ON LIN-NI’'S CONJECTURE IN GENERAL DOMAIN, N=4, 6.
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ABSTRACT. We consider the following nonlinear Neumann problem:

Au—pu+u?=0 inQ,

u >0 in Q,
g—“:o on 09,
17

where 2 C R" is a smooth and bounded domain, p > 0 and v denotes the

outward unit normal vector of Q. Lin and Ni (1986) conjectured that when

q= %’ for p small, all solutions are constants. We show that this conjecture

is false for general domain in n = 4, 6.

1. INTRODUCTION

In this paper we consider the following nonlinear Neumann elliptic problem:

— q — 1
{Au pu+u? =0, u>0 in, (1.1)

Ju =0 on 0.

where 1 < ¢ < 400, p > 0 and € is a smooth and bounded domain in R, n = 4, 6.

Eq. arises in many branches of the applied sciences. For example, it can be
viewed as a steady-state equation for the shadow system of the Gierer-Meinhardt
system in mathematical biology [I1], [16], or for parabolic equation in chemotaxis,
e.g. Keller-Segel model [14].

Eq. 1) enjoys at least one solution, namely the constant solution u = ,uq%l. In
a series of seminal work, Lin-Ni-Takagi [14] and Ni-Takagi [I7] got interest in the
potential existence of non-constant solution to Eq.. In particular, it is proved
n [I4],[17] that for p large, the least energy solution concentrate at the boundary
point of maximum mean curvature. In the subcritical case 1 < ¢ < 2* — 1, we can
use the well-known result due to Gidas-Spruck [10] to prove that for small positive
1, the constant solution is the only solution. This uniqueness result incited Lin and
Ni to raise the following conjecture, the extension of this result to the critical case
q=2*—1.

Lin-Ni’s Conjecture [I3]. For p small and ¢ = :‘L—fg, problem 1} admits only
the constant solution.

We recall below the main results towards proving or disproving Lin-Ni’s conjec-
ture. Adimurthi-Yadava [1]-[2] and Budd-Knapp-Peletier [4] first considered the
following problem

Au—uu—i—u% =0 in Br(0),

u>0 in Br(0), (1.2)
gu—0 on Bg(0).

They proved the following result
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Theorem A. ([1]-[]) For p sufficiently small,
(1) if n=3 or n > 7, problem (|1.2)) admits only the constant solution;
(2) if n=4, 5 or 6, problem (|1.2)) admits a nonconstant solution.

The proof of Theorem [A] relies on the radial symmetry of the domain. In the
asymmetric case, the complete answer is not known yet, but there are a few results.
In the general three-dimension domain case, Zhu [26] proved

Theorem B. ([25],[26]) The conjecture is true if n = 3 (¢ = 5) and Q is convex.

Zhu’s proof relies on a priori estimate. Later, Wei-Xu [25] gave a direct proof for
Theorem [B] by using the integration by parts only. In comparison with the strong
convexity condition assumed on the domain. Recently, under the assumption on
the bound of the energy and a weaker convexity condition (mean convex domains)
Druet-Robert-Wei [9] showed the following result:

Theorem C. ([9]) Let 2 be a smooth bounded domain of R", n = 3 or n > 7.
Assume that H(z) > 0 for all x € 9Q, where H(z) is the mean curvature of z, = €
9. Then for all p > 0, there exists uo(2, A) > 0 such that for all x € (0, po(2, A))
and for any u € C?(Q), we have that

—Au+pu=n(n—-2)u* "'  inQ

u >0 in Q = 7 )%2
Ou=0 on O ~ n(n—2) '
Jou¥dz <A

It should be mentioned that the assumption of the bounded energy is necessary
in obtaining Theorem C. Without this technical assumption, it was proved that the
solutions to may accumulate with infinite energy when the mean curvature is
negative somewhere (see Wang-Wei-Yan [21]). More precisely, Wang-Wei-Yan gave
a negative answer to Lin-Ni’s conjecture in all dimensions (n > 3) for non-convex
domain by assuming that €2 is a smooth and bounded domain satisfying the follow-
ing conditions:

(Hl) Yy e Q if and Only if (y17y25y37"' y —Yis ayn) € Qa VZZB, y 1.

(H2) If (r,0,y") € Q, then (rcosf,rsinf,y”) € Q, V8 € (0,2n), where 3" =
(y3a T 7yn)

(H3) Let T := 90QN{ys = - -- = yn, = 0}. There exists a connected component I" of
T such that H(z) =y <0, Vz €T.

Theorem D. ([21I]) Suppose n > 3, ¢ = Z—i‘g and € is a bounded smooth domain
satisfying (Hy)-(Hs). Let p be any fixed positive number. Then problem (1.1)) has

infinitely many positive solutions, whose energy can be made arbitrarily large.

Wang-Wei-Yan [22] also gave a negative answer to Lin-Ni’s conjecture in some
convex domain including the balls for n > 4.

Theorem E. ([22]) Suppose n > 4, ¢ = 22 and Q satisfies (Hy)-(Hz). Let p
be any fixed positive number. Then problem (1.1} has infinitely many positive

solutions, whose energy can be made arbitrarily large.

Theorem [AE] reveal that Lin-Ni’s conjecture depends very sensitively not only
on the dimension, but also on the shape of the domain. A natural question is: what
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about the general domains? Inspired by the result of Theorem A. We expect to
give a negative answer to the case n = 4,5,6. The only approach in this direction
is given by Rey-Wei [19]. They disproved the conjecture in the five-dimensional
case by establishing a nontrivial solution which blows up at K interior points in €2
provided p is sufficiently small.

The purpose of this paper is to establish a result similar to (2) of Theorem A
in general four, and six-dimensional domains by establishing a nontrivial solution
which blows up at a single point in € provided p is sufficiently small. Namely, we
consider the problem
% =0 on 012, (1.3)
where n = 4,6 and (2 is a smooth bounded domain in R™ and g > 0 very small.
Our main result is stated as follows

Au—uu—i—u%:OinQ, u > 0in £,

Main Theorem. For problem (1.3) in n = 4,6, there exists o > 0 such that for
all 0 < p < o, equation ([1.3]) possesses a nontrivial solution which blows up at an
interior point of €.

In order to make this statement more precise, we introduce the following nota-
tion. Let G(x, Q) be the Green’s function defined as

=01in €, 8£

A.G(a,Q) + g ~ S

ﬁ =0 on 09, /QG(a:, Q)dx = 0. (1.4)
We decompose
G(CL‘,Q) = K(|$ - QD - H(CC,Q),

where
1

CnT’n72 ’

K(r)= cn = (n—2)|5"71, (1.5)

is the fundamental solution of the Laplacian operator in R™(|S™~!| denotes the area
of the unit sphere), n = 4, 6.
For the reason of normalization, we consider the following equation:
n 8
Au—uu+n(n—2)uﬂ%gzo,u>0in9,a—u:Oonaﬂ. (1.6)
v
We recall that, according to [5], the functions
A

n—2
Uro=(——"F"—"—=)2,A>0 R™ 1.7
AQ (A2+\x7Q|2) , A>0, QeR", (1.7)
are the only solutions to the problem
—Au:n(n—Z)uﬁg, u >0 in R™. (1.8)

Our main result can be stated precisely as follows:

Theorem 1.1. Let 2 be any smooth bounded domain in R™.
(1). For n =4, there exists u1 > 0 such that for 0 < p < uy, problem @ has
a nontrivial solution .
w=U o 40 ),

e BZAQH
where ¢y is some constant depending on the domain, to be determined later, A will
be some generic constant. The point Q* depends on the domain and parameter A,
and will be given in Section 6.
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(2). For n = 6, there exists us > 0 such that for 0 < p < pg, problem @ has
a nontrivial solution

up = Upn.qr + O(p),
where A — Ay, and Ay > 0 is some generic constant. The point Q" depends on the
domain and parameter A, and will be given in Section 6.

