BOSTON UNIVERSITY GRADUATE SCHOOL OF ARTS AND SCIENCES

Dissertation

SEMISTABLE REDUCTION IN CHARACTERISTIC ZERO

by

KALLE KARU MS., Michigan State University, 1995 Diploma, Tartu University, 1993

Submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy 1999

Approved by

First Reader Dan Abramovich, Ph.D.

Assistant Professor of Mathematics Boston University

Second Reader David A. Cox, Ph.D. Professor of Mathematics Amherst College

Third Reader Kenji Matsuki, Ph.D.

Associate Professor of Mathematics Purdue University

Acknowledgements

My deepest thanks go to Dan Abramovich for introducing me to algebraic geometry and to the problems of this thesis in particular. His advice and support made this thesis possible.

I also thank David Cox and Kenji Matsuki for reading my thesis and helping to improve it. Thanks are also due to my thesis committee members David Fried, Takashi Kimura and Emma Previato.

Many thanks also go to my office-mates and people in the math department for making the four years at Boston University so pleasant and short.

Finally, I have to thank Yu-Wen for constantly reminding me of life beyond mathematics.

SEMISTABLE REDUCTION IN CHARACTERISTIC ZERO (Order No. ) KALLE KARU Boston University Graduate School of Arts and Sciences, 1999 Major Professor: Dan Abramovich, Assistant Professor of Mathematics

ABSTRACT

Let f : X → B be a family of varieties. We consider the problem of replacing the family f with a new family f^′ : X^′ → B^′ such that all fibers of f^′ are as nice as possible. The correct definition of ”as nice as possible” is given in terms of toric geometry, and a morphism f^′ satisfying it is called semistable. The semistable reduction problem then asks to find a generically finite proper base change B^′ → B and a proper birational morphism X^′ → X ×_B B^′ such that the induced morphism f^′ : X^′ → B^′ is semistable.

Semistable reduction was proved by Kempf, Knudsen, Mumford and Saint-Donat in the case when the base B is a curve, and by de Jong in the case when the relative dimension of f is one. We extend these results by proving semistable reduction for families of surfaces and three-folds, and a slightly weaker version of semistable reduction for an arbitrary morphism. As an application of weak semistable reduction, we show that, assuming the minimal model program in dimension n + 1, one can compactify the moduli space of n-dimensional nonsingular stable varieties with a given Hilbert function by adding a finite number of families of stable (singular) nfolds on the boundary.

Contents

Chapter 1. Introduction 1 Chapter 2. Weak semistable reduction 5 1. Toroidal morphisms 8 2. Toroidal reduction 24 3. Adding and removing divisors 29 4. Making the morphism equidimensional 32 5. Kawamata’s trick and reduced fibers 36 6. The Cartier covering 48 7. Combinatorial semistable reduction 51 8. Properties of a weakly semistable morphism 54 9. Weak semistable reduction for families of pairs 59 Chapter 3. Semistable reduction for families of surfaces and three-folds 63 1. Notation and preliminaries 64 2. Modified barycentric subdivisions 66 3. Reducing the multiplicity of Δ_X 70 4. Families of surfaces and three-folds 72 5. Another formulations of the semistable reduction conjecture 73 Chapter 4. Minimal models and boundedness of stable varieties 77 1. Preliminaries 80 2. Proof of boundedness 92 Bibliography 99 Curriculum Vitae 103

Introduction

One of the milestones in algebraic geometry is the semistable reduction theorem proved in [KKMS]:

Theorem 0.1. ([KKMS]) Let f : X → C be a morphism from a variety X onto a nonsingular curve C, defined over an algebraically closed field k of characteristic zero. Assume that 0 ∈ C is a point and the restriction f : X^\ f^{−1}(0) → C^\ {0} is smooth. Then there exist a finite morphism π : C^′ → C, π^{−1}(0) = {0^′}, and a proper birational morphism (in fact, a blowup with center lying in the special fiber) p : X^′ → X ×_C C^′ X^{′ p}→ X ×_C C^′ → X ↓ ↓ C^{′ π}→ C so that the induced morphism f^′ : X^′ → C^′ is semistable; i.e.

(i) Both X^′ and C^′ are nonsingular.

(ii) The special fiber f^{′−1}(0^′) is a reduced divisor with nonsingular components crossing normally.

The goal of this thesis is to extend the semistable reduction theorem to the case of a morphism f : X → B where the base B may have arbitrary dimension. So, we may formulate the problem as follows:

Problem 0.2. Let f : X → B be a surjective morphism of projective varieties defined over an algebraically closed field k of characteristic zero. Find a generically finite proper surjective morphism (=alteration) B^′ → B and a proper birational morphism (=modification) X^′ → X ×_B B^′ such that the induced morphism f^′ : X^′ → B^′ is semistable.

First of all, we need to specify what we mean by a morphism f^′ : X^′ → B^′ being semistable. Recall that conditions (i) and (ii) in Theorem 0.1 imply that in suitably chosen local (formal or analytic) coordinates x_1, . . . , x_n at x ∈ X^′ and t at 0^′ ∈ C^′, the morphism f^′ is given by t = x_1 · · · x_l for some l ≤ n. (Here we ignore the strictness condition; i.e. that the components of the special fiber have to be normal.) As a preliminary definition, we say that a morphism f : X → B is semistable if locally it is a product of semistable morphisms as above:

Definition 0.3. (Preliminary definition of semistability) A surjective flat morphism f : X → B of projective varieties is semistable if

(i) Both X and B are nonsingular.

(ii) At every point x ∈ X and b = f(x) ∈ B we can find formal coordinates x_1, . . . , x_n at x and t_1, . . . , t_m at b such that f is given by t_i = l_i∏

j=l_{i−}1+1 x_j for some 0 = l_0 < l_1 < . . . < l_m ≤ n.

A more precise definition of semistability will be given in next chapter in terms of toroidal embeddings. It follows from Definition 0.3 that if f is semistable then all fibers of f are reduced and have the same dimension. However, unless B is a curve, or the relative dimension of f is at most one, the components of fibers do not intersect transversely. For example, if f : A^4 → A^2 is a two-parameter family of surfaces given by t_1 = x_1x_2, t_2 = x_3x_4, then the fiber of f over the point t_1 = t_2 = 0 has four components that do not intersect transversely. For this particular example, we will show in Section 1 of Chapter 2 that there does not exist an alteration B^′ → B and a modification X^′ → X ×_B B^′ such that the components of all fibers of the induced morphism f^′ : X^′ → B^′ intersect transversely. Thus, one may think of semistability as the best possible condition one can achieve using the two operations described above: alterations of the base B and modifications of X.

Before the proof of Theorem 0.1 in [KKMS], semistable reduction of a oneparameter family of curves was known for a long time. The problem of semistable reduction over an arbitrary base was first formulated in the introduction of [KKMS].

One may also view Problem 0.2 with the help of moduli space theory. Assume that we have a complete moduli space of certain “nice” n-folds. Now given any family of nfolds with generic fiber nice, one can try to replace this family with a new one having all fibers nice, essentially by pulling back a universal n-fold. Using moduli spaces of stable k-pointed curves, de Jong [dJ] proved the semistable reduction theorem for families of curves over an arbitrary base. This result will be our main tool in converting an arbitrary morphism into a toroidal morphism (Section 2 in Chapter 2). The proof of the existence of complete moduli spaces for stable surfaces has also been completed recently [KSB, Ale1]. Using these moduli spaces, one can replace a family of surfaces (having smooth generic fiber) with a family where all fibers are semi-log-canonical surfaces.

The rest of the thesis is organized as follows. In the next chapter we define semistability in terms of toroidal embeddings, and we solve a slightly weaker problem of “weak semistable reduction”. We also formulate the semistable reduction problem in terms of combinatorics of polyhedral complexes. This combinatorial problem is solved in Chapter 3 for low relative dimensions of f, namely, for families of surfaces and three-folds. The last chapter gives an application of weak semistable reduction. We show that assuming the minimal model program in dimension n+1 (more precisely, we assume the existence of relative canonical models in the semistable case, the socalled semistable MMP), one can complete the moduli space of smooth n-folds with ample canonical bundle and a given Hilbert polynomial. The points at the boundary of the moduli space correspond to varieties with semi-log-canonical sigularities.

CHAPTER 2

Weak semistable reduction

We work over an algebraically closed field k of characteristic zero.

In this chapter we define weak semistability of a morphism and solve the problem of weak semistable reduction^1. To motivate the definition of weak semistability, consider a toric morphism of affine toric varieties f : X_σ → X_τ given by a linear map of cones and lattices f_Δ : (σ, N_σ) → (τ, N_τ ) (we refer to the next section for notation). It is easy to see that Definition 0.3 of Chapter 1 applied to the morphism f is equivalent to the following two conditions on the linear map f_Δ: (i) both σ and τ are nonsingular; and (ii) f_Δ maps primitive points of σ to primitive points of τ. Assuming that the image cone τ is nonsingular, condition (ii) can be restated as: f_Δ maps faces of σ onto faces of τ, and the lattice N_σ restricted to a face of σ onto the lattice N_τ restricted to the image face of τ. We will see below that the condition of “faces mapping onto faces” corresponds to the geometric condition of f being equidimensional, and the condition of “lattices mapping onto lattices” geometrically means that the fibers of f are reduced. In the definition of weak semistability of a toroidal (i.e. locally toric) morphism we want to keep these two conditions and give up nonsingularity of X.

1This chapter describes joint work with Dan Abramovich. The results have been submitted for publication in [@-K].

Definition 0.4. A surjective toroidal morphism f : X → B without horizontal toroidal divisors is called weakly semistable if

1. B is nonsingular. 2. f is equidimensional; 3. all fibers of f are reduced;

If also X is nonsingular, we say that the morphism f : X → B is semistable.

We define toroidal embeddings and toroidal morphisms in the next section. A morphism of toroidal embeddings f : (U_X ⊂ X) → (U_B ⊂ B) is said to have no horizontal toroidal divisors if f^{−1}(U_B) = U_X . Now we can formulate the main problem more precisely:

Conjecture 0.5 (Semistable reduction). Let f : X → B be a surjective morphism of projective varieties. There exist a generically finite proper surjective morphism (=alteration) B^′ → B and a proper birational morphism (=modification) X^′ → X ×_B B^′ such that the induced morphism f^′ : X^′ → B^′ is semistable.

This conjecture, although proved for special cases in Chapter 3, remains open in general. The main theorem of this chapter is:

Theorem 0.6 (Weak semistable reduction). Let X → B be a surjective morphism of projective varieties. There exist an alteration B^′ → B and a modification X^′ → X ×_B B^′, such that X^′ → B^′ is weakly semistable.

Notation 0.7. Note that the fiber product X^′ → X ×_B B^′ in the statement of the theorem may be reducible. However, it contains a unique component that dominates both X and B^′. In the following, we will use X ×_B B^′ to denote this dominant component.

The proof of the theorem consists of several steps. At each step we improve the morphism f so that it will satisfy one more condition of Definition 0.4. After preliminary results on toroidal morphisms we show in Section 2 that f can be replaced by a toroidal morphism. The proof of this fact is a slightly modified version of a similar proof in [ℵ-dJ], and its main ingredient is an inductive application of de Jong’s semistable reduction theorem for families of curves.

In Section 3 we show how to remove horizontal divisors from the toroidal structure of X so that the morphism f remains toroidal. This technical condition is needed in Section 8 to show that X has at most rational Gorenstein singularities. We will discuss in Section 9 what happens if we allow certain “good” horizontal divisors.

The next step is to make f equidimensional. We show in Section 4 that equidimensionality of f corresponds to a combinatorial condition on the associated map of polyhedral complexes f_Δ : Δ_X → Δ_B; namely, f_Δ has to map cones onto cones. This requirement is easy to fulfil by subdividing Δ_X and Δ_B.

In Section 5 we attempt to make all fibers of f reduced. First we prove that the condition of all fibers of f being reduced corresponds to the combinatorial condition of f_Δ mapping lattices onto lattices. The combinatorial way to improve f is to replace lattices in Δ_B with sublattices. The question “does this correspond to any geometric operation on the varieties?” is answered positively by Kawamata’s trick.

The steps in Sections 2-5 prove the weak semistable reduction theorem. We go on to formulate the semistable reduction conjecture purely in combinatorial terms. The resulting combinatorial problem is solved for some special cases in the next chapter.

1. Toroidal morphisms

We recall the definitions of toric varieties, toric morphisms and toroidal embeddings. Everything in this section is classical and can be found for example in [KKMS, Oda, F], except the definition of a toroidal morphism and its properties.

1.1. Toric varieties. We start with a brief introduction into affine toric varieties and toric morphisms. A toric variety, or a torus embedding T ⊂ X, is defined to be a normal varieties X containing the algebraic torus T = G^n_m as an open dense subset, such that the action of T on itself extends to an action on X. What makes toric varieties relatively simple to study, compared to arbitrary algebraic varieties, is that they admit a combinatorial description in terms of cones and lattices. Many geometric properties of toric varieties can then be translated into combinatorial (often linear algebraic) properties of the associated cones and lattices.

Let N ∼= Z^n be a lattice. A rational polyhedral cone σ ⊂ N ⊗ R is a convex cone generated by a finite number of points v_1, . . . , v_m ∈ N: σ = ⟨v_1, . . . , v_m⟩ = R_{≥0} v_1 + . . . + R_{≥0} v_m.

We say that a cone is strictly convex if it has a vertex. Equivalently, a strictly convex cone does not contain any linear subspaces of N ⊗ R.

Let M = Hom(N, Z) be the dual lattice of N, and consider the dual cone: σ^∨ = {u ∈ M ⊗ R : u(v) ≥ 0 for all v ∈ σ}.

The semigroup algebra k[σ^∨ ∩ M] is by definition the set of all finite formal linear combinations ∑ a_iχ^{ui} , a_i ∈ k, u_i ∈ σ^∨ ∩ M, where χ is a formal symbol, and the product is defined by ( ∑ i a_iχ^{ui} ) · ( ∑ j b_jχ^{tj} ) = ∑ i,j a_ib_jχ^{ui+tj} . The image of σ^∨ ∩ M in k[σ^∨ ∩ M] is called the set of monomials. These form a k-basis for k[σ^∨ ∩ M].

Definition 1.1. The affine toric variety X_σ associated to a lattice N and a rational polyhedral strictly convex cone σ ⊂ N ⊗ R is X_σ = Spec k[σ^∨ ∩ M].

Example 1.2. 1. Let N = Z^n with basis v_1, . . . , v_n, and let σ be generated by a part of the basis, say v_1, . . . , v_m for some m ≤ n. Then σ^∨ is generated by v^∗_1, . . . , v^∗_m, v^∗_{m+1}, −v^∗_{m+1}, . . . , v^∗_n, −v^∗_n, where v^∗_i is the dual of v_i. Therefore, X_σ = Spec k[x_1, . . . , x_m, x_{m+1}, x^{−1}_{m+1}, . . . , x_n, x^{−1}_n ] ∼= A^m × G^{n−m}_m .

One can also see that all nonsingular affine toric varieties are of this form ([F], page 29).

2. For a singular example, let N = Z^3 with basis v_1, v_2, v_3, and let σ be generated by v_1, v_2, v_3, v_1 + v_2 − v_3. The dual cone σ^∨ consists of points of the form ∑ a_iv^∗_i , where a_1, a_2, a_3 ≥ 0 and a_1 + a_2 − a_3 ≥ 0. Then σ^∨ is generated by v^∗_1, v^∗_2, v^∗_1 + v^∗_3, v^∗_2 + v^∗_3, with the relation (v^∗_1 + v^∗_3) + v^∗_2 = (v^∗_2 + v^∗_3) + v^∗_1, and X_σ is X_σ = Spec k[x, y, z, w]/(zy − wx).

