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ABSTRACT: We report experiments on simple shear of a
monolayer of bidisperse and polydisperse bubbles in a Couette
device. The bubbles segregate according to their sizes, with
larger ones in the middle of the gap and smaller ones closer to
the walls, when the shear rate and the bubble size ratio are each
above a threshold. The spatial distribution of the larger bubbles
becomes ﬂatter across the gap as its area fraction increases. To
explain these observations, we adapt a model for monodisperse emulsions that predicts the spatial distribution of droplets as an
outcome of the competition between migration away from the walls and shear-induced diﬀusion. The dense packing of bubbles
in our foam intensiﬁes bubble−bubble interaction, which manifests itself both in lateral migration due to wall repulsion and in
collision-induced diﬀusion. After accounting for this diﬀerence via an eﬀective capillary number based on the deformation of the
bubbles, the model predicts the observed bubble distributions accurately.

1. INTRODUCTION
Liquid foams are a concentrated dispersion of gas bubbles in
surfactant solutions and exhibit complex ﬂow behavior and
rheology.1−6 It is widely recognized that such complex dynamics
is rooted in the foam’s microstructure on the bubble scale; the
bubbles may undergo breakup, coalescence, coarsening, and
morphological changes.7−12 Prior experiments have indicated
the possibility that bubbles may segregate according to size in a
ﬂowing polydisperse foam, but other experiments suggested
evidence to the contrary. Herzhaft13 sheared three-dimensional
(3D) polydisperse foams between parallel disks and reported
that the large bubbles tend to appear at the middle of the gap
while smaller ones are closer to the walls. One explanation is that
the bubbles have segregated according to size during the shear.
However, an alternative is bubble breakup14 and coalescence15
under shear, which could also have produced the observed
patterns. In an experiment designed expressly to probe bubble
migration, Quilliet et al.16 produced a monolayer of monodisperse bubbles as a two-dimensional (2D) foam and inserted a
bubble larger than its neighbors. Under oscillatory shear, the
large bubble is seen to migrate toward one of the boundaries of
the cell. This is inconsistent with Herzaft’s report of migration
away from walls. In a Hele−Shaw cell, Cantat et al.17 reported
aggregation of large bubbles among smaller neighbors. Cox et
al.18,19 studied planar extension of bidisperse 2D foams
experimentally and numerically and found no sign of sizebased bubble segregation. Therefore, the question of size
segregation in ﬂowing polydisperse foam remains open.
For emulsions and suspensions, on the other hand, the
segregation and margination of drops and particles are well
documented in conﬁned ﬂows.20−23 For example, bidisperse
suspensions of particles show mild size segregation in 2D channel
ﬂow.20,21 White blood cells and platelets are found closer to the
walls while red cells aggregate in the center of the tube.22,23 We
should note of course that foams are diﬀerent from suspensions
© 2013 American Chemical Society

or emulsions in that the bubbles are closely packed, with
relatively little suspending ﬂuid in between. Thus, they have a
much reduced mobility.
In a recent study, we have taken the ﬁrst step toward answering
the question of size segregation in sheared foam by studying the
migration of a single large bubble in an otherwise monodisperse
bubble raft.24 In a Couette shear cell, we saw migration of the
large bubble away from the walls toward the center of the gap,
apparently driven by a “wall repulsion”. This appears consistent
with the observations of Herzhaft13 but not those of Quilliet et
al.16 Now in bidisperse and polydisperse foams, a new factor is
that the large bubbles interact among themselves as well. How
does this interaction aﬀect the migration of the bubbles of
diﬀerent sizes? Do bubbles segregate based on size, and if yes,
what is the role of the area fraction of diﬀerent species? These are
the questions we set out to answer.