We set
Q. :=Q/e ={z|ez € Q}, (1.9)

and

‘u,:{(—lns)z’ ni4’ (1.10)

Through the transformation u(z) — et u(z /), (1.6) yields the rescaled
problem we will work with

n 6
Au—/wZu—l—n(n—2)un7tg =0, u>0in £, a—u =0 on (.. (1.11)
v
We set
n+2
Selu] == —Au+ pe®u —n(n —2)ui >, uy = max(u,0), (1.12)

and introduced the following functional

1 1 n—2)?2
Jelul :25/9 |Vu|2+§us2/Q u2—(2)/Q |u

The paper is organized as follows: In Section 2, we construct suitable approx-
imated bubble solution W, and list their properties. In Section 3, we solve the
linearized problem at W in a finite-codimensional space. Then, in Section 4, we are
able to solve the nonlinear problem in that space. In section 5, we study the re-
maining finite-dimensional problem and solve it in Section 6, finding critical points
of the reduced energy functional. Some numerical results may be found in the last
Section.

7 ue HY(Q). (1.13)

2. APPROXIMATE BUBBLE SOLUTIONS

In this section, we construct suitable approximate solution, in the neighborhood
of which solutions in Theorem [[1] will be found.

Let € be as defined in . For any @ € Q with d(Q/e,09Qc) large, Uy q/-
in provides an approximate solution of . Because of the appearance
of the additional linear term pue?u, we need to add an extra term to get a better
approximation. To this end, for n = 4, we consider the following equation

AV + Uy g=0inR* ¥(0) = 1. (2.1)
Then
- 1 1y = 1 In(1+ |y)
B(ly|) = 51n|y|+]+0<m), V=g (1+0( o )) as Iyl — o,

(2.2)
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where [ is a constant. Let

A1 WA
v =—In— +AV(=—). 2.
AQ = 5 I + AV (=) (2.3)
Then
A\I/A’Q + UAyQ =0.
Note that we have
1 C
VaQWls 10a%A @) <ClIn —————1, (00, VaQ(y)| £ — =
Wa@)l | Q) ATy =QD 100, ¥a,0(y)] T =0
(2.4)
For n = 6, let ¥(]y|) be the radial solution of
AV +U;o=0inR"”, ¥ —0as |y - +oo. (2.5)
Then, it is easy to check that
1 1
U(y) = ——=(14+0(—3)) as |y| = +oc. 2.6
(1) = g1+ O(pp)) as (26)
For @ € Q., we set
y—Q
o) =029,
Then
A\I/A@(y) + UA,Q =0 in RS.
It is easy to check that
a0l 108 8r Q)| € . 100, ¥a Q)] € ot (2.7
A, y 1OAYA, < , RN < . .
¢ G - T Wy - Q)

In order to obtain approximate solutions which satisfy the boundary condition,
we need an extra correction term. For this purpose, we define

A n—2
Ungre(z) = =VUp g/e(2) — cop e *A77 H(ez,Q) + Renq(2)x(ez),  (2.8)
where Re p.q is defined by AR. 5. —€?Repq =0 in Q. and

us2aR§% = 7% [UA,Q/E — ,u52\IIA7Q/E — cn»s”’QAnTzH(sz, Q)] on 09, (2.9)
where x(z) is a smooth cut-off function in Q such that x(z) = 1 for d(x,09Q) <
0/4 and x(z) = 0 for d(x,00Q) > §/2.

We notice (2.2)) and , an expansion of Uy /. and the definition of H imply
that the normal derivative of R. g is of order e"~2 on the boundary of Q., from

which we deduce []
CA, n=4,

2.10
Ce?, n=6. (2.10)

[Ronal |7V Rena] 2R ] < {
A similar estimate also holds for the derivatives of R. A o with respect to A, Q.
Now we are able to define the approximate bubble solutions. Since it is differ-
ent in analyzing between the case n = 4 and the case n = 6, we will tact them
respectively in the following. For n = 4, let

A471 <AL A4,2, Q € M54 = {{,E S Ql d(x,aQ) > 54}, (211)

For n = 4, the parameter A is located in a range that depends on . Therefore, we have
to take A into consideration, and we note that each component on the right hand side of (2.9)
exactly carry A as a factor.
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where Ay1 = exp(—1)e?, Ay = exp(—3)e~?, B is a small constant with a generic

constant d4, to be determined later. In viewing of the rescaling, we write
- 1
Q = 7Q7
€

and we define our approximate solutions as

~ A
Weng =Ung+uelUy g+ cﬁu—ls? (2.12)
For n =6, let
Q1 Q1
u(*—AGE%)SA< u( + Ages),

Cg 96 - Cg %

Q € Ms, = {x € Q| d(x,00) > s},

% — ned <n < 4—18 + e, (2.13)
where Ag and ng are some constants that may depend on the domain, Jg is a small
constant, which is determined later. Our approximate solution for n = 6 is the
following

Wengn=Urg+ uazUA,Q +nutet. (2.14)

Remark: We want to mention more for the setting of 7 in the case n = 6. For the
case n = 4, we just set 7 to cancel the Laplacian of H(x, @), which makes the error
of the approximate solution small enough to control. While, in the case n = 6, we
can not proceed in the same way. Furthermore, if we simply set 7 to be the solution
of the quadratic equation

24n? — 0+ esA?/(|) = 0.

It could make the error small, However, we shall fail in getting the a-priori estimate
because of the parameter we obtained in the reduced problem. This is the main
difficulty in studying the Lin-Ni problem for n = 6.

For convenience, in the following, we write W, U, U , R, and ¥ instead of W 4 ¢,

Ue.os ﬁA_’Q, R. A, and W, 4 respectively in the following. By construction, the

normal derivative of W vanishes on the boundary of 2., and W satisfies

8U3 + 12e*U — pe? A(R- p.0X) n=4
_ 2 — R e, N\, 5 5
AW+ pemW { 24U + p2?e*U — pe? A(Rea0X) +€5(n — cf’é\f), n=6.
(2.15)
We note that W depends smoothly on A, Q. Setting, for z € €.,
(z=Q) =(1+]z—QP)*.
A simple computation shows
C(2(~ne)z + (2~ Q)72), n=4
< ~ ’ ’ .
wel<{ SETRYu s (2.16)
C(?(-Ine)z + (2~ Q)72), n=4
< — ’ ’ .
|IDAW (2)] < { Cle— ), n=6 (2.17)
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IDoW (2)] < { gggz - %:;;: nZ g: (2.18)
and
|D,W (2)| = O(*), n=6. (2.19)

According to the choice of W, we have the following error and energy estimates,
we leave the proof in Section 7.

