrands
involving 7 are integrable around Z; even if 0 = 0, so that the right hand side of
the above (3.26) has an upper bounded independent of o. In other words, if ¢ is
small then we have

vl < C.

Letting o — 0, we have |x — 2;|%v € H§(f2), and the claim is proved.

Recalling (3.2), . Then the above

claim implies that v € L7»-2s 2590 for some ag > 1 which dependb only on p,qo,n,s. To
estimate |[|v|"*|| ;. for 1 < a1 < ag, we use a pointwise inequality from [8] originally
due to Cérdoba-Cérdoba [10], which states that for any ¢ € C?(R") convex and u
such that (—A)*u and (—A)*p(u) both exist, there holds

(A)°p(u) < ¢'(u)(=A)"u.

With ¢(v) = |v|**, we compute

(=2) [o]™ < a1 o] 77 0(=A)%y
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and hence

ol 1154

1ol 8y ol do

Q

o [ JePo -2yl do
Q

al/ |,U|2a1—1|f| dl‘+0/(ﬂp_1|’u|2a1—|—|v|2“1—1+p)d$
« Q

n—2s n+2s

(/ |U|(2a1—1)% dx) 2n (/ f‘% dx) 2n
Q Q
g-1 1
+ </ gt P=1) dz) (/ |v|2ard d:l:> +/ o2 1P gy |
Q Q Q

2nao. they
n—2s’

IN

IN

<C

If we choose 1 < a7 < ag such that 2a; < ag+1and 2a;1 —1+p <

2na —
using the fact that u € LY for ¢ < p*, v € L==2 and f € L% for ni’;g < qo < 35,
we get that the above estimate is finite. Thus for some a; > 1, both |||v|*!|| g+ and
[lvt ||Ln2n25 are finite. The proof is completed.

O

4. PROOFS OF THEOREM 1.3 AND 1.4

In this section we complete the proofs of Theorem 1.3 and 1.4. Here we also
follow very closely the arguments in [9], making the necessary modifications to
handle the non-local terms.

Proof of Theorem 1.3. First we give a proof of the existence of weak solutions
with prescribed singular set.

If the singular set .S consists of a finite number of points, then the existence of
two distinct solutions is proved in Lemma 3.2.

Let {Z1,..., Tk, ... } be a countable dense subset of S, and let pj be an increasing
sequence satisfying limy o, pr = p*. For n > 0, by Lemma 3.1, we can construct a
sequence of quasi-solutions (@, fi) with singular set {Z1,--- ,Z} such that

- - n r F n
— G lPrde < - — Fl90 dp < L
/Q|uk+1 u|?* dv < of, /Q|fk+1 ful® do < o,

where qg is a fixed constant such that n3-n25 < qo < 5%. Hence {ux} converges
strongly to @ in L1(Q2) for ¢ < p*. When 7 is small, by Lemma 3.3, we can find two

sequences of solutions {uf} of (1.1) such that u}, = iy, + v}, i = 1,2, satisfying
lorlls < po < llvillFe < o1,

where p; > pg are two constants independent of k. Letting v be one of these two
solutions, we have

I ox|* 17 < © (4.1)
for some a; > 1 and C > 0 are independent of k. By Sobolev’s embedding and

2na

Holder’s inequality, we may further assume that {v;} converges in L»-2s and weakly
converges to v in H§ for any 1 < a < a;. We wish to prove that vy — v strongly
in H§. By elliptic estimates (see the summary in [14], for instance), it suffices to
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show that |ay, + vy [P — u}, converges strongly in L7+ . This statement is proved in
the following two steps:

Step 1. {ﬁﬁ_lvk} strongly converges to @’ 'v in Lt
We have

/ [P~ oy, — ﬂpflv\% dx
Q

2n
v — v| "2 dx

- _2n  2no _1)-2n_
SC/ )t — aP T dx+/ aP Vw5
Q Q
1 n—2s
o o 2ng’ q’ 2na a(n+2s)
(/ [ e dx) </ v da:)
Q Q
1 n—2s
(e 2nq’ q’ 2na a(n+2s)
+ aP~ VR dy v — v| =25 dx
k ’
Q Q

<C

where
1 n—2s S 4s
q aln+2s) = n+2s
Since uy — @ in LI(Q) as k — oo for any ¢ < p* = %, and the exponent 3—7—%,3
satisfies
2ng’  _n(p—1)
-1 < =p"
(P =15 P P,
we have

_ 1, 2nd 2na
/ |’EL]]; 1 _ up 1|T,,+2s dx +/ |ka — U‘n—Qs dl‘ — O
Q Q
as k — oo. Step 1 is proved.

