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Abstract

We consider the following singularly perturbed elliptic problem

ot

25~ _ - oy . ou
eAu+ (i—a(@)(1—a") =0 inQ, ey

=0 on 01,

where Q is a bounded domain in R? with smooth boundary, —1 < a(§) < 1, ¢ is a small
parameter, v denotes the outward normal of Q. Assume that I' = {g € Q : a(g) =0} is
a simple closed and smooth curve contained in 2 in such a way that I' separates {2 into two
disjoint components @y = {7 € Q:a(y) <0} and Q- ={geQ:a(g) >0} and % > 0 on
I", where vp is the outer normal of 4, pointing to the interior of 2_. For any fixed integer
N =2m+1 > 3, we will show the existence of a clustered solution u. with N-transition layers
near I' with mutual distance O(e|loge|), provided that € stays away from a discrete set of
values at which resonance occurs. Moreover, u. approaches 1 in _ and —1 in Q. Central

to our analysis is the solvability of a Toda system.

1 Introduction

Let Q be a bounded and smooth domain in R2. In gradient theory of phase transition it is common

to seek for critical points in H'(Q) of an energy of the form

Jg(ﬂ):%/QWﬁP—Fé/QW@,ﬂ) (1.1)



where W(7,-) is a double-well potential with exactly two strict local minimizers at & = —1 and
@ = +1, which as well correspond to trivial local minimizers of J. in H'(f2). For simplicity of

exposition we shall restrict ourselves to a potential of the form

W (j,u) = /u (s> = 1)(s —a(y)) ds, (1.2)

-1

for a smooth function a(g) with
—1<a(g) <1foralgeQ.

Critical points of J. correspond to solutions of the problem

At + (G—a(f))(1-3*) =0 inQ, ? =0 on 09, (1.3)

v

where ¢ is a small parameter, v denotes the outward normal of 9€2. Function @ represents a
continuous realization of the phase present in a material confined to the region ) at the point x
which, except for a narrow region, is expected to take values close to +1 or —1. Of interest are of
course non-trivial steady state configurations in which the antiphases coexist.

The case a = 0 corresponds to the standard Allen-Cahn equation [6]

ot

RNy Wl —4%)=0 inQ, —
eAu + u(l —a”) inQ, =

=0 on o, (1.4)

for which extensive literature on transition layer solution is available, see for instance [4, 9, 23, 27,
, 31,32, 33, 34, 35, 37, 38, 39, 40, 43], and the references therein for these and related issues.
In this paper, we consider the inhomogeneous Allen-Cahn equation, i.e, problem (1.3). Let us

assume that ' = {7 € Q: a(§) = 0} is a simple, closed and smooth curve in © which separates

the domain into two disjoint components

Q=0Q_UTUQ, (1.5)

such that

)
alj) <0in Qy, a(@) >0in Q_, 87a>00nf, (1.6)
0

where vq is the outer normal of 2, pointing to the interior of 2_. Observe in particular that for

the potential (1.2), we have
W(Zj, _1) < W(:lj, 1) in Q*? W(g7+1> < W(Q? _1) in Q+'

Thus, if one consider a global minimizer u. for J., which exists by standard arguments, it should

be such that its value want to minimize W (g, u), namely, u. should intuitively achieve as ¢ — 0,

U — —1in Q. wu, — +1in Q. (1.7)



A solution wue to problem (1.3) with these properties was constructed, and precisely described,
by Fife and Greenlee[22] via matching asymptotic and bifurcation arguments. Super-subsolutions
were later used by Angenent, Mallet-Paret and Peletier in the one dimensional case (see [7]) for
construction and classification of stable solutions. Radial solutions were found variationally by
Alikakos and Simpson in [5]. These results were extended by del Pino in [12] for general (even non
smooth) interfaces in any dimension, and further constructions have been done recently by Dancer
and Yan [11] and Do Nascimento [18]. In particular, it was proved in [11] that solutions with the

asymptotic behavior like (1.7) are typically minimizer of J.. Related results can be found in [1, 2].

On the other hand, a solution exhibiting a transition layer in the opposite direction, namely
e —+1in Q- and w.— —-1inQ;y ase—0, (1.8)

has been believed to exist for many years. Hale and Sakamoto [25] established the existence of this
type of solution in the one-dimensional case, while this was done for the radial case in [13], see
also [10]. The layer with the asymptotics in (1.8) in this scalar problem is meaningful in describing
pattern-formation for reaction-diffusion systems such as Gierer-Meinhardt with saturation, see
[13, 21, 36, 41] and the references therein.

Recently this problem has been completely solved by del Pino-Kowalczyk-Wei [15] (in the two

dimensional domain case) and Mahmoudi-Malchiodi-Wei [30] (in the higher dimensional case).

N [0a | 1.9)
) 37r2/H§da: rVow |’ '
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where H(z) is the unique heteroclinic solution of

More precisely, defining

H' +H—-H>=0 inR, H(0)=0, H(+oo) = +£1, (1.10)

in [15], M. del Pino, M. Kowalczyk and J. Wei proved the existence of a transition layer solution

H. in the opposite direction, namely,

Theorem 1.1. Given c > 0, there exists eg > 0 such that for all € < g¢ satisfying the gap condition

‘j2€ - )\*

> cv/€ for all j € N, (1.11)
problem (1.3) has a solution H. satisfying
Ho—+4+1mnQ_, H.— -1 Qy ase—0. (1.12)

Moreover, the layer will approach the curve I' as e — 0. O



We will extend Theorem 1.1 and prove the following main result for the existence of clustering
transition layers in this paper. Let ¢ = |I'| denote the total length of I'. We consider natural
parameterization v(#) of I' with positive orientation, where 6 denotes arclength parameter measured
from a fixed point of I'. Points g, which are §g—close I' for sufficiently small j, can be represented
in the form

§=00) +tw(0), |[t| <do, 6 €][0,0), (1.13)

where the map ¢ +— (¢, 0) is a local diffeomorphism. By slight abuse of notation we denote a(t,6)

to actually mean a(g) for § in (1.13). The main theorem reads

Theorem 1.2. For any fized integer N = 2m + 1 > 3, there exists a sequence (€;); approaching
0% such that problem (1.3) has a clustered solution ue, with N-phase transition layers with mutual

distance O(e;|loge;|). Moreover, uc, approaches 1 in Q_ and —1 in Q4. Near T, u., has the form

N
t—egre, (9)
ue, ~ Y H (El )
n=1
where t is the sign distance to the curve I' along the normal direction vy and 6 denotes arclength

parameter measured from a fized point of I'. The functions e, ’s satisfy

. V2
lenllee < C IOgSZ‘Za 19?%111\1[71(6""'1 —€n) > > |log &1].
More precisely,
k(0)

en = (=)™ f + f, with f(0) = m,

where k(0) denotes the curvature of T'. All functions f,,n =1,...,N solve the Toda system, for
n=1,...,N,

0 f et (<1 @1(6) fo — o [ (I Imt) o (nitbenn) | 0 (0,0, (114)

fTIL(O) = fr/L(E)7 fn(o) = fn(£)7 (1'15)

for two universal constant vo, v1 > 0 and a1(0) = %at(O,G) > 0, with the conventions (3, =

2(=1)"f, fo = —00, fn41=00. O

Remark 1: In [/1], under the condition that a = a(r),a(ro) = 0,a (ro) # 0, Dancer and Yan
showed the existence of solutions with N = 2m + 1 interfaces, provided that € is small. Therefore
they proved Theorem 1.2 in the radial case. Due to resonance phemomenon, for the non-radial
case here we only show the existence of clustered solutions for a sequence of €, rather than a whole
interval (0,e9) with 9 small. Even worse than that, due to the role of the nonhomogeneous term
a(y) played in the interaction between mutual neighboring interfaces, we can not give an explicit

gap condition for the parameter ¢ like (1.11) as in Theorem 1.1.



Remark 2: As the method for Allen-Chan model in [16] and [17], we use a kind of Toda system
to describe the interaction of neighboring interfaces. The reader can also refer [//] for existence

of solutions exhibiting interaction of single transition layer and a downward spike.

Remark 3: Theorem 1.1 may be extended to higher dimensional case, as in Mahmoudi-Malchiodi-
Wei [90]. But the computations and the proofs will be quite involved. The main technical part is
to study the anologue Jacobi-Toda system (1.14) on manifolds.

Now, we detail the resonance phenomenon and the interaction between mutual neighboring
interfaces, which are characterized by system (1.14)-(1.15). Take an approximate solution f =

(fi,---, fn) to the system (1.14)-(1.15) by
fn = (n—(m+1)pe+ fn, n=1,--- N, with e V2re = eaq (0)pe,
and f = (f1, -+, fn) solves the following nonlinear algebraic system
82(—1)" ey (6)F, — ,yle—\/i(fvl_fn—l"l‘ﬁn) + ,yle_\/i(fn+l_fn+6n+1) = (=1)"(n— (m +1)),

with n running from 1 to N, where fy = —o00, fy41 = 0o. After some simple algebraic computa-
tions, we then linearize the nonlinear system at £ = (fi,---, fy). Finally, we need to deal with
the solvability theory for the following operators (c.f. (7.38) and (7.39))

d2
de?
d2
Lév = /ﬁ(s'yo@ + a1> + Ay (a1 +05),

Lt =k(v00gy +o1) + A (a1 40%), i=1,20 N -1,

with suitable boundary conditions, where we have denoted

. (N —-1)x
e =1.2.-.- . N—1 A, = — ot T IR
z>C>077f ) < ) ’ N N(a—f—ae)’
1 1
= g o 7T Ol
5 (log < — loglog g) 0g ¢

In fact as for the solvability theory of the operator LY, we consider the following eigenvalue problem

700 + %al(ﬂ)(% = —Aai(§)® in (0,0), ©(0) = ©), ©'(0) = ©'(V), (1.16)

where have denoted
4 2v/2
a1(0) = gat(O,G) >0, v = / H?dx = T\[ > 0. (1.17)
R

It’s well known that (1.16) has a sequence of different eigenvalues A5 < A§ < - -+ with corresponding
eigenfunctions 05, ©5,---. It is obvious that A < 0 because a1 and vy are positive. If € is small

then we have, as j — oo,

1
e — <\ + O(=

¥ - ), (1.18)



where we use the definition of A, in (1.9). As a direct consequence, for all small ¢ and large j we

have the following spectral gap estimates
A5 — A5 > Cv/e, (1.19)

where C'is a positive constant independent of . Under a similar gap condition like (1.11), we also

have the following spectral gap estimate for critical eigenvalues(close to zero)
\A§|>c\/§, 1=12.--. (1.20)

The validity of the estimate in (1.18) and (1.19) can be proved as the arguments in Lemma 2.1.
The resonance character of this type also appeared in [15] for the case N = 1. However, it is
more complicated to get an explicit gap condition for uniform solvability theory of the operators
Li i=1,2,---,N — 1. For more details, the reader can refer to Lemma 7.3.