Lemma 2.1. For n =4, we have

[S-W]()] < C((2 = Q13— ne)t + (2 - Q)24 (— Ine))

4 4 1

+C(((71€HE)% + (—Elns)lln(g(1+ |27Q|))|)A)7 (2.20)
DASWI(2)] < (2~ Q- e)} + (2~ Q)26 (- Ine)
i (15:@; * (i@'ln(e(l T Ilz ) e
DS WI(2)] < C((z - @<~ o)t + (= - Q&4 (~ Inc)
T _Q>_1(_€1:g))’ (2.22)

and

C4A2 2 C1 1 1 CiAQ 2 C1 _1
JWl=2] U, +—— -
W] /R4 ot 1 (flns)Q " Ae 2|Q|€ (flne) ’

+ %C§A252H(Q, Q) +0(2(—1) A% + O (- ). (2.23)

For n =6, we have

S.W](z) = —£%(24n® —n + cﬁéf) +0(1)e*(z - Q)™ (2.24)
|DAS:[W](2)] = O(1)((z — Q)" + &%), (2.25)
|D, S [W](2)| = O(1)((z — Q)~e® + £53), (2.26)

|DgS:[W](z)| < C{z — Q)~°&%, (2.27)

and

1 1 1
J W] = 4/ Uf‘o + (fn2|ﬂ| —cgnA? + —cg\? — 8773\Q|)53 + fc§A454H(Q, Q)
R6 2 48 2

(n 66A2)64/ A + O(e%). (2.28)
Q

+ —
jtl lz - Q*

1
2
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3. FINITE-DIMENSIONAL REDUCTION

According to our general strategy, we first consider the linearized problem at
W, and we solve it in a finite-codimensional space, i.e., the orthogonal space to
the finite-dimensional subspace generated by the derivatives of W with respect
to the parameters A and Q; in the case n = 4, and the orthogonal space to the
finite-dimensional subspace generated by the derivatives of W with respect to the
parameters A, Q; and 7 in the case n = 6. Equipping H'(Q).) with the scalar
product

(u,v)e = / (Vu - Vo + pe?uw). (3.1)
For the case n = 4. Orthogonality to the functions
ow ow
Yo=—,Y,=—,1<i<4 3.2
0 BTN y 44 ana ST, ( )

in that space is equivalent to the orthogonality in L?(€).), equipped with the usual
scalar product (-, ), to the functions Z;,0 < i < 4, defined as

_ oW oW
Py e 5 53
_ 2 ; :
Straightforward computations provide us with the estimate:
Zi(2)] < C(e* + (2 = Q)7°). (3.4)

Then, we consider the following problem: given h, finding a solution ¢ which

satisfies
—A¢+ pelp — 24W?2¢ = h + Z?ZOCZ'ZZ‘ in Q.,

92 =0 on 09, (3.5)
(Zi,¢) =0, 0<i<d4,

for some numbers ¢;.
While for the case n = 6. Orthogonality to the functions

ow ow ow
Y:77E:7,’1§‘§6’Y:77 3.6
0= 9A 00, ="' = oy (3:6)
in that space is equivalent to the orthogonality in L?(€.), equipped with the usual
scalar product (-, -), to the functions Z;,0 <1 < 7, defined as

Zo = —AGy + e’ Gy
oW ow :
Zl:—Aﬁ +M52%7 1§Z§67 (37)
_ 2
Zr=—-A oy T HET

Direct computations provide us the following estimate:
1Z:(2)| S C(E® +(z—Q)™®), 0<i <6, Zz(2) = O(c%). (3.8)

Then, we consider the following problem: given h, finding a solution ¢ which
satisfies
~A¢+ pue?p —48Wo = h+37_d;Z;  in Q,
% = on 992, (3.9)
(Zi,¢) =0, 0<i<7,
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for some numbers d;.
Existence and uniqueness of ¢ will follow from an inversion procedure in suitable
weighted function space. To this end, we define

{||¢II* = 4z = @¢(loos Ifllex =3 (= )2 [F] + [z = Q*f(2)lows n =4,

[6llexs = Iz = @)*B(2) oo, [1fllixss = I{z = Q)1 f(2)lloc, n =6,
B (3.10)
where ||f|lco = max,cq. |f(2)] and f = |Q.|7! st f(2)dz denotes the average of f
in Q..
Before stating an existence result for ¢ in (3.5) and (3.9)), we need the following
lemma:

Lemma 3.1. Let u and [ satisfy
—Au = f, %:O, au=f=0.
v
e /)
Y

u(z)] < C/ — = —dy. 3.11

e <0 [ i (3.11)
Proof. The proof is similar to Lemma 3.1 in [I9], we omit it here. (I

As a consequence, we have

Corollary 3.2. For n =4, suppose u and f satisfy

0
—Au+ peu = f in Q, a—u =0 on 09..
v
Then
[ulle < CJI s (3.12)

For n =6, suppose u and f satisfy

0 _
—Au + cpue*u = f in Q, —Z:Oon8967 u=f=0,

0

where ¢ is an arbitrary constant. Then
1t < Clf [[wsn- (3.13)

Proof. For n = 4, integrating the equation yields f = pe?a. We may rewrite the
original equation as

Alw—u) = pe(u—a) = (f = f).
With the help of Lemma [3.1] we get
lu(y) — | < C/LEZ/ de—FC/ de.
o |z —yl o |t -yl
Since

<y—Q>/R o (z — Q) 3dz < oo,

i |z —yl?
we obtain
1y — Q)u— [0 < Cue®|[{y — Q)*lu—alllco + Cll{y — QV*|f = flllo
< Cull{y — Q)|u—ill|oc + Cll{y — @)*|f — Fllloo-

which gives

Iy = Q)lu—allloc < Clly — Q)°|F — fllloo:
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whence

Iy = @ulles < Cllly = @)lloll + Ce? [ + 1ty — @)* flloo < CIIf[lss-

Hence we finish the proof of the case n = 4.
For n = 6, by the help of Lemma [3:1}

(y — Q)%u| < c/ (y — Q)*(|ue*ul + | f])
Q.

|z —y[*
where we used some similar estimates appeared in n = 4. From the above inequality,
we obtain ||u||ses < || f]|sxsx. Hence we finish the proof. O

dz < C(|pInel|ulloes + [ fllos);

We now state the main result in this section

Proposition 3.3. There exists ¢g > 0 and a constant C > 0, independent of

e, A, Q satisfying and independent of €, n, A, Q satisfying , such
that for all0 < € < g9 and all h € L ().), problem and (@ has a unique so-
lution ¢ = L.(h). Furthermore, for equation and @, we have the following

estimates,
[Le(M)]l« < Cllhlls, leil < Cllhllsx for 0 < i <4,
[Le(P) s < Cllhllansss [ < Cl[h]|anss for 0 <7 <6. (3.14)

Moreover, the map L. (h) is C' with respect to A, Q of the L-norm in n = 4 and
with respect to A, Q, n of the L, -norm inn = 6, i.e.,

kK

1Dy Le ()l < Cllhlc i =4, 1D, 0.0) Le(h) lons < O [l snas inn = 6.
(3.15)