The k-valued points of the toric variety X_σ are given by k-algebra homomorphisms k[σ^∨ ∩ M] → k, and such an homomorphism is determined by a semigroup homomorphism μ : σ^∨ ∩ M → k, where k is considered as a multiplicative semigroup. Let σ^⊥ ⊂ σ^∨ be the set of elements v ∈ σ^∨ such that v(u) = 0 for all u ∈ σ. One sees that σ^⊥ is the largest linear subspace in σ^∨. We define the special point x_σ of X_σ to be the point given by the following semigroup homomorphism:

v → { 0 if v /∈ σ^⊥, 1 if v ∈ σ^⊥.

Let σ ⊂ N ⊗ R be a strictly convex rational cone, and let v_1, . . . , v_m be a minimal set of generators of σ. If v_i are the first lattice points along the rays R_{≥0} v_i, we call them the primitive points of σ. The toric variety X_σ is nonsingular if and only if the primitive points of σ form a part of the basis of N. In this case we say that σ is nonsingular. The cone σ is simplicial if it is generated by dim(σ) lattice points; i.e. v_1, . . . , v_m are linearly independent.

Let us verify that the toric variety X_σ is normal and contains the algebraic torus

T = G^n as an open dense subset such that the action of T on itself extends to an action

on X_σ. First, note that X_σ is irreducible, i.e., its coordinate ring k[σ^∨ ∩ M] ⊂ k[M] is a domain.

We have that G^n_m = Spec k[M], and the inclusion σ^∨ ∩ M → M induces an inclusion of k[σ^∨ ∩ M] → k[M], hence a dominant morphism G^n_m → X_σ. Since σ is strictly convex, it follows that the dual cone σ^∨ has dimension n. Therefore, inverting a finite number of monomials in k[σ^∨ ∩ M] gives us k[M]. Hence the morphism

G^n_m → X_σ is an open embedding.

The action of G^n_m on X_σ is induced by the diagonal map

σ^∨ ∩ M → (σ^∨ ∩ M) ⊕ M,

and this extends the action of the torus on itself induced by the diagonal map M → M ⊕ M. To see that X_σ is normal, we note that G^n_m is normal, so it suffices to show that the extension k[σ^∨ ∩ M] → k[M] is integrally closed. The ring k[M] is graded by M, so if an element of k[M] satisfies a polynomial equation, we may assume that that this element is in fact a monomial, and all coefficients of the polynomial are also monomials. This way we get that a multiple of an element m ∈ M is in σ^∨ ∩ M, and we have to show that m ∈ σ^∨ ∩ M. Since σ^∨ is a cone, this is clear.

As a consequence of the action of T = G^n_m on X_σ, we get that X_σ is a union of orbits. If x ∈ X_σ(k) is given by μ_x : σ^∨ ∩M → k, and t ∈ T (k) is given by μ_t : M → k, then x translated by t is defined by μ_t · μ_x : σ^∨ ∩ M → k. We see that two points x, y ∈ X_σ lie in the same orbit if and only if the kernels (i.e. the inverse images of 0 ∈ k) of μ_x and μ_y are the same. Since the kernel of a semigroup homomorphism is a face of σ^∨ intersected with M, the orbits are in one-to-one correspondence with the faces of σ^∨, hence also with the faces of σ. This correspondence reverses dimensions as follows: a d-dimensional face σ_1 of σ corresponds to the (n − d)-dimensional face σ^⊥_1 of σ^∨, and the latter corresponds to the (n − d)-dimensional orbit whose closure is defined by the vanishing of all monomials that do not belong to σ^⊥_1 . In particular, the 1-dimensional faces ⟨v_i⟩ of σ are in one-to-one correspondence with the codimension-1 orbits. We call the closures of these orbits toric divisors. If σ is a full-dimensional cone, i.e. dim(σ) = n, then the orbit corresponding to σ itself is 0-dimensional, and consists of the special point {x_σ}.

1.2. Toric morphisms. To distinguish between the lattices and tori of different toric varieties we use subscripts: N_σ, M_σ, T_σ. Let X_σ and X_τ be two affine toric varieties given by cones σ ⊂ N_σ ⊗ R and τ ⊂ N_τ ⊗ R. If f_Δ : N_σ → N_τ is a group homomorphism whose scalar extension f_Δ : N_σ ⊗R → N_τ ⊗R maps σ into τ, denoted by f_Δ : (N_σ, σ) → (N_τ , τ), then f_Δ induces a morphism of varieties f : X_σ → X_τ as follows. The dual of f_Δ maps f^∨_Δ : (M_τ , τ^∨) → (M_σ, σ^∨), which yields a morphism of semigroup algebras k[τ^∨ ∩M_τ ] → k[σ^∨ ∩M_σ], and this defines a morphism of varieties f : X_σ → X_τ , called a toric morphism.

From the description of the torus action, we see that a toric morphism f : X_σ → X_τ maps the torus T_σ to the torus T_τ , and the morphism respects the actions of the two tori: f(t · x) = f(t) · f(x) for closed points t ∈ T_σ and x ∈ X_σ. In terms of orbits, f maps an orbit corresponding to a face σ_1 of σ to the orbit corresponding to the smallest face τ_1 of τ such that f_Δ(σ_1) ⊂ τ_1. In particular, if f(σ) does not lie in a proper face of τ then f maps the unique closed orbit in X_σ corresponding to σ itself to the unique closed orbit in X_τ corresponding to τ, and moreover f(x_σ) = x_τ .

In the definition of a toroidal morphism below we are going to consider dominant toric morphisms only. For such a morphism, the torus T_σ is mapped onto the torus T_τ , hence f^∨_Δ : M_τ → M_σ is injective, and f_Δ : N_σ → N_τ has finite cokernel.

1.3. Toroidal embeddings.

Definition 1.3. Given a normal variety X and an open subset U_X ⊂ X, the embedding U_X ⊂ X is called toroidal if for every closed point x ∈ X there exist a toric variety X_σ, a point s ∈ X_σ, and an isomorphism of complete local k-algebras Ô_{X,x} ∼= Ô_{Xσ,s} such that the ideal of X^\ U_X maps isomorphically to the ideal of X_σ^\ T_σ.

A pair (X_σ, s) in Definition 1.3 is called a local model at x ∈ X. By restricting X_σ if necessary, we may assume that the orbit of s is the unique closed orbit in X_σ, and the point s is the special point x_σ ∈ X_σ.

Definition 1.4. A dominant morphism f : (U_X ⊂ X) → (U_B ⊂ B) of toroidal embeddings is called toroidal if for every closed point x ∈ X there exist local models (X_σ, s) at x, (X_τ , t) at f(x) and a toric morphism g : X_σ → X_τ so that the following diagram commutes Ô_{X,x}^{∼=}−−−→ Ô_{Xσ,s} f̂# ĝ^# Ô_{B,f(x)}^{∼=}−−−→ Ô_{Xτ ,t} where f̂^# and ĝ^# are the homomorphisms induced by f and g.

We will often suppress the notation (U_X ⊂ X), (U_B ⊂ B), and simply write a toroidal morphism as f : X → B. We also use the same letter f for the morphism X_σ → X_τ of local models. Without loss of generality, we may again assume that the points s ∈ X_σ and t ∈ X_τ are the special points x_σ and x_τ .

Lemma 1.5. Let f : X → B be a toroidal morphism, x ∈ X, b = f(x) ∈ B. Then there exist local models X_σ at x and X_τ at b such that X_σ = X_σ′ × G^l_m X_τ = X_τ ′ × G^l_m where the closed orbit in X_τ ′ consists of the point x_τ ′ , and the morphism f in the local models is given by a product of toric morphisms f = f^′ × id : X_σ′ × G^l_m → X_τ ′ × G^l_m

Proof. Let X_σ and X_τ be local models at x ∈ X and b = f(x) ∈ B, respectively, and let f also denote the toric morphism of the local models defined by f_Δ : (N_σ, σ) → (N_τ , τ).

We choose a splitting N_τ ∼= N_{τ,1} ⊕ N_{τ,2} τ ∼= τ^′ ⊕ {0} X_τ ∼= X_τ ′ × G^l_m with τ ∼= τ^′ ⊂ N_{τ,1} ⊗ R a full dimensional cone.

Since f is dominant, Ñ_{τ,2} = f_Δ(f^{−1}_Δ (N_{τ,2})) is a sublattice of finite index in N_{τ,2}. The inclusion Ñ_{τ,2} ⊂ N_{τ,2} corresponds to an étale cover of G^l_m . Since the completed local rings are isomorphic, we may replace the local model by its étale cover and assume that f^{−1}_Δ (N_{τ,2}) surjects onto N_{τ,2}.

Let N_{σ,1} = f^{−1}_Δ (N_{τ,1}) ⊂ N_σ and let N_{σ,2} ⊂ N_σ be a complementary lattice such that the restriction f_Δ : N_{σ,2} → N_{τ,2} is an isomorphism. This gives us a splitting N_σ ∼= N_{σ,1} ⊕ N_{σ,2} σ ∼= σ^′ ⊕ {0} X_σ ∼= X_σ′ × G^l_m Moreover, f_Δ maps N_{σ,1} to N_{τ,1} and identifies N_{σ,2} with N_{τ,2}. Thus, the toric morphism f is a product f = f^′ × id where f^′ : X_σ′ → X_τ ′ is the toric morphism induced by the restriction of f_Δ to N_{σ,1}.

Proposition 1.6. Let f : X → B be a toroidal morphism, x ∈ X, b = f(x) ∈ B. If (X_τ , t) is any local model at b then there exists a local model (X_σ, s) at x so that f in the local models is given by a toric morphism g : X_σ → X_τ .

Proof. By the definition of toroidal morphism, there exist local models (X_σ′ , x_σ′ ), (X_τ ′ , x_τ ′ ) at x and b so that f is given by a toric morphism h : X_σ′ → X_τ ′ . Consider the commutative diagram Ô_{X,x}^{∼=}−−−→ Ô_{Xσ′ ,xσ′} f̂# ĥ^# Ô_{B,b}^{∼=}−−−→ Ô_{Xτ′ ,xτ′} id α̂^# Ô_{B,b}^{∼=}−−−→ Ô_{Xτ ,xτ} where α̂^# is defined by tracing the other three sides of the lower square.

Let the coordinate rings of the tori in X_σ′ , X_τ ′ and X_τ be k[x_1, x^{−1}_1 , . . . , x_n, x^{−1}_n ], k[y_1, y^{−1}_1 , . . . , y_m, y^{−1}_m ] and k[z_1, z^{−1}_1 , . . . , z_m, z^{−1}_m ], respectively, and let the toric morphism h be defined by y_i = n∏ j=1 x^{aij}_j for some a_{ij} ∈ Z. The matrix of the exponents (a_{ij}) is the matrix of the linear map h^∨_Δ : M_τ ′ → M_σ′ , and has maximal rank (= m) by the assumption that h is dominant. We may choose the bases for M_τ ′ and M_σ′ so that the matrix (a_{ij}) is diagonal ([Hun], page 339). Hence, we may assume that h is given by y_i = x^{di}_i i = 1, . . . , m

for some integers d_i > 0.

Assume first that {x_τ } is the closed orbit in X_τ . Since z_i define Cartier divisors supported in X_τ^\ T_τ , and these are mapped to Cartier divisors supported in X_τ ′^\ T_τ ′ , defined by monomials in y_j, we get that α̂^# is given by

z_i = u_i m∏ j=1 y^{bij}_j where u_i are units in Ô_{Xτ′ ,xτ′} , and b_{ij} ∈ Z. Now the two groups of Cartier divisors are isomorphic, so the matrix (b_{ij}) is invertible, and again by changing the bases of M_τ ′ and M_τ if necessary, we may assume that b_{ij} = δ_{ij}: z_i = u_iy_i.

If we now choose a root h^#(u_i)^{1d}i for every i = 1, . . . , m and set x̃_i = h^#(u_i)^{1d}i x_i then in these new coordinates the composition ĥ^# ∘α̂^# is induced by a toric morphism defined by z_i = x̃_i^{di} .

If {x_τ } is not a closed orbit in X_τ , that means, the point b ∈ B is not cut out by toroidal divisors, we can reduce to the previous case by adding new divisors through b to the toroidal structure of B. (We refer to Section 3 for further discussion on adding and removing toroidal divisors.)

Consider the morphism of formal germs: X_σ′ = X^′_σ′ × G^l_m ↓ h = h^′ × id X_τ ′ = X^′_τ ′ × G^l_m ↓ α X_τ = X^′_τ × G^l_m To add new divisors to the toroidal structure of B, we replace the local model X^′_τ ×G^l_m by X^′_τ × A^l . If m is a monomial in the coordinate ring of X_τ defining a new divisor X^′_τ ×A^{l−1} ×{0} ⊂ X^′_τ ×A^l , then α^#(m) restricts to a local parameter on {x^′_τ ′ }×G^l_m ⊂ X^′_τ ′ × G^l_m , hence h^#α^#(m) restricts to a local parameter on {x^′_σ′ } × G^l_m ⊂ X^′_σ′ × G^l_m .

Now we may change the local models X_σ′ and X_τ ′ so that α^#(m) and h^#α^#(m) are monomials, hence the composition α ∘ h is toroidal in the new local models.

Corollary 1.7. If f : X → Y and g : Y → Z are toroidal morphisms then g ∘ f : X → Z is also toroidal.

Proof. Choose local models in which g is toric. By the proposition, there exists a local model of X in which f, hence also g ∘ f, is toric.

1.4. Polyhedral complexes. Next we review the construction of a polyhedral complex Δ_X associated to a toroidal embedding U_X ⊂ X. We start by considering a toric variety X_σ and ask how much of the combinatorial structure (N_σ, σ) can be recovered from knowing the torus-invariant divisors in X_σ.

Let X_σ be an affine toric variety defined by a cone σ ⊂ N_σ ⊗ R, and let the union of the torus-invariant divisors in X_σ be X_σ^\ T_σ = D. A monomial in k[M_σ] defines a Cartier divisor supported in D, so we get a homomorphism from M_σ to the group of T_σ-invariant Cartier divisors of X_σ. This homomorphism is surjective, and its kernel consists of invertible monomials σ^⊥ ∩ M_σ. Therefore, we can recover M_σ/(σ^⊥ ∩ M_σ) as the group of T_σ-invariant Cartier divisors in X_σ and the cone σ^∨/σ^⊥ generated by the effective Cartier divisors. Since Span (σ) ∩ N_σ is dual to M_σ/σ^⊥ ∩ M_σ, we also get σ ⊂ (Span (σ) ∩ N_σ) ⊗ R from the data of T_σ-invariant Cartier divisors of X_σ.

It is also easy to see that the stratification of the toric variety X_σ into orbits of the torus action determines the face-relations of the cone σ in the following sense. If s ∈ X_σ lies in the orbit corresponding to a face σ_1 of σ, we consider the torus-invariant

Cartier divisors of X_σ passing through s. In other words, we consider the torusinvariant Cartier divisors in the toric variety X_{σ1} defined by the cone σ_1 ⊂ N_σ ⊗ R. As before, we recover the cone σ_1 and the lattice Span (σ_1) ∩ N_σ.

Now if U_X ⊂ X is a toroidal embedding, then at every closed point x ∈ X we have a local model X_σ defined by a cone σ ⊂ N_σ ⊗ R. Since the cone σ and the lattice Span (σ) ∩ N_σ are determined by Cartier divisors in (the formal germ of) X^\ U_X , we see that they do not depend on the local model chosen. Next we define a stratification of X, which in a local model corresponds to the stratification by orbits. Then it follows that the cone σ and the lattice Span (σ) ∩ N_σ are the same for all points in the same stratum; the polyhedral complex Δ_X is obtained by gluing together the cones and lattices corresponding to different strata.

Let X^\ U_X = ∪_{i∈I} E_i, where E_i is an irreducible Weil divisor for all i ∈ I. We assume that E_i are normal, that is, U_X ⊂ X is a toroidal embedding without selfintersection. For a subset J ⊂ I we define

E_J = { ∅ if ∩_{j∈J} E_j = ∅, ∩_{j∈J} E_j^\ ∪_J(_K E_K otherwise.