The remaining part of this paper is devoted to the complete proof of Theorem 1.2. The
organization is as follows: In Section 2, after setting up the problem in stretched variables (z, z),

we introduce a local approximate solution by

N
(—1)7+1 H(x — € (ez)) + O(e),

j=1
in which the parameters e;’s are used to characterize the locations of the phase transition layers. In
Section 3, a gluing procedure reduces the nonlinear problem to a projected problem on the infinite
strip &, (c.f.(2.6)), while in Section 4 and Section 5, we show that the projected problem has a
unique solution for given parameters ey, --- , ey in a chosen region. The final step is to adjust the
parameters eq,--- ,en which is equivalent to solving a nonlocal, nonlinear coupled second order
system of differential equations for the functions ej,--- , ey with suitable boundary conditions,

which is equivalent to the Toda system (1.14)-(1.15). This is done in Section 6 and Section 7.
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2 Local formulation of the problem

Addition to some preliminaries, the main object is to formulate the problem in local coordinates

and construct local approximate solution.



2.1 Preliminaries

As a preliminary, we consider the following eigenvalue problem
900 +1(0)0 = —Aay(0)© in (0,0), ©(0) = O), ©'(0) = O'(0). (2.1)

All critical eigenvalues (the eigenvalues whose absolute value is close to zero) of the geometric

eigenvalue problem (2.1) have good estimates as follows.

Lemma 2.1. For all small € satisfies the gap condition (1.11), we have the following spectral gap
estimates of the geometric problem (2.1): there exist two positive constants C' (independent of €)

and N € N with N¢ — oo as € — 0, such that

S
A

S < —Cve foralli=1,2,--- N°,

s
Vv

S > Cye, foralli=N®+1,N°+2---.
Proof. By the following Liouville transformation, for details see Chapter X, Theorem 6 in [3]

lo = /Oe,/al(e)/(%)de, - Z)/;w/al(e)/(%)de, te[0,m),

1/4 Yol2al  Byl3(a))?
t) = @0( ) , t) = —2— — e
e(t) (@){70 @0 a(t) 4202 167203

the eigenvalue A satisfies the following eigenvalue problem

— —q(t)e= il (I+A)e in (0,7), e(0) = e(n), e (0) =e (m).

m2e

Now consider the following auxiliary eigenvalue problem

—y —qyy =€y, 0<t<m y0) = y(n), ¥y (0) =y (x).

The result in [29] shows that, as n — co

N/ 0(%).

Hence, if € is small then we have, as n — oo,

A2
A =1

2 E
(n®e— ) + O(ﬁ)’ (2.2)
where we use the definition of A, in (1.9). The last formula together with the gap condition (1.11)
implies the estimates in the lemma. O

We finally recall the following theorem due to T. Kato([20]), which will be fundamental for us

to obtain invertibility of the linearized problem in the last section.



Theorem 2.2. Let T'(e) be a differentiable family of operators from a Hilbert space X into itself,
where € belongs to an interval containing 0. Let T(0) be a self-adjoint operator of the form Identity—
Compact and let 0(0) = o9 # 1 be an eigenvalue of T(0). Then the eigenvalue o(e) is differentiable
at 0 with respect to €. The derivative of o is given by

. or
= { eigenvalues of Py, o 5(0) o P,, },

Jo
Oe

where Py, : X — X, denotes the projection onto the og—eigenspace Xy, of T(0).

2.2 Local coordinate and first approximate solution

Let ¢ = |T'| denote the total length of I'. We consider natural parameterization y(#) of I" with
positive orientation, where 6 denotes arclength parameter measured from a fixed point of I'. Let
vo(#) denote the outer unit normal to I', pointing to the interior of Q_. Points ¢, which are

dg—close I' for sufficiently small g, can be represented in the form
g:7(9)+tV0(9)7 |t‘ <507 e [076)7 (23)

where the map g — (¢, 6) is a local diffeomorphism. By slight abuse of notation we denote a(t, 6)

to actually mean a(g) for § in (2.3). In this coordinate, near I" the metric can be parameterized as
g = dt* + (1 + kt)*d6?,

and the Laplacian operator is

# 1 9k 9 kKt 0
(1+kt)2 062  1+kt Ot (1+kt)3 06’

o= e

where k(0) is the curvature of T.
We begin with the formulation of the problem in some suitable coordinates. Stretching variable

7 = ey and setting Q. = Q/e, let us consider the scaling u(y) = 4(ey), then problem (1.3) is thus

equivalent to

Ayu+ (u—aley))(1—u®) =0 inQ, gTU =0 on 09.. (2.4)
y
We also set up new coordinate (z, z) near I'. =T'/e in Q,
ey = y(ez) + exp(ez), x| <do/(20e), z €]0,¢/¢), (2.5)

and then the metric and Laplacian operator can be written as

9o. = da® + (1+5kx)2dz2,

2T 922 " [L+cka? 822 T Ttckz Ox [1+ckal® 92



Now, let & represent the strip as, formulated in (z, z) coordinate in R?,

~

S ={(r,2):0eR0<2<- }. (2.6)

™

Near T, the first equation in (2.4) can be written as a problem on the whole strip & by the form

where
Bs(u) = ck(e2)u, — *k*(e2) v uy, (2.8)
By(u) = - [Eat(O7 ez)x + % e ay(0,e2) 2° } (1 —u?), (2.9)
Bs(u) = Bo(u) — €*a4(0,e2) 2*(1 — u?), (2.10)

with Bg(u) represents all terms of order €3 in the term Ay ,u and a4 is bounded smooth function.

Here and in what follows we also denote

F(u) = u — .

To define the approximate solution we recall some basic properties of the heteroclinic solution

H(z) = tanh(i> to (1.10) in the following.

V2
H(z) = 1 — Age V2l 4 0(e2V2lel) 2> 1, (2.11)
H(z) = —1 + Age V2l 4 O(e2V2lel) 5 < 1, (2.12)
H'(z) = V2Age V2l 4 07221y 2] > 1, (2.13)

where Aq is a universal constant. It is trivial to derive that
4
1 — H*(z) = V2 H,(x), /(I—Hz)sz:r = \/i/Hgdx = 3 (2.14)
R R

For a fixed odd integer N = 2m + 1 > 3, we assume that the location of the N phase transition
layers are characterized by periodic functions z = ej(ez), 1 < j < N in the coordinate (z, 2).

These functions can be defined as the following

ej: (0,4) = R, (2.15)
llejll 20,00 < C|logel?, (2.16)
V2 V2
ej+1(¢) —e;(¢) > —~[loge| — = log|logel. (2.17)

For convenience of the notation we will also set

eo(¢) = —do/e —e1(¢) and en+1(C) = do/e — en(C)-



Set
Hj(z,2) = (-1 H(z — e;(e2)),

and define the first approximate solution to (2.7) by

Our first goal is to compute the error of approximation in a dy/e neighborhood of T's, namely

the quantities

EO = T(’UJO)
= Uope + Uozz + Bs(uo) + Ba(ug) + Bs(uo) + Fl(uo), (2.18)
where
N N N
Uo,zx + UQ,zz = Z Hj,zx - 52 Z ej Hj,z + 52 Z (ej)QHj,mra
j=1 j=1 j=1
N N N
Bg(Uo) = e’:‘kZ Hj,x — &‘2k‘2 Z (.I — ej) Hj,w — 82k2 Z €;j HjJ.
j=1 j=1 j=1

We now turn to computing other nonlinear terms in Ey. For every fixed n, 1 <n < N, we

consider the following set

Ap = { (z,2) € (_6*07 @) X (07 {) enil(EZ);_ en(€2) <z < en(c2) +2en+1(52) }

For (z,z) € Ay, we write

! 1 "
F(up) = F(Hp) + F (Hp)(uo — Hyp) + §F (H,)(uo — Hp)* + 1;17250(6 _3\/5\61—58\)
al , 1. ,
= Y F(H)) + F (Hn)(uo — Hy) — > F(Hj) + S (Hn) (uo — H)
J=1 j#n
+ max O(e _3‘5"3-7_1').
J#n
As the computations in [16], we obtain, for (z,2) € A,,n=1,...,N
al 1
Flug) = Y F(Hy) + 5 F"(Ha)(uo— Ha)? + 3] 1= H2 | (uo — Hy)
j=1

1 " B .
5 2 F(0u)(ows — H))? + max O(e =2l ),
Jj#n

In the above formula, we define o,,; as follows. If n iseven, o,; = (=1)J for j <n and o,; =

(=1)7*! for j > n.If n isodd, o,; = (—1)T! forj<n and o, =(-1)7 forj > n.

10



Also, it is derived that, for (x,2) € A,, n=1,...,N

By(uo) = —wt?ﬁi[l - (Hj)Q} + wtxZ(l N (Hj)2>

j#ﬂ

+Eatm{(uo)2—Hﬂ — e attz x—e;)*(1—HY)

N N

1

—5¢ e2a Z 1—H2 — 2 ay Z(x—ej)ej(l—H?)
i=1 j=1

1 2

5 QatthZ l—H2 75 att;ﬂz{(uo) —H;‘,:].

J#n

Substitute (2.14) to above formula, it follows then for (x,2) € A,, n=1,...,N:

N N
Ey = ck) Hj, - 26%2 W H, . — V2ear Y (z—e;) (1) Hj,
j=1

V2 al 2 j+1 V2, al 2 j+1 2,2 al
—75 ag Z(x—ej) (=1 H;, — 75 ast Z e; (=1 Hj, — ek Z ej Hj .
j=1 j=1 j=1
) 1
+\/§€atxz (—1)H; , + 5atm[(u0)2 - Hﬂ + 552att xg[(uo)z - Hﬂ
J#EN
2 Al i+1 V2 2 i+1
2¢ Qi Z(l’*@j)@j (71)J+ Hj,z + 76 QA T Z(*l)ij Hj@
=1 #n
N N
—€2k22(x—ej jao — € Ze H’I+€ZZ LM—I—S[I—HQ}(UO—HR)
j=1 j=1
1 14
+5 ' (Hy)(uo — Hy)* = §F (0ns)(on; — Hj)* + max O(e ~#V2Iea=rl) 4 O(c%)
= FEo + Eoga,
where
N
Epi(z,2) = ek‘z H;,— QEGtZ e ( H'1H 25%2 T —e; J+1ij, (2.19)
Ey, = Eo— FEop. (2.20)

From the above expression for Fy we see that, given the sizes for e,’s in (2.15)-(2.17) and the
properties of the function H in (2.11), denoting by x4, (2, 2) the characteristic function of the set

A,,, we have

N
Eo(w,2) = Bor +33 xa, [1—H2](uo — Hy)

n=1

+ Z Xa, | O loge?)e 2ol 1 O(1) maxe =221l | 4 O(e?).

Jj#n

11



For further application, the evaluation of the first approximation is of importance. Using the

condition (2.15)-(2.17), a tedious computation implies,

| 2]

= 0(c? | 1o el?),
£a85, 0 (€2 [loge]?)