The argument goes the same as the Proposition 3.1 in [I9], for convenience of
the reader, we list the proof here. First, we need the following Lemma

Lemma 3.4. For n =4, assume that ¢. solves for h = he. If ||he |l goes to
zero as € goes to zero, so does ||pc||«. While for n = 6, assume that ¢. solves
for b = he. If || he||sssn goes to zero as € goes to zero, so does ||Pe|| s

Proof. We prove this lemma by contradiction. First we consider for the case n = 4,
let ||¢c||« = 1. Multiplying the first equation in (3.5) by Y; and integrating in €.
we find
N eilZiYy) = (=AY, + pe?Y; — 24W2Y;, 6.) — (he, Y5).
We can easily get the following equalities from the definition of Z;, Y}
(Zo,Yo) = [Yo]2 = 70 +o(1),
(Z,Ys) = |YillZ =m +o(1), 1<i <4, (3.16)
where g, v1 are strictly positive constants, and
(Z:,Y;) = o(1), i # . (3.17)
On the other hand, in view of the definition of Y; and W, straightforward compu-
tations yield
(=AY + pe?Y; — 24W2Y;, 6c) = o([| el )
and
(he, Yj) = O(||he ).
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Consequently, inverting the quasi diagonal linear system solved by the ¢;’s we find

= O([[hell++) + o(ll¢ell-)- (3.18)

In particular, ¢; = o(1) as € goes to zero.

Since ||¢e ||« = 1, elliptic theory shows that along some subsequence, the functions
be0 = ¢-(y — Q) converge uniformly in any compact subset of R* to a nontrivial
solution of

—A¢g = 24U} o¢o.
A bootstrap argument (see e.g.Proposition 2.2 of [23]) implies |¢o(y)| < C(1+]y|) 2
As consequence, ¢g can be written as

ou, 8U
o = 0 A0+Z A0

(see [18]). On the other hand, equalities (Z;, ng} =0 yield

5UA0 / 2 6)UAO
Ui 0o =0
]RAL O BA ’
aUAOaﬁ —/ Ui o aUAOde—O 1<i<d.
R4 y; y;
As we also have
8UA0’2 8UA0 2 .
0 =5 >0, O =m0 1i<y,
/W Vor | == ay, | 7 ’

and

V V V :0771 .7
S e T #

the ofs solve a homogeneous quasi diagonal linear system, yielding o;; = 0,0 <4 <
4, and ¢g = 0. So ¢(z — Q) — 0 in C}(Q.). Next, we will show ||¢c |« = o(1) by
using the equation .

Using and Corollary we have

1621l < CUW?Gellx + [Allr + D leilll Zil ). (3.19)

aUA,O 8UYA,O :/ VaUA’O aUA@

Then we estimate the right hand side of (3.19) term by term. By the help of (2.16)),
we deduce that

(2 = QW] < Ce(—Ine)(z — Q)*||del + (2 — _>_1|¢e| (3.20)

Since ||¢e|l« = 1, the first term on the right hand side of (3.20) is dominated by

e?(—1Ine). The last term goes unlformly to zero in any ball B R(Q) and is dominated

by (z = Q) 2| ¢cll+ = (2 — Q)~2, which, through the choice of R, can be made as
small as possible in Q.\Br(Q). Consequently,

[(z = Q)°W?¢.| = o(1) (3.21)

as € goes to zero, uniformly in 2.. On the other hand, we can also get

e 3(—Ine): W24, < Cs(flns)%/ ((z— Q)+ &*(—1ne))|o.|
Q.

Nl

< Ce(—1ne)
=o(1).

/Q (2= Q)" + (= Ine)z — Q)Y el
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Finally, we obtain
[W20e [l = o(1).

In view of the formula (3.4]), we have
. - 1
—0O\3|7.| < _OV3eA(—
(=~ QP12 < Oz — Q)< (——

)+ (z=Q)7%) =0(1).

and

[N

c3(—Ine) chg(—lne)%/ (2 = 0) 0 + *da = o(1).

€

Hence, ||Z;||«+ = O(1). Therefore, we have
161l < CUW?Gellex + Aller + D leilll Zillox) = 0(1), (3.22)

which contradicts our assumption that |||, = 1.

For n = 6. We still assume that ||¢c|[ssx = 1. Using the similar arguments in
previous case, we obtain the following
di = O(||Blssss) + 0([|@]lsss) for 0 < i <6, d7 = O(e 72| Bl ssss) + O™ [[$]]xs)-
(3.23)
and ¢.(z — Q) — 0 in CL,(Q:). Next, we will show [|¢c||x = o(1) by using the
equation . At first, we write the equation into the following

— Ade + pe*(1 = 48n)p. = h+ Y _d;Z; + 48U, + 48U . (3.24)

7

Since fﬂs ¢ = 0, as a result, we can find the integral for both sides of 1| in Q,
are 0. Using Corollary [3.2] again, we have

e llex < CUNU + €30 Belluwn + ol s + Y 1dil| Zillrr)- (3.25)

From the formula of U and U, it is not difficult to show
U+eU<Clz—Q)%
Similar to the case n = 4, we could show [|(z2—Q) ~*¢¢[[xxsx = 0(1), | Zi || ssnx = O(1)

for 0 < i < 6 and || Z7|sss = O(£2). Therefore, by the above facts and (3.23), we
conclude

[@cllvxx < 0(1) + CllAflcxnx + 0(1)]|fe [ sx = (1)

which contradicts the previous assumption that ||¢. ||+« = 1. Hence, we finish the
proof. ([l

Proof of Proposition[3.3. Since the proof of the case n = 4 and n = 6 are almost
the same, we only give the proof for the former one. We set
H={¢eH Q)| (Z,¢)=0,0<i<4},

equipped with the scalar product (-, ). Problem is equivalent to find ¢ € H
such that

(6,0). = (24W?p + h,0), VO ¢c H,
that is

¢ =T-(¢) + h, (3.26)

where h depends on h linearly, and 7. is a compact operator in H. Fredholm’s
alternative ensures the existence of a unique solution, provided that the kernel of
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Id — T, is reduced to 0. We notice that any ¢. € Ker(Id — T.) solves with
h = 0. Thus, we deduce from Lemma [3.4] that [|¢.[. = o(1) as € goes to zero. As
Ker(Id—1T.) is a vector space and is {0}. The inequalities follow from Lemma
and . This completes the proof of the first part of Proposition

The smoothness of L. with respect to A and () is a consequence of the smoothness
of T, and h, which occur in the implicit definition of ¢ = L.(h), with respect
to these variables. Inequality is obtained by differentiating (3.5, writing the
derivatives of ¢ with respect A and @ as linear combinations of the Z;’s and an
orthogonal part, and estimating each term by using the first part of the proposition,
one can see [6],[12] for detailed computations. O

4. FINITE-DIMENSIONAL REDUCTION:A NONLINEAR PROBLEM

In this section, we turn our attention to the nonlinear problem, which we solve
in the finite-dimensional subspace orthogonal to the Z;. Let Sc[u] be as defined at

(1.12). Then (1.11]) is equivalent to

Se[u] =0in Q., uq #0, % =0 on J9.. (4.1)