Step 2. Since

p+1

1| P —p—1_ 2 p+1
S C(uk Uk + vk )7

’\ﬁk + g [P — ay, — puy ok

by Step 1 and Lebesgue’s dominated convergence theorem, we have

p+1

/ ‘(|ak FoplP — @t — it log) — ([a+ 0P — @ + paP )| T dz— 0.
Q

2n
n+2s

sum of |ay, + vy,|[P — @& — pay vy, and pal vy, we conclude that {|ay + v|? — @b}

Moreover, since pp%l =1+ zl) > and |y + vg|P — @} can be written as the

strongly converges in L7t (). By elliptic estimates, {vg} converges to v strongly
in H3(Q), and the limits satisfy v! # v2.

Let us show that both solutions are singular in the set S. Set u = u 4+ v where
v is one of v* obtained above. Then u is a solution of (1.1). It is obvious that
u € C*(Q\S). For any xg € S, any open neighborhood of z( contains Zj, for some
k. If u is bounded in this neighborhood,

lv| > 7 —C > Colz —ay| 71 —C,

in view of (i) of Lemma 3.1, which is a contradiction to v € LPT1. Therefore, the
singular set of u is exactly equal to S.
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Finally, let ng = % where k is a large positive integer. By the above argument,
we can construct two sequences of solutions {u}i}, i = 1,2, such that u}C = ’% + v,i
with v}, € H§ () which satisfies
- 1 192 2)12

laxlzoe < 75 lowllzzs < o < po < vl < o1,
where pr, — p* and limg_, o, pr = 0; both pg, p1 are two constants independent of
k. Thus uj — 0 in LI(Q) for ¢ < p*.

On the other hand, as in the proof of Steps 1 and 2, v — v? in H§ and
|v?[|%« > po. This implies that v? is a weak solution of (1.1). Since v? € H§(Q),
by a bootstrap argument, we can show that v € C*(2).

The proof of Theorem 1.3 is finished.
O

Proof of Theorem 1.4. We follow the same procedure as in the proof of the
previous theorems.

By the assumption H, let m > %23 be positive integer such that the following
holds:

P T(3 - TG+ ot
F(m%%y pF( s )F(m72s s )

p—1 2 p—1
We let p := £25 here and in the following.
Let S®~™ be a (n — m)-dimensional sphere in R™ and py € S*~™. Using the
Kelvin transform for the solution of (1.7) above, we can construct a family of
solutions {uq,a > 0} of

(=A)’uq =uf inR"
satisfying properties (4.2)-(4.4) below:
n—2s

lm wue(x)d(z) 2 =Apm (4.2)

g—Sn—m

uniformly in any compact set of S"~"\{py} where d(z) denotes the distance from
x to S"~™. Moreover,

lim uo(z) =0 and lim ub (z) dz =0, (4.3)
a—0 a—0 Jpn
uniformly in any compact set of (R™ U {oo})\S™ ™.
Moreover, thanks to statement (3.5) in Lemma 3.1, for ¢ € H*(R™),

p [ wiede< (- colol (1.4

for some positive constant £y depending on m, n.
Let us show the above claims. For this, let @, (z,y) = o (x) where @, is the

entire radial solution of
n+2s

(~Agn)ia(z) = a3 (¢) inR™,

ia(z) > 0 in R™,

lim |x|p2%1 aa(x) = Ap,ma (45)
|z|—0

lim |z % Ga () = a,

|z|—o00
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for x € R™ and y € R*"™™. The existence comes from Theorem 1.2, since 2m >
n 4+ 2s, and H. is satisfied, we have —2_ < 25 < p (1),

m—2s n—2s
We will show that i, (z) is a weak solution of
n+2s

(—Arm)?to(x) =04 > (z) in R™,
Indeed, following Lemma 2.1 in [5], for any € > 0, we set
—(m+2s)
((z)=1- (1 + |5_1x‘2) .