2. MATERIALS AND METHODS
We conduct experiments with a monolayer of bubbles resting on the top
of a soap solution. In comparison with 3D foams, such a 2D foam oﬀers
direct visualization of the bubbles and thus has been the preferred setup
in recent studies on structural changes of sheared foams.6,12,15,19 The
soap solution is a mixture of distilled water (15 wt %), glycerine (Fisher
Scientiﬁc, 80 wt %), and dish washing liquid (Sunlight by Unilever, 5 wt
%). The experiments were performed in a modiﬁed Couette device with
a rotating sharp-edged inner disk of radius R1 = 9.3 cm and a stationary
outer cylinder of inner radius R2 = 10 cm. By injecting nitrogen through
an immersed needle in the soap solution, we make bubbles of highly
uniform and controlled sizes. A high bulk surfactant concentration, c = 5
wt %, about 100 times the critical micelle concentration, is used to
prevent the bubbles from bursting.15 The experiments are carried out at
room temperature. The soap solution has a Newtonian viscosity μ = 50
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± 2 mPa·s, a density ρ = 1200 kg/m3, and a surface tension σ = 25 ± 2
mN/m. The experimental setup and material characterizations are
similar to our earlier experiments,15,24 and more details can be found
there. By using a highly viscous suspending liquid, we ensure a
Newtonian linear velocity proﬁle in the narrow gap d = R2 − R1 = 7 mm,
with a uniform shear rate γ̇ = ΩR1/d, where Ω is the rotation rate of the
inner cylinder. In the narrative below, we will use both Ω and γ̇, with γ̇
(s−1) ≈ 1.39Ω (rpm) for our device. We will report results on 15
bidisperse and polydisperse foam samples, and their bubble sizes and
area fractions are listed in Table 1. Note that Φi values are the

following, with a ﬁnal subsection devoted to features speciﬁc to
polydisperse ones.
3.1. Size Segregation in Bidisperse Foam. Figure 1
illustrates a typical process of size-based segregation of the two
bubble species under shear. The distribution of the large bubbles,
of radius a3 = 700 μm in this case, are generated by averaging over
several snapshots taken in repeated experiments. In each
snapshot, we divide the visible domain of the foam into nine
parallel strips of equal thickness across the gap d and count the
number of large bubbles in each strip. This produces a proﬁle of
the area fraction for the large bubbles, ϕ3(y), normalized by the
average fraction Φ3 = 20%, with y being the dimensionless
coordinate across the gap with the origin at the center and y =
±0.5 at the walls. The large bubbles are initially released close to
the walls (Figure 1a). Under a rotational rate Ω = 5 rpm, the two
species mix at ﬁrst (Figure 1b). In time, however, the large
bubbles aggregate in the center of the gap, within |y| < ye ≈ 0.25 in
this case, and a quasi-steady state is reached at t = 5 min (Figure
1c). In this state, there is no statistically signiﬁcant variation along
the azimuthal direction. The quasi-steady distribution of the
bubbles is independent of the initial conﬁguration. Figure 2
shows that three diﬀerent initial distributions at the same Φ3 =
20% all lead to the same ﬁnal distribution. Of course, the time
required to reach the ﬁnal state diﬀers. For brevity, we will refer
to the quasi-steady state after prolonged shearing simply as the
“steady state”.
The apparent aggregation of large bubbles at the center of the
gap is consistent with our earlier observations on the migration of
single large bubbles in a 2D foam of smaller bubbles.24 To sum up
those ﬁndings, a large bubble oﬀ the center of the gap experiences
an asymmetric “bumping force” from the small bubbles that pass
along its sides under shear. This produces a “wall repulsion”
toward the center of the gap, much as in the migration of a single
drop submerged in a suspending liquid.25,26 Furthermore, the
migration speed can be predicted by the Chan−Leal formula25 if
the capillary number C is replaced by an effective capillary number
Ce that is higher than C and accounts for the enhanced
deformation of the large bubble under the continuous impact of
the smaller surrounding bubbles. In the present study, the
obvious diﬀerence is that there are multiple large bubbles that
interact among themselves as well. This will be examined in
Section 3.3.
There are two prerequisites for the migration of the single
large bubble in an otherwise monodisperse foam of smaller

Table 1. Composition of the Bidisperse and Polydisperse
Foam Samples Used in the Experimentsa
sample
Bidisperse
A
B
C
D
E
F
G
Polydisperse
H
I
J
K
L
M
N
O

Φ1 (%)

Φ2 (%)

Φ3 (%)

Φ4 (%)

80
95
90
80
70
50
80

20








5
10
20
30
50








20

90
80
60
40
90
80
60
40

5
10
20
30





5
10
20
30
5
10
20
30





5
10
20
30

Φ1, Φ2, Φ3, and Φ4 are the area fractions of the bubble species with
radii a1 = 350 μm, a2 = 500 μm, a3 = 700 μm, and a4 = 875 μm,
respectively.
a

background area fractions averaged over the entire foam, namely, the
total area occupied by bubbles of radius ai divided by the whole area of
the bubble raft. It is not to be confused with the spatially varying, local
area fractions ϕi that are the key observables of the experiment.