Indeed, if u satisfies (4.1)), the Maximal Principle ensures that v > 0 in . and
(1.12)) is satisfied. Observing that

Se[W + ¢ = =AW +¢) + ue*(W + ¢) — n(n — 2)(W + ¢)
may be written as

S.W + @] = —Ad + pep —n(n+ 2)W72¢ + RF —n(n— 2)N.(¢)  (4.2)

n+2
n—2

with )
Ne(9) = (W + )i —with - L Syrteg (43)
and
n+2
R = S.[W] = —AW + pe®W — n(n — 2)Wn-2. (4.4)

From Lemma 2.1] we get

{ |IRE || < CeA + €2(—Ine)?, [|Diy gy R |lee < Ce, n =4,

4.5
HREH**** S 052%7 ||D(A7Q7n)REH**** S CEZ; n = 6. ( )

We now consider the following nonlinear problem: finding ¢ such that, for some
numbers c¢;,

—AW +¢) + pe?(W+¢) —=8(W +¢)> =3, ¢iZ;  in Q,

5 =0 on 99, (4.6)

for n = 4, and finding ¢ such that, for some numbers d;,

—AW + @) + pue2(W + ¢) —24(W + ¢)2 =Y, d; Z; in Qx,

% =0 on 0§, (4.7
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for n = 6. The first equation in (4.6) and (4.7) can be also written as
—Ap+ pe?p — 24W2¢ = 8N.(¢) — B + Y _ i Z;,

~A¢+ petp — A8Wo = 24N.(¢) — R* + > _ diZ;. (4.8)

In order to employ the contraction mapping theorem to prove that (4.6)) and (4.7)
are uniquely solvable in the set where ||¢||. and ||@||.«« are small respectively, we
need to estimate V. in the following lemma.

Lemma 4.1. There exists €1 > 0, independent of A,Q,n and C independent of
e, N\, Q,n such that for e < ey and

|o]l« < CeA for n=4, |[|@]|sxs < Ce?3 for n = 6.

Then,
I N ()] sx < CeA||@]l« for n =4, || Ne(P)|lissr < Cel|@]lsss for n =6.  (4.9)
For
lpill« < CeA for n=4, ||¢;|lsss < Ce?5 forn=6, i=1,2.
Then,

|INo(41) = Ne(d2)|lsx < CeA||p1 — ¢al|s for n =4,
[Ne(¢1) = Ne(@2) [l sxen < Cl|@1 — d2lssn for n = 6. (4.10)

Proof. Since the proof of these two cases are similar, we only consider n = 4 here.

From , we see
IN(9)] < C(We? +[6]). (4.11)

Using (2.15)), we gain
ST AF = =(-lne)d [ (W +[o"),

where the integration term on the right hand side of the above equality can be
estimated as

W + 101 < € (=~ Q)2+ (- o)} ol + o)
<o((t- @ +e(- 1ne>%<z Q)62 + (= = Q6112
< O((efe = Q" + (- me) = = Q) 2)A) o]l

As a consequence,
e (=~ ne) s W2 + [0 < O (~Ine) 2A||g]|. < CeAg]..

On the other hand,

1(z = Q)>(We* + |6]*) oo < CeA[|@].
Thus, follows. Concerning , we write

Ne(¢1) - Ne(¢2) = aﬂNs(ﬂ)(Qﬁl - ¢2)
for some ¥ = x¢1 + (1 — z)¢2, = € [0,1]. From

Dy N.(9) = 3[(W 4+ 0)% — W?],
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we deduce that
Oy N-(9) < C(IW 9] + 9?) (4.12)
and the proof of (4.10]) is similar to the previous one. O

Proposition 4.2. For the case n = 4, there exists C, independent of € and A, Q

satisfying , such that for small € problem @ has a unique solution ¢ =

é]l. < CeA. (4.13)
Moreover, (A, Q) — ¢(A\,Q,¢) is C' with respect to the x-norm, and
[1Da,q)¢lls < Ce. (4.14)

For the case n = 6, there exists C, independent of € and A, n, Q satisfying ,
such that for small € problem has a unique solution ¢ = ¢(A,n, Q,e) with

[l wxx < Ce5. (4.15)
Moreover, (A,n,Q) — ¢(A,n,Q,¢) is C' with respect to the x * x-norm, and
5
HD(A7177Q)¢||*** < Ces. (416)

Proof. We only give the proof of n = 4, the other case can be argued similarly. In
the same spirit of [6], we consider the map A, from F={¢ € H'(Q.)|[|¢|l. < C'eA}
to H'(€).) defined as
Aa(¢) = L5(8N5(¢) + RE)'

Here C' is a large number, to be determined later, and L. is given by Proposition
We note that finding a solution ¢ to problem is equivalent to finding a
fixed point of A.. On the one hand, we have for ¢ € F, using , Proposition
and Lemma

[ Az (@) [« < 8[| Le(Ne(P))l« + 1Le(R) |l < C1(|[[Ne(@)l«x +€A)
< OyC 2\ + Creh < C'eA

for C' = 20, and & small enough, implying that A, sends F into itself. On the
other hand, A. is a contraction. Indeed, for ¢; and ¢ in F, we write

[ A< (¢1) = Ac(@2) [« < Cl[N=(61) — Ne(2)l+x < CeAl[dr — b2l < 1H(iﬁl — P2l

for € small enough. The contraction Mapping Theorem implies that A. has a
unique fixed point in F, that is, problem has a unique solution ¢ such that
]« < CeA. ) )

In order to prove that (A,Q) — ¢(A,Q) is C!, we remark that if we set for
Y e F, B

B(A7 Q,w) = w - La(gNa(w) + Rs)a
then ¢ is defined as
B(A,Q,¢) = 0. (4.17)
We have
Iy B(A, Q,¥)[0] = 0 — 8L (0(0y Ne) ().
Using Proposition and we write
L (0@ N) ()| < CllO Ne) (W) | < [z = @)™ (B Ne) (1) ||«

< Oldz = Q)7 (W] + [9) s 10]) -
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Using (2.16]), (3.10) and ¢ € F, we obtain
[1Le(0(3y Ne) ()« < Cel|6]].

Consequently, 0y B(A, Q, ¢) is invertible with uniformly bounded inverse. Then the
fact that (A, Q) — ¢(A, Q) is C! follows from the fact that (A, Q, ) — L.(N:(v))
is C! and the implicit function theorem.

Finally, let us consider . Differentiating with respect to A, we find

Or6 = (9 B(8,€,0)) " ((OaLe)(No(9) + Le((OAN)(@)) + Le(02R)).
Then by Proposition |3.3]

10a¢ll« < CUIN(D) e + [1(OaN) (D) [lex + [1OAR | )-

From Lemma and (4.13)), we know that | N.(¢)||+«+ < Ce2. Concerning the next
term, we notice that according to the definition of N,

[OAN=(9)| = 3¢%|0AW|.
Note that
AW (2)] < C((z = Q)2 + €%(— Ine)?),
we have

[OAN (@) 45 < Ce.
Finally, using (4.5)), we obtain
oA« < Ce.