so that {(xz) — 1 for all x € R™\ {0} as e — 0. Let ¢ € C°(By). Testing (4.5)
with (¢, we have

n+2s

Cotia~* do = Cp(—A)’ugy dx
B,

B

— [ Ay ds

Y R @) = ¢ 4\ 4w

= /m «@ (C( A) 90"' n,s/ @(y)‘m_y|n+25 dy) d
Thus,

~ Zf%i ~ s ~ C - C
/ ¢ <<pua — Uo(—A) <p> dxr = / Ug, <Cn,s /B1 @(y)w dy) dx

A slight modification of the proof of Lemma 3.13 in [14] shows that

/Bl w(y)m dy

lz —y

)

) —(m+2s)

< (Ceg™% (1 + ’E_lx‘z
which implies
n+2s —(m+2s)
/ ¢ <cpﬁ(’;25 fLa(A)Sgo) dx| = C’/ |t | €72 (1 + |€71x|2> dx
m R"n

Note that @i, € LI(R™) where ¢ = 2428 ¢ ( i m+25). By Hélder’s inequality,

n—2s m—2s?’ m—2s

n+2s
/ ¢ (wié?% —ﬂa(—A)sw) dx

< C Haa”Lq(Rm) HS_QS(l —+ ‘5_1x’)—(m+25)

we have

La—1 (Rm)
It suffices to show that the right hand side is o(1) as € — 0. But it is clear that

_ 2sq 1 _ 2sq 1
g a1 /R CEhY dx = 5m q—1 /R CECHP dy —0
m —1 m —1
(1+l12f) (1+1)
as € — 0 since m > 225, This proves that i, () is a weak solution of

nt2s
(—Arm)’to(x) = 04> (x) in R™,

and hence 4, (x,y) is a weak solution of

n+42s

(7A]R“)Sﬁa(x7y) = ,&5725 (xay) in R™
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Let e = (1,0,---,0) and u,(z) =
xo ¢ R"™. Then u,(x) is a weak solution of

nt2s
(—A)uy =uy > (x) inR", (4.6)
U (z) = O(|z|~"=29))  as |z| — oo.

1 ~ T—T
‘w_x0|n_zsua(‘x_%°|2 + e) for z € R™ and

r—IQ
le—z0l?

Let S™~™ be the pre-image of R~ under the mapping x — +e. It is easy

to see that S”~" is an (n — m)-dimensional sphere in R™ and u,(z) is a family of
weak solutions of
n+2s
(=A)°u = w2 in R™
satisfying (4.2)-(4.4). For (4.4), it is easy to check with both sides of (4.4) are

invariant under the Kelvin transformation. Since S™~™ is congruent to any (n—m)-
sphere, the above claim follows easily.

Step 1. Let Sq,...,Sk be a sequence of disjoint (n —m)-dimensional spheres. Fix
a small positive number 1 > 0 which will be determined later. We construct here
a sequence of positive approximate solutions {(us, fi)} satisfying (4.7), (4.8) and
(4.9).
Fix pr € Sg, k=1,2,..., we have
2s

lim iy d ()71 = Ay, (4.7)

I*)Sj ,:E¢SJ' ’

uniformly in any compact set of S;\{p;}, 7 = 1,...,k, where d;(x) denotes the
distance from z to S;.
Denote fr = (—A)*uy — @}. We have

Jon W dz <1, [on Fars do <,
, — @ in LP(R™), (4.8)
Supp{fi} € Uj—, B(S;.m)),

where B(S;,r;) = {x € R" | d;(x) <r;} and lim; ,oc r; = 0.
The quadratic form

k
Qo) = 1+ 3370 —e | Wl —p [ W7 Pae (@9)

j=1
is positive definite and equivalent to the H*(R™)-norm.

The construction of uy is exactly the same as in Lemma 3.1 except that the
cut-off function y(z — Z) is replaced by xx(di(z)). To prove (4.9), it suffices to
note the inequality (3.9) becomes

k—1
p/ % dr < (1 +23_j50 —50)H¢||%15 +C/ $* da, (4.10)

where C' is a constant independent of o and K is a bounded set independent of «.
Then the rest of the proof can go through without any modification.