3. EXPERIMENTAL RESULTS AND DISCUSSION
It turns out that the key features of size-based segregation are
mostly manifested in bidisperse foams already. For ease of
analysis, therefore, we will focus on bidisperse foams in the

Figure 1. Size segregation in sample D under shear (Ω = 5 rpm). The upper row consists of snapshots of the foam at diﬀerent times: (a) t = 0; (b) t = 2
min; (c) t = 5 min. The lower row shows the corresponding large bubble distributions ϕ3(y)/Φ3.
1371
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Figure 2. Three diﬀerent initial conﬁgurations of sample D (top row), with the large bubbles randomly distributed (a), near the walls (b), and segregated
into azimuthal segments (c), lead to the same quasi-steady distribution in the lower row after shearing at Ω = 7 rpm for 10 min. The arrow indicates the
direction of shearing.

Figure 3. Steady-state distribution of the large bubbles in sample C after shearing at (a) Ω = 3 rpm and (b) Ω = 7 rpm for 10 min. The solid lines are
predictions of the migration−diﬀusion model to be discussed in Section 3.5.

bubbles:24 that the shear rate γ̇ and the bubble size ratio κ each be
above a certain threshold. These reﬂect the discreteness of the
foam; it takes a minimum force to push a large bubble from one
row to the next against the capillary pressure in the neighboring
bubbles. Such thresholds have also been observed for the
bidisperse foams here. In fact, the two threshold values of Ω and κ
are expected to be the same as for a single large bubble.24 Insofar
as they are critical values corresponding to the onset of lateral
migration of the large bubbles, they are unaﬀected by the
interaction among large bubbles, which arises only after the
thresholds have been crossed. For example, no segregation
occurs in sample A for Ω up to 7 rpm, the highest rotational rate
without incurring centripetal eﬀects;24 the bubble size ratio κ =
a2/a1 = 1.43 is too small. In sample D (κ = 2), the threshold is
around Ω = 3 rpm. For sample G (κ = 2.5), it has come down to
around 2 rpm. We have previously presented detailed
experimental data on the thresholds,24 along with an analytical
expression for the critical condition based on scaling arguments.
3.2. Eﬀect of Shear Rate. The shear rate aﬀects both the
ﬁnal steady-state bubble distribution across the gap and the
approach to that steady state. Figure 3 shows the steady-state
distribution of a3 in sample C after shearing at diﬀerent rotational
speeds. Evidently, with increasing shear rate, the ﬁnal distribution
of the large bubbles becomes more narrowly peaked, and the
near-wall regions free of large bubbles widen. For the two cases
shown, the half-width of the large-bubble distribution ye ≈ 0.28
and 0.22 for Ω = 3 and 7 rpm, respectively.
Furthermore, we compare the speed of segregation at diﬀerent
shear rates starting from the same uniform initial conﬁgurations.
Figure 4 plots the temporal evolution of the half-width of the

Figure 4. Temporal evolution of the half-width of the large-bubble
distribution, ye(t), for sample D at Ω = 3 and 7 rpm. The solid and
dashed lines indicate predictions of the migration−diﬀusion model.

large-bubble distribution, ye(t). At higher shear rate, the size
segregation proceeds at higher speed, and the steady-state
distribution is attained within a shorter time. Intuitively, this
trend is reasonable. Faster shearing causes more vigorous and
frequent impingement of the small bubbles onto the large ones,
which should enhance the speed of lateral migration for the latter.
A more precise analysis calls for the introduction of another
factor, shear-induced dif f usion of the large bubbles, which
inﬂuences the steady-state distribution as well. We will return
to this shortly in Section 3.5 with the help of a theoretical model.
3.3. Eﬀect of Area Fraction of Large Bubbles. The size
segregation in polydisperse foams diﬀers from the migration of a
single large bubble studied before24 in that the large bubbles
interact among themselves. Naturally, one expects this
1372
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Figure 5. Steady-state distribution of the large bubbles in samples B, D, and F after 10 min of shearing at 7 rpm. These samples have the same bubble
sizes but diﬀerent area fractions for the larger bubbles (see Table 1). The solid lines are predictions of the migration−diﬀusion model.