Now X can be written as a disjoint union X = ∪_{J⊂I} E_J . If x ∈ X is a closed then in a local model X_σ at x the locally closed subsets E_J corresponds to the orbits in X_σ, hence E_J are nonsingular. We say that the components Y of E_J form a stratification of X. If Y is a stratum, we let Star(Y ) be the union of those strata that contain Y in their closure.

To a stratum Y in X one associates:

1. M^Y : – the group of Cartier divisors in Star(Y ) supported in Star(Y )^\ U_X 2. N^Y : – Hom(M^Y , Z)

3. M^Y_+ ⊂ M^Y : – effective Cartier divisors 4. σ^Y ⊂ N^Y ⊗ R: – the dual of M^Y_+

It follows from the previous discussion that if (X_σ, s) is a local model at x ∈ X in the stratum Y , then M^Y ∼= M_σ/σ^⊥ N^Y ∼= N_σ ∩ Span (σ) σ^Y ∼= σ Moreover, if Y lies in the closure of another stratum Z then σ^Z is a face of σ^Y and N^Z = N^Y |_{Span (σ}Z_). Thus we may glue together the cones σ^Y and lattices N^Y to get a polyhedral complex Δ_X :

Figure 1. Polyhedral complex associated to a toroidal embedding

Definition 1.8. A rational conical polyhedral complex Δ = (|Δ|, {(N_σ, σ)}) consists of a finite collection of lattices N_σ ∼= Z^{nσ} and rational polyhedral strictly convex full dimensional cones σ ⊂ N_σ ⊗ R. The cones σ are glued together to form the space |Δ| so that the usual axioms of polyhedral complexes hold:

1. If σ ∈ Δ is a cone then every face σ^′ of σ is also in Δ, and N_σ′ = N_σ|_{Span (σ}′_). 2. The intersection of two cones σ_1 ∩ σ_2 is a closed union of faces of both of them.

A morphism f_Δ : Δ_X → Δ_B of polyhedral complexes Δ_X = (|Δ_X |, {(N_σ, σ)}) and Δ_B = (|Δ_B|, {(N_τ , τ)}) is a compatible collection of linear maps f_σ : (N_σ, σ) → (N_τ , τ); i.e. if σ^′ is a face of σ then f_σ′ is the restriction of f_σ.

Lemma 1.9. A toroidal morphism f : X → B induces a morphism of polyhedral complexes f_Δ : Δ_X → Δ_B. If x ∈ X lies in stratum Y and f(x) ∈ B lies in stratum Z, let g : X_σ → X_τ be the representation of f in some local models at x and f(x), defined by a linear map g_Δ : (N_σ, σ) → (N_τ , τ). Then via the identification above, f_Δ : (N^Y , σ^Y ) → (N^Z , σ^Z ) is the restriction of g_Δ to the span of σ.

Proof. We define the maps f_Δ : (N^Y , σ^Y ) → (N^Z , σ^Z) as the restrictions of g_Δ : (N_σ, σ) → (N_τ , τ) for some representation of f in local models g : X_σ → X_τ at some x ∈ X and f(x) ∈ B. This does not depend on the point x or the local models chosen because the group homomorphism g^∨_Δ : M_τ /τ^⊥ → M_σ/σ^⊥ is defined by pulling back torus-invariant Cartier divisors, hence f^∨_Δ : M^Z → M^Y is defined by pulling back Cartier divisors in Star(Z) supported on Star(Z)^\ U_B and restricting to Star(Y ). By the same reason, the linear maps f_Δ|_σY glue together to yield a morphism of polyhedral complexes f_Δ : Δ_X → Δ_B.

Remark 1.10.

We will use the same notation (N_σ, σ) for lattices and cones both in a local model and in the polyhedral complex associated to a toroidal embedding, with the understanding that if N_σ is the lattice of the local model, the corresponding lattice of the polyhedral complex is obtained by restricting N_σ to the span of σ.

Remark 1.11. Note that the polyhedral morphism f_Δ : Δ_X → Δ_B is well defined even if f is not toroidal, as long as f(U_X ) ⊂ U_B. We use this in the following example to show that a semistable morphism cannot be improved any further, as promised in the introduction.

Example 1.12. Let f : A^4 → A^2 be a morphism from the affine 4-plane A^4 to the affine 2-plane A^2 given by t_1 = x_1x_2, t_2 = x_3x_4. Then f is semistable according to Definition 0.4. The fiber f^{−1}(0) consists of four components that do not intersect transversely. We show that one cannot improve the morphism f to a semistable morphism f^′ such that the components of all fibers of f^′ cross transversely.

Suppose that, using an alteration B^′ of B and a modification X^′ of X×_B B^′, we can replace f by a family of surfaces f^′ : X^′ → B^′ in which both X^′ and B^′ are nonsingular, and all fibers of f^′ consist of nonsingular components crossing transversely. X^{′ q}−−−→ X f^′ f B^{′ p}−−−→ B The morphism f : (U_X ⊂ X) → (U_B ⊂ B) is toroidal (in fact toric), with U_B = B^\ (D_1 ∪ D_2) and U_X = X^\ (E_1 ∪ . . . ∪ E_4), where D_i is the divisor defined by t_i = 0 and E_j is the divisor defined by x_j = 0. By assumption, the morphism f^′ : (U_X′ ⊂ X^′) → (U_B′ ⊂ B^′) is also toroidal. Since f is not smooth over D_1 ∪D_2, we see that q maps U_B′ into U_B and p maps U_X′ into U_X . Let Δ_X , Δ_B, Δ_X′ , Δ_B′ be the associated polyhedral complexes. Even though p and q need not be toroidal, by the remark above we get a commutative diagram of morphisms of polyhedral complexes. Δ_X′^{qΔ}−−−→ Δ_X f^′Δ fΔ Δ_B′^{pΔ}−−−→ Δ_B Here Δ_X consists of the cone σ = ⟨v_1, v_2, v_3, v_4⟩ and all its faces; and Δ_B consists of the cone τ = ⟨u_1, u_2⟩ and all its faces. The morphism f_Δ maps v_1, v_2 → u_1 and v_3, v_4 → u_2. If we assume that the components of all fibers of f^′ intersect transversely, we can find local coordinates y_1, . . . , y_4 at x^′ ∈ X^′ and s_1, s_2 at f^′(x^′) ∈ B^′ in which f^′ is given by s_1 = y_1, s_2 = y_2 · · · y_i, where i = 2, 3 or 4. In terms of polyhedral complexes this means that if σ^′ = ⟨v^′_1, v^′_2, v^′_3, v^′_4⟩ ∈ Δ_X′ is any four-dimensional cone mapping to ⟨u^′_1, u^′_2⟩ ∈ Δ_B′ , then f^′_Δ maps v^′_1 → u^′_1 and v^′_2, v^′_3, v^′_4 → u^′_2. It follows that the image of σ^′ in σ is at most three-dimensional. Hence, almost all points of N_σ ∩ σ do not lie in the image of q_Δ. We show that this contradicts the properness of q.

For a point v = ∑ i a_iv_i ∈ N_σ ∩ σ, consider the morphism of germs ϕ : (C, 0) → (X, x) from a nonsingular curve C = Spec k[z], given by x_i = z^{ai} . We can choose the point v so that it does not lie in the image of q_Δ, and q is étale over ϕ(C^\ {0}) (recall that q is generically finite). Using this, and the properness of q we can lift a finite cover C^′ of C to X^′ so that the following diagram commutes: (C^′, 0^′)^{ϕ′}−−−→ X^′ z=(z^′)^m q (C, 0)^ϕ−−−→ X Let Y be the stratum of X^′ containing x^′. Then the morphism ϕ^′ defines a linear map M^Y → Z, hence an element v^′ ∈ N^Y , as follows: if E^′ is a Cartier divisor through x^′ locally defined by g = 0, we map E^′ to the order of vanishing of g ∘ ϕ^′ at 0^′ ∈ C^′. Since q^∨_Δ is defined by pulling back Cartier divisors, using the projection formula [Har2], we see that q_Δ maps v^′ to mv. Now since v /∈ q_Δ(Δ_X ), then also mv /∈ q_Δ(Δ_X ), and we have a contradiction.

1.5. Subdivisions. Given a toroidal embedding U_X ⊂ X with the polyhedral complex Δ_X , and a subdivision Δ^′_X of Δ_X , one constructs a new toroidal embedding U_X′ ⊂ X^′ with the polyhedral complex Δ^′_X , and a birational toroidal morphism f^′ : X^′ → X such that the induced map of the polyhedral complexes Δ^′_X → Δ_X is the given subdivision. If Y is a stratum in X corresponding to the cone σ^Y ∈ Δ_X , and if σ^′ ⊂ σ^Y is a cone in the subdivision, define

V_σ′ = Spec_{Star(Y )} ∑ D∈σ^{′∨}∩M^Y O_{Star(Y )}(−D),

where the sum is taken inside the field of rational functions of Star(Y ). Then X^′ is formed by gluing together the open sets V_σ′ .

A subdivision Δ^′_X of Δ_X is called projective if there exists a continuous function ψ : |Δ_X | → R, taking rational values on σ ∩ N_σ, which is convex and piecewise linear on each cone σ ∈ Δ_X , and the largest pieces in σ where ψ is linear are the cones of the subdivision. Such ψ is called a good function (or lifting function, or order function), for the subdivision Δ^′_X of Δ_X . A projective subdivision corresponds to a projective modification X^′ → X.

Lemma 1.13. Let f : X → B be a toroidal morphism, f_Δ : Δ_X → Δ_B the associated morphism of polyhedral complexes. Let X^′ → X and B^′ → B be toroidal modifications, with associated subdivisions Δ_X′ and Δ_B′ . Then f lifts to a morphism f^′ : X^′ → B^′ if and only if for each cone σ^′ ∈ Δ_X′ , there exists a cone τ^′ ∈ Δ_B′ such that f_Δ(σ^′) ⊂ τ^′.

Proof. Let σ^′ ⊂ σ^Y ∈ Δ_X and τ^′ ⊂ τ^Z ∈ Δ_B be cones in the subdivisions such that f_Δ(σ^′) ⊂ τ^′. The homomorphism O_{Star(Z)} → O_{Star(Y )} extends to ∑ D∈τ^{′∨}∩M^Z O_{Star(Z)}(−D) → ∑ E∈σ^{′∨}∩M^Y O_{Star(Y )}(−E)

because f^∨_Δ(τ^{′∨}) ⊂ σ^{′∨}. This shows that the rational map f^′ is a morphism on each V_σ′ . Since V_σ′ cover X^′, f^′ is a morphism.

Conversely, suppose f^′ is a morphism. Let x^′ ∈ X^′, f^′(x^′) = b^′ ∈ B^′. Since the three morphisms X^′ → X, X → B and B^′ → B are toroidal, we have a toric morphism g : X_σ′ → X_τ ′ where (X_σ′ , s^′) and (X_τ ′ , t^′) are local models at x^′ and b^′. Thus g_Δ(σ^′) ⊂ τ^′. But g_Δ|_σ′ = f_Δ|_σ′ , hence f_Δ(σ^′) ⊂ τ^′. Since this is true for x^′ in any stratum of X^′, for any cone σ^′ ∈ Δ_X′ we get that f_Δ(σ^′) ⊂ τ^′ for some τ^′ ∈ Δ_B′ .

2. Toroidal reduction

The purpose of this section is to modify any family of varieties into a toroidal morphism.

Theorem 2.1. Let f : X → B be a surjective morphism of projective varieties, and let Z ⊂ X be a proper closed subscheme. There exists a diagram U_X ⊂ X^{′ mX}→ X ↓ ↓ f^′ ↓ f U_B ⊂ B^{′ mB}→ B where m_B and m_X are modifications, X^′ and B^′ are nonsingular, the inclusions on the left are toroidal embeddings, and such that

1. f^′ is toroidal.

2. Let Z^′ = m^{−1}_X Z. Then Z^′ ⊂ X^{′ \} U_X′ .

Proof. The theorem was proved in [ℵ-dJ] for B a point. The proof of the relative version (dim B ≥ 0) given here is the same, only the first induction step has to be changed.

We proceed by induction on the relative dimension of f.

2.1. Relative dimension 0. Assume that the relative dimension of f is zero. Since f is surjective, it is generically finite. Let L be a normalization of the function field K(X) of X over the function field K(B) of B. Then L/K(B) is a finite Galois extension with Galois group G. We choose a projective model X̃ of L such that G acts on X̃. If we fix an embedding K(X) ⊂ L then for each g ∈ G we get a rational map ϕ_g : X̃ → X corresponding to the embedding gK(X) ⊂ L. We let Γ ⊂ X̃ ×_B ∏ g∈G X

be the closure of the graph of ∏ g∈G ϕ_g. Then the group G acts on Γ, and projection to one of the factors X gives us a morphism Γ → X. So, we may replace X̃ by Γ and assume that the rational map X̃ → X is a morphism.

Consider the quotient variety X̃/G. Since G fixes the the field K(B), we have a birational morphism p : X̃/G → B, hence a rational map p^{−1} ∘ f : X → X̃/G. Let X_0 ⊂ X ×_B X̃/G be the closure of the graph of this rational map, and note that the projection X̃ → X̃/G factors through X_0 (we think of X̃ as the graph of the projection X̃ → X̃/G in X̃ ×_B X̃/G, and the latter maps to X ×_B X̃/G): X̃ ↙ ↓ X_0 → X f_0 ↓ ↓ f X̃/G → B

Since X̃ → X̃/G is finite, so is f_0 : X_0 → X̃/G. Let D ∈ X̃/G be the branch locus of f_0. We let B^′ → X̃/G be a resolution of singularities such that the inverse image of D ∪ f(Z) is a divisor of normal crossing, and we let X^′ be the normalization of X_0 ×~_{X/G} B^′. Then the projection f^′ : X^′ → B^′ is a finite morphism that ramifies over a divisor of normal crossing. By a lemma of Abhyankar, such a morphism is toroidal.

Lemma 2.2. (Abhyankar, cf. [GM]) Let X be a normal variety, and f : X → B a surjective finite morphism onto a nonsingular variety, ramifying over a divisor D of normal crossing. Then (B^\ D ⊂ B) and (X^\ f^{−1}(D) ⊂ X) are toroidal embeddings, and f is a toroidal morphism.

Assume now that we have proved the result for morphisms of relative dimension n − 1, and consider the case rel. dim f = n.

2.2. Preliminary reduction steps. First, we may replace X by its normalization, therefore we may assume X normal, and by blowing up Z in X we may assume Z a Cartier divisor. Let η ∈ B be the generic point of B. By the projectivity assumption we have X ⊂ P^N_B for some N. Choosing a generic projection P^N_η 99 KP^{n−1}_η we get a rational map X_η 99 KP^{n−1}_η . Replacing X by the closure of the graph of this map, we may assume that we have a morphism X → P^{n−1}_B . Let X^g→ P → P^{n−1}_B be the Stein factorization, where g : X → P is a morphism of relative dimension 1 with connected fibers.

Definition 2.3. Let α : X_1 → X be an alteration, and Z ⊂ X an irreducible divisor. The strict altered transform Z_1 ⊂ X_1 is the closure of α^{−1}(η) in X_1, where η is the generic point of Z.

2.3. Semistable reduction of a family of curves. By [dJ2], Theorem 2.4, we have a diagram as follows:

X_1^α→ X ↓ g_1 ↓ g P_1^a→ P ↓ B and a finite group G ⊂ Aut_P P_1, with the following properties:

1. The morphism a : P_1 → P is a Galois alteration with Galois group G (i.e.

P_1/G → P is birational).

2. The action of G lifts to Aut_X X_1, and α : X_1 → X is a Galois alteration with Galois group G.

3. There are n disjoint sections σ_i : P_1 → X_1 such that the strict altered transform Z_1 ⊂ X_1 of Z is the union of their images, and G permutes the sections σ_i.