The derivative of ¢ with respect to @ may be estimated in the same way. This
concludes the proof. |

5. FINITE-DIMENSIONAL REDUCTION: REDUCED ENERGY
Let us define a reduced energy functional as
I.(A, Q) = J[Wa g + ¢ n.0) (5.1)

for n =4 and

I, (Aa UB Q) =Je [WA,n,Q + ¢5,A,n,Q] (5'2)
for n = 6. We have
Proposition 5.1. The function u =Wy 5+ . 5 ¢ s a solution to problem
for n =4 if and only if (A, Q) is a critical point of I.. The function u = Wano+
Ge A0 18 @ solution to problem forn =6 if and only if (A,n,Q) is a critical
point of I..

Proof. Here we only give the proof for the case n = 6, the other case can be proved
in the same way. We notice that u = W + ¢ being a solution of (|1.11)) is equivalent
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to being a critical point of J., which is also equivalent to the vanish of the d;’s in
or, in view of
(Zo,Yo) = [Yo]2 =70 +o(1),
(Z:,Y:) = |IYill2 = m +o(1), 1 <i <6,
(Z1,Y7) = Y72 = 72¢®, (5.3)
where 79,71, v2 are strictly positive constants, and
(Z:,Y;) =0(1),i #5,0<4,j <6, (Z;,Y;)=0(),i#ji=Torj=7 (54)
We have
JW+¢|[Y;] =0, 0<i<T. (5.5)
On the other hand, we deduce from that IZ(A,n, Q) = 0 is equivalent to the

cancellation of JZ(W + ¢) applied to the derivative of W + ¢ with respect to A, n
and Q. By the definition of Y;’s and Proposition we have

oW +¢) _ N oW + ¢) OW +¢)
oA 0 T Yo, an 877
with [[y;[eee = O(€%), 0 < i < 7. We write

=Y, +y, 1<i<6, =Yr+yr

—A(W + ¢) 4 pue(W + ¢) — 24(W + ¢)? Zaj

and denote a;; = (y;, Z;). Since JL[W + ¢][0] = 0 for (Q,Zi> =(0,Y))e=0,0<4i<
7, it turns out that IZ(A,n, Q) = 0 is equivalent to

([bi5] + [aiz))]e;] = 0,
where b;; = (Y;,Z;). Using the estimate [y;|.« = O(¢?) and the expression of
Z;:,Y;,0 <4 <7, we directly obtain

boo =0 +0(1), b =1 +o(1) for 1 <i <6, brr = e’
bij = o(1) for 0 <i#j <6, by =0 fori="7orj="71i#j
a; =0(*) for 0<i<T0<j<6, amw=0(")for0<i<T.

Then it is easy to see the matrix [b;; + a;;] is invertible by the above estimates of
each components, hence a; = 0. We see that IZ(A,n,Q) = 0 means exactly that

(5.5) is satisfied. -

With Proposition it remains to find critical points of I.. First, we establish
an expansion of I..

Proposition 5.2. In the case n =4, for € sufficiently small, we have

L (A0, Q) = W)+ €2(= 1) Fona(A, Q) (5.6)

where 0.4 = O(A?) 4 0(1) and Da(o.4) = O(A) + o(1) as € goes to 0, uniformly
with respect to A, Q satisfying .
In the case n = 6, for € sufficiently small, we have
I.(An, Q) = J[W] + 5408,6(A7 7,Q) (5.7)

where 0.6 = 0(1) and D ,(0-6) = o(1) as € goes to 0, uniformly with respect to

A, n, Q satisfying .
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Proof. We only consider the case n = 4 here, the case n = 6 can be argued similarly
with minor changes. In view of (5.1]), a Taylor expansion and the fact that J.[W +

¢l¢] = 0 yield

1.(A,Q) — J.[W] =J.[W +¢] — J.[W] = — / T+ 16)[6, 9] (1)t

== / (/ (IVO[* + pe’¢® — 24(W + t¢)¢?))tdt,
0o Ja.
whence
IE(AaQ) - JE[W]
1
= */0 (8AE(N5(¢)¢+3[W2 - (W+t¢)2]¢2)>tdt7/ R, (5.8)

€

The first term on the right hand side of (5.8) can be estimated as
] / Ne(qs)as\ < O/ |p|* + [W¢?| = O(e* Ine).
Qe Q.

Similarly, for the second term on the right hand side of (5.8 m, we obtain

|| - v soriet| <c [ ol + wel = 0t ne)
Q.
Concerning the last one, recalling
B = |S.W]| =0 (e (~me)(z = Q)2+ e%(—ne)b (= - @) )
e 1 et
+ O(A)<(—ln5) |In e(l+|z— QD‘ i (*lns))

uniformly in €.. A simple computation shows that

Lo

where we used ||¢||. = O(eA). This concludes the proof of the first part of Propo-

sition ([5.6)).
An estimate for the derivatives with respect to A is established exactly in the
same way, differentiating the right side in (5.8]) and estimating each term separately,

using , and Lemma (]

e2(—1lne)z A% + 63(71116)%),

6. PROOF OF THEOREM [I.1]

In this section, we prove the existence of a critical point of I. (A, Q) and I. (A, n, Q),
and then prove Theorem [I.1] by Proposition According to Proposition [5.2] and
Lemma [2.1] Setting

Is(Av Q) —2 fRn U4

()t

Ks(Aa Q) =

(6.1)
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and
IE A?’rlﬂ Q) - 4 n U3
K.(dp.Q) = @D o ©2)
Then, we have when n = 4,
1 c1 A2 1 1
A - A21 45 2A2 3
( Q) C4 nA (—IHE) 2|Q| (Q Q)( 1H€)
A2
+O(71n€ +¢), (6.3)
and when n = 6,
1, 2 1 2 3
K8, Q) =(Z710] — eoh?n + Jeeo? — 89710 ) + AN H(Q, Q)
1 CGA2 / A2
+-n- € +o(g). 6.4
2(77 |Q| ) Q|x_Q|4 () ( )

Then we begin to consider K (A, Q), finding its critical points with respect to
A, Q, and K. (A,n, Q) with its critical points with respect to the parameters A, 7, Q.

First, we consider K (A, Q) for n = 4. For the setting of the parameters A, Q,
we see that A, @ are located on a compact set, we can obtain a maximal value of
K. (A, Q). We claim that:

Claim: The maximal point of K. (A, Q) with respect to A, Q) can not happen on
the boundary of the parameters.

If we can prove this claim, then we could obtain an interior critical point of
K. (A, Q). Before proving the claim, we first consider

1 1 c1 2A\2
F.(A) = —csA*In — =
W) = g ()~ o)
Note that
0 1 1 c1 1 c1 A
%[FE(A)] - §C4AIHE(—IHE) B 184A(—1n5) a ﬁ’
Choosing ¢; = f—fﬁ, we could obtain that there exists
1 1 1
A= eXP(*i) € (eXP(*§)5B76XP(*§)57ﬂ)
with some proper fixed constant 8 € (0, %)7 such that
0
F * = 0
g e la=a

It can be also found that such A* provides the maximal value of F,(A) in [Ag 1, Ag o],
where Ay = exp(—3)e?, Ay 2 = exp(—3)e~". In order to prove the claim, we need
to take A into consideration for the expansion of the energy, going through the first
part of the Appendix, we have

1 c c2A\? 1
T 24|Q| H(Q,Q)(——

2

—Ine

K.(A,Q) = 704A2 In )2

lne

+ O( +e).
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Now, we come back to prove the claim, choosing A = A* and @ = p. (Here p
refers to the point where H(Q, Q) obtain its maximal value, it is possible to find
such a point. Indeed, we notice a fact H(Q,Q) — —oo as d(Q,902) — 0 see [19]
and references therein for a proof of this fact. Therefore we could find such p.)