(Figure 5c), or equivalently the larger steady-state ye value, the
large bubbles initially near the walls need to travel less distance to
reach their equilibrium position. This seems to provide an easy
rationalization of Figure 6, but a more careful examination will be
made below with the help of a quantitative model.
3.4. Eﬀect of Bubble Size Ratio. As the last “control
parameter”, we study the eﬀect of the bubble size ratio κ. Figure 7
compares the steady-state distributions and temporal evolution
of ye for two bidisperse foam samples with the same large-bubble
area fraction Φ but diﬀerent κ values. Sample G, with the larger κ,
exhibits a more sharply peaked steady distribution and reaches it
more rapidly than sample D. This mirrors the eﬀects of the shear
rate (cf. Section 3.2). In the migration of a single large bubble in
an otherwise monodisperse foam of small bubbles,24 we have
found that a larger κ increases the migration velocity as if by
elevating the shear rate. In fact, an eﬀective capillary number Ce
can be deﬁned based on κ that quantitatively captures this eﬀect.
The model presented below will make a similar connection for
the bidisperse foams.
3.5. Migration−Diﬀusion Model. The description above
indicates that size segregation in sheared foam is driven by the
migration due to wall repulsion, the same mechanism as operates
on a single large bubble in a medium of smaller ones.24 A second
key player, one that distinguishes the bidisperse foam from the
single-large-bubble scenario, is the interaction among the large
bubbles themselves. This interaction may be described by the
idea of shear-induced dif f usion that is familiar from prior studies of
suspensions and emulsions.20,21,27−30 The competition between
these two factors determines the speed of segregation between
bubbles of diﬀerent sizes and their ﬁnal distribution.

interaction to depend on the large-bubble area fraction. By
shearing samples B, D, and F, with Φ3 = 5%, 20%, and 50% for the
large bubbles, respectively, we compare the steady-state
distributions in Figure 5. By increasing Φ3, the distribution
becomes broader, and the large bubbles are more spread out in
the gap. This is a telltale of the interaction among large bubbles
producing an ef fective dif f usion. At even higher fractions, the large
bubbles become essentially uniformly distributed across the gap.
Moreover, Figure 6 compares the temporal development
toward the steady state at two diﬀerent Φ3 values. For sample E at

Figure 6. Temporal evolution of ye(t) for samples C (Φ3 = 10%) and E
(Φ3 = 30%) undergoing shear at 7 rpm. The solid and dashed lines
indicate predictions of the migration-diﬀusion model.

the higher Φ3 = 30%, the equilibrium distribution is achieved
more rapidly. In view of the wider distribution in equilibrium

Figure 7. Eﬀect of the bubble size ratio κ on (a) the steady-state distribution of the large bubbles and (b) the transient to the steady state in terms of ye.
Sample D has a bubble size ratio κ = 2, and sample G has κ = 2.5. Both have 20% average area fraction for the large bubbles and are subject to Ω = 7 rpm.
The solid and dashed lines represent the model predictions.
1373
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King and Leighton29 and Hudson30 studied the spatial
distribution of drops in sheared dilute monodisperse emulsions
and investigated the interplay between wall migration and shearinduced diﬀusion. The evolution of the drop volume fraction ϕ in
a simple shear obeys a convection−diﬀusion equation:
∂ϕ ⎞
∂ϕ
∂ ⎛
=−
⎜vmϕ − D ⎟
∂y′ ⎠
∂t
∂y′ ⎝