= O} Jlogel?), | Bz |

L2(S5q,¢)
where

Sso/e = 1—00/e <x <dp/e, 0 <z < 1/e}.

The discrepancy between the order of the components Ey; and Egs in the error F; makes it
necessary to improve the original approximation ug and eliminate the O(e)-part Ep; of the error.
In the language of formal asymptotic expansions one can say that we need to find a correction

layer expansion of our solution, which will be done in the next subsection.

2.3 Improvement of approximate solution

We now want to construct a further approximation to a solution which eliminates the terms of
order ¢ in the error Ey. Firstly, we take e; as the form

k()
V2a,(0,0)

From the properties of e;’s in (2.15)-(2.17), the unknown functions f;’s should be defined as the

ej= (=1 f+fi f(0) = (2.21)

following
i (0,4) =R, (2.22)
||fj||H2(0,£) < C|log5|2, (2.23)
f1(O) = £50) > X 1ogel - L log logel (224

For convenience of the notations we will also set

Jo(€) = =do/e — f1(¢) and fn41(C) = do/e — fn(C),

f=(f1, -+, fn) with f1, -+, fn satisfying (2.22) — (2.24).
Secondly, since
/ cH?dz =0, (2.25)
R
it is well known that there exists a unique solution(odd) to the following problem
Uy + F(H)W = zH, inR, U(d+oo)=0, /\IlHI dz = 0. (2.26)
R
Therefore, we can define our correction layer by
N .
¢*(x,2) = ey d(@,2), ¢j(x,2) = (=17 V2a,(0,e2)T(z —¢)),
j=1

12



and take the basic approximation to a solution to the problem near the curve I'. by
w1 = ug + ¢*.
The new error can be computed as the following

By = Ey+ ¢%, + ¢, + F (u)¢” + B3(¢")

+ By(ug + ¢") — Ba(uo) + Bs(uo + @) — Bs(uo) + N(¢7),

where
N
By(¢") = V2eka, Y (1), + O()
j=1
N@Y) = —3ue(¢*)” - (¢)°

We compute two main components of F; in the sequel. The first term is the following
d)::x + ¢zz +F (uo)d)*

52{ e ]zerF/(Hj)éf’;] 35%[(%)21{?]@

N
= V2ea(0,62) 3 (0 — ) (-1 Hye — 3¢ 3 [ud - H2]6) + O().
Jj=1

The other term is in the sequel
By(uo +¢") — B4(u0)

N
= 2v2¢° fz H(z —e;)U(x —e;) + 2vV2e%ai > a(uo — Hj)4;
j=1

+2v2e2a? Z ej H(z —e;)¥(z —e;) + O(%).
j=1

Therefore, the following lemma is readily checked, which implies that ¢* is the right correction

layer as we just stated in previous subsection.

Lemma 2.3. With the notation of the previous subsection we have

El = T(Ul)
N N
= B — V2ea, ) fi (-1 Hj. + 2V2%0] Y (x —¢j) H(z — ) U(x —¢))
j=1 j=1
N
8 Z( ~HE)g; + 22l 3 (o — H)) — Bug (6°)° — (67)°
j=1
N
+2v2e%a} Z ej H(x —e;)¥(x —¢j) + V2e%kay Z(_l)j-H v,
j=1 =

Eo2 + E11 + Eio,
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where we have denoted

N
Eyo= — 25@:&2 fi(=0T H, . By = Ey — FEgo — By
=1

Moreover, we have the following estimate
HE11HL2(6) < Ce'|logel?, HE02+E12HL2(6) < Ce¥?|logel®. (2.27)

O
Locally and formally, we set up the full problem in the form Y(u; + ¢) = 0, which takes the

form near the curve I',,

Y(u1 + @) = Li(¢) + Bs(¢) + E1 + Ni(¢) =0, (2.28)

where
Li(@) = u + 0o + (1-3(w)%)s, (2:29)
Bs(¢) = Bs(¢) + Bolu) + [52at(o,gz)x+ £2 a3 (0,£2) 2 + 3 2a4(0, £2) x3]u1 6, (2.30)
Ni(¢) = ¢ + 3up® + [52at(0,£z)x+ e? a1 (0,e2) 2* +€32a4(0,sz)m3} 2. (2.31)

3 The gluing procedure

In this section, we use a gluing technique (as in [14]) to reduce the global problem in Q. to a
nonlinear projected problem in the infinite strip & defined in (2.6).

Let § < §p/100 be a fixed number, where g is a constant defined in (2.3). We consider a smooth
cut-off function 7s(t) where ¢ € Ry such that ns(t) = 1 for 0 < ¢ < § and n(t) = 0 for t > 24.
Set n5(x) = ns(e|z|), where  is the normal coordinate to I'.. Let u;(x, z) denote the approximate
solution constructed near the curve I'; in the coordinate (z, z), which was introduced in (2.5). We

define our global approximation on ). to be simply

N5s(x) |ur +1) — 1, for z < 0,
W(y) =< [ )
5s(x) [ur — 1] + 1, for z > 0.

Foru=W + ¢Z where qAS globally defined in 2., denote
Su) = Dyu + (u—aley)) (1 -v?) in Q..

Then u satisfies (2.4) if and only if

= S~ o - 9
L(¢p) = —E + N(¢) inQ., a—yyqs_—a—yyw_o on 99, (3.1)
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where

L(B) = £yb + [1-3W2 4 2a(y)W |,
N(9) = (0)° + 3W(9)* — aley)(9)>,  E = S(W).
We further separate ngS in the following form
¢ = 550+
where, in the coordinate (z, z) in (2.5), we assume that ¢ is defined in the whole strip &. Obviously,

(3.1) is equivalent to the following problem

Wis| By + (1= 3W2)6 + 2a(e)Wo| = ui|Nniso+v) — E-30-Wae],  (32)
By =21 —aW)p+3(1—mf) A=Wy = —A(Lynis)é — 25(Vymis) (Vy9)
+ - Nmsse+v) — L—n))E, (33)

where 1, defined in 2., is required to satisfy the homogeneous Neumann boundary condition. For

further references, we write the following estimates. From Lemma 2.3
nsE = n5En + 15(E1 — En) (3.4)
with the validity of estimates

HngEuHLz(QE) < Ce'?|logel?, ||77§(E1 —En < Ce¥?|logel?. (3.5)

i)
A trivial computation gives that

Y25/

11 = n5)E| 9.y = IE|lz=(@.n{jz|>s/c}) < Ce ™2 (3.6)

The key observation is that, after solving (3.3), the problem can be transformed to the following

nonlinear problem involving the parameter

£(6) = n5 [ Nngso +0) — E =301 - W?)p). (3.7)

Observe that the operator L in . may be taken as any compatible extension outside the 66 /e-
neighborhood of I'; in the strip &.
First, we solve, given a small ¢, problem (3.3) for ¢. Assume now that ¢ satisfies the following
decay property
Vo] +[6@)] < e/ if |af > d/e, (3.8)
for certain constant v > 0. The solvability can be done in the following way. Let us observe that
1 — W? is exponentially small for |x| > §/e, where z is the normal coordinate to I'.. From the

expression of W and the fact that |a(ey)| < 1, we get

min 2[1 - a(ey)W ] > 0.
yEQ.
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Then the problem

Ny —2(1—aW)p+3(1—n5) (1 -WHp=h inQ., g—fzo on 99,

has a unique bounded solution 1) whenever ||h||s < +00. Moreover,

[¥lloe < CllAl]oo-

Since N is power-like with power greater than one, a direct application of contraction mapping

principle yields that (3.3) has a unique (small) solution 1) = ¥ (¢) with

1(#)]| < Ce[ 1|9l (oi>6/e) + VBl (2157 + €70 ], (3.9)

where |z| > 0/¢ denotes the complement in €2, of §/e-neighborhood of T'.. Moreover, the nonlinear

operator v satisfies a Lipschitz condition of the form

[(d1) — th(2)l|Loe < Ce[ |1 — d2llLoo(la)>6/e) + 1IVP1 — Vol Lo (a)>5/¢) |- (3.10)

Therefore, from the above discussion, the full problem has been reduced to solving the following

(nonlocal) problem in the infinite strip &

£6) =5 | N(ns6 + () — B = 3(1 = W2)p(9) ], (3.11)

for ¢ € H?(®) satisfying condition (3.8). Here £ denotes a linear operator that coincides with C
on the region |z| < 80/e. The definitions of this operator can be showed as follows. The operator

L for |z| < 83 /e is given in coordinate (y1,y2) by the formula
Ayd + (1 - 3(u1)2>¢ + 2a(ey)us ¢. (3.12)

We extend it for functions ¢ defined in the strip & in terms of (z,z) as the following

L(9) = buw + 02 + (1-3(w1)?)d + 105 Bs(9), (3.13)

where Bg is the operator defined in (2.30), in which all derivatives and variables are expressed in
the coordinate (z, z).

Rather than solving problem (3.11), we deal with the following projected problem: given f =
(f1,-.., fn) satisfying (2.22)-(2.24), finding functions ¢ € H?*(S), ¢ = (c1,...,cy) with ¢; €
L?(0,¢/¢) such that

N
£(¢) = NQ((b) — FEy + Z cj(z)xj(m,z) ij in G, (314)
=1
(;5(:6,0) = ¢($7£/€)7 QSZ(:E,O) = ¢z(x7€/5)7 zr €R, (315)
/ o(z, 2)x(x,2)Hjde =0, 0<z<{/e, j=1,...,N, (3.16)
R

16



where Na(¢) = n5N (¢ + 9(¢)) — 3n95(1 — W2)y(¢), Es = niE. The smooth cut-off functions are
defined by

— 1 26 1 27 1 1, |t|<a
X (@, 2) =02(%), where a = V25—, b= V2", n(t) = 4 (3.17)
Ogg

2 0, [t >,
We notice that with this choice x;x; = 0, for i # j, provided that ¢ is taken sufficiently small.

In Proposition 5.1, we will prove that this problem has a unique solution ¢ whose norm is
controlled by the L2norm of Ej5. Moreover, ¢ will satisfies (3.8). After this has been done,
our task is to choose suitable parameters f;’s, possessing all properties in (2.22)-(2.24), such that
the function c is identically zero. It is equivalent to solving a nonlocal, nonlinear second order
differential equation for the unknown f under periodic boundary conditions, which will be shown

in section 7.

4 Linear Theory

This section will be devoted to the resolution of the basic linear theory for the operator £ defined

in (3.13). Given functions h € L?(&), we consider the problem of finding ¢ € H?(&) such that for

certain functions ¢; € L2(0,1), j =1,..., N, we have
N
L(¢) = h+ Y ci(2)xj(z,2)Hjx In S, (4.18)
j=1
d(x,0) = ¢(x,l/e), ¢.(x,0) = ¢.(x,4/e), z€R, (4.19)
/ oz, 2) Hjo(x,2) xj(z,2)de = 0, 0<z<{lle, j=1,...,N. (4.20)

Our main result in this section is the following.