4. The morphism g_1 : X_1 → P_1 is a nodal family of curves, and σ_i(P_1) is disjoint from Sing g_1.

We may replace X, P and Z by X_1/G and P_1/G, and α^{−1}Z. Note that the image of the complement α^{−1}(Z)^\ Z_1 in X has codimension at least two, hence it lies over a proper closed subset of P .

2.4. Using the inductive hypothesis. Let Δ ⊂ P be the union of the loci over which Z, P_1 or X_1 are not smooth. We apply the inductive assumption to Δ ⊂ P → B, and obtain a diagram U_P ′ → P^{′ m}→ P ↓ ↓ ↓ U_B′ → B^′ → B such that P^′, B^′ are nonsingular, P^′ → P and B^′ → B are modifications, the left square is a toroidal morphism, and m^{−1}Δ is a divisor of strict normal crossings contained in P^{′ \} U_P ′ .

We may again replace P, B by P^′, B^′, and further we may replace X, X_1, P_1, Z and σ_i by their pullback to P^′. In particular P → B has a toroidal structure, and P_1 → P is unramified over U_P . By Lemma 2.2, since P_1 is normal, it inherits a toroidal structure given by U_{P1} = a^{−1}U_P as well, so that P_1 → P is a toroidal finite morphism.

2.5. Conclusion of proof. Now X_1 → P_1 is a nodal family which is smooth over U_{P1} , therefore it as well inherits a toroidal structure U_{X1} ⊂ X_1, where U_{X1} = (g_1^{−1}U_{P1} )^\ (∪σ_i(P_1)); e.g. local equations around a node are of the form uv = f(t), where f(t) is a monomial on P_1. By construction, α^{−1}Z is a divisor contained in X_1^\ U_{X1} .

Definition 2.4. Let U_Y ⊂ Y be a toroidal embedding and G a finite group acting on the embedding U_Y ⊂ Y . We say that G acts toroidally if the stabilizer G_y of every point y ∈ Y can be identified with a subgroup of the torus T in a local model at y.

Lemma 2.5. Let Y → P be a toroidal morphism, and G ⊂ Aut_P Y a finite group acting toroidally on Y . Then Y/G can be given a toroidal structure in which Y/G → P is toroidal.

Proof. It suffices to consider a toric morphism of local models g : X_σ → X_τ , and a finite subgroup of the torus G ⊂ T_σ. The group G acts on the coordinate ring k[σ^∨ ∩M_σ] by multiplying the monomials with roots of unity. A basis for the quotient algebra is given by the invariant monomials, and these form a sublattice M^G_σ ⊂ M_σ. Thus, the quotient variety X_σ/G is toric, given by the cone σ and lattice (M^G_σ )^∨. Since G acts over X_τ , the image of M_τ lies in the sublattice M^G_σ , hence the morphism X_σ/G → X_τ is toric.

By the previous lemma, it remains to modify X_1 so that G acts toroidally on it. Then X_1/G is a toroidal embedding, birational to X, and X_1/G → P_1/G = P is a toroidal morphism. Finally, a toroidal resolution of singularities completes the proof of the theorem.

In order to find such a modification of X_1, we apply the procedure of [ℵ-dJ], Section 1.4. Recall that G acts on the nodal family g_1 : X_1 → P_1 permuting the sections σ_i : P_1 → X_1. After blowing up the nodes, i.e. the locus sing(g_1), one sees that G acts toroidally at the nodes and the marked points σ_i of a fiber. The points x where G does not act toroidally lie on the smooth locus of g_1, and we can choose coordinates so that G_x acts via a character ψ_x on a parameter u of the smooth component of the fiber through x. Now there exists a canonical G-invariant ideal I_G such that the blowup X̃_1 = Bl_{IG} X_1 can be given a toroidal structure in which G acts toroidally and the morphism X̃_1 → P_1 is toroidal. If X_σ is a local model at x ∈ X_1 such that the parameter u on which G acts via the character ψ_x is a monomial, then the ideal I_G in this local model is generated by all monomials on which G acts via the same character ψ_x.

3. Adding and removing divisors

Let U_X ⊂ X be a toroidal embedding. We call the complement D_X = X^\ U_X the toroidal divisor of the embedding. If D is a divisor in X we may add D to the toroidal structure, provided that D_X ∪ D is the complement of a toroidal embedding. Similarly, if D lies in D_X , we may remove it from the toroidal structure if the closure of D_X^\ D in X is the complement of a toroidal embedding.

Now if f : X → B is a toroidal morphism, we consider situations in which we can add or remove divisors in the toroidal structures of X and B so that the morphism f remains toroidal. We first show that if X is nonsingular, we can remove all horizontal divisors – components of D_X that dominate B. The idea is that f is locally given by monomials t_i = x^{k1}_1 · · · x^{kr}_r in which the variables defining horizontal divisors cannot appear. The absence of horizontal divisors will not be used until Section 8 where we study properties of weakly semistable morphisms.

Proposition 3.1. Let f : (U_X ⊂ X) → (U_B ⊂ B) be a toroidal morphism. Assume that X is nonsingular. Then, denoting U^′_X = f^{−1}(U_B), we have that U^′_X ⊂ X is a toroidal embedding, and f : (U^′_X ⊂ X) → (U_B ⊂ B) is a toroidal morphism.

Proof. Let f be given in local models at x ∈ X and f(x) ∈ B by a toric morphism f : X_σ → X_τ defined by f_Δ : (N_σ, σ) → (N_τ , τ). Let N_{σ1} = N_σ ∩ Span σ ∩ Ker(f_Δ), and let N_{σ2} be a complementary lattice containing all primitive points of σ not in Ker(f_Δ). Then we have a splitting of the morphism f_Δ and the cone σ:

N_σ ∼= N_{σ1} ⊕ N_{σ2}^{0⊕f ′Δ}→ N_τ σ ∼= σ_1 ⊕ σ_2 → τ

and f factors through the projection

f : X_σ ∼= A^l × X_{σ2}^{p2}→ X_{σ2}^{f ′}→ X_τ

The horizontal divisors are the coordinate hyperplanes in A^l pulled back to X_σ. We can remove all of them by taking a new local model f : X^′_σ ∼= G^l_m × X_{σ2}^{p2}→ X_{σ2}^{f ′}→ X_τ

Proposition 3.2. Let f : X → B be a toroidal morphism. Assume that H is a divisor in B, and at every point b ∈ H there exists a local model X_τ of B of the form X_τ ∼= X^′_τ × G_m H ∼= X^′_τ × {1}. Then one can add H and f^{−1}(H) to the toroidal structures of B and X so that the morphism f remains toroidal.

The above conditions are satisfied if B is quasi-projective and H a general hyperplane section.

Proof. As in Lemma 1.5 and Proposition 1.6 we choose a local model X_σ ∼= X^′_σ × G_m at x ∈ X where f(x) = b such that f = f^′ × id : X^′_σ × G_m → X^′_τ × G_m .

To add H and f^{−1}(H) we take new local models f = f^′ × id : X^′_σ × A^1 → X^′_τ × A^1 .

If B is quasi-projective then using Bertini’s theorem ([Har2], page 179), we may choose the hyperplane section H so that it intersects all (nonsingular) strata of B transversely. At any point b ∈ H we can find a local model X_τ ∼= X^′_τ × G^l_m with l > 0 because H does not meet any 0-dimensional strata of B. If Y = {x^′_τ } × G^l_m is the unique closed orbit in X_τ then H intersects Y transversely, and we can choose new coordinates so that X_τ ∼= X^′_τ × G^{k−1}_m × G_m H ∼= X^′_τ × G^{k−1}_m × {1}

Proposition 3.3. Let f : X → B be a toroidal morphism and let H be a component of B^\ U_B. Assume that at every point x ∈ X such that b = f(x) ∈ H one can find local models X_σ ∼= X^′_σ × A^1 at x and X_τ ∼= X^′_τ × A^1 at b such that H ∼= X^′_τ × {0} ⊂ X^′_τ × A^1 and f is a product of toric morphisms: f = f^′ × id : X^′_σ × A^1 → X^′_τ × A^1 .

Then the morphism f remains toroidal after removing H and f^{−1}(H) from the toroidal structures of B and X.

Proof. We choose new local models f = f^′ × id : X^′_σ × G_m → X^′_τ × G_m .

4. Making the morphism equidimensional

The goal of this section is to perform modifications on B and X, after which the morphism becomes equidimensional. First a lemma which characterizes equidimensional toroidal morphisms:

Lemma 4.1. Let f : X → B be a surjective toroidal morphism, f_Δ : Δ_X → Δ_B the associated morphism of polyhedral complexes. Then f is equidimensional if and only if for any cone σ ∈ Δ_X , we have f_Δ(σ) ∈ Δ_B. That is, the image of a cone of Δ_X is a cone of Δ_B.

Proof. Consider the morphism f in a local model f : X_σ → X_τ . By splitting the local models and the morphism as in Lemma 1.5, we may assume that the closed orbit in X_τ is a point {x_τ }. The generic fiber of f has dimension Rank(N_σ) − Rank(N_τ ). The fiber f^{−1}(x_τ ) is the union of orbits in X_σ corresponding to the faces of σ whose image under f_Δ intersects the interior of τ. If σ^′ is such a face of σ then the orbit corresponding to σ^′ has dimension Rank(N_σ)−dim (σ^′). For f to be equidimensional, Rank(N_σ) − dim (σ^′) ≤ Rank(N_σ) − Rank(N_τ ), i.e. dim (σ^′) ≥ Rank(N_τ ) = dim (τ). Thus, f is equidimensional if and only if f_Δ maps every cone of dimension l to a cone of dimension ≤ l, which is equivalent to the statement that the image of a cone is a cone.

Remark 4.2. In case Δ_B is simplicial, the condition of the lemma is that all 1-dimensional cones of Δ_X map to 0 or 1-dimensional cones of Δ_B.

Let X → B is a toroidal morphism with the associated morphism of polyhedral complexes f_Δ : Δ_X → Δ_B. If Δ^′_X and Δ^′_B are subdivisions of Δ_X and Δ_B so that the induced morphism f^′ : Δ_X → Δ_B maps cones onto cones, then the corresponding morphism of varieties (Lemma 1.13) X^′ → B^′ is equidimensional by the previous proposition. To prove that there exist such subdivisions of Δ_X and Δ_B, we need the following lemma.

Lemma 4.3. Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes. There exists a projective subdivision Δ^′_B of Δ_B so that the image of a cone σ ∈ Δ_X is a union of cones of Δ^′_B.

Proof. First we show that it suffices to find such a subdivision for each cone τ ∈ Δ_B. Let ψ_τ : τ → R is a good function (Section 1.5) defining the subdivision of τ, and consider ψ = ∑ τ∈Δ_B ψ̄_τ

where ψ̄_τ : |Δ_B| → R is a good extension of ψ_τ . Since the subdivision of τ ∈ Δ_B defined by ψ is a refinement of the subdivision defined by ψ_τ , we get that ψ defines the required subdivision of Δ_B.

Now assume that Δ_B consists of a single cone τ and all its faces. For any cone σ ∈ Δ_X , f_Δ(σ) is a strictly convex rational subcone of τ. Choose rational linear functions l_{σ,1}, . . . , l_{σ,N} on τ such that f_Δ(σ) is defined by l_{σ,i} ≥ 0 for all i. Let

ψ_τ = − ∑ σ,i |l_{σ,i}|

Then ψ_τ is a good function defining the required subdivision of τ.

Proposition 4.4. Let X → B be a toroidal morphism with the associated morphism of polyhedral complexes f_Δ : Δ_X → Δ_B. Then there exist projective subdivisions Δ^′_X of Δ_X and Δ^′_B of Δ_B with Δ^′_B nonsingular, such that the induced (a priori rational) map f^′ : X^′ → B^′ is an equidimensional toroidal morphism.

If X has no horizontal divisors with respect to f then X^′ has no horizontal divisors with respect to f^′.

Proof. Let Δ^0_B be a subdivision of Δ_B as in the previous lemma, and let Δ^′_B be a nonsingular projective subdivision of Δ^0_B. Then f_Δ(σ) is a union of cones of Δ^′_B for every σ ∈ Δ_X .

Let ψ be a good function on |Δ_B| defining the subdivision Δ^′_B. The function ψ ∘ f_Δ is good and defines a projective subdivision Δ^′_X of Δ_X whose cones map onto cones of Δ^′_B.

If we assume from the beginning that f^{−1}(U_B) = U_X , that means f^{−1}_Δ (0) ∩ |Δ_X | = {0}, then clearly the same is true for any subdivision |Δ^′_X | = |Δ_X |, hence (f^′)^{−1}(U_B′ ) = U_X′ .

Remark 4.5. Given an equidimensional toroidal morphism and the corresponding map of polyhedral complexes Δ_X → Δ_B, where Δ_B is simplicial, one can find a projective simplicial subdivision of Δ_X so that the induced map is equidimensional. To construct such a subdivision of Δ_X , note that if σ ∈ Δ_X is any non-simplicial cone, then there exists a 1-dimensional face of σ such that the star subdivision centered at this face has the following properties:

1. The number of codimension-1 faces of any maximal cone of the subdivision is smaller than the number of codimension-1 faces of σ.

2. The 1-dimensional cones of the subdivision are the same as the 1-dimensional faces of σ.

Thus, a finite number of such star subdivisions of Δ_X gives us a simplicial subdivision Δ^′_X . Since the 1-dimensional cones of Δ_X and Δ^′_X are the same, the induced morphism Δ^′_X → Δ_B maps cones onto cones by Remark 4.2.

5. Kawamata’s trick and reduced fibers

The goal in this section is to find a finite base change after which all the fibers of the resulting morphism are reduced. The base change we perform will not necessarily be toroidal, but the morphism after base change will still be toroidal.

5.1. The toric picture. To start, we characterize equidimensional toroidal morphisms with reduced fibers in terms of polyhedral complexes. In the proof of the lemma we will use the following simple fact:

Fact 5.1. Let σ ⊂ M ⊗ R be a full dimensional cone (dim σ = RankM), and let m_1 ∈ Int(σ) ∩ M, m_2 ∈ M^\ (σ ∩ M). Then there exist integers k, l > 0 such that km_1 + lm_2 lies in a proper face of σ.

Proof. The line joining m_1 and m_2 crosses the boundary of σ at a rational point because the cone and the points are rational. Hence m = λm_1 + (1 − λ)m_2 lies in a proper face of σ for some rational number 0 < λ < 1. Now canceling the denominators proves the claim.

Lemma 5.2. Let f : X → B be an equidimensional toroidal morphism, f_Δ : Δ_X → Δ_B the associated morphism of polyhedral complexes. Then f has reduced fibers if and only if for any cone σ ∈ Δ_X we have f_Δ(N_σ) = N_{fΔ(σ)}.

Proof. It suffices to consider a toric morphism of local models f : X_σ → X_τ and the fiber f^{−1}(x_τ ). By Lemma 1.5 we may assume that τ ⊂ N_τ ⊗R is full dimensional. If σ ⊂ N_σ ⊗ R is not full dimensional, we can choose a splitting N_σ ∼= N_{σ,1} ⊕ N_{σ,2} corresponding to X_σ ∼= X^′_σ × G^l_m . The restriction of f_Δ to N_{σ,1} and N_{σ,2} gives us toric morphisms f^′ : X^′_σ → X_τ and f^{′′} : G^l_m → X_τ . Consider the morphism g : X_σ^{pr1}→ X^′_σ^{f ′}→ X_τ . We claim that g^{−1}(x_τ ) ∼= f^{−1}(x_τ ), hence f^{−1}(x_τ ) ∼= f^{′−1}(x_τ ) × G^l_m , and we may replace X_σ by X^′_σ. The ideal of {x_τ } ⊂ X_τ in k[M_τ ∩τ^∨] is generated by the monomials M_τ ∩ τ^{∨ \} {0}, and the ideals of the fibers g^{−1}(x_τ ) and f^{−1}(x_τ ) are generated by the monomials g^∨_Δ(M_τ ∩ τ^{∨ \} {0}) and f^∨_Δ(M_τ ∩ τ^{∨ \} {0}) respectively. For any m ∈ M_τ the images f^∨_Δ(m) and g^∨_Δ(m) differ by an element in M_{σ,2} ⊂ σ^∨.