used in the emulsion model (eq 1) for the bidisperse foam at
hand. Then, we need only to ﬁnd the counterpart of the
diﬀusivity of eq 3.
As far as we know, the idea of shear-induced diﬀusion has
never been used for foams before, and no measured data exist for
D or λ. In emulsions, one may consider λ a function of the
viscosity ratio, the surface mobility, the capillary number C, and
the drop fraction Φ. For surfactant-stabilized dilute emulsions,
King and Leighton29 have reported λ(C) as a weakly rising
function of the capillary number C (cf. their Figure 8). In
surfactant-free emulsions, Hudson30 obtained λ values that are an
order of magnitude larger, owing to the higher surface mobility.
Viewed as an emulsion of the large bubbles in an eﬀective liquid
medium, our bidisperse foam is similar to King and Leighton’s
emulsion in that the surfaces are immobilized by surfactants and
the drop-to-matrix viscosity ratio is negligibly small. Thus, we
borrow their dimensionless diﬀusivity λ, now as a function of the
eﬀective capillary number Ce. In fact, all our experiments have
used low shear rates such that Ce < 0.1, in which range λ = 0.02 ±
0.002 remains essentially constant (see Figure 8 of King and
Leighton29). Therefore, we have simply taken λ = 0.02 in our
model calculations. Note that this neglects any dependence of λ
on Φ and possibly also on the bubble size ratio κ in our foam.
Both prior experiments29,30 used dilute emulsions and neither
explored the eﬀect of Φ. We assume that λ is independent of the
area fraction of the large bubbles for our bidisperse foam. This
assumption will be validated a posteriori by comparing the model
prediction with experimental data over the whole range of area
fraction. With the eﬀective continuum analogy, increasing κ
amounts to increasing the eﬀective capillary number Ce through
eq 6. As long as we operate in the low-Ce regime, the κ eﬀect on λ
can be safely neglected.
Having λ thus determined and noting that α = 81/140 for an
emulsion of negligible drop viscosity,25 we calculate the Peclet
number for our bidisperse foam as

(1)

where vm is the velocity of wall-induced migration, D is a
diﬀusivity, and y′ = yd is the dimensional coordinate across the
gap. The Chan−Leal formula25 is used for vm, in terms of the
dimensionless y:
vm = −4α

⎤
8y
σ a 2 2⎡
⎥
C ⎢y +
2
2 2
η d
(1 − 4y ) ⎦
⎣

(2)

where α is a mildly varying function of the drop-to-matrix
viscosity ratio given by Chan and Leal,25 σ is the interfacial
tension, η is the ambient ﬂuid viscosity, a and d are the drop
radius and gap size, respectively, and C = ηγ̇a/σ is the capillary
number. The diﬀusivity D is written as

D = ϕγȧ 2λ

(3)

where λ is a dimensionless coeﬃcient. Balancing the drop ﬂuxes
due to wall migration and diﬀusion, Hudson30 arrived at the
following steady-state proﬁle:
⎛
y2
1 ⎞
⎟
ϕ(y) = ϕ0 + Pe⎜1 −
−
2
1 − 4y 2 ⎠
⎝

(4)

where ϕ0 = ϕ(0) is a constant of integration and the Peclet
number is
Pe = 4α

a C
d Φλ

(5)

with Φ being the average volume fraction. Note that both vm and
ϕ diverge toward the walls (y → ±0.5). The actual proﬁle
comprises the positive central part of eq 4 and drop-free layers
next to the walls, whose edges (y = ±ye) are determined by
setting ϕ(ye) = 0 in eq 4. Conservation of the drop volume ∫ y−ye e
ϕ(y) dy = Φ speciﬁes the centerline volume fraction ϕ0.
To adapt this emulsion model to our bidisperse foam, we make
the same analogy as was used previously to represent the wallinduced migration of a single large bubble in a sheared
monodisperse foam of smaller bubbles.24 Essentially, we view
the smaller bubbles as constituting an eﬀective continuum that
suspends and ﬂows around the large bubbles, playing the role of
the continuous-phase liquid in the emulsion. Of course, the foam
is 2D while the emulsion is 3D, and the smaller bubbles exert a
hydrodynamic impact on the larger ones that diﬀers from that of
a continuous, viscous liquid. Most importantly, the large bubbles
are observed to deform much more than in a viscous liquid under
the same capillary number. Mohammadigoushki and Feng24
found that the enhanced deformation can be described by an
empirical equation for an ef fective capillary number:
Ce = C(2.5κ 2 − 7κ + 11)

Pe =

81 a Ce
35 d Φλ

(7)