Proposition 4.1. There exists a constant C' > 0, independent of € and uniform for the parameters
f in (2.22)-(2.24) such that for all small € problem (4.18)-(4.20) has a solution (c,¢) = Tr(h),

which defines a linear operator of its arguments and satisfies the estimate

ol z2(s) < ClhllL2(e)-

O
For the proof of Proposition 4.1, we need the validity of the existence result for a simpler

problem. Let us define the linear operator

LO(d)) = ¢a:a: + ¢zz + (1 _3H2)¢7
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and consider the problem: given h € L?(&), finding functions ¢ € H?(&) and ¢ € L?(0,¢/¢) to

Lo(¢) = h + c(2)x(x) H; in &,
ZL‘ 0) = (ZS(LU 6/5) (bz(xao) = ¢z(x7£/5)7 z €R,
14

/¢mz )x(z)dz = 0, 0<z<g,
where y(x) = n%(z) and n? is the function in (3.17).
Lemma 4.2. Problem (/.21)-(4.23) possesses a unique solution, denoted by (c, ¢)
over, we have

lleHellz2e) < Cllhlzze),

oy < CllhllLz(s)-

(4.21)
(4.22)

(4.23)

To(h). More-

Proof. We will first prove an apriori estimate for (4.21)-(4.23). To this end let ¢ be a solution

of (4.21)-(4.23). We observe that for the purpose of the a priori estimate we can assume that ¢ =0

n (4.21). Let us consider Fourier series decompositions for h and ¢ of the form

= Z br(x)e™=  h(z,2) = Z hy(z)e ez,
k=0 k=0
Then we have the validity of the equations
— k2€2¢k + ['O(Qbk) =hr, x€R,

and conditions

/ bk H:cX(I) dz =0,
R

for all k. We have denoted here

£0(¢k) = ¢k,zz + F/(H(x))gbk

Let us consider the bilinear form in H!(R) associated to the operator £, namely

B6.w) = [ (02 = FDIP) do

Since (4.25) holds uniformly in k& we conclude that

Clllorllie gy + l1okalliz@) < B¢k, dx)

(4.24)

(4.25)

(4.26)

for a constant C' > 0 independent of k. Using this fact and equation (4.24) we find the estimate

(L + B e orllT2 ) + 0k2l72@) < Cllhkll7z -
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In particular, we see from (4.24) that ¢, satisfies an equation of the form
Okww — 20k = hy, T ER.
where HiLkHLz(]R) < CJ|hgl|L2(r)- Hence it follows that additionally we have the estimate
ok 2elZz@y < CllhellZe (- (4.27)
Adding up estimates (4.26), (4.27) in k we conclude that
10261726y + D9 22(e) + 1911728y < Cllbl72(s)s (4.28)

which ends the proof in the case ¢ = 0. To prove the general case we multiply equation (4.21) by

H,x(z) and use (4.23). This yields:
c(z)/ ngz(x)dm:/L',O(@Hzxd:v—/thxdx
R R R
— [(Hoxes + 2Haxa)odo — [ hixds,
R R
hence
leHz|L2(s) < Ce®||¢lL2(s) + Clikll2(s), (4.29)

where p € (0,1). Taking e sufficiently small and using (4.28) we get the required a priori estimates
in the general case.
The existence part of the Lemma follows from standard Fredholm alternative argument. The

proof is completed. O
In order to apply the previous result to the resolution of the full problem (4.18)-(4.20), we
define first the operator (c.f. (3.13)) for a fixed number j

L(9) = £(9) = bu + 022 + (1-3(H;))6 + 125 Bs(9),

and consider the following problem

£(9) = b+ o()x;(@2) Hye in G, (4:30)
¢(IB,O) = ¢(xv€/5)v ¢Z($,0) = ¢z(xa€/5)a z €R, (431)
/ o(z,2)x(x,2)Hj,dz =0, 0<z< g (4.32)
R e

We have

Lemma 4.3. Problem (4.30)-(4.32) possesses a unique solution (c;,¢). Moreover,

lej Hjwllr2s) < Cllhllrzs),
l9llz2e) < CllhlL2(e)-
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Proof. We recall that H; = (—1)7" H (x — e;(¢2)) defined in & and denote below

E(z,2) = &(z +ej(e2),2).
Direct computation gives that problem (4.30)-(4.32) is equivalent to

Gz + Goe + (1= 3H?) G+ Bo() + Bi(¢) = h + ¢j(2)x(z) H, in6,

q;(:E,O) = q;(x,f/s), QEZ(Z',O) = (;;Z(:Qf/{-j)? r €R, (433)

/X(x)q;Hmdx =0, 0<z< g,

R E
where
2 - -
Bo(¢p) = ¢° (69(62)) Gae — 7€) (c2) Px — 2e€'(€2) fos.

In the above, B; is the operator transformed from N6sBs in (2.30) under the changing of variable.

Direct computations will show that the linear operators By and By are small in the sense that

1 B1(8) + Bo ()l 22(s) < 0o(1) |l 22 ()

with o(1) — 0 as € — 0. This problem is then equivalent to the fixed point linear problem

where Tj is the linear operator defined by Lemma 4.2. From this, unique solvability of the problem

and the desired estimate immediately follow. O

Proof of Proposition 4.1. We will first define some cut-off functions that will be important in
the sequel. As before, let 1°(s) be a smooth function with n2(s) = 1 for |s| < a and = 0 for |s| > b,
where 0 < a < b < 1. Recall that e; = (—1)77! f + f;. Then, with R = log %, and X; =z —e;(e2)

we set
nj(x,z):na(f), a=+v?2 55 b=+v2 5 (4.34)
(c.f. (3.17)). We search for a solution of ¢ = T'(h) to problem (4.18)-(4.20) in the form
N —
=0+ 19 (4.35)
j=1
From the definition of the functions n; and x;, we have
MiXi = Xi» XV = XAn; = 0. (4.36)

We will denote

=

N
=1-Y
j=1
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It is readily checked that ¢ given by (4.35) solves problem (4.18)-(4.20) if the functions ¢;,j =
1,---, N, satisfy the following linear system of equations, for j =1,--- , N,

L(¢;) = nj(h— ¢ +3uiv) + xjci(e2) Hjp + 3n; (ui — H})¢; in 6, (4.37)

¢;(2,0) = ¢;(x,4/e), ¢j.(7,0) = ¢j.(x,0/e), z€R, (4.38)
/(%‘f‘XﬂP) Hj.x;dz =0, O<Z<§, (4.39)
and the function 1 satisfies
N N o
Yo + oz + X(1=3ui)p = Xh+ > (1=mny)¢j(e2) Hiw = > (2Vn; - Vb, + A, ), (4.40)
ji=1 Jj=1
P(x,0) = P(x,l/e), .(x,0) = P (x,l/e), —o0<z<00. (4.41)

In order to solve this system we will set up a fixed point argument. Observe that the orthogonality

condition in (4.39) is satisfied for gz_Sj -+ x;% rather than Q_Sj, hence it is convenient to introduce new

variable (;Bj = qgj + x;%. Then combining (4.37) and (4.40) we get the following system for qu
ﬂj(éj) = ’I7j (h - w + 3W2’(/J) + Xj Cj(EZ) Hj,w + 3’[7]‘ (W2 — H;)éj

+ X L7 (Y) + PAx; + 2V - Vyx;, in &,

- . . - (4.42)
¢j(‘ra0) = ¢j($v€/€)v ¢j,z(1',0) = (z)j-,z(xvg/s)v r €R,
~ 12
/QSjHj’szdiC:O, 0<Z<*7
R g
To solve (4.42) we assume that functions éj,j =1,---,N, and U are given. First we replace

bj, ¥ by @, T on the right hand sides of (4.42) and solve (4.42) for each ¢, j=1,...,N, using
Lemma 4.3. We get the following estimates, for all j =1,--- | N

N
16l < Clhlzae) + ¥l | +0() 3 1952, (1.43)

as ¢ — 0. Given ¥ we can now find functions ¢; = ¢,;(¥) which solve (4.42) by a fixed point

argument. Next, we can now solve (4.40) for ¢ which in addition satisfies

1
1V 28y < CllhllL2s) + RJZ:I 12;(9) || p2(s), R=log - (4.44)

Combining this with (4.43), taking ¢ small, and applying a fixed point argument again we get
finally a solution to (4.40). This ends the proof. O

5 Solving the Nonlinear Intermediate Problem

In this section we have the following theorem for the resolution of problem (3.14)-(3.16).
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Proposition 5.1. There exist numbers D > 0, 7 > 0 such that for all sufficiently small € and all
f satisfying (2.22)-(2.24) problem (3.14)-(53.16) has a unique solution ¢ = ¢(f) which satisfies

3
6]l s2(e) < De|logel?,

6l (oy>67e) + IVl oo (apms7e) < €70

Besides ¢ is a Lipschitz function of £, and for given fi, £ : (0,£) — RN such that:

|log €|
1f1 — fall 2 0,0) < o1z (5.1)
it holds
lp(f1) — o(f2)l m2(s) < Celloge|?|f1 — fall2(0,0)- (5.2)

Proof. A first elementary, but crucial observation is the following: there holds F; = n§E = Fs;

Moreover, the term

N

nsEn = —v2ensa Z fi (1) Hy,

j=1
in the decomposition of Fy can be absorbed in that term Z;\;l X;j ¢j Hj . Let Ty be the operator
defined by Proposition 4.1. Given f in (2.22)-(2.24), the equation (3.14)-(3.16) is equivalent to the
fixed point problem for ¢(f):

¢&)::7}(h) = A, £), (5.3)
with

b= =5 (Boa(£) + Era(f)) + Na(o(f)): (5.4)

In the sequel we will not emphasize the dependence on f whenever it is not necessary.

We will define now the region where contraction mapping principle applies. From the estimates
in Lemma 2.3, the terms Fy, and E are of order O(e%/?|log|?). Hence, we consider the following
closed, bounded subset of H?(&):

3
¢l rr2(e) < Dez|logel?,

B=1{¢c H*®) ;

18]l oo (216 /¢) + V|| Loo (ay>6/e) < € T/%

and claim that there are constants D, 7 > 0 such that the map A defined in (5.3) is a contraction
from B into itself, uniform with respect to f. Given ¢ € B we denote ¢ = A(gz;, f) and then have
the following estimates. Firstly, (3.9) and Lemma 2.3 imply that for beB

H -5 (EOQ(f) + E12(f)) + No(9) ‘

< Coellogel? + Cldlae) + ¢ (55)

L2(8)

+ CVH 1Bl oo (jay>5/e) + IVl Lo (jaf>6/e) |
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with some v > 0. Secondly, the exponential decay of the basic approximate solution u; outside

the region: {|z| > dp/c} and the fact that F'(W) = —1+ O(e ~71?l) for some constant v > 0 imply

1A, £) | Lo (af>5/6) + VA, )l Low (12[6/)
< Ce™% 1 Co[ llwarssre) + IVBlleqerss/e) | (5.6)

From (5.5)—(5.6) we get that A indeed applies B into itself provided that D is chosen sufficiently
large and 7 sufficiently small.
Let us analyze the Lipschitz character of the nonlinear operator involved in A for functions in

the subset B, namely n§N (155¢ +1¥(¢)). For ¢1, ¢2 € B we have, using (3.9) and (3.10):

| 58 (nscn +(61)) — 5 (15502 + (62) |

L2(8)

< 0{63/2|10g6‘2+6*705/8] {|¢1 —¢2HL2(G) (57)

+ Y ¢1 — all Lo (laj>5/) + €IV (D1 — d2) || oo (ja]>6/2) }

Using this one can show that A is a contraction map in B and thus show the existence of the fixed
point.