Next, let
E(¢) = %Hd’”?ﬂ[s —/ F(uy, ¢) + S dx
Rn R’n
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for ¢ € H*(R™) where
1
F(s,t) = ——{ls +1P"(s +p) = 5" = (0 + )57t}
p

It is not difficult to see that E(¢) is continuous in the strong topology of H*(R™).
Now, for any € > 0, there exists C; > 0 such that
|F(x,t)] < 5(1+ £)sP~ 12 4 C.|t|PT,

which yields

2E(6) > |63 — p(1 +¢) / Wl de—C [ ot da

n+42s %
n (/ |¢|p+1 dw) P+ .
Rn

2
(L)
163 — p(1+ 1) / W dr > o6

Fix e1 > 0 so that, by (4.10),

By Sobolev’s embedding theorem, we have

2B(9) = e1ll¢l}. — Cr (Il + 2nllolne ) -

Therefore, there exists small p = p(n) such that
. €1 9
inf E(¢) > —p“>0
¢l zrs=p (@) = 4"

with lim p(n) = 0.
n—0
Step 2. We claim that there exists vg € H*(R™) with |lvo||mg= < p such that
E(v) = inf E(v)<0. (4.11)

lollss <p

Let v; € H*(R™) with ||v;||gs < p and lim E(v;) = | Hinf E(v). Since {v;} is
J—o0 vlgs<p
bounded in H*(R™), we can assume that v; — vo weakly for some vy € H*(R"). If

v; — Vg strongly, we are done. Hence we may assume that ¢; = v; — vg is weakly

convergent to 0 in L7 2 (R™) as well but 0 < lim;_,« [|vj||gs =: p. In order to
obtain a contradiction, we compute,

Bloo+ ;) = B() = 5103l = [ [Pl + ;) = F@ o) do +of0).

Because f;, € Lt (R™), we decompose the second term of the right hand side
above into two terms:

F(a,vo + ¢;) — F(@, vo)
= PGt 65) [+ ool (@ ) = (Dl ol )

+{la+ vol” — o,

=: g1+ 920;.
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For g1, we have that for any € > 0, there exists C. > 0 such that

1] < P2+ g 162 + el
< P62 4. (o™ 6+ [y17+)
Therefore,
[ olde < PGE [ amtgtan e [ (w4 o) da
< pzzg / a? ot da + CopP || s

For go, we note that p < 2 (n > 4s), and
||12 + volP —@P — pap71110| < ClwglP
for some constant C' > 0. By Sobolev’s embedding, we have
|t + vo|P — aP — puP vy € Lprl(R").

Therefore,

/ 920 dx = / (@ +vo|P — @ — puaP~tvg)¢; dx +P/ a "oy da = o(1).
R™ R™ R™

Combining the above two estimates, we have

P+ 2¢ e _
5 [ e = Cop 6 e + o).

Choose € = 5% and 7 small enough such that C.pP~1 < L, then we have

lim E(vg + ¢;) > E(vo)
j—o0

1
E(vo+ ;) = E(vo) > 515ll%- —

which is a contradiction. Hence Step 2 is proved.

Finally, let vy, be a solution of E(vy) = | Hinf< E(v). Then by the maximum
vl gs<p

principle, we can show that u; = g + v is a positive solution of
(=A)°u = uP in R™.
Since v, is bounded in H*(R"™), we can assume that, after passing to a subsequence,

vy = v € H*(R™) in LP(K) for any compact set K of R". Hence u = 4+ v is a
non-negative weak solution of (1.13). Since v € H*(R™) N LP(R™), we have

UNS L%(du), hence w € L%gz(du).

We claim that the singular set of u must include U72,S;. If; on the contrary, there
exists a point ¢ € S;\{p;}, ¢ outside the singular set of u, then there exists a
neighborhood U of ¢ such that u(z) < C in U. This implies

—u<v<C—1a (4.12)

or || > a—C > a; —C. However, v € L%(U) implies @; € L%(U) which
is impossible since m < %“;1). Therefore, US; is contained in the singular set of
u. Suppose that US; is dense in R". Because the singular set of u is closed, we
conclude that the singular set of u is the whole space R™.

O
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