With this Peclet number, we can use eq 4 to predict the steadystate distribution of the large bubbles in our bidisperse foam and
integrate eq 1 for the transient toward the steady state. In eq 4,
the centerline concentration ϕ0 is determined from the
conservation of drop volume ∫ y−ye e ϕ dy = Φ. Equation 1 is
integrated using ﬁnite diﬀerence with boundary conditions
ϕ(±ye) = 0, with ye being determined iteratively from the drop
volume conservation by the shooting method. Both the steady ϕ
proﬁle and the transient can be compared with measurements. In
particular, we will examine the eﬀects of the shear rate γ̇, the
average area fraction Φ, and the bubble size ratio κ.
Figure 3 compares the model predictions with the measured
steady-state distributions for the bidisperse sample C at two shear
rates, and Figure 4 compares the temporal development of the
distribution for sample D. In both cases, the rotational speeds of
3 and 7 rpm correspond to capillary numbers C = 5.8 × 10−3 and
1.4 × 10−2, which in turn correspond respectively to eﬀective
capillary numbers Ce = 4.0 × 10−2 and 9.5 × 10−2. On the basis of
these parameters, the predicted steady-state proﬁle and its
temporal development are both in reasonably good agreement
with experimental measurements. With increasing shear rate, the
large bubbles migrate away from the walls more rapidly, and this
aggregation at the center overpowers the shear-induced diﬀusion
that strives to spread the large bubbles uniformly. Consequently,

(6)

with κ being the large-to-small bubble size ratio. Ce is larger than
C and when used in the Taylor formula for drop deformation
predicts the observed bubble deformation. With C being replaced
by Ce, the migration velocity vm of a single large bubble can be
predicted accurately by the Chan−Leal formula.24 This vm can be
1374
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Figure 8. Steady-state bubble distributions in the polydisperse foam samples H, I, J, and K, after 10 min of shearing at 7 rpm. The samples have the same
three bubble sizes, a1 = 350 μm, a2 = 500 μm, and a3 = 700 μm, at diﬀerent average area fractions: (a) sample H, (Φ1, Φ2, Φ3) = (90%, 5%, 5%); (b)
sample I, (80%, 10%, 10%); (c) sample J, (60%, 20%, 20%); (d) sample K, (40%, 30%, 30%). The area fractions are normalized for each species.

in eq 7. The close agreement for the whole range of area fractions
studied here indicates that this is a reasonable assumption.
Finally, we examine the eﬀect of the bubble size ratio κ, which
inﬂuences the structural evolution of bidisperse foams through
the Ce ∼ C relationship in our model (eq 6). Figure 7 shows that
the model correctly predicts the eﬀects of κ on the steady-state
distribution as well as on the temporal evolution toward it: higher
κ produces a faster approach to a narrower steady-state
distribution. Therefore, qualitatively and quantitatively (via eq
6) increasing κ has similar eﬀects to elevating the shear rate or
capillary number.
3.6. Polydisperse Foam. We now consider polydisperse
foams composed of three bubble sizes: a1, a2, and a3 for samples
H−K and a1, a3, and a4 for samples L−O (see Table 1). Note that
in these samples the two larger species always have the same area
fraction. Figure 8 shows the steady-state distributions for samples
H−K. For sample H with the lowest Φ3, the largest bubbles (of
radius a3) exhibit a sharply peaked distribution at the center of
the gap while the two smaller bubble species (a1 and a2) are more
or less uniformly distributed. If the a3 bubbles were absent, the a1
and a2 bubbles would not exhibit size segregation as their size
ratio κ = 1.43 is below the threshold for Ω = 7 rpm.24 Therefore,
the aggregation of the a3 bubbles in sample H is similar to that in
a bidisperse foam. By increasing the area fraction Φ2 and Φ3 to
10% and 20% (samples I and J), the two smaller bubble species
are displaced toward the walls. This is evidently due to the
increasing area occupied by the a3 bubbles at the center and
recalls the marginalization of white blood cells when the more
ﬂexible red cells aggregate in the center.22,23
However, increasing Φ2 and Φ3 further to 30% (sample K)
brings about an apparent reversal of the marginalization. Now, all
three species are roughly uniformly distributed in the gap. This
can be rationalized by the stronger shear-induced diﬀusion of the
largest bubbles at the higher Φ3, much as in the bidisperse foams