We will now analyze the dependence of the solution ¢ found above as a fixed point of the
mapping T¢ on the parameter f. We will denote ¢ = ¢(f) whenever convenient. We will consider
periodic functions fy, f5 : (0,£) — RY | such that (5.1) holds. A tedious but straightforward analysis
of all terms involved in the differential operator and in the error yield that the operator T¢(¢) is
continuous with respect to f. Indeed, indicating now the dependence on f, let us make the following

decomposition:

Lo (0(6)) ~ Lo (0(8)) = Le, (6(0) — 6(8)) + | F/(wi(8)) — F'(w (£2)) | o(E2):
Above, and in what follows f,, = f,,(¢z). We will denote

Hj . (f1)x;(f1)

i=1 | Hj.(f1)x;(f1)dz
R

With these notation we have that ¢ satisfies:

[ ottt 6)

N
Le,6 = A(f£2.0(8), 6(82)) + D & Hjlf1),
3=1 (5.8)

/R GH; o (£1)x; (F1) da = 0,

where

¢j = cj(f1)x;(f1) — ¢j(f2)x; (f2),
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and

A(fy, B2, 6(£1), $(F))

N
A { > B o) [0 81) - Hj,z<f2>xj<fz>}dx} (59)
5[ Hisltns () o 2
N
+ [PV () = F W (8) [6(8) = Y ¢i(E)x;(8) [Hya(f) = Hya()] + R(R) — h(Ey),
j=1

with h(f,,) defined in (5.4). Using these decompositions one can estimate [|¢(f1) — ¢(f2)[ 2 (s) by
employing the theory developed in the previous section.
In fact, observe that by Proposition 4.1 we only need to estimate [|Al|2(s). For instance we

have:

[P v () - F OV (5:) |o()]

e = Ce 2|t — 2]l L2(e) [0 (£2) | L2 (o) (5.10)

To estimate the L? norm of the first term in (5.9) we fix a j and denote:

H; . (f1)x;(f
_ i) g:/qs(fg)[ﬂjym(fl)xj(fl)ij,x(fg)Xj(fg) da.
/Hj,m(fl)Xj(fl)dx R
R
Then,
I£¢, (bg)|r2e) < C sup || - [[1£e,(B)]m2e) + C sup  g:|- || VA a2 (e
z€(0,4/¢) 2€(0,4/€)
+ C|InLs, ()l 22 (e)- (5.11)
We have:

lg| = / |p(E2) || Hj o (£1) x5 (£1) — Hjo(£2)x; (f2)|d
|e|<C|log ]

< Ce™V?|loge"?|¢(f2) || 2 (e 11 — foll 20,0

Using the fact that Hyy, + F'(H)H, = 0 and that supp x(f1) C {|z — fi;] > §| log |e|} we can

estimate:
IL¢, (1) || r2(s) < C.
Furthermore,
lg-2|* < C|loge| |z (£2) 2 Hj o (£1)x; (F1) — Hyjo(£2)x; (£2)[*d
|z|<C|loge]
+ Clloge| |62 (£2) 2| [Hjo (1) x; (1) — Hjo(£2)x;(£2))2]*dee
|z|<C|log e
+ Clloge] S ¢ (£2)[*[Hj o (F1)x; (F1) — Hjo (f2)x; (F2)] 22 [*dae
z|< oge

< Clloge|(I + 11+ III).
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We have:

I+11

IN

il - Eallrxcos) [ (162 (£:)[2 + [6-(8) ),

|| <C|loge|

117

IN

C((|f1,zz - f2,zz|2 + |f1,z - f2,z|2) sup / |¢(fg)|2d3}
2€(0,4/¢) J|z|<C|loge|

+ O(Ifo,z2* + £ )1 = £2ll72 0,y sUD / |6(f2)]*dar
2€(0,¢/¢e) J|z|<C|loge|

< C(lszz - f2,22|2 + (|f1,z - f2,Z|2)||¢(f2)||%{2(6)

+ C(|fg,22 % + 2,2 IfL — Fal|Fr2 (0. 0) |0 (F2) 172 (o) -

Similar estimate, but depending only on the first derivatives in z of f,, ¢(f2), holds for g,. Using

these estimates we conclude from (5.11) that

I1£e, (ng) || L2y < Ce™/?|loge|?|¢(fa)l|12() 11 — foll 20,0 (5.12)
We will now estimate:
(1) = h(Eo)ll2(e) < I5(E(f1) — E(f2))l|2()
+ M5 IN (n550(£1) + & (f1) — N(n556(F2) + ¥ (£2)) [ 2() (5.13)
+3[|n5[(1 = W2 () (f1) — (1 = W (E)0 ()]l 12()-

Using the equation satisfied by ¢ (f,), n = 1,2 we find:
175 (E(f) — E(f2))l22(s) < C*2[loge|’||fy — 2]l o).
(£1) — ()l r2(e) < Cello(fr) — d(£2) || m2(s) + C**[loge|?|1fy — 2]l 2(s).-
Then we get that:
Ih(f1) = h(f2)lr2(s) < Cell(fr) — d(f2) | r2(e) + C=*/?[loge| U ||fL — £2l 2 (e)- (5.14)

Term involving ¢;(f2) in (5.9) can be estimated in a similar way. In summary we obtain:

I1llr2(s) < Celloge|’|[fi — f2]lm2(0,0) + Cellé(fr) — ¢(f2)ll (s (515)
< Celloge|’|lfy — 2]l m2(0,0) + Celldll (o) + Celld — d(f1) + d(f2) | r2(e)-
Since
16 — (1) + ¢(f2) | 2y < Cellogel?||fy — £l g2(0,0),
estimate (5.2) follows from (5.15). This ends the proof. O

Clearly Proposition 5.1 and the gluing procedure yield a solution to our original problem (1.3)

if we can find f in (2.22)-(2.24) such that

c(f) = 0. (5.16)
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As we will see this leads to a system of N nonlinear ODE’s. We carry out this argument and solve

the nonlinear system in the next two sections.

6 The projection on H, , and the Toda System
It is easy to see that the identities (5.16) is equivalent to the following equations

/OO[E(¢) + n5E — No(¢)| Hpwdw =0, n=1,...N. (6.1)

oo

Hence, it is crucial to get estimates of all terms in (6.1), which will be carried out in the sequel.

Make notations
S={zeR: (z,2) €6}, S, ={zeR: (z,2)€A,},
and consider for each n, (n =1,---, N), the following integrals

{/5 * /S\sn} 5 E(x,2) H' (x — en(e2)) dz

= 5"1(82) + Sng(ez).

/ ns E(x,2) H' (x — ey (e2)) da
s

Note that in A, ngE(x, z) = Ey(z, z), we begin with

Eni(ez) = / {Eoz + (E11 + E2)| H (x — e,) dz
S’Vl
= I() + 1.
From the computations of section 6 in [16], we get the estimates for some terms in I as follows

Io1

N N
/ {—8226]- H;. + 522(6;)21'[]‘71,@ +3(1—H2)(up — Hn)} H'(x —e,)dx
n j=1 j=1

+/S [%F”(Hn)(uoan)z . %F”(anj)(onj—Hj)z}H'(x—en)d:c

n

= (=" [62 Yoe, — e V2EenTen) gy efﬁ(ewlien)}

N
+0(E) Y e + () +e" ] + 2 max0O(e Vo)),

=1 j#Fn

where we define

2v2
Yo = / Hg dx = Tf’ Y1 = 3A0/(1 —HQ)HJ- 67\/51(133.
R R
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Obviously, we obtain

N
Inp = —£5 att/ Ze H x—ej)H'(x—en)dx—szkg/ ZejHjﬁzH'(x—en)dx

Sn j=1 Sn j=1

——6 att/ Z z—e;)*H (x—e;) H'(z — e,) dz

'n.J 1

2
= - 562 a11(0,e2) €2 + (—1)"e® yo k*(e2) ey, + €2 ass(0,62) y2 + gl/? m;xO(e_ﬂ|e-7_e"'|),
Jj#n

where

2
—f/ x? H? dx.
2 Jr

Using the facts that the function H' (z) is even, the conditions in (2.15)-(2.17) and the asymptotic

expansion of H in (2.11), one carries out the estimates for other terms in Iy and gets

Ios = Io—1Io1 — lo2
= —¢ atteJ/ Z:cfej 17H2)H(:cfen)dx
7LJ 1
+6at/ Z 1 - (H; )H’(x—en)dm—f—sat/ x[(uo)z—HﬂH'(:r—en)dx
Sn nén Sn
—75 att/ Zx H'(z —e,)dz
" j#En
1
+§€2att/ x [(uo) HﬂH'(xfen Ydz — 52k2/ Z e;)Hj, H (z —e,)dx
s
" Nt
N
= Z 21e ] + /2 max O(e ~V2le—enl),
— J#n
Jj=1
Hence,
Ly = (-1)" {52 Y0 6,;, — oy eTVEEn e gy e V2 (entimen) | 2 Yo k*(£2) en}
9 N
— §52 an(0,e2) €2 + €2 an(0,e2) 72 + O(E*)> [ + ()’ +e" |
j=1

+e2max O(e —V2 les—enl),

JFn
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Similarly, we obtain the estimates for the components in Iy

I, = - 2€at/ ZH e;) fi H' (x — e,) dx

+v2¢? kat/ Z DT, (z —ej) H (z — e,) da
n] 1

—1—2\/562@?/ Z e; H(x —e;)V(z —ej) H (x — e,) du
Sn j=1

4
= —geat(O,sz)fn + e2a(0,e2) 3 e, + (—1)"Te? k(e2) ar(0,e2)v4 + Ofe ij,
where

73:2\/§/H\11H/d337 74:\/5/ U, H dz.
R R

Using the facts that the functions H (x) and ¢*(z, z) are even, we can derive

I, = 36/571;[(U0) 7HJ2:|¢);‘H/(1‘76”)C1I
N
—&—2\@52@?/8 Z(w—eJ)H(x ej)¥(r—e;)H (x —ep)dz
+2v2¢2 at/ Z i) ¢ H' (x —e,)dx
n] 1

_/S"{?)uo( ) (¢*)3]H’m—en )dz

N
= 0(*)ar(0,e2) + O(*) Y _ f),
j=1

Thus, we finish the estimate of I.