Thus we may consider a toric morphism f : X_σ → X_τ defined by a linear map f_Δ : (N_σ, σ) → (N_τ , τ), where both σ ⊂ N_σ ⊗ R and τ ⊂ N_τ ⊗ R are full dimensional cones. It follows from the equidimensionality of f that f_Δ : σ → τ is surjective.

Suppose that f_Δ(N_σ) ≠ N_τ . Since N_τ /f_Δ(N_σ) is finite, the image of the dual map f^∨_Δ : M_τ → M_σ is not saturated, and because τ ⊂ N_τ ⊗ R is full dimensional and f^∨_Δ is injective, the image of the restriction

f^∨_Δ : M_τ ∩ τ^∨ → M_σ ∩ σ^∨

is not saturated; i.e., there exists m ∈ M_σ ∩ σ^∨ such that

dm = f^∨_Δ(m_1)

for some d > 1, m_1 ∈ M_τ ∩ τ^∨, and no such m_1 exists for d = 1. Let w be a strictly positive linear function on σ^{∨ \} {0}. We claim that if m is chosen so that w(m) is minimal possible then the monomial corresponding to m is nilpotent in the coordinate ring of f^{−1}(x_τ ). We have to check that m is not in the ideal of f^{−1}(x_τ ). Suppose that

m = f^∨_Δ(m^′_1) + m^′_2 for some m^′_1 ∈ M_τ ∩ τ^{∨ \} {0}, m^′_2 ∈ M_σ ∩ σ^∨. Then we may replace m by m^′_2 with strictly smaller weight w(m^′_2) < w(m) as follows. We have dm^′_2 = f^∨_Δ(m_1 − dm^′_1), where m_1 − dm^′_1 ∈ M_τ ∩ τ^∨ because (f^∨_Δ)^{−1}(σ) = τ by equidimensionality of f. If m^′_2 = f^∨_Δ(m^{′′}_1) for some m^{′′}_1 ∈ M_τ ∩ τ^∨ then m = f^∨_Δ(m^′_1 + m^{′′}_1) contradicting the choice of m.

Conversely, suppose that the fiber f^{−1}(x_τ ) is not reduced. Since the coordinate ring of X_σ is graded by M_σ and the ideal of f^{−1}(x_τ ) is graded (generated by monomials), we see that the coordinate ring of f^{−1}(x_τ ) is also M_σ-graded, and we can find a nilpotent monomial; i.e, there exists m ∈ M_σ ∩ σ^∨ such that dm = f^∨_Δ(m_1) + m_2 for some d > 1, m_1 ∈ M_τ ∩ τ^{∨ \} {0}, m_2 ∈ M_σ ∩ σ^∨, and no such m_1, m_2 exist for d = 1. Let the data (d, m, m_1, m_2) be chosen so that m_2 lies in a minimal face of σ^∨, meaning that if ρ is the face of σ^∨ containing m_2 in its interior then no such four-tuple (d^′, m^′, m^′_1, m^′_2) exists with m^′_2 lying in a proper face of ρ. Let σ_0 be the face of σ defined by m_2 = 0, hence σ^⊥_0 = Span (ρ). We claim that the image of the map f^∨_Δ : M_τ ∩ τ^∨ → (M_σ ∩ σ^∨_0 )/σ^⊥_0 is not saturated. Since modulo σ^⊥_0 we have dm = f^∨_Δ(m_1), it suffices to check that m is not in the image. Suppose m = f_Δ(m^′_1) + m^′_2 for some m^′_1 ∈ M_τ ∩ τ^∨, m^′_2 ∈ M_σ ∩ σ^⊥_0 = M_σ ∩ Span (ρ). Note that we can always choose m^′_1 ≠ 0; if m ∈ σ^⊥_0 , we can take m^′_1 = m_1. Now m^′_2 /∈ M_σ ∩ σ^∨ by the choice of m, hence m^′_2 ∈ Span (ρ)^\ ρ. By the fact proved above we can find integers k, l > 0 such that m^{′′}_2 = km_2 + lm^′_2 lies in a proper face of ρ, and (kd + l)m = f^∨_Δ(km_1 + lm^′_1) + m^{′′}_2 contradicts the choice of (d, m, m_1, m_2).

Let τ_0 be the image of σ_0, so that the restriction of f_Δ factors

f_Δ : (N_σ ∩ Span σ_0, σ_0) → (N_τ ∩ Span τ_0, τ_0) → (N_τ , τ). The dual map factors as:

f^∨_Δ : M_τ ∩ τ^∨ ı (M_τ ∩ τ^∨_0 )/τ^⊥_0^ϕ→ (M_σ ∩ σ^∨_0 )/σ^⊥_0 , where the first map is surjective, hence the image of the second map ϕ is not saturated. Since f_Δ : σ_0 → τ_0 is surjective, we get that ϕ is injective and therefore the image of M_τ /τ^⊥_0 → M_σ/σ^⊥_0 is not saturated. Dualizing again, we get f_Δ(N_σ ∩ Span σ_0) ≠ N_τ ∩ Span τ_0.

Remark 5.3. If f is equidimensional and Δ_B nonsingular, the condition of the lemma is that primitive points of σ map to primitive points of τ.

Next we consider a toric morphism f : X_σ → X_τ , a toric base change g : X_τ ′ → X_τ , and ask when is the normalization of the fiber product X_τ ′ ×_{Xτ} X_σ a toric variety. The coordinate ring of X_τ ′ ×_{Xτ} X_σ is O_{Xτ′} ⊗_{OXτ} O_{Xσ} = k[τ^{′∨} ∩ M_τ ′ ] ⊗_{k[τ} ∨_{∩Mτ ]} k[σ^∨ ∩ M_σ] = k[π] where π is the pushout of g^∨_Δ : τ^∨ ∩ M_τ → τ^{′∨} ∩ M_τ ′ and f^∨_Δ : τ^∨ ∩ M_τ → σ^∨ ∩ M_σ: π = (τ^{′∨} ∩ M_τ ′ ) × (σ^∨ ∩ M_σ)/ ∼ . Here ∼ is the equivalence relation (v_1, w_1) ∼ (v_2, w_2) whenever there exists u ∈ τ^∨∩M_τ such that (v_1, w_1) = (v_2, w_2) ± (g^∨_Δ(u), −f^∨_Δ(u)).

Let M be the Abelian group M = M_τ ′ × M_σ/{(g^∨_Δ(u), −f^∨_Δ(u))|u ∈ M_τ } and let ι : π → M be the natural semigroup homomorphism.

Assume that ι is injective. Then k[π] ⊂ k[M] and the integral closure of k[π] in k[M] is the semigroup algebra k[π̃] where π̃ is the saturation of π in M. Write M = F ⊕ T where F is the free part and T is torsion. Then T ⊂ π̃ because mT = 0 for some m > 0. For any f + t ∈ π̃ where f ∈ F and t ∈ T , we have −t ∈ T ⊂ π̃, hence f ∈ π̃. Thus π̃ ∼= (π̃ ∩ F ) ⊕ T. If t_i are generators of T of order m_i, and if x_i is the image of t_i in k[π̃], then k[π̃] ∼= k[π̃ ∩ F ][. . . , x_i, . . . ]/(x^{mi}_i = 1) and we see that Spec k[π̃] splits into |T | components with x_i = ζ_i where ζ_i are m_i’th roots of unity, each component isomorphic to Spec k[π̃ ∩ F ]. Thus, if ι is injective then every component of the normalization of X_τ ′ ×_{Xτ} X_σ is a toric variety.

Lemma 5.4. With notation as above, if X_τ is simplicial and g : X_τ ′ → X_τ equidimensional then ι is injective for any X_σ and any f : X_σ → X_τ .

Proof. Suppose that ι(v_1, w_1) = ι(v_2, w_2), where v_1, v_2 ∈ τ^{′∨} ∩ M_τ ′ and w_1, w_2 ∈ σ^∨ ∩ M_σ. Say, (v_1, w_1) = (v_2, w_2) + (g^∨_Δ(u), −f^∨_Δ(u)) for some u ∈ M_τ .

Extend the set of primitive points of τ to a basis of N_τ ⊗ R and let t_1, . . . , t_m ∈ τ^∨ be the dual basis of M_τ ⊗ R. Write u = ∑ i a_it_i with a_i ∈ R. Collecting positive and negative terms, we get u = u_1 − u_2 with u_1, u_2 ∈ τ^∨ ∩ M_τ . The equation v_1 = v_2 + g^∨_Δ(u_1) − g^∨_Δ(u_2) implies that v_2 − g^∨_Δ(u_2) ∈ τ^{′∨} ∩ M_τ ′ : since g is equidimensional, g^∨_Δ(u_1) and g^∨_Δ(u_2) as functions on τ^′ are nonzero on disjoint subsets of primitive points of τ^′. Then

(v_1, w_1) ∼ (v_1 − g^∨_Δ(u_1), w_1 + f^∨_Δ(u_1)) = (v_2 − g^∨_Δ(u_2), w_2 + f^∨_Δ(u_2)) ∼ (v_2, w_2) and ι is injective.

Our main application of the previous lemma is to the following special case.

Lemma 5.5. Let f : X_σ → X_τ be a toric morphism with X_τ simplicial. Let X_τ ′ be a toric variety given by τ^′ = τ and N_τ ′ ⊂ N_τ a sublattice of finite index. Then every irreducible component of the normalization of X_σ ×_{Xτ} X_τ ′ is a toric variety X_σ′ given by the cone σ^′ = σ and integral lattice N_σ′ = N_σ ∩ f^{−1}_Δ (N_τ ′ ).

Proof. We use notation as above. Since X_τ , X_τ ′ and g : X_τ ′ → X_τ satisfy the assumption of the previous lemma, ι is injective. By the previous discussion, every component of the normalization of X_τ ′ ×_{Xτ} X_σ is isomorphic to the toric variety Spec k[π̃ ∩ F ].

The image of the homomorphism ϕ : M → M_σ ⊗R defined by ϕ(v, w) = f^∨_Δ(v)+w for v ∈ M_τ ′ , w ∈ M_σ contains M_σ. Since M and M_σ have the same rank, ϕ embeds F in M_σ ⊗ R as a lattice of full rank containing M_σ. Now f^∨_Δ takes τ^∨ into σ^∨, and we see that ϕ maps π̃ ∩ F into σ^∨ so that the image contains σ^∨ ∩ M_σ. Therefore, Spec k[π̃ ∩ F ] is a toric variety defined by the cone σ^′ = σ and integral lattice N_σ′ = F^∨, where F^∨ is the group of homomorphisms from M_σ to Z taking integral values on f^∨_Δ(M_τ ′ ) ⊂ M_σ ⊗ R, which is N_σ ∩ f^{−1}_Δ (N_τ ′ ).

If f : X → B and p : B^′ → B are toroidal morphisms with local models X_σ, X_τ , X_τ ′ of X, B, B^′ as in the lemma, then for X^′ the normalization of X ×_B B^′, U_X′ ⊂ X^′ is a toroidal embedding and the projection f^′ : X^′ → B^′ is a toroidal morphism, where U_X′ = f^{−1}(U_B′ ). To see that U_X′ ⊂ X^′ is without self-intersection, notice that if a component D of X^{′ \} U_X′ corresponds to two different T-invariant divisors in a local model of X^′, then the image of D in X also corresponds to two different T-invariant divisors in a local model of X; since U_X ⊂ X has no self-intersection, the image of D would be reducible.

5.2. Kawamata’s covering. To apply Lemma 5.5 in the toroidal case, we need a toroidal morphism B^′ → B which ramifies along a divisor D ⊂ B^\ U_B with a certain index.

Definition 5.6. Let L be a Cartier divisor on B, and let D ∈ |mL|. Choose a rational section s_L of O_B(L) defining L and a regular section s_D of O_B(mL) defining D. Consider the rational function ϕ = s_D/s^m_L on B. Then the field K(B)(^m √ ϕ) depends only on D and O(L). The normalization of B in K(B)(^m √ ϕ) is called the cyclic cover ramified along D with index m.

Remark 5.7. Another way to define the cyclic cover is as the normalization of Spec_BSym^• ( O_B(L)^∨ ) /({f − s_D(f)}_f ) where we view s_D as a morphism s_D : O_B(kL) → O_B((k + m)L).

When B is nonsingular and D a divisor of normal crossings so that s_D = x_1 · · · x_l for some local parameters x_1, . . . , x_l, the cyclic cover has a local equation z^m = x_1 · · · x_l.

Suppose that D ⊂ B is a Cartier divisor and m an integer. We wish to find a degree m cyclic cover of B that ramifies along D with index m, i.e., we have to find a Cartier divisor L in B such that D ∈ |mL|. In general, such an L does not exist.

However, assuming that B is quasi-projective, we can find L and the corresponding cyclic cover that ramifies along D and a general hyperplane section H, as follows. Let A be an ample divisor in B. We may replace A by a multiple of itself if necessary, so that mA − D is very ample. Now let H be a general member of |mA − D|; then D + H ∈ |mA|, and we can construct a cyclic cover ramified along D + H with degree m. Since H is general, D + H is a divisor of normal crossings. Kawamata’s trick consists of choosing not one hyperplane section H but dim B of them, and considering dim B cyclic covers ramified along D + H_j, j = 1, . . . , dim B. Assuming that both B and D are nonsingular, the normalization of the fiber product of these covers is also nonsingular.

Let U_B ⊂ B be a nonsingular quasi-projective toroidal embedding, and let B^\ U_B = ∑ D_i be the decomposition of the toroidal divisor into nonsingular irreducible components crossing normally. For each component D_i let m_i be a positive integer, i = 1, . . . , m. A Kawamata covering package consists of the data (D_i, m_i, H_{ij}) with the following properties:

1. H_{ij} are effective reduced nonsingular divisors in B for i = 1, . . . , m, j = 1, . . . , dim B. 2. ∑ i D_i + ∑ i,j H_{ij} is a reduced divisor of normal crossings (in particular, H_{ij} are distinct).

3. D_i + H_{ij} ∈ |m_iL_i| for some Cartier divisor L_i for all i, j.

Such H_{ij} can be chosen as general hyperplane sections. By Proposition 3.2 we can add the divisors H_{ij} to the toroidal structure of B. Denote the new toroidal embedding Ũ_B ⊂ B, where Ũ_B = B \ ⋃_{ij}(D_i ∪ H_{ij}).

Now let B_{ij} be the cyclic cover ramified along D_i + H_{ij} with index m_i; let B^′ be the normalization of the product B_{1,1} ×_B . . . ×_B B_{m,dim B} and let p : B^′ → B be the projection. The next lemma shows that p is a toroidal morphism of nonsingular toroidal embeddings.

Lemma 5.8 (Kawamata). Let Ũ_B′ = p^{−1}(Ũ_B). Then Ũ_B′ ⊂ B^′ is a nonsingular toroidal embedding, and p : (Ũ_B′ ⊂ B^′) → (Ũ_B ⊂ B) is a toroidal morphism.

If X_τ is a local model of Ũ_B ⊂ B at b ∈ B then a local model X_τ ′ of Ũ_B′ ⊂ B^′ at any b^′ ∈ p^{−1}(b) is constructed as follows. Let the primitive points of τ be v_1, . . . , v_l, and assume that v_α corresponds to the divisor D_{iα} or H_{iαj} for some j. If we extend the primitive points of τ to a basis v_1, . . . , v_{dim B} of N_τ then τ^′ = τ and N_τ ′ ⊂ N_τ is the sublattice of finite index with basis m_{i1} v_1, . . . , m_{il} v_l, v_{l+1}, . . . , v_{dim B}.