the size-based segregation occurs more rapidly for higher shear
rates and produces a narrower equilibrium distribution centered
at the middle of the gap y = 0. Note that eq 1 does not predict a t
∼ γ̇−1 scaling for the transient. It would if vm and D were both
proportional to γ̇ or C. In reality, vm ∝ C2, and D also depends on
C nonlinearly thanks to λ(C).29 Our experimental data do not
exhibit such a scaling either.
As the average area fraction of the large bubbles Φ3 increases,
Figure 5 shows that the model correctly predicts the widening of
the equilibrium distribution and the agreement with measurements is quantitatively accurate. The idea underlying this
prediction is that higher fraction of the large bubbles increases
the frequency of their collision and thereby elevates the eﬀective
diﬀusivity D (cf. eq 3). This has been conﬁrmed by the
experiments. We have also studied the eﬀect of area fraction on
the speed of size segregation. The model predicts that, with
increasing Φ3, the segregation occurs more rapidly (Figure 6); it
takes less time to reach the equilibrium distribution. This
captures the trend in the experimental data if not the precise
values of the segregation time. Qualitatively, increasing Φ3
increases the diﬀusivity D, which should counteract the migration
and lead to a slower segregation. On the other hand, a higher Φ3
corresponds to a wider equilibrium distribution with a larger ye.
This means that large bubbles initially near the wall need to travel
a shorter distance to get to their steady-state position. These two
eﬀects oppose each other, and the outcome seems to be in favor
of the latter. King and Leighton29 have quantiﬁed the
competition between the two eﬀects in the limiting case of
small y. By linearizing the migration velocity vm of eq 2 (i.e.,
reducing the y terms between the brackets to 9y), they obtained a
self-similar solution in which time t scales only with d/vm and is
independent of Φ3. Our experiment and analysis are not
restricted to the small-y limit and thus do not exhibit the
similarity. Recall that we have assumed λ to be independent of Φ
1375
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Figure 9. Steady-state bubble distributions in the polydisperse foam samples L, M, N, and O, after 10 min of shearing at 7 rpm. The samples have the
same three bubble sizes, a1 = 350 μm, a3 = 700 μm, and a4 = 875 μm, at diﬀerent area fractions: (a) sample L, (Φ1, Φ3, Φ4) = (90%, 5%, 5%); (b) sample
M, (80%, 10%, 10%); (c) sample N, (60%, 20%, 20%); (d) sample O, (40%, 30%, 30%). The area fractions are normalized for each species.

of Figure 5. However, comparing Figures 8 and 5 reveals an
interesting role for the a2 bubbles. In Figure 8d, the a3
distribution ﬂattens for Φ3 = 30% in the polydisperse sample
K, whereas in the bidisperse sample F (Figure 5c), the large
bubbles are not quite uniformly distributed even for Φ3 = 50%.
Thus, the a2 bubbles are not inert and merely passively displaced
by the a3 bubbles. They actively facilitate the spreading of the
largest bubbles. This may have occurred through hindering their
migration toward the center (via eﬀectively reducing κ) or
enhancing the diﬀusion of the largest bubbles, or even both.
Now, we investigate the size segregation in polydisperse
samples L−O in which the two larger species, a3 and a4, both
tend to migrate away from the walls and compete with each other
to occupy the center of the gap. Figure 9 shows the equilibrium
distributions of the three bubble species subject to shearing at Ω
= 7 rpm. As it turns out, the two large bubble species behave
similarly in this case. For Φ3 = Φ4 ≤ 20% (samples L−N), both a3
and a4 bubbles aggregate at the center of the gap. The a1 bubbles
are marginalized as seen above. The largest a4 species enjoys a
narrower distribution with a higher peak than a3. Thus, the larger
bubble size κ aﬀords the former an advantage. With increasing Φ3
and Φ4, the distributions broaden until at 30%, both become
more or less uniformly distributed across the gap (sample O). As
in Figures 5c and 8d, this can be ascribed to the dominance of the
shear-induced diﬀusion of the a3 and a4 bubbles.