To compute &£,2(e2), recall that for (z,2) € S5/ \ Ay,

H'(z — e,) = max O(e~ 2l 7e1),

J#n

and that n$E(z, 2) = ni B (x, z). Thus we can estimate

2
Ena(ez) = emax O 67‘6176”| 1/2 I;.
Gathering the above estimates, we get the following, forn =1,... N
/ n5 E(z,2) H'(z — ep(e2))dz = (=1)" [52 el — e VElen—en) 4y e_ﬂ(wl_m]
S

2
+ (=12 v k2 (e2) e, — 3 e2as(0,e2) €2 + €% ay(0,e2) 7o
4
—3¢ ai(0,e2) fn + €2a2(0,62) vz en

+ (=) k(e2)as(0,e2)14 + Pulez). (6.2)
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For further references we observe that
||Pn||L2(O,1) S 083/27 n= 17 7N' (63)

Continuing with other two terms involved in (6.1), using the quadratic nature of the nonlinear

term N3(¢) and Proposition 5.1, we get for
On(e2) = /SNQ(¢>) H'(x — ey(e2))dx
a similar estimate
1Qnllz201) < Ce¥?, n=1,--- N. (6.4)

We point out that, by Proposition 5.1, Q,, is a continuous function of the parameters f.

The last term in (6.1) can be written as
W, (e2) = /S L) H' (& — en(c2)) da
= [0 @ = ene) do+ [ nios Bu(0) H' (=) da
+ /S ¢ [H" (x — en(e2)) + F (W) H'(z — en(e2)) ] da.
A similar estimate holds
1Dl r2(00) < Ce¥?, n=1,---,N. (6.5)

In fact, the proof is very straightforward. For example, using the orthogonality conditions we can

get
Bl (e2) = /S b.. H (z — ep(e2)) dx
_ 2 /S 6 [eH"(z — en(e2)) — (en)2H" (¢ — en(e2)) ] do
+ 2e,, /S ¢, H" (z — en(e2)) da

The estimate for Y., follows from Proposition 5.1. Moreover, it also depends continuously on the

parameters f.

Now, from above discussion, for § = €z, by the notations of

/ /7 4 2
Mn(97f7f7f ) = Pn + Qn + m'ru 041(9) = § at(oye); a3(9) = g att(oae)v (66)

a2 (0) = =10 k*(0) — (—=1)"af (0,2)y3,  @an(0) = — (=1)"72a4(0,60) — ya k(6) ar(0,6),  (6.7)

we draw a conclusion as the following proposition:
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Proposition 6.1. For the validity of (5.16), there should hold the following equations,

e2qp el — e V2o oy em V2T (1) ey (0) f,

—tag (@) e, — (—1)"e?az(0) €2 = e ayn(0) + My, n=1,...,N.
Moreover, M,, can be decomposed in the following way
M08 F ) = Mia 0. 1.5 . F ) + Mua(0.£5).

where My1 and Mys are continuous of their arguments. Function My, satisfies the following

properties, forn=1,--- /N

||Mn1(97fa.f/7f”)||L2(0’1) S 053/2’
HMnl(H;.f)f ?-f )_Mnl(ahfla.fla.fl) |L2(0,1) S 063/2|10g5|q|‘f_f1||H2(071)'
Function Mo satisfies the following estimates form =1,--- /N

|| Mo2(0, £.5)] 120y S O3

We omit the proof of this proposition. In fact, careful examining of all terms will lead the

decomposition of the operator M,, and the properties of its components M,,; and M,,3. O

7 Location and interaction of clustered Layers

Recall that N = 2m + 1 is a fixed odd integer as in Theorem 1.2. Define the operators by
L) = 20 f! + e (=1 ay(0) fr — g e V2 (Inmtnattn) oo o=V2 (JusifntBuis)
—e?asn(0) fo — € (-1)" a3(0) f7,
where a5 ,, and (3, are given by
asn(0) = azn(0) + 2a3(0)f(0), B, = 2(=1)"Tf,

with f is the function defined in (2.21). oy is a positive function defined in (6.6). Using the fact
en = fn+ (=1)"T1f and Proposition 6.1, after obvious algebra, we have to deal with the following

system, with n running from 1 to IV
Lh(fn) = 2agm + Mu,  fo(€) = [5(0),  fall) = fu(0), (7.1)
where fy = —o0, fy4+1 = oo and the function og j, is defined by

a6 (0) = asn(0) — % (=" (0) + (=1)"az.(0)£(0) + (—=1)"as(0)f3(9).
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7.1 Solvability of Toda System

Before solving the above system (7.1), we study a simpler problem in this subsection. Consider

the following Toda system forn=1,--- | N

52 Yo f’;L/ te (_1)7L+1 a1(9) fn —-m e—\/i(fn_fnfl“!‘ﬂn) + " e_\/ﬁ(fn+1_fn+ﬂn+l) — E3/2hn7 (72)

where fo = —00, fy11 = 0o. We have the following solvability theory.
Proposition 7.1. For given h = (hy,--- ,hy) € L?(0,{), there exists a sequence (g;); approaching

0 such that problem (7.2)-(7.3) admits a solution f = (f1,---, fn) with the form:

fa(0) = (n—(m—=1))pe,(0) + fu() + fu(8), n=1,...,N, (7.4)
where pe, (0) satisfies
e~ V2he = era1(0)pe,, (7.5)
and in particular

Lo o et £ L
2t T R T e

Functions fi1,--- , fn, defined by Lemma 7.2, do not depend on h and satisfy

pe (0) =

loglog -
loga1(9)+0< 5 gEl).

2 log -
fn(@) = O(1), n=1,2,--- N.
Finally, for functions fi,--- , fx, we have

H.fn||L2(O,Z) S C”hHLQ(O,Z)a n = 1,27... ’N.

Moreover, if h € H%(0,(), then

&l ~11 €1 o .
@Hf ||L2(0,£)+ @H][ ‘|L2(0,5)+Hf||L°<’(O,£)§C

Proof. We divide the proof into three steps.

) —1/2
log 511 [h|[£2(0,0)-

Step 1: Recall that a;(6) > 0. Let us define positive functions p.(#) and §(6) by

e V2P = eaq(6)pe, (7.6)

572(8) = a1(0)p.(0) = a\l/(g) [1og§ - 1og10g§ + 0(1)] (7.7)

Then multiplying equation (7.2) by 62 and setting
fn:(n_(m+1))pe+fna n:17"'aN7
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we get an equivalent system, forn =1,2,--- /N

62 (E'YO ﬁ;’ + (_1)n+1 041(9) fn) — " e_ﬁ(fn_fnfl“rﬁn) +m e—\/ﬁ(fn,+1—fn+ﬁvl+1)
= 0%2Y%h,, + 6% (n—(m+ 1))pg + (=1)"(n— (m+1)), (7.8)
Fal0) = £100), fu(®)

(0), (7.9)

where fo = —00, fN+1 = 00.
Step 2: For the full resolution of the system (7.8)-(7.9), we now want to cancel the terms of O(1)
in right hand side of (7.8) at first. To this end, we give a lemma as follows
Lemma 7.2. There exists a solution £ = (f1,---, fx) to the following nonlinear algebraic system
82(—1)"* oy (6)f, — ,yle_\/i(fn_fnfl‘i‘ﬂn) + ,.Yle_\/i(fn+1_fn+ﬂn+1) - (_1)n(n — (m+ 1))7 (7.10)
with n running from 1 to N, where fo = —00, fyi1 = 0o.
Proof. By setting
ap=any =0, a, =™ ef\/g(f2+17fg+ﬂ”“), n=1,--- ,N—1, (7.11)

we look for a solution of (7.10) in the form f, = f9+ fn, where a,, satisfy the following system of

equations:
MX = C (7.12)

where we have defined

1 0 0 0 0 m

-1 1 0 0 0 a —(m—1)
0 -1 | 0 0 as
M(N—1)><N = 5 X = ) C = 0

0 0 0 1 0 A2m—1

0 0 o --- -1 1 aam m—1

0 0 0o --- 0 -1 —-m

Obviously, the system (7.12) can be uniquely solved for the unknown variables a,,. In fact, we have

that a,,n =1,2,---,2m, are positive constants with expression as
n
ap = ay_n = » (=) (m+1-4)>0 foralln=1,---,m. (7.13)
j=1
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By (7.11),forn =1,--+ ;m,m +2,--- , N, functions f{ can be written as

o = g IOgHai - g(m‘Fl_”)lOg%
+ (D)D) R F0) + frga(0), n=1,2,-0,m,
n—1
00 = —g log H a; — g(n—m—l)logm

1=m-+1
+(=D (=)™ 1] () + fga(0), n=m+2,m+3,--- N.

Hence all functions f2,n = 1,--- , N, can be uniquely determined provided that we set

ma1(0) = 4(=1)"f(6).
Moreover, there holds

N
S (= =o. (7.14)
n=1

Then functions fm n=1,2--- N, satisfy:

(=)™ a1(0) fu — anfl[e*ﬂfrfn—l) ~1] + an[ew(ﬁwﬁ) 1]

_ 752 (71)ﬂ+1 041(9) 0 (715)

n?

where fo = —o00, fN+1 = 00.

Notice that the right hand of (7.15) is of order O(6%) now. This however is not enough to
solve our nonlinear problem since there is a term of the same order in front of the linear part of
the operator. Thus we need to find one more term in the expansion of f,, to cancel the terms
62 (=1)" ey fO, n=1,2,---,N. To this end let f,, = f, + f! where f1, n = 1,..., N, solve the

following system of equations:

V2Af! = ah  with o = 6204 (6), (7.16)
where
ay —ay 0o 0 -+ 0 0 0 0
—ai ((ll + CLQ) —as 0o --- 0 0 0 0
A = , (7.17)
0 0 0 0 -+ 0 —azm-1 (azm—1+a2m) —azm
0 0 0o 0 -+ 0 0 —a2m A2m,
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and

a 0 -~ 0 O s
—a 00 f e
J(a) = , f'=] |, h= : . (7.18)
o 0 -+ —-a 0 fn ~fom
0 0 -+ 0 « Vs
The matrix A has only one zero eigenvalue with corresponding eigenvector (1,1,---,1)T. The

system (7.16) can be solved due to the formula (7.14). It is easy to derive that the term f! is small
in the order of O(|loge|™1).

Now, fn, n=1,---, N, solve the following nonlinear system of equations,
(=1 a1(0) fo + V2an1 (fo— foo1) = V2an (far1 = fa)
= =82 (—=1)" oy fL + N, 1), (7.19)
where N,,, n =1,---, N, are given by
Nalf 1) = o [ eV Fnt D) S 14 VB (fo = fua) + VR = i) |

— an{e*ﬂ(f."“*ffrfi“*fi) -1+ \/§(fn+1 - fn) + \/5( 71L+1 - fi)y

and fo = —o0, fN+1 = oo. In order to use fixed point argument to solve (7.19), we consider the

following system of equations:
(V2A +J)f = ah  with a = §%a4(0), (7.20)

where the matrix J is defined in (7.18). The system (7.20) has a uniformly (with respect to ¢)

bounded solution due to the following fact:
det(\/ﬁA +J(@) = (-1)maN + -+ (H;»v:l\/ﬁaj) a.