First, we prove that the maximal value can not happen on OM;,. We choose
d4 such that w; < maxy M, H < wy for some proper constant wy,ws sufficiently
negative, then we fixed Ms,. It is easy to see that K (A, Q) < K.(A,p), where Q
lies on the boundary of Ms, and A € (Ag1,A42). For A = A1 or Ay o, we go to
the arguments below. Therefore, we prove that the maximal point can not lie on
the boundary of Mg, X [A4.1, A4 2]

Next, we show K (A*,p) > K. (A42,Q). It is easy to see that

F.[Ay2) < ce™2P,

where ¢ < 0. Then we can find ¢; < 0 such that K. (A42,Q) < c1e%8 for any
Q € Ms,, since the other terms compared to e 27 are higher order term. On the
other hand, for the choice of A*,p, we see that K.(A*,p) = O(1). Therefore, we
prove that K. (A*,p) > K. (A4 2, Q) for any Q € Ms,.

It remains to prove that the maximal value can not happen at A = Ay ;. We
choose A = £8/2,() = p, direct computation yields.

2_8 2_28
K%)= Fec (1 o1), Koldar @) = 5515

It is to see K.(¢%/2,p) > K.(A41,Q) for any Q € M;, when ¢ is sufficiently small.
Hence, we finish the proof of the claim. In other words, we could obtain an interior
maximal point in [A4 1, Ay 2] X Ms,. Therefore, we show the existence of the critical
points of K. (A, Q) with respect to A, Q.

(14 0(1)).

For n =6. We set n = 4—18—1—%%, Cfé\f = 9—164—1)5%, then

Q[+ [F(Q) — (8a* + ab)|]e + o(e),  (6.5)

Ke(a,b,Q) = K(A,n,Q) = Kllz

where

o] 1 1
Fz) = —(|0|H — [ ——d
(@) = 15335 (12 SR L v).

—ne < a<mngand —Ag < b < Ag.

We set Cp = F(po), po refers to the point where F'(x) obtains its maximal value.
Indeed, we have H(Q,Q) — —oo as d(Q,00) — 0 and I(z) = [, ﬁdy is
uniformly bounded in €. Hence, we can always find such point pg. Let us introduce
another five constants C;,7 = 1,2,3,4,5, with Cy < C7 < Cy, 0 < C3 < Cy < 14
and 0 < C3 < C5 < Ag, the value of these five constants will be determined later.

We set

So={-Ci<a<Cy ~Cs<H<Cs, QENG, |, (6.6)
where N, = {q: F(q) > C;},i=1,2 and g is chosen such that N¢, C Ms,.
We also define
B= {(avb’Q) ‘ (av b) € BCg(O)’ Q € ./\/'701}7 By = {(a’b) | (a’b) € BCS(O)} X aNCU

(6.7)
where B,.(0) := {0 < a? +b? < 7}.
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It is trivial to see that By C B C g, B is compact. Let I' be the class of
continuous functions ¢ : B — ¥ with the property that ¢(y) = y,y = (a,b, Q) for
all y € By. Define the min-max value ¢ as

= mi ax K, .
¢ = minmax (o))

We now show that ¢ defines a critical value. To this end, we just have to verify the
following conditions
(T1) maxyep, K-(¢(y)) <¢, Vo €T,
(T2) For all y € 0%y such that K.(y) = c, there exists a vector 7, tangent to
0Y¢ at y such that

aTyKa(y) # 0.

Suppose (T1) and (T2) hold. Then standard deformation argument ensures that
the min-max value c¢ is a (topologically nontrivial) critical value for K.(A,n, Q) in
Y. (Similar notion has been introduced in [7] for degenerate critical points of mean
curvature.)

To check (T1) and (T2), we define p(y) = ¢(a,b,Q) = (pa, P, pg) where
(¢a, pp) € [~C4, Cy] x [-C5,C5] and ¢q € Ng,.

For any ¢ € ' and Q € Ng,, the map Q — ¢g(a,b, Q) is a continuous function
from N¢, to N, such that pg(a,b, Q) = Q for Q € ON¢,. Let D be the smallest
ball which contain N¢,, we extend ¢¢ to a continuous function ¢g from D to D
where ¢(Q) is defined as follows:

@qo(x) = p(x), z € No,, ¢qlx)=1d, x € D\ Ng,.

Then we claim there exists Q' € D such that $g(Q’) = po. Otherwise Iég:igl
provides a continuous map from D to S?, which is impossible in algebraic topology.
Hence, there exists Q" € D such that ¢ (Q’) = po. By the definition of ¢, we can

further conclude Q' € N¢,. Whence
max Ke(p(y)) 2 Ke(pa(a:b, @), po(a,b, Q") po)

1
> 19 + (Co = Col)e + ofe), (6.5)

where Cg = 8C3+C4Cs which stands for the maximal value of 8a3+ab in [—Cy, Cy] x
[-C5,C5]. As a consequence

1

> — — . .
c> 6912|Q‘ + (Co — Cs|2)e + o(e) (6.9)
For (a,b,Q) € By, we have F(pg(a,b,Q)) = C1. So we have
1
K (a,b,Q) < m\m + (C1 + C7|Q)e + o(e), (6.10)

where C7 = max(qp)e B, (0) 8¢° + ab < 8C3 + C3.

If we choose Co—C > 8C5+C,C5+8C5+C3 > Cs+Cr. Then maxyep, K-(p(y)) <
¢ holds. So (T1) is verified.

To verify (T2), we observe that

0% =:{a,b,Q|a=—-Cyora=Cyorb=—Cjs or b=Cj or Q € ONg,}.

Since Cy, C5 are arbitrary, we choose 0 < 24C% < Cs. Then on a = —Cy or a = Cy,
we choose 7, = %, on b= —Cs or b = Cs5, we choose 7, = %. By our setting on
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Cy, Cs, we could show 0;, K. (y) # 0. It only remains to consider the case Q@ € N, .
If Q € ONg,, then
K.(a,b,Q) < @‘Q|+(C2+C7|Q|)€+O( €), (6.11)
which is obviously less than ¢ for Cy < C;. So (T2) is also verified.
In conclusion, we proved that for e sufficiently small, ¢ is a critical value, i.e.,
a critical point (a,b, Q) € ¥y of K. exists. Which means K. indeed has critical
points respect to A, n, @ in (2.13).