Proof. Let x_i be local equations of D_i, and let y_{ij} be local equations of H_{ij} at b ∈ B. Then B_{ij} is locally given by the equation z^{mi}_{ij} = x_iy_{ij} Let us fix an i and consider the product ×_jB_{ij}. If b ∈ D_i then since ⋂ j H_{ij} ∩ D_i = ∅, say b /∈ H_{i1}, and y_{i1} is a unit in O_{B,b}. In local coordinates we may assume that y_{i1} = 1. The normalization of the product ×_jB_{ij} is then locally defined by the equations z^{mi}_{i,1} = x_i ( z_{i,j} z_{i,1} )^{mi} = y_{ij} j = 2, . . . dim B.

Similarly, if b /∈ D_i, then we may assume that x_i = 1 and the local equations are z^{mi}_{ij} = y_{ij}. Now all the statements of the lemma follow from these equations: the formal completion Ô_B′_{,b}′ is obtained from Ô_{B,b} by adjoining variables x̃_i, ỹ_{ij} modulo the relations x̃^{mi}_i = x_i ỹ^{mi}_{ij} = y_{ij} for all i, j.

Proposition 5.9. Let f : (U_X ⊂ X) → (U_B ⊂ B) be a toroidal morphism, and f_Δ : Δ_X → Δ_B the associated morphism of polyhedral complexes. Assume that B is quasi-projective and nonsingular. For every primitive point u_i of Δ_B let m_i > 0 be an integer. Then there exists a finite morphism p : B^′ → B so that, if X^′ is the normalization of X ×_B B^′ and f^′ : X^′ → B^′, p^′ : X^′ → X the two projections, we have X^{′ p′}−−−→ X f^′ f B^{′ p}−−−→ B (i) U_B′ = p^{−1}(U_B) ⊂ B^′ and U_X′ = (p^′)^{−1}(U_X ) ⊂ X^′ are toroidal embeddings with polyhedral complexes Δ_X′ and Δ_B′ ; moreover, f^′ is a toroidal morphism of these embeddings.

(ii) There exist morphisms p_Δ : Δ_B′ → Δ_B p^′_Δ : Δ_X′ → Δ_X , and for all cones σ^′ ∈ Δ^′_X and τ^′ ∈ Δ^′_B such that f^′_Δ(σ) ⊂ τ, there exists a unique pair of cones σ ∈ Δ_X and τ ∈ Δ_B, with f_Δ(σ) ⊂ τ, satisfying ∘ p_Δ maps τ^′ isomorphically to τ and induces an isomorphism between N_τ ′ and the sublattice of N_τ generated by m_iu_i where u_i are the primitive points of τ;

∘ p^′_Δ maps σ^′ isomorphically to σ and induces an isomorphism between N_σ′ and the sublattice N_σ ∩ f^{−1}_Δ p_Δ(N_τ ′ ) of N_σ;

∘ The following diagrams commute: σ^{′ ∼=}−−−→_{p′} Δ σ f^′Δ fΔ τ^{′ ∼=}−−−→_{pΔ} τ

N_σ′^⊂−−−→_{p′} Δ N_σ f^′Δ fΔ N_τ ′^⊂−−−→_{pΔ} N_τ

Proof. The proof of the proposition consists of three steps:

Step 1. Let D_i be the irreducible toroidal divisors in B corresponding to the primitive points u_i. We choose hyperplane sections H_{ij} to get the covering package (D_i, m_i, H_{ij}). Proposition 3.2 allows us to add the divisors H_{ij} and f^{−1}(H_{ij}) to the toroidal structures of B and X. We call the new toroidal embeddings Ũ_B ⊂ B and Ũ_X ⊂ X. The associated polyhedral complexes Δ̃_B and Δ̃_X are obtained from Δ_B and Δ_X by attaching new cones. In the new local models f is given by f = f^′ × id : X_σ′ × A^l → X_τ ′ × A^l ,

where the coordinate hyperplanes in A^l correspond to the added divisors. Step 2. Let p : (Ũ_B′ ⊂ B^′) → (Ũ_B ⊂ B) be the finite toroidal morphism defined by the covering package, and let X^′ be the normalization of the fiber product B^′ ×_B X, with f^′ : X^′ → B^′ and p^′ : X^′ → X the two projections. By Lemma 5.5 the embedding Ũ_X′ = (p^′)^{−1}(Ũ_X ) ⊂ X^′ is toroidal and so are the morphisms f^′ and p^′. We denote the polyhedral complexes of B^′ and X^′ by Δ̃_B′ and Δ̃_X′ .

In local models (keeping the notation of Step 1) p is given by

p = p_1 × p_2 : X^′_τ ′ × A^l → X_τ ′ × A^l .

Here X^′_τ ′ ∼= X_τ ′ , and the toric morphisms p_1 and p_2 are defined by raising the toric coordinates to powers m_i. Thus X^′ has local models of the form (X^′_τ ′ × A^l ) ×_{Xτ′ ×}A l (X_σ′ × A^l ) ∼= (X^′_τ ′ ×_{Xτ′} X_σ′ ) × A^l in which the morphism f^′ : X^′ → B^′ in given by f^′ = pr_1 × id : (X^′_τ ′ ×_{Xτ′} X_σ′ ) × A^l → X^′_τ ′ × A^l , where pr_1 is the projection.

Step 3. By Proposition 3.3 and the formula for f^′ in local models, we can remove the divisors p^{−1}(H_{ij}) and (p∘f^′)^{−1}(H_{ij}) from the toroidal structures of B^′ and X^′ so that f^′ (but not p or p^′) remains toroidal. In terms of polyhedral complexes, we remove from Δ̃_B′ and Δ̃_X′ cones corresponding to strata contained in p^{−1}(H_{ij}) or (p ∘ f^′)^{−1}(H_{ij}), and call the polyhedral complexes of the new embeddings Δ_B′ and Δ_X′ . The statements (i) and (ii) now follow from Lemmas 5.5 and 5.8.

Proposition 5.10. Let f : (U_X ⊂ X) → (U_B ⊂ B) be an equidimensional toroidal morphism. Assume that B is projective and nonsingular. Then there exists a finite surjective morphism p : B^′ → B so that, if we denote by X^′ the normalization of X ×_B B^′, the projection f^′ : (U_X′ ⊂ X^′) → (U_B′ ⊂ B^′) is an equidimensional toroidal morphism with reduced fibers. Here U_B′ = p^{−1}(U_B), U_X′ = (p^′)^{−1}(U_X ) and p^′ : X^′ → X is the projection.

If we assume that X has no horizontal divisors with respect to f, then X^′ has no horizontal divisors with respect to f^′.

Proof. Let Δ_X , Δ_B be the polyhedral complexes of X, B, and f_Δ : Δ_X → Δ_B. By equidimensionality, f_Δ maps the 1-skeleton Δ^{(1)}_X to the 1-skeleton Δ^{(1)}_B . If u_i are the primitive points of Δ_B, let v_{ij} be the primitive points of Δ_X such that f_Δ(v_{ij}) = m_{ij}u_i for some m_{ij} > 0. Set m_i = lcm_j{m_{ij}}. Then for all i, j, some multiple of v_{ij} maps to m_iu_i. Now we use the covering data (D_i, m_i) to define the toroidal morphism f^′ : X^′ → B^′ as in the previous proposition. Let σ^′ ∈ Δ_X′ , f^′_Δ(σ^′) = τ^′ ∈ Δ_B′ . There exist σ ∈ Δ_X , τ ∈ Δ_B such that σ^′ ∼= σ, τ^′ ∼= τ. The integral lattice N_τ ′ is generated by m_iu_i with u_i lying on the edges of τ, and N_σ′ = N_σ ∩ f^{−1}_Δ (N_τ ′ ). For any edge of σ^′ spanned by v_{ij}, some multiple a_{ij}v_{ij} maps to m_iu_i. Hence a_{ij}v_{ij} ∈ N_σ′ is primitive and maps to the primitive point m_iu_i. This proves that f^′ has reduced fibers.

The last statement of the proposition is clear from the definition of U_X′ .

This finishes the proof of Theorem 0.6. Before we describe some of the properties of weak semistable morphisms, we formalize and generalize the previous manipulations with polyhedral complexes, which then enables us to state the problem of semistable reduction in combinatorial terms.

6. The Cartier covering

In this section we generalize Kawamata’s trick to projective toroidal embeddings U_B ⊂ B with quotient singularities, i.e. to the case where Δ_B is simplicial but not necessarily nonsingular.

Let U_B ⊂ B be a toroidal embedding with quotient singularities, i.e., the associated polyhedral complex Δ_B is simplicial. For each component D_i of B^\ U_B let n_i > 0 be an integer such that n_iD_i is Cartier. We choose general hyperplane sections H_{ij} such that n_iD_i + H_{ij} ∈ |n_iL_i| for some Cartier divisor L_i, j = 1, . . . , dim B. As before, let B_{ij} be the cyclic cover ramified along n_iD_i + H_{ij} with index n_i, and let B^′ be the normalization of the product B_{1,1} ×_B . . . ×_B B_{m,dim B} with p : B^′ → B the projection.

Recall that Ũ_B ⊂ B is the toroidal embedding after adding the divisors H_{ij} to the toroidal structure of U_B ⊂ B. The local models of the new toroidal embedding are products X_τ ′ × A^l where the divisors H_{ij} correspond to the hyperplanes in A^l . It follows that ⋂ j H_{ij} ∩ D_i = ∅ as before.

Lemma 6.1. Let Ũ_B′ = p^{−1}(Ũ_B). Then Ũ_B′ ⊂ B^′ is a nonsingular toroidal embedding, and p : (Ũ_B′ ⊂ B^′) → (Ũ_B ⊂ B) is a toroidal morphism.

If X_τ is a local model of Ũ_B ⊂ B at b ∈ B then a local model X_τ ′ of Ũ_B′ ⊂ B^′ at any b^′ ∈ p^{−1}(b) is constructed as follows. Let v_1, . . . , v_l be the primitive points of τ, and assume that for all 1 ≤ α ≤ k, the primitive point v_α corresponds to the divisor H_{iαj} for some j. If we extend the primitive points to a Q -basis v_1, . . . , v_{dim B} of N_τ ⊗ Q , then τ^′ = τ and N_τ ′ ⊂ N_τ is the sublattice of finite index with basis n_{i1} v_1, . . . , n_{ik} v_k, v_{k+1}, . . . , v_{dim B}.

Proof. The proof is similar to the proof of Lemma 5.8 and we will only sketch it. Let x_i be local equations of n_iD_i, and let y_{ij} be local equations of H_{ij}. The cyclic cover B_{ij} is obtained from B by adjoining variables z_{ij} and relations z^{ni}_{ij} = x_iy_{ij}. Since ⋂ j H_{ij} ∩ D_i = ∅ for all i, we may again consider the cases where either x_i is a unit, or y_{ij} is a unit for some j. In all cases we see that Ô_B′_{,b}′ is obtained from Ô_{B,b} by adjoining variables x̃_i, ỹ_{ij} modulo the relations x̃^{ni}_i = x_i ỹ^{ni}_{ij} = y_{ij} If X_τ is a toric variety, and the cone τ is simplicial with primitive points u_i, then adjoining to the lattice M_τ the duals of u_i gives a new lattice M^′_τ so that the primitive points u_i form a subset of a basis of the dual lattice N^′_τ = (M^′_τ )^∨.

Proposition 6.2. Let f : (U_X ⊂ X) → (U_B ⊂ B) be a toroidal morphism, and f_Δ : Δ_X → Δ_B the associated morphism of polyhedral complexes. Assume that B is quasi-projective Δ_B simplicial. Then there exists a finite morphism p : B^′ → B so that, if X^′ is the normalization of X ×_B B^′ and f^′ : X^′ → B^′, p^′ : X^′ → X the two projections, we have X^{′ p′}−−−→ X f^′ f B^{′ p}−−−→ B (i) U_B′ = p^{−1}(U_B) ⊂ B^′ and U_X′ = (p^′)^{−1}(U_X ) ⊂ X^′ are toroidal embeddings with polyhedral complexes Δ_X′ and Δ_B′ ; moreover, f^′ is a toroidal morphism of these embeddings.

(ii) There exist morphisms p_Δ : Δ_B′ → Δ_B p^′_Δ : Δ_X′ → Δ_X , and for all cones σ^′ ∈ Δ^′_X and τ^′ ∈ Δ^′_B such that f^′_Δ(σ) ⊂ τ, there exists a unique pair of cones σ ∈ Δ_X and τ ∈ Δ_B, with f_Δ(σ) ⊂ τ, satisfying ∘ p_Δ maps τ^′ isomorphically to τ and induces an isomorphism between N_τ ′ and the sublattice of N_τ generated by the primitive points u_i of τ;

∘ p^′_Δ maps σ^′ isomorphically to σ and induces an isomorphism between N_σ′ and the sublattice N_σ ∩ f^{−1}_Δ p_Δ(N_τ ′ ) of N_σ;

∘ The following diagrams commute: σ^{′ ∼=}−−−→_{p′} Δ σ f^′Δ fΔ τ^{′ ∼=}−−−→_{pΔ} τ

N_σ′^⊂−−−→_{p′} Δ N_σ f^′Δ fΔ N_τ ′^⊂−−−→_{pΔ} N_τ

The proof of this proposition is the same as that of Proposition 5.9 with Lemma 6.1 substituted in place of Lemma 5.8.

7. Combinatorial semistable reduction

We are going to restate the semistable reduction conjecture (Conjecture 0.5) in purely combinatorial terms. First let us define semistability combinatorially.

Definition 7.1. Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes. We say that f_Δ is weakly semistable if the following conditions hold.

1. We have f^{−1}_Δ (0) = {0}.

2. For any cone σ ∈ Δ_X , we have f_Δ(σ) ∈ Δ_B. 3. For any cone σ ∈ Δ_X , we have f_Δ(N_σ) = N_{fΔ(σ)}. 4. Δ_B is nonsingular.

If also Δ_X is nonsingular, we say that f_Δ is semistable.

We now define the operations we are allowed to perform.

Definition 7.2. Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes. We refer to the following commutative diagram of polyhedral complexes and morphisms: Δ_X′ −−−→ Δ_X f^′Δ fΔ Δ_B′ −−−→ Δ_B 1. A projective subdivision f^′_Δ of f_Δ is a commutative diagram as above, where Δ_X′ → Δ_X is a projective subdivision of Δ_X and Δ_B′ → Δ_B is a projective subdivision of Δ_B.

2. A lattice alteration f^′_Δ of f_Δ is a commutative diagram as above, where Δ_B′ is obtained from Δ_B by replacing the integral lattices N_τ with a consistent choice of sublattices of finite index N^′_τ ⊂ N_τ , and Δ_X′ is obtained from Δ_X by replacing the lattices N_σ with sublattices N^′_σ = N_σ ∩f^{−1}_Δ (N^′_τ ) where f_Δ(σ) ⊂ τ. The morphism f^′_Δ is induced by f_Δ and the horizontal maps are the obvious ones.

Note that any sequence of projective subdivisions and lattice alterations can be decomposed as one subdivision followed by one lattice alteration.

Conjecture 7.3 (Combinatorial Semistable Reduction). Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes, and assume that f^{−1}_Δ (0) = {0}. Then there exists a projective subdivision f^′_Δ of f_Δ and a lattice alteration f^{′′}_Δ of f^′_Δ such that f^{′′}_Δ is semistable.

Δ_X′′ → Δ_X′ → Δ_X ↓ f^{′′}_Δ ↓ f^′_Δ ↓ f_Δ Δ_B′′ → Δ_B′ → Δ_B

The conjectures are tied together by the following proposition:

Proposition 7.4. Conjecture 7.3 implies Conjecture 0.5.