We claim that problem (7.19) can be solved by a contraction mapping principle in the set

1 .
W with small constant o > 0.

(log%

In fact, from the smallness of f! in ¥, we have

X = {ﬂiﬂ(o,e) <

. C
N(f, f! < —
ING )00 < o
The result of Lemma 7.2 follows by a straightforward argument. O
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Step 3: We turn to the solvability of the system (7.8)-(7.9). By setting
fn = fn+.fna bn(e) =M e_\/ﬁ (fn+1_fn+ﬁn+l>7 n= 1727"' 7N7 (721)
where f, = fO+f 4 f,,n=1,---, N, satisfy the system (7.10), then all functions f,,n =1,--- , N,

solve the following nonlinear system of equations,

62 (570 f;;, + (_1)n+1 011(0) ,]En> + \/ibn—l (,]En _,]En—l) - \/ibn (fn—i—l _,]En)

/

= 62e2h, + 82 y0(n—(m+1))p. — ey (fa) + Nau(£,F), (7.22)
fa0) = £1(0),  full) = fa(0), (7.23)

where N,, n=1,--- , N, are given by
Na(B.F) = by [ e V20 Fm) S 1 VB (f = fu) |

V V (7.24)
_ bn[e—ﬁ(fn+1—fn) — 14+ V2(fay1 — fn)},

and fo = —o00, fyi1 =0
For the purpose of using a fixed point argument to solve (7.22)-(7.23) we also need the following

solvability theory for a linear system of differential equations

Lemma 7.3. Consider the following system

52 (6"}/0 ’UT/L, + (71)n+1 a1(0) Un) + ﬁbn—l(vn — Un—l) — \/ﬁbn (’Un+1 — ’Un) = Jn, (725)

There exists a sequence (g1); such that problem (7.25)-(7.26) has a unique solution v = v(g) and

1
[vllz2(0,0) < C/1/e1log - lgllz2(0,0)» (7.27)

where v = (v1, -+ ,on)T and g = (g1, -+ ,gn)T. Moreover, if g € H?(0,() then

|10g5||| e (0@)—1—\/7” z2(0.0) + |1V Lo (0. < C 10g—||g||H2(og) (7.28)

Proof. We will denote:

)
Z(logl —loglogy 170 (7.20)

By (7.7) we have
o0) = O(@)' (7.30)

Multiplying (7.25) by aq + 0, we need to solve the following system

2
K (5'70 ;92 + al)v + (a1 + JE) [\/iB — 2K52a1}v = (a1 + 08) g, (7.31)
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where we have denoted x as the form

_ ! (7.32)
? (log 2 —loglog 1)
and K is a diagonal N x N —matrix with explicit form as
K = diag(0,1,0,1,---,0,1,0). (7.33)
In the above, we also defined the matrix B as
b1 —by o 0 --- 0 0 0 0
by (by+b2) —ba 0O --- O 0 0 0
B =
0 0 0 0 - 0 —byn-1 (b2m—1+bom) —bom
0 0 o o0 -~ 0 0 —bam, bam
Note that for the entries in A and B, we have the relations (c.f. (7.11) and (7.21))
F 1
by = 1 e_ﬁ(fn+1_fn+ﬁn+1) = a, (1 + O(l . )) (734)
og z

For decomposition of system (7.31), we analyze the properties of the matrix v/2B — 2K&%a; at
first. For the symmetric matrix A defined in (7.17), using elementary matrix operations it is easy

to prove that there exists an invertible matrix Q such that
QAQT = diag(ala a2, ,AN—-1, 0)

Since aq,- -+ ,an—_1 are positive constants defined in (7.13), we assume that all eigenvalues of the

matrix A are
{A, Ao, A} with A, An—1 >0, Ay =0.

Similarly, using elementary matrix operations it is easy to prove that there exists an invertible

matrix Q such that
Q|v2B - 2K52a1} QT = diag(\@al +0(6%), V2as + O(8%), -+, V2an_1 + O(8?), 0(52)).

We also assume that all eigenvalues of the matrix 2B — 2Ké%ay are {A{, -, A5 _;, A% }. From
the formulas (7.7) and (7.34), we have

1
/\;?:/\14—0(—1), i=1,2,-- ,N—1L (7.35)
log <
Since the N-th eigenvalue, with associated eigenvector (1,--- 1), of B is zero, we can prove that
2m
Ay = — 52 ay. 7.36
N om+ 1 aq ( )



Moreover, since V2B — 2K62%a; is a symmetric matrix, there exists another invertible matrix P
such that
P(\/§B - 2K62a1)P_1 = diag(\S, -+, A%).

Now, after setting two new vectors
_ T _ _ T 5
u*(ulf"?uN) —PV, g*(glvmgN) —(O[1+O')Pg,

system (7.31) is equivalent to the following system with suitable periodic boundary conditions,

d? 42p-1 —1
K (570@u+a1u) + xeyP w " + 26eyP w Y
+ diag(Af, - - 7)\;:\[)<al +oe)u =g (7.37)

Hence, we need to consider the systems, as follows, with suitable periodic boundary conditions.

One describes the location of the center of mass of N —interfaces as
d2

K (syoﬁm\/ + aluN> + Ay (oq +05)uN = gn, (7.38)

and the other relate to the balance of mutual interaction of N-interfaces as

d2
K (S’YO@UZ' +a1ul-) + )\f (a1 +0€)ui = @i, 1= 1,2,“' ,N* 1. (739)

Firstly, using formulas (7.29), (7.32) and (7.36), problem (7.38) read as

d2 oy 1
+ == A4
870(192111\7 om e HE!N, (7.40)

with suitable periodic boundary conditions, which can be solved by the following claim.
Claim 1: If g € L?(0,/) then for all small € satisfying the gap condition: given ¢ > 0, there exists

€o > 0 such that for all € < g¢ satisfying the gap condition
2 A« )
‘j 5—N’Zc\@f0raﬂjeN, (7.41)

there is a unique solution uy € H?(0,¢) to problem (7.40) which satisfies

—1/2

1" 1
ellun [lz2(0,0) + lunlzo(0,0) < Ce log = lan |l 20,0 -

Moreover, if gn € H?(0,¢) then

1" ].
ellun lz20,0) + l[unl[zoe 0,0y < C logg o 22(0,0)-

For proof of this Claim, the reader can refer to Lemma 8.1 in [15].
Secondly, for the solvability theory of equations in (7.39), define linear operators by
d2

Li=n(eq0g + 1) + Xi(ar+0%), =12 N-1
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Claim 2: There exists a sequence (g;); such that Lél ,1=1,2,--- N —1 is invertible and

i\ —1 C
L ‘ < =~ i=1,2,---,N. 7.42
H( 5") L2(0,6)—H(0,6) — /€1 /K ! ( )
To characterize Morse indices of above operators, first of all, for any fixed ¢ € {1,2,--- ,N — 1}

we give an asymptotic estimate on the number N! of negative eigenvalues of the operator Li.

Denote its eigenvalues (77

¢ ); with corresponding eigenfunctions (¢! ;); , in non-decreasing order

and counting them with multiplicity. From the Courant-Fisher characterization we can write Tg) j

in two different ways:

. . JuLiu
-7l = R S 7.43
7'5,] ]\52]1\)4] uEJl\?,u;aéO f a1u2 ’ ( )

_ Lt
—7.; = inf sup Juliu (7.44)

MeM;j—1 41 M,uz0 fOél’u2 '
Here M; (resp. M;_1) represents the family of j dimensional (resp. j — 1 dimensional) subspaces
of H?(0,/), and the symbol L denotes orthogonality with respect to the L? scalar product with
positive weight function «; .

By (A$);,(©5); we will denote, respectively, the set of eigenvalues and eigenfunctions of the

following eigenvalue problem: (c.f. (2.1))
2

£070 T 10 = —Aa1© i (0,0), 6(0) = 6(0), ©'(0) = ©'(0).

As we proved in (2.2), if € is small then we have, as j — oo,

472

. 5
AS = —5 (5% — M) + O(=5). (7.45)
U J
From the asymptotic formula in (7.45) and the forma in (7.43), one derives
NE > (C + 0(1))(5&)_1/2, (7.46)

where C' is a fixed constant independent of €. To prove a similar upper bound, we choose j to be

the first index such that kA — A7 > [0°]. Then from the formula in (7.45) we find that
i=(C+ 0(1))(5&)_1/2,

with the same C as in (7.46). Define M;_; = span{©f : [ = 1,2,---,j — 1}. For an arbitrary

)

function u € H? and u L M;, we can write

u=">_ B6;.

1>j

Plugging this u into (7.44) and using the formula (7.45), we also have

NE < (C+o(1))(er) 2 (7.47)

38



Hence we get that
Nin Cler) V2 ase—0, i=1,2,---,N—1. (7.48)

For further arguments, we now compute the derivatives of T{;j (order o(+/ek)) with respect to

e. Differentiating with respect to e the equation |[¢)¢ ;|| = 1, we find that

dep?
de ’

d .
Sl =0= (=22 vi;) =0, (7.49)

where (-, -) denotes the scalar product with weight function «. On the other hand, by T. Kato’s

Theorem 2.2 differentiating the following equation with respect to e

d2 ) ) ) )
R(e0 gy + o), + X (ar+0% el = =7t jaavid, (7.50)
we obtain
de,  d? ; a2 d? dyl; o dxs o
5(5’70@ =+ al)¢g,j + KVO@wg,j + 5(5’70@ + 041)7(15 + 1 (1 +0 )77/15,]'
€ do® 7 € € d évj dTgJ 7 % d’(/}i,j
+A; de 7/}5,]' + Aj (al to ) de = de alwe,j + 7 ;0 de
Multiplying above equation by 1/); ;» integrating by parts and using (7.49), one gets
dng i
— = —(1 1)) > 0. 7.51
& lr o0 = (1+0(1)) (7.51)

Next, for [ € N, we choose ¢; in such a way that g;x; = 2-! with k; defined as in (7.32). Then
from (7.48) it follows that

Ni = Ni o~ C20D/2 2 912) = 0 (V2 = 1) (e1r1) "2 (7.52)

€141

By the formula (7.51), the eigenvalue of L: bounded in absolute value by o(,/zk) are decreasing
in . Equivalently, by the last equation, the number of eigenvalues which become negative, when

. ~1/2
e decreases from ¢; to £,11, is of order (g;r;) 2 We define

Fi={eeeme): kerll #2,i=1,2,-- N -1}, (7.53)

FZQ = {E € (e141,¢€1) : € does not satisfies (7.41)}7 (7.54)

Fi=(eip,e)\ (FLUFD). (7.55)
By (7.52) and the monotonicity (in €) of the small eigenvalues, it follows that card(F ;) < C'(e;5:) 12

Whence there exists an interval (a;, b;) such that

meas(f ;)

_meastl ) o o132 .
a0 2O VR (7.56)

(a, b)) C Fiy | —ay] >
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Hence, by setting ;5 = (a; + b;)/2 and using (7.51), we conclude that L i =1,2,--- ,N —11is

invertible and

i=1,2- ,N—1. (7.57)

Juty! S
‘ L2(0,0)—HY(0,0) — /eI /K
This completes the proof of Claim 2.