(a) After shearing for a suﬃciently long time, the foam
achieves a quasi-steady morphology that is independent of
the initial conﬁguration.
(b) In this quasi-steady state, the bubble species may be
uniformly mixed or segregated by size depending on the
physical and ﬂow parameters. Size segregation occurs if the
bubble size ratio and shear rate are both above certain
threshold values and if the area fraction of the large
bubbles is not too high. Otherwise a mixed state is
obtained.
(c) In size-segregating bidisperse foams, the segregation
occurs more rapidly and produces a narrower ﬁnal
distribution for higher shear rates and larger bubble size
ratios. On the other hand, increasing the area fraction of
the large bubbles leads to a broader ﬁnal distribution that is
achieved in less time.
(d) Polydisperse foams behave similarly in that size
segregation occurs at relatively low area fractions of the
largest bubbles while a uniformly mixed morphology
prevails at higher large-bubble area fractions. The bubbles
of intermediate size tend to facilitate the broadening of the
distribution of the largest bubbles.
These observations are rationalized by adapting a migration−
diﬀusion model previously developed for monodisperse
emulsions. Viewing the larger bubbles as being suspended in
an eﬀective continuum comprising the smaller ones, we describe
the structural evolution in bidisperse foams by a convection−
diﬀusion equation. The model balances two competing factors,
the lateral migration due to wall repulsion and the shear-induced
diﬀusion due to interaction among the large bubbles. For
bidisperse 2D foams, the model predicts all aspects of the
experimental observations, often with quantitative accuracy.

4. CONCLUSION
We have studied the structural evolution of bidisperse and
polydisperse 2D foams in a narrow-gap Couette shear cell.
Within the parameter ranges tested, the main experimental
ﬁndings can be summarized as follows:
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The success of the emulsion model in predicting bubble
segregation in a polydisperse bubble raft is quite remarkable,
especially in view of the diﬀerences between the two systems.
The prevailing thinking of foam dynamics is that it is determined
by the interfacial morphology on the local scale. Then, the 2D
foam studied here can be viewed as a curious exception where at
least one attribute of the dynamics, the migration and segregation
of bubbles based on size, turns out not to be intimately related to
the morphology of the smaller bubbles. These small bubbles can
be replaced in a sense by an eﬀective continuum while preserving
the same segregation of the large bubbles. There are some caveats
to this analogy, however. The “replacement” of the surrounding
bubbles by an eﬀective continuum is so as to produce the same
amount of deformation on the large bubbles. This boils down to
an eﬀective capillary number. One cannot reduce the analogy
further to something more tangible, say an eﬀective viscosity,
which would not produce the correct migration velocity from the
Chan−Leal formula (eq 2). Thus, the eﬀective capillary number
embodies intricate local dynamics having to do with the
discreteness of the surrounding bubbles, which exert a “bumping
force” on the large bubbles24 that cannot be ascribed to an
elevated medium viscosity. Moreover, the analogy may be limited
to certain types of foam. In our experiment, the bubbles are
closely packed but not pressed against one another so as to
produce polygonal facets. If we try to pack more bubbles into the
raft, they tend to pile on top of others and destroy the twodimensionality. Thus, the smaller bubbles are essentially
undeformed in our experiments. In drier foams that undergo
more intensive interaction among bubbles, for example, through
T1 events,3 the continuum analogy may no longer hold.
To conclude, let us brieﬂy return to prior experiments that
motivated our study. Our ﬁndings suggest that, in the prior
experiment of Herzhaft,13 where 3D polydisperse foams are
sheared between parallel plates, shear-induced migration
probably has occurred to produce marginalization of smaller
bubbles to the plates and a central layer rich in large bubbles.
However, three-dimensionality aﬀects how neighboring bubbles
interact with one another, and our 2D model will need to be
upgraded before it can be compared quantitatively to 3D foam
experiments. In addition, it is important to note the experimental
and numerical results of Cox and co-workers18,19 that showed no
size segregation in 2D foams undergoing cyclic planar extension
and compression. The conditions in their studies diﬀer from ours
in at least three aspects. In extensional ﬂows, the bubbles do not
follow parallel streamlines. Instead, neighboring rows are
compressed into one while being elongated in the orthogonal
direction. Thus, the interaction among bubbles diﬀers markedly
from the rubbing and bumping in our shear experiments.
Moreover, the cyclic straining introduces repeated encounters
among bubbles, a feature absent from steady shearing. Finally,
the maximum extensional rate in their experiments is only 0.0455
s−1, much below our threshold value of 4.17 s−1 for approximately
the same bubble-size ratio κ = 2. Their simulation employed the
Surface Evolver and is thus quasi-static in nature. Therefore, it
appears that size segregation in extensional ﬂows remains an
open question that requires further studies, especially at high
strain rates.
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