Proof of Theorem For n = 4, we proved that for £ small enough, I. has
a critical point (As, Qs) Let ue = Wy: ge .. Then u. is a nontrivial solution to
problem ([1.12)) for n = 4. The strong maxunal principle shows u. > 0 in .. Let
Uy, =€ 1u5(x/5) By our construction, u, has all the properties stated in Theorem

1

For n = 6, we proved that for e small enough, I has a critical point (A%, 7%, Q°).
Let ue = W< pe g .- Then u. is a nontrivial solution to problem (1.12) for n = 6.
The strong maximal principle shows u. > 0 in Q.. Let u, = e ?u.(x/e). By our
construction, u, has all the properties stated in Theorem O

7. APPENDIX A: PrROOF OF LEMMA 2.1

We divide the proof into two parts. First, we study the case n = 4. From the
definition of W, (2.10)) and (2.15]), we know that
S W] =— AW + pe?W — sw?

= 8U° + 54(%6)0 - 52(_61;6)%A(RE,A,QX> T
= 0(64(71115)(2 —Q) 4% (— 1116)%(2 - Q>74)
4 4

€ ’ In 1 ’ n € )
Cme) e+ -@QN! (et
The estimates for D;S.[W] and DgS:[W] can be computed in the same way.

We now turn to the proof of the energy estimate (2.23)). From and | -

we deduce that
/ VW2 + 2( %/ W2 —8/ UPW + &4 (
Q.
_ (7

Ine

+ O(A)(

A(RX)W. (7.1)
/

Concerning the first term on the right hand side of (7.1] ., we have

i ca\ c _1
3 4 €1 \3 3, ¢ 1 L 3
/ngvv /U+a( — /QSUU ) /QEU. (7.2)

We note that

A
/ Ut = / Uty + 0, / Us = % +0(2).
Q. R4 Q.
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Then, we get

2 1 1 ~ e —
/ vw = [ty G 2oyt o )5/ OU® + 0 (4 (—5)
Q. R: 8|Q| Q.

—Ine —Ine —Ine

N

),

for the third term on the right hand side of the above equality, we have

/QUU3=—/Q \I/U3—cA( %/ H(z,Q)U? + /Q(RX)U3

cy\? 1 c?lA2 €1 \-1 9
16 1nA—€— 3 (—lne) H(Q,Q)+ O(A?).

Hence, we have

c2A? 1 «—1 cyA? 1 ¢ 1
U3W U e 2 1 2 4 In — 2 1 3
/QE / rot g (g 6 At ()

B cﬁA2 c1

8

H(Q.,Q)+O0(*(——)* A2+5(

lns
For the second term on the right hand side of ([7.1)

= [ Gre( A [ gy a1 [ g
/QEUW/QEUUJrs(_IHE) /QU e () /QEU.

By noting that

/ga 00 =0(=(=5) "), /Q 0% = O(=~4(~ Ing)A?),

Ine

—Ine

€

o —4, C1 (- A —4
/QEU‘E e gt

where we used fQ G(z,Q) = 0. Then, we obtain

4, C 5 ca\? 2/ 1 o, €1 1o
Uw = (0] 2A°). 7.4
<1ns)/95 9 Jomoqp TOE ) )
For the last term on the right hand side of (|7.1J),

N|=

/ A(B)W ( lns 16&?/ ARX)+O<A2>
(1) M | A -t et + o)
TEE R
:(—chlqs)i% C|4£|2 o (e2A2 +|1$ - Q) +OW +(-ne))- (7.)
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— implies

1 €1 .1 c1 _1c3A? 32N
5 | (9WE e =Eiw?) = [ vl e - S rQ.Q)

Ine’ 2|0 2
C4A2 2 C1 1 1 2 C1 1.9
_ 2 ln — 2 A
4 c (—lns) nAs +0( (—lns) )
4/ G -3
2). 7.6
+O(EH (=) h) 79)

At last, we compute the term fQ wH.

1 N ¢ \—1cgA
W4:/ Ut 4 42 (- / USU + 4¢? 24 [ s
Q. Q. (— ng) Q. (—lns) €] Q.

L0 (=5

—Ine

Nl

4 C4A2 2 C1 1 CZA2 2
- - In— — H
/11&4 Uio 4 ¢ (— lns) . Ae 2 eH(QQ)

22
ah” 5 a (-4 2(_CL \3,2
+ 2|Q|8 (71118) +0( (flns) A%)
c _
+0(H(=72) 7). (7.7)

Combining ([7.6) and , we obtain

1 2
J.[W] :5/9 |VW|2+%/Q W?—2/Q Wi

2 2A2

4 —Ine Ae 2|Q|(E —Ine
1 Cc1 %
+ 5N H(Q.Q) + 0(* (=) *A%)
+ O(e*(—1ne)?). (7.8)

In the end of this section, we prove (2.24)-(2.28)). From the definition of W,
(2.10) and (2.15), we know that

S.[W]=— AW +&3W — 242

CGA2
it

24U% + 50 — 2 A(Rx) + €% (n —

) — 24U — 2412e% + O (3 (2 — Q) )

CGA2

= — 5 (242 —n+ ‘m ) +O0(E(z-Q)")

O((z — Q) 33ed).

The estimates for DAS:[W], DgS:[W] and D, S.[W] can be derived in the same
way. Now we are in the position to compute the energy. From (2.15) and (2.16]),
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we deduce that

/ |VW|2+53/ W2:/ (AW + W)W
Q. Qe Qe

2 677 3 6 co?
:/ (24U + 80 — 3 A(R) + 8 (n — - ))W. (7.9)
Qe

Concerning the first term on the right hand side of (7.9), we have

/ UW = U3+€3/ UU2+7763/ U?
Q. Q. Q. Q.
1
:/ U o+ —cenA?e? —53/ UQ\I/—CGA264/ U?H + O(£%)
R6 ? 24 Qa Qs
1
- / Uy + 5yeonh?e® - - AMIEH(Q,Q) — ocahs® + O().
RS
(7.10)

For the second, third and fourth term on the right hand side of (7.9)), following
the similar steps as we did in case n = 4.

N N A 1
56/ Uw = 56/ UU + U +ne®) = 777/\254/ ———+0(c%), (7.11)
Q. Q. alr—Q

753/ A(R)W = 637)/ AU — 30 — cge* A’ H) + O(e°) = 5677/ U+ 0(e)
Qe Q.

QE
1
= ’I’}A2€4/Q m =+ 0(85), (712)
and
cg\? ce A2 A2
=) J, W = 1= )+ (0= ap)et [ £ + 0
(7.13)

T10- [T implies
1 e’ At
o [ IVWES [ wraan [ ub e (il - eed?) - TEHQ.Q)
Q. Q. RO
1 CGA / A2 5
+ - —— 1+ 0(e"). 7.14
s0- S50 [ oo (1)
Then,

/ W3=/ Uf70+353/ U2U+3€3/ U2n+356/ Un2+359/ Un?
Q. RS Q. Q. Q. Qe

+€9/ n® 4+ O(e®)
Qe

8 192
+0(e°). (7.15)

1 1 1
:/ Uf”o + —cenA?e® — — A% + 03 |Qe — §02A4H(Q, Q)
]RG
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Combining ([7.14)-(7.15)), we gain the energy

1 1 1
J W] = 4/ Uy + (*772|Q| — cgnA\? + —cgA% — 8n3|Q\)83 + —cAA*H(Q, Q)e?
o 10T 5 13 )
1 C@A2 4/ A2 5
+—-(n— )¢ —— 1+ 0(e”). 7.16
300 o) J, g O (7.16)

Hence, we finish the whole proof of Lemma 2.1} (I
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