As a consequence of the last two claims and an obvious contraction mapping theory, the solution

to (7.37) exists and satisfies

1
lullzz0.0 < Cv1/elog — lgllz0.0)- (7.58)

From (7.58) by a standard argument one can show

1 " 1 ’ 1
Tloa L [ [[r2(0,0) + T [ullL20,0) + ull22(0,0) < Cv/1/e1log o 9/l z20,0)-
€l = \ = log = l
The estimates (7.27) and (7.28) are also a direct consequence. O

By using Lemma 7.3, let v = (v1,--- ,v,) be the solution to the problem (7.25)-(7.26) with
right hand side replaced by the following term

—

622y + €8 0(n— (m+1))p. — 670 (Fa)

Then problem (7.22)-(7.23) can be solved by a contraction mapping principle in the set

X =«fe H?(0,1) ||f/||L2(o,£) + HfHLz(O,Z) < gl

1
/1 1
z IOg z
In fact, in X we have

IN(E, £)|| 2000 < 1%

Now, the result follows by a straightforward argument using Lemma 7.3. The proof of the Propo-

sition 7.1 is complete. O

7.2 Proof of Theorem 1.2

In the final part of this section, we solve the system (7.1), which will give a proof of Theorem 1.2.

Proof of Theorem 1.1: Define
D= {f € H0,1)| |f]=0.) < Dllogel® |
with small constant 0 < ¢ < 1 and for given fe D, we can set forn=1,--- , N
Pha(f) = acnl) + Mun(£.6.£) + 2 a5u(0) fu + € (—1)" 03(0) 7 + Muo(E,T).

40



For any 2, we can use Proposition 7.1 to get
4 =71 (32h (£%), -+, ¥ 2hn(£%)).

Whence, by the fact that M, are contractions on D, making use of the theory developed in
Proposition 7.1 and the Contraction Mapping theorem, we find f for a fixed f in D. This way we

define a mapping as

and the solution of our problem is simply a fixed point of Z. Continuity of M, with respect to
its parameters and a standard regularity arguments allows us to conclude that Z is compact as
mapping from H'(0,1) into itself. The Schauder Theorem applies to yield the existence of a fixed
point of Z as required. This ends the proof of Theorem 1.2. O

References

[1] N. D. Alikakos and P. W. Bates, On the singular limit in a phase field model of phase transi-
tions, Ann. Inst. H. Poincaré Anal. Non Linéaire 5 (1988), no. 2, 141-178.

[2] N. D. Alikakos, P. W. Bates and X. Chen, Periodic traveling waves and locating oscillating
patterns in multidimensional domains, Trans. Amer. Math. Soc. 351 (1999), no. 7, 2777-2805.

[3] N. D. Alikakos, P. W. Bates and G. Fusco, Solutions to the nonautonomous bistable equation
with specified Morse index, I. Existence, Trans. Amer. Math. Soc. 340 (1993), no. 2, 641-654.

[4] N. D. Alikakos, X. Chen and G. Fusco, Motion of a droplet by surface tension along the
boundray, Cal. Var. PDE 11 (2000), 233-306.

[5] N. D. Alikakos and H. C. Simpson, A variational approach for a class of singular perturbation

problems and applications, Proc. Roy. Soc. Edinburgh Sect. A 107 (1987), no. 1-2, 27-42.

[6] S. Allen and J. W. Cahn, A microscopic theory for antiphase boundary motion and its appli-
cation to antiphase domain coarsening, Acta. Metall. 27 (1979), 1084-1095.

[7] S. Angenent, J. Mallet-Paret and L. A. Peletier, Stable transition layers in a semilinear bound-

ary value problem, J. Differential Equations 67 (1987), 212-242.

[8] G. Birkhoff and Gian-Carlo Rota, Ordinary differential equations, Ginn and company, New
York, 1962.

[9] L. Bronsard and B. Stoth, On the existence of high multiplicity interfaces, Math. Res. Lett. 3
(1996), 117-131.

41



[10] E. N. Dancer and S. Yan, Multi-layer solutions for an elliptic problem, J. Diff. Egns. 194
(2003), 382-405.

[11] E. N. Dancer and S. Yan, Construction of various types of solutions for an elliptic problem,

Calc. Var. Partial Differential Equations 20 (2004), no.1, 93-118.

[12] M. del Pino, Layers with nonsmooth interface in a semilinear elliptic problem, Comm. Partial

Differential Equations 17 (1992), no. 9-10, 1695-1708.

[13] M. del Pino, Radially symmetric internal layers in a semilinear elliptic system, Trans. Amer.

Math. Soc. 347 (1995), no. 12, 4807-4837.

[14] M. del Pino, M. Kowalczyk and J. Wei, Concentration on curves for nonlinear Schrodinger

equations, Comm. Pure Appl. Math. 70 (2007), 113-146.

[15] M. del Pino, M. Kowalczyk and J. Wei, Resonance and interior layers in an inhomogeneous

phase transition model, STAM J. Math. Anal. 38 (2007), no.5, 1542-1564.

[16] M. del Pino, M. Kowalczyk and J. Wei, The Toda system and clustering interface in the
Allen-Cahn equation, Arch. Ration. Mech. Anal. , 190 (2008), no. 1, 141-187.

[17] M. del Pino, M. Kowalczyk, J. Wei and J. Yang, Interface foliation near minimal submanifolds

in Riemannian manifolds with positive Ricci curvature, submitted 2009.

[18] A. S. do Nascimento, Stable transition layers in a semilinear diffusion equation with spatial

inhomogeneities in N-dimensional domains, J. Differential Equations 190 (2003), no. 1, 16-38.

[19] Y. Du and K. Nakashima, Morse index of layered solutions to the heterogeneous Allen-Cahn
equation, J. Differential Equations 238 (2007), no. 1, 87-117.

[20] Y. Du, The heterogeneous Allen-Cahn equation in a ball: solutions with layers and spikes, J.
Differential Equations 244 (2008), no. 1, 117-169.

[21] P. C. Fife, Boundary and interior transition layer phenomena for pairs of second-order differ-

ential equations, J. Math. Anal. Appl. 54 (1976), no. 2, 497-521.

[22] P. C. Fife and M. W. Greenlee, Interior transition Layers of elliptic boundary value problem
with a small parameter, Russian Math. Survey 29 (1974), no. 4, 103-131.

[23] G. Flores and P. Padilla, Higher energy solutions in the theory of phase trasitions: a variational

approach, J. Diff. Eqns. 169 (2001), 190-207.

42



[24]

[25]

[26]

[27]

[28]

[31]

[32]

[33]

C. Gui and J. Wei, Multiple interior peak solutions for some singularly perturbed Neumann

problems, J. Diff. Eqns. 158 (1999), no. 1, 1-27.

J. Hale and K. Sakamoto, Existence and stability of transition layers, Japan J. Appl. Math. 5
(1988), no. 3, 367-405.

T. Kato, Perturbation theory for linear operators, Classics in Mathematics. Springer-Verlag,

Berlin, 1995.

R.V. Kohn and P. Sternberg, Local minimizers and singular perturbations, Proc. Royal Soc.

Edinburgh 11A (1989), 69-84.

M. Kowalczyk, On the existence and Morse index of solutions to the Allen-Cahn equation in

two dimensions, Ann. Mat. Pura Appl. (4) 184 (2005), no. 1, 17-52.

B. M. Levitan and I. S. Sargsjan, Sturm-Liouville and Dirac operator. Mathematics and its

application (Soviet Series), 59. Kluwer Acadamic Publishers Group, Dordrecht, 1991.

F. Mahmoudi, A. Malchiodi and J. Wei, Transition Layer for the Heterogeneous Allen-Cahn
Equation, Ann. Inst. H. Poincar Anal. Non Linaire 25 (2008), no. 3, 609-631.

A. Malchiodi, W.-M. Ni and J. Wei, Boundary clustered interfaces for the Allen-Cahn equa-
tion, Pacific J. Math. 229 (2007), No. 2, 447-468.

A. Malchiodi and J. Wei, Boundary interface for the Allen-Cahn equation, J. Fized Point
Theory Appl. 1 (2007), no. 2, 305-336.

L. Modica, The gradient theory of phase transitions and the minimal interface criterion, Arch.

Rat. Mech. Anal. 98 (1987), 357-383.

K. Nakashima, Multi-layered stationary solutions for a spatially inhomogeneous Allen-Cahn

equation, J. Diff. Eqns. 191 (2003), 234-276.

K. Nakashima and K. Tanaka, Clustering layers and boundary layers in spatially inhomoge-
neous phase transition problems, Ann. Inst. H. Poincaré Anal. NonLinéaire 20 (2003), no. 1,

107-143.

Y. Nishiura and H. Fujii, Stability of singularly perturbed solutions to systems of reaction—

diffusion equations, STAM J. Math. Anal. 18 (1987), 1726-1770.

F. Pacard and M. Ritoré, From constant mean curvature hypersurfaces to the gradient theory

of phase transitions, J. Diff. Geom. 64 (2003), 359-423.

43



[38]

[39]

[40]

P. Padilla and Y. Tonegawa, On the convergence of stable phase transitions, Comm. Pure

Appl. Math. 51 (1998), 551-579.

P. H. Rabinowitz and E. Stredulinsky, Mixed states for an Allen-Cahn type equation, I, Comm
Pure Appl. Math. 56 (2003), 1078-1134.

P. H. Rabinowitz and E. Stredulinsky, Mixed states for an Allen-Cahn type equation, II, Calc.
Var. Partial Differential Equations 21 (2004), 157-207.

K. Sakamoto, Construction and stability an alysis of transition layer solutions in reaction-

diffusion systems, Tohoku Math. J. (2) 42 (1990), no. 1, 17-44.

K. Sakamoto, Infinitely many fine modes bifurcating from radially symmetric internal layers,

Asymptot. Anal. 42 (2005), no. 1-2, 55-104.

P. Sternberg and K. Zumbrun, Connectivity of phase boundaries in strictly convex domains,

Arch. Rational Mech. Anal. 141 (1998), no. 4, 375-400.

J. Wei and J. Yang, Solutions with transition layer and spike in an inhomogeneous phase

transition model, Journal of Differential Equations 246(2009), no.9, 3642-3667.

44



	Introduction
	Local formulation of the problem
	Preliminaries
	Local coordinate and first approximate solution
	Improvement of approximate solution

	The gluing procedure
	Linear Theory
	Solving the Nonlinear Intermediate Problem
	 The projection on Hn,x and the Toda System
	Location and interaction of clustered Layers
	Solvability of Toda System
	Proof of Theorem 1.2

	Bibliography