Proof. Let X → B be a surjective morphism of projective varieties. By Theorem 2.1 we may assume that the morphism is toroidal, and by Proposition 3.1 we may also assume that X has no horizontal toroidal divisors. Let f_Δ : Δ_X → Δ_B be the associated morphism of polyhedral complexes. By Conjecture 7.3 there exists a projective subdivision f^′_Δ followed by a lattice alteration f^{′′}_Δ such that f^{′′}_Δ is semistable. We show that the two combinatorial operations have geometric analogues.

The projective subdivisions Δ_X′ of Δ_X and Δ_B′ of Δ_B give rise to birational projective morphisms X^′ → X and B^′ → B and the morphism f^′_Δ represents the induced toroidal morphism f^′ : X^′ → B^′ (Lemma 1.13).

The lattice alteration f^{′′}_Δ of f^′_Δ can be factored into two lattice alterations:

Δ_X′′ → Δ_Xo → Δ_X′ ↓ f^{′′}_Δ ↓ f^o_Δ ↓ f^′_Δ Δ_B′′ → Δ_Bo → Δ_B′

where the lattices in Δ_Bo are sublattices N^o_τ ⊂ N^′_τ generated by the primitive points of τ (hence Δ_Bo is nonsingular), and the lattices in Δ_B′′ are sublattices N^{′′}_τ ⊂ N^o_τ generated by multiples of primitive points m_iu_i. The first of these lattice alterations corresponds to the Cartier’s cover (Proposition 6.2), and the second to the Kawamata’s cover (Proposition 5.9) with ramification indices m_i. More precisely, there exists a finite morphism p : B^{′′} → B^′ such that, letting X^{′′} be the normalization of B^{′′} ×_B′ X^′, the projection f^{′′} : X^{′′} → B^{′′} is a toroidal morphism with the associated morphism of polyhedral complexes f̄^{′′}_Δ : Δ̄_X′′ → Δ̄_B′′ . Moreover, there is a natural commutative diagram Δ̄_{X′′}^{πX}−−−→ Δ_{X′′} f̄ ′′Δ f^{′′}Δ Δ̄_{B′′}^{πB}−−−→ Δ_{B′′} where π_X and π_B map cones and lattices isomorphically to cones and lattices:

π_X : (σ̄, N_{σ̄})^{∼=}→ (σ, N_σ) π_B : (τ̄, N_{τ̄} )^{∼=}→ (τ, N_τ )

for all σ̄ ∈ Δ̄_X′′ and τ̄ ∈ Δ̄_B′′ . Since f^{′′}_Δ is semistable, so is f̄^{′′}_Δ , and also f^{′′} by Lemmas 4.1 and 5.2.

8. Properties of a weakly semistable morphism

In this section we show that weak semistability is preserved under certain base changes. Since the stronger condition of semistability is very far from being preserved under base changes, one may argue that weak semistability is a more natural condition than semistability. We also prove that a weakly semistable morphism satisfies a “universally rational Gorenstein” property:

Definition 8.1. A surjective morphism X → B is mild if for any dominant morphism B_1 → B where B_1 has at most rational Gorenstein singularities we have that X ×_B B_1 has at most rational Gorenstein singularities as well.

For a discussion of why mild morphisms are useful, see [ℵ].

Recall that a variety X is said to have Gorenstein singularities if it is Cohen- Macaulay and has an invertible dualizing sheaf ω_X . We say that a morphism f : X → B is Gorenstein if all its fibers are Gorenstein. By Proposition 9.6 in [Har1], if f : X → B is a flat morphism and B Gorenstein then X is Gorenstein if and only if f is Gorenstein. In this case we have ω_X ∼= ω_f ⊗ f^∗ω_B where ω_f is the relative dualizing sheaf of f.

A normal variety X has rational singularities if for a resolution of singularities r : X^′ → X we have r_∗O_X′ ∼= O_X and R^ir_∗O_X′ = 0 for all i > 0. If X is Gorenstein then these conditions are equivalent to r_∗ω_X′ = ω_X ([KKMS], page 50).

Every toric variety is Cohen-Macaulay with rational singularities ([KKMS] Theorem 14, p. 52). The dualizing sheaf of an affine toric variety X_τ is the coherent sheaf ω_{Xτ} = O(X_τ^\ T_τ ). This sheaf is invertible if and only if there exists an element of M_τ (namely a linear function on τ taking integer values on N_τ ) such that ψ(v) = −1 for all primitive points v of τ ([F], page 69).

Lemma 8.2. Let f : X → B be a weakly semistable morphism. Then X has rational Gorenstein singularities.

Proof. Without loss of generality we may consider the morphism in local models f : X_σ → X_τ . Since X_τ is nonsingular, there exists an element ψ ∈ M_τ such that ψ(u) = −1 for all primitive points u of τ. Now ψ ∘ f_Δ ∈ M_σ and ψ ∘ f_Δ(v) = −1 for all primitive points v of σ because f_Δ maps primitive points of σ to primitive points of τ. Hence X_σ has Gorenstein singularities.

Weak semistability of a toroidal morphism without horizontal divisors was defined by requiring that the fibers of the morphism be reduced and equidimensional. Since these properties are preserved under a base change, we see that the property of a morphism being weekly semistable is preserved under a base change, provided that we can give the new morphism a toroidal structure. The following lemma describes one situation when we can do this. The lemma is a special case of Kato’s more general description of log-smooth morphisms (Theorem 3.5 in [Kato]).

Lemma 8.3. Let f : X → B be a weakly semistable morphism. Let g : B^′ → B be a morphism such that B^′ is nonsingular and g^{−1}(B^\ U_B) is a normal crossings divisor. Let X^′ = B^′ ×_B X and g^′ : X^′ → X, f^′ : X^′ → B^′ the two projections. X^{′ g′}−−−→ X f^′ f B^{′ g}−−−→ B Then (U_B′ = g^{−1}(U_B) ⊂ B^′) and (U_X′ = (g^′)^{−1}(U_X ) ⊂ X^′) are toroidal embeddings, and f^′ : X^′ → B^′ is a weakly semistable toroidal morphism.

Proof. Let f in local models be given by f : X_σ → X_τ . Clearly, U_B′ ⊂ B^′ is a nonsingular toroidal embedding, and we may choose a local model X_ρ for B^′. The morphism of germs g : X_ρ → X_τ need not be toric. We are going to construct a local model X_π for X^′ so that f^′ in the chosen local models is given by a toric morphism f^′ : X_π → X_ρ. X_π^{g′}−−−→ X_σ f^′ f X_ρ^g−−−→ X_τ First assume that the closed orbit in X_τ consists of a point {x_τ }. Then the primitive points of τ^∨ form a basis of M_τ . We let the images of these primitive points in the coordinate ring of X_τ be x_1, . . . , x_m. Since f^∨_Δ embeds M_τ in M_σ as a saturated sublattice, we can extend the images of the primitive points of τ^∨ to a basis of M_σ, and we let the image of this basis in the coordinate ring of X_σ be y_1, . . . , y_m, . . . , y_n. Hence f is given by x_i = y_i for i = 1, . . . , m. Also let w_l be a set of monomials that generate the coordinate ring of X_σ: w_l = ∏ i y^{ali}_i . The morphism g : X_ρ → X_τ is given by x_i = u_i ∏ j z^{bij}_j where z_j are the toric coordinates of X_ρ and u_i are units in Ô_{Xρ,xρ} .

Assume further that u_i = 1 for all i. In this case g is a toric morphism. The normalization of X_ρ ×_{Xτ} X_σ is a union of toric varieties X_π by Lemma 5.4. But in fact X_ρ ×_{Xτ} X_σ is already normal: the group M = M_ρ × M_σ/g^∨_Δ × (−f^∨_Δ)(M_τ ) has no torsion because f^∨_Δ(M_τ ) is saturated in M_σ.

In case u_i ≠ 1, the coordinate ring of X_ρ ×_{Xτ} X_σ (after suitably localized and completed) is k[z_j, w_l, y_i]/(y_i − u_i ∏ j z^{bij}_j , w_l − ∏ i y^{bli}_i ). If we now take new coordinates ỹ_i = u^{−1}_i y_i and w̃_l = ∏ i ỹ^{ali}_i , we get a toric model for X^′ as in the case u_i = 1.

In general, if x_τ ∈ X_τ is not a closed orbit, write f = f^o × id : X_σ′ × G^l_m → X_τ ′ × G^l_m and consider the fiber squares X_π −−−→ X_σ′ × G^l_m^α−−−→ X_σ′ f^′ f f^o X_ρ −−−→ X_τ ′ × G^l_m^β−−−→ X_τ ′ where α and β are projections. Clearly X_π = X_ρ ×_{Xτ} X_σ ∼= X_ρ ×_{Xτ′} X_σ′ , and since {x_τ ′ } ∈ X_τ ′ is a closed orbit, we are reduced to the previous case.

Lemma 8.4. (cf. [ℵ], Proposition 4.4) Consider the fiber square X^{′ h}→ X f^′ ↓ ↓ f B^{′ r}→ B. where r is a modification (proper and birational), f is a flat Gorenstein morphism, and both B and B^′ have rational Gorenstein singularities (hence f^′, X and X^′ are Gorenstein as well). If X^′ has rational singularities, then X also has rational singularities.

Proof. By base change we have h^∗ω_f = ω_f ′ . Since both B and B^′ have rational Gorenstein singularities, we have ω_B = r_∗ω_B′ . The flatness of f implies that f^∗r_∗ω_B′ = h_∗f^{′∗}ω_B′ . Therefore we have

h_∗ω_X′ = h_∗(ω_f ′ ⊗ f^{′∗}ω_B′ ) = h_∗(h^∗ω_f ⊗ f^{′∗}ω_B′ ) = ω_f ⊗ h_∗f^{′∗}ω_B′ = ω_f ⊗ f^∗r_∗ω_B′ = ω_f ⊗ f^∗ω_B = ω_X .

Thus X has rational singularities.

Proposition 8.5. Let f : X → B be a weakly semistable morphism. Then f is mild.

Proof. Let B_1 → B be a dominant morphism such that B_1 has rational Gorenstein singularities. We need to show that X_1 = X ×_B B_1 has rational Gorenstein singularities. By Lemma 8.2 f is a Gorenstein morphism, so X_1 has Gorenstein singularities.

Pick a resolution of singularities B^′ → B_1 such that the inverse image of B^\ U_B in B^′ is a divisor with normal crossings. By lemma 8.3 we have that X^′ = X ×_B B^′ is toroidal, therefore X^′ has rational singularities. By lemma 8.4 we have that X_1 has rational singularities as well, which is what we needed.

9. Weak semistable reduction for families of pairs

So far we have considered the problem of making a family of varieties f : X → B as nice as possible. Now suppose that we are given a family of pairs (X → B, Z), where X → B is a morphism as before, and Z ⊂ X is a divisor. We wish to perform weak semistable reduction so that the inverse image of Z becomes part of the toroidal divisor X^\ U_X . In general, the inverse image of Z may contain horizontal components dominating B. So we need to extend the definition of a weakly semistable morphism to the case where X may have horizontal divisors.

The only time when we needed a semistable morphism f : X → B to have no horizontal divisors was when we proved in Lemma 8.2 that X has rational Gorenstein singularities. Now we define a kind of horizontal divisors so that everything we proved in Section 8 remains true in the presence of such divisors. In the following definitions we give both geometric and combinatorial versions.

Definition 9.1. (i) Let f : X → B be a toroidal morphism. We say that f has good horizontal divisors if at every point x ∈ X we can find a local model of the form X_σ = X_σ′ × A^l where the horizontal divisors through x are exactly the pullbacks of the coordinate hyperplanes in A^l .

(ii) A morphism of polyhedral complexes f_Δ : Δ_X → Δ_B has good horizontal divisors if for every σ ∈ Δ_X we can find splittings N_σ ∼= N_{σ1} ⊕ N_{σ2} σ ∼= σ_1 ⊕ σ_2 where σ_1 = σ ∩ Ker(f_Δ) is a nonsingular cone with respect to the lattice N_{σ1} .

The following lemma is obvious:

Lemma 9.2. Let f : X → B be a toroidal morphism and f_Δ : Δ_X → Δ_B the associated morphism of polyhedral complexes. Then f has good horizontal divisors if and only if f_Δ has good horizontal divisors.

Notice that if X has good horizontal divisors, we can always remove them by taking new local models X_σ′ ×G^l_m . So, everything we proved about weakly semistable morphisms in Section 8 remains true if X is allowed to have good horizontal divisors. If X is nonsingular then all horizontal divisors are good.

Next we generalize the definition of (weak) semistability.

Definition 9.3. (i) A toroidal morphism f : X → B with good horizontal divisors is called weakly semistable if

1. the morphism f is equidimensional; 2. all the fibers of f are reduced; 3. B is nonsingular.

If also X is nonsingular, we say that the morphism f : X → B is semistable. (ii) Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes with good horizontal divisors. We say that f_Δ is weakly semistable if

1. For any cone τ ∈ Δ_X we have f_Δ(τ) ∈ Δ_B. 2. For any cone τ ∈ Δ_X we have f_Δ(N_τ ) = N_{fΔ(τ)}. 3. Δ_B is nonsingular.

If also Δ_X is nonsingular, we say that f_Δ is semistable.

The following lemma follows trivially from Lemma 9.2 and the results of the previous sections.

Lemma 9.4. A toroidal morphism f : X → B is (weakly) semistable if and only if the morphism of polyhedral complexes f_Δ : Δ_X → Δ_B is (weakly) semistable.

Theorem 9.5 (Weak semistable reduction). (i) Let X → B be a surjective morphism of projective varieties, and let Z ⊂ X be a closed subset. There exist an alteration B^′ → B and a modification X^′ → X ×_B B^′, such that X^′ → B^′ is weakly semistable with good horizontal divisors and the inverse image of Z is part of the toroidal divisor X^{′ \} U_X′ .

(ii) Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes with good horizontal divisors. Then there exists a projective subdivision f^′_Δ of f_Δ and a lattice alteration f^{′′}_Δ of f^′_Δ such that f^{′′}_Δ is weakly semistable with good horizontal divisors.

Proof. First we show that (ii) implies (i). By Theorem 2.1, we may assume that X and B are nonsingular toroidal embeddings, the morphism f is toroidal and Z is part of the toroidal divisor. Let f_Δ : Δ_X → Δ_B be the associated morphism of polyhedral complexes. Then f_Δ has good horizontal divisors by nonsingularity of X. Now we use part (ii) and the proof of Proposition 7.4, where it was shown that projective subdivisions and lattice alterations have geometric counterparts. Since the resulting morphism f^{′′}_Δ is weakly semistable with good horizontal divisors, so is the morphism f^{′′} : X^{′′} → B^{′′}.

To prove part (ii), let Δ^o_X be the polyhedral complex that we get when we remove all horizontal divisors, i.e. replace (N_σ, σ) with (N_{σ2} , σ_2) in the notation of Definition 9.1. Then Δ^o_X is a subcomplex of Δ_X . By Propositions 4.4 and 5.10 there exists a projective subdivision of Δ^o_X → Δ_B followed by a lattice alteration so that the resulting morphism is weakly semistable. It is easy to see that the two operations can be extended to the morphism Δ_X → Δ_B. Indeed, we extend a projective subdivision of

Δ^o_X defined by a good function ψ by extending the function ψ as follows: set ψ(v) = 0 for v a primitive point corresponding to some horizontal divisor, and extend linearly. A lattice alteration of Δ^o_X → Δ_B can be extended to a lattice alteration of Δ_X → Δ_B by definition. Now it remains to note that after extending the two operations this way, the resulting morphism Δ^{′′}_X → Δ^{′′}_B has good horizontal divisors and is weakly semistable.

Remark 9.6. Exactly the same way we can prove that semistable reduction for morphisms X → B implies semistable reduction for pairs (X → B, Z). In the next section we prove semistable reduction for morphisms of relative dimension at most 3, hence we also have semistable reduction for pairs in relative dimension at most 3.

CHAPTER 3

Semistable reduction for families of surfaces and three-folds

In this chapter we prove the semistable reduction conjecture for the case when the relative dimension of f is not bigger than three.

Theorem 0.7. Conjecture 7.3 of Chapter 2 is true if f_Δ has relative dimension ≤ 3. Hence, Conjecture 0.5 of Chapter 2 is true if f has relative dimension ≤ 3.

To see that the second statement of the theorem follows from the first, consider a surjective morphism of affine toric varieties f : X_σ → X_τ defined by a linear map of cones and lattices f_Δ : (σ, N_σ) → (τ, N_τ ). A general fiber of this morphism has dimension equal to the rank of the kernel of f_Δ : N_σ → N_τ , and this is at least the relative dimension of f_Δ : σ → τ. Therefore, if a toroidal morphism f : X → B has relative dimension ≤ d, then the associated morphism of polyhedral complexes f_Δ : Δ_X → Δ_B also has relative dimension ≤ d.

The chapter is organized as follows. In Section 1 we use the construction of [KKMS] to make f_Δ semistable over the edges of Δ_B without increasing the multiplicity of Δ_X . In Section 2 we modify the barycentric subdivision of Δ_X so that we get a morphism to the barycentric subdivision of Δ_B. It is shown in Section 3 that in a certain situation we can choose a modified barycentric subdivision that decreases the multiplicity of Δ_X . The conditions when this happens are then verified for relative dimension ≤ 3 in Section 4. Section 5 gives an equivalent formulation of the combinatorial semistable reduction conjecture in terms of subdivisions only.

1. Notation and preliminaries

1.1. Notation. For a simplicial cone σ with primitive points v_1, . . . , v_n, the multiplicity of σ is m(σ, N_σ) = [N_σ : Zv_1 ⊕ . . . ⊕ Zv_n].

A polyhedral complex Δ is nonsingular if and only if m(σ, N_σ) = 1 for all σ ∈ Δ. To compute the multiplicity of σ we can count the representatives w ∈ N_σ of classes of N_σ/Zv_1 ⊕ . . . ⊕ Zv_n of the form w = ∑ i α_iv_i, 0 ≤ α_i < 1. The set of all such points is denoted by W (σ). For cones σ_1, σ_2 ∈ Δ we write σ_1 ≤ σ_2 if σ_1 is a face of σ_2. Notice that if σ_1 ≤ σ_2 then the multiplicity of σ_1 is at most the multiplicity of σ_2. Hence, to compute the multiplicity of a polyhedral complex Δ, it suffices to consider maximal cones only.

Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes, and assume that Δ_B is simplicial. Let u_1, . . . , u_m be the primitive points of Δ_B, and M_1, . . . , M_m positive integers. By taking the (M_1, . . . , M_m)-sublattice at u_1, . . . , u_m we mean the lattice alteration N^′_τ = Z{M_{i1}u_{i1} , . . . , M_{il} u_{il} } for all cones τ ∈ Δ_B with primitive points u_{i1} , . . . , u_{il} .

1.2. Applying the result of [KKMS]. Let σ_1 ⊂ R^{n1} and σ_2 ⊂ R^{n2} be two cones. We consider σ_1 × σ_2 as a cone in R^{n1 +n2} . If {σ_{1,α}}_α is a subdivision of σ_1, and {σ_{2,β}}_β is a subdivision of σ_2, then {σ_{1,α} × σ_{2,β}}_{α,β} gives us a subdivision of σ_1 × σ_2.

If Δ_X and Δ_B are simplicial, we say that f_Δ : Δ_X → Δ_B is simplicial if f_Δ(σ) ∈ Δ_B for all σ ∈ Δ_X . Assume that f_Δ : Δ_X → Δ_B is a simplicial map of simplicial complexes with f^{−1}_Δ (0) = {0}. Let u_i, i = 1, . . . , m be the primitive points of Δ_B, and let v_{ij}, i = 1, . . . , m j = 1, . . . , J_i be the primitive points of Δ_X such that v_{ij} is mapped to an integer multiple of u_i. For each i = 1, . . . , m we denote by Δ_{X,i} the subcomplex of Δ_X lying over the cone ⟨u_i⟩ of Δ_B:

Δ_{X,i} = f^{−1}_Δ (⟨u_i⟩).,

and for a cone σ ∈ Δ_X , we let σ_i = σ ∩ f^{−1}_Δ (⟨u_i⟩). Then by the assumption that f^{−1}_Δ (0) ∩ σ = {0}, we have σ ∼= σ_1 × . . . × σ_m, although the lattice may not be a direct sum N_σ ∩ Span σ_1 ⊗ . . . ⊗ N_σ ∩ Span σ_m ⊂ N_σ.

If Δ^′_{X,i} are subdivisions of Δ_{X,i}, we get a subdivision Δ^′_X of Δ_X by taking the product subdivisions inside each cone σ ∈ Δ_X .

Lemma 1.1. If Δ^′_{X,i} are projective subdivisions of Δ_{X,i} then Δ^′_X is a projective subdivision of Δ_X .

Proof. Let ψ_i be a convex piecewise linear function defining the subdivision |Δ^′_{X,i}|. Extend ψ_i linearly to the entire |Δ_X | by setting ψ_i(|Δ_{X,j}|) = 0 for j ≠ i. Then ψ = ∑ i ψ_i is a convex piecewise linear function defining the subdivision Δ^′_X .

Consider the restriction f_Δ|_{ΔX,i} : Δ_{X,i} → ⟨u_i⟩. By the Main Theorem of Chapter 2 in [KKMS] there exist a subdivision Δ^′_{X,i} of Δ_{X,i} and a positive integer M_i such that after taking the M_i-sublattice at u_i the induced morphism f^′_Δ|_Δ′_{X,i} is semistable. We let Δ^′_X be the product of the subdivisions Δ^′_{X,i}, and we take the (M_1, . . . , M_m)- sublattice at (u_1, . . . , u_n). Then f^′_Δ : Δ^′_X → Δ^′_B is a simplicial map and f^′_Δ|_Δ′_{X,i} is semistable for all i.

Lemma 1.2. The multiplicity of Δ^′_X is not greater than the multiplicity of Δ_X .

Proof. Let σ ∈ Δ_X have primitive points v_{ij} and let σ^′ ⊂ σ be a maximal cone in the subdivision with primitive points v^′_{ij}. The multiplicity of σ^′ is the number of points in W (σ^′). We show that W (σ^′) can be mapped injectively to W (σ), hence the multiplicity of σ^′ is not greater than the multiplicity of σ.

If w^′ ∈ W (σ^′), we write w^′ = ∑ i,j (β_{ij} + b_{ij})v_{ij}, 0 ≤ β_{ij} < 1, b_{ij} ∈ Z_+. Then w = ∑ ij β_{ij}v_{ij} ∈ N_σ is in W (σ). If two points w^′_1, w^′_2 ∈ W (σ^′) give the same w, then their difference w^′_1 −w^′_2 is an integral linear combination of v_{ij}. But then w^′_1 −w^′_2 is also an integral linear combination of v^′_{ij} because Z{v^′_{ij}}_{i,j} = Z{v_{ij}}_{i,j} ∩ N_σ′ (to see the inclusion Z{v_{ij}}_{i,j} ∩ N_σ′ ⊂ Z{v^′_{ij}}_{i,j} note that v^′_{ij} form a basis of N_σ ∩ f^{−1}⟨u_i⟩ =

Z{v^′_{ij}}_{i,j}). Hence w^′_1 − w^′_2 = 0.

2. Modified barycentric subdivisions

Let f_Δ : Δ_X → Δ_B be a simplicial morphism. Consider the barycentric subdivision BS(Δ_B) of Δ_B. The 1-dimensional cones of BS(Δ_B) are of the form R_+τ̂ where τ̂ = ∑ u_i is the barycenter of a cone τ ∈ Δ_B with primitive points u_1, . . . , u_m. A cone τ^′ ∈ BS(Δ_B) is spanned by τ̂_1, . . . , τ̂_k, where τ_1 ≤ τ_2 ≤ . . . ≤ τ_k is a chain of cones in Δ_B.

In general, f_Δ does not induce a morphism BS(Δ_X ) → BS(Δ_B). For example, if σ = ⟨v_{11}, v_{12}, v_{21}⟩, τ = ⟨u_1, u_2⟩, and f_Δ : v_{ij} → u_i, then f_Δ does not induce a morphism of barycentric subdivisions. To get a morphism we need to modify the barycenters σ̂ of cones σ ∈ Δ_X so that they map to (multiples of) barycenters of Δ_B.

Definition 2.1. The data of modified barycenters consists of

1. A subset of cones Δ̃_X ⊂ Δ_X .

2. For each cone σ ∈ Δ̃_X a lattice point b_σ ∈ int(σ) ∩ N_σ such that f_Δ(b_σ) ∈ R_+τ̂ for some τ ∈ Δ_B.

Recall that for any total order ≺ on the set of cones in Δ_X refining the partial order ≤, the barycentric subdivision BS(Δ_X ) can be realized as a sequence of star subdivisions at the barycenters σ̂ for all cones σ ∈ Δ_X in the descending order ≺.

Definition 2.2. Given modified barycenters (Δ̃_X , {b_σ}) and a total order ≺ on Δ_X refining the partial order ≤, we define the modified barycentric subdivision MBS~_{ΔX ,{bσ},≺}(Δ_X ) to be the sequence of star subdivisions at b_σ for all σ ∈ Δ̃_X in the descending order ≺.

Example 2.3. Let f_Δ : ⟨v_{11}, v_{12}, v_{21}⟩ → ⟨u_1, u_2⟩ be the morphism defined by f_Δ : v_{ij} → u_i. Let Δ̃_X consist of the two cones Δ̃_X = {⟨v_{11}, v_{21}⟩, ⟨v_{12}, v_{21}⟩}, and let the modified barycenters be {b_σ} = {v_{11} + v_{21}, v_{12} + v_{21}}. Depending on whether ⟨v_{11}, v_{21}⟩ ≺ ⟨v_{12}, v_{21}⟩ or vice versa, we get two modified barycentric subdivisions as shown in Figure 1.

Figure 1. Two modified barycentric subdivisions from Example 2.3.

To simplify notation, we write MBS~_{ΔX} (Δ_X ) or simply MBS(Δ_X ) instead of MBS~_{ΔX ,{bσ},≺}(Δ_X ). By definition, MBS(Δ_X ) is a projective simplicial subdivision of Δ_X . Next we show that, as in the case of the ordinary barycentric subdivision, the cones of MBS(Δ_X ) can be characterized by chains of cones in Δ_X . We may assume that the zero- and one-dimensional cones of Δ_X are all in Δ̃_X , and they precede all other cones in the order ≺. For a cone σ ∈ Δ_X let σ̃ be the maximal face of σ (w.r.t. ≺) in Δ̃_X . Given a chain of cones σ_1 ≤ . . . ≤ σ_k in Δ_X , the cone ⟨b_{σ̃1} , . . . , b_{σ̃k} ⟩ is a subcone of σ_k. Let C(Δ_X ) be the set of all such cones corresponding to chains σ_1 ≤ . . . ≤ σ_k in Δ_X .

Proposition 2.4. C(Δ_X ) = MBS(Δ_X ).

Proof. We do induction on the number of cones in Δ̃_X of dimension at least two. If Δ̃_X contains only zero- or one-dimensional cones then the statement is trivial. So, assume that Δ̃_X = Δ̃_{X,0} ∪ {σ_0}, where σ ≺ σ_0 for any σ ∈ Δ̃_{X,0}, and assume that the proposition is proved for Δ̃_{X,0}.

Without loss of generality we may assume that Δ_X consists of cones containing σ_0 and their faces only. We get MBS~_{ΔX} (Δ_X ) from Δ_X if we first subdivide at b_{σ0} and then at b_σ for σ ∈ Δ̃_{X,0} in the descending order ≺. If Δ_{X,0} is the subcomplex of Δ_X consisting of cones not containing σ_0, then the star subdivision of Δ_X at b_{σ0} is Δ_{X,0} × ⟨b_{σ0} ⟩. Since σ_0 is greater than any σ ∈ Δ̃_{X,0} with respect to ≺, all b_σ ∈ Δ_{X,0}, and we see that MBS~_{ΔX} (Δ_X ) = MBS~_{ΔX,0} (Δ_{X,0}) × ⟨b_{σ0} ⟩.

A cone in MBS~_{ΔX,0} (Δ_{X,0}) × ⟨b_{σ0} ⟩ is of the form σ × ρ, where ρ is a face of ⟨b_{σ0} ⟩, i.e. either {0} or ⟨b_{σ0} ⟩ itself, and where σ is a cone in MBS~_{ΔX,0} (Δ_{X,0}). Applying induction hypothesis to MBS~_{ΔX,0} (Δ_{X,0}), we get that σ = ⟨b_{σ̃1} , . . . , b_{σ̃l} ⟩ for a chain of cones σ_1 ≤ . . . ≤ σ_l in Δ_{X,0}. Now if ρ = {0} then σ × ρ = ⟨b_{σ̃1} , . . . , b_{σ̃l} ⟩ ∈ C(Δ_X ). If ρ = ⟨b_{σ0} ⟩, we let σ_{l+1} be a cone in Δ_X that contains both σ_l and σ_0. Then σ̃_{l+1} = σ_0, and σ × ρ = ⟨b_{σ̃1} , . . . , b_{σ̃l} , b_{σ̃l+1} ⟩ ∈ C(Δ_X ).

Conversely, let ⟨b_{σ̃1} , . . . , b_{σ̃l} ⟩ be a cone in C(Δ_X ) for some chain σ_1 ≤ . . . ≤ σ_l in Δ_X . Then for some k ≤ l we have that σ̃_1, . . . , σ̃_k ∈ Δ̃_{X,0}, and σ̃_{k+1} = . . . = σ̃_l = σ_0. By induction hypothesis, the cone ⟨b_{σ̃1} , . . . , b_{σ̃k} ⟩ coming from the chain σ_1 ≤ . . . ≤ σ_k in Δ_{X,0} is in MBS~_{ΔX,0} (Δ_{X,0}). Hence the cone ⟨b_{σ̃1} , . . . , b_{σ̃l} ⟩ is of the form σ × ρ, where σ = ⟨b_{σ̃1} , . . . , b_{σ̃k} ⟩ ∈ MBS~_{ΔX,0} (Δ_{X,0}), and ρ = ⟨b_{σ0} ⟩ if k < l, and ρ = {0} if k = l.

Corollary 2.5. Assume that f_Δ : Δ_X → Δ_B is a simplicial morphism. If f_Δ(σ̃) = f_Δ(σ) for all σ ∈ Δ_X then f_Δ induces a simplicial morphism

f^′_Δ : MBS(Δ_X ) → BS(Δ_B).

Proof. Let σ^′ ∈ MBS(Δ_X ) correspond to a chain σ_1 ≤ . . . ≤ σ_k in Δ_X . Since f_Δ is simplicial, we have a chain of cones f_Δ(σ_1) ≤ . . . ≤ f_Δ(σ_k) in Δ_B. Recall that b_{σ̃i} is mapped to a multiple of a barycenter: f_Δ(b_{σ̃i} ) = R_+τ̂ for some τ ∈ Δ_B. The assumption that f_Δ(σ̃_i) = f_Δ(σ_i) implies that f_Δ(b_{σ̃i} ) ∈ R_+ “f_Δ(σ_i), hence the cone ⟨b_{σ̃1} , . . . , b_{σ̃k} ⟩ is mapped onto the cone ⟨ “f_Δ(σ_1), . . . , “f_Δ(σ_k)⟩ ∈ BS(Δ_B).

Example 2.6. Assume that f_Δ : Δ_X → Δ_B is a simplicial morphism taking primitive points of Δ_X to primitive points of Δ_B. Then for a cone σ ∈ Δ_X such that f_Δ : σ^≃→ τ for some τ ∈ Δ_B, we have f_Δ(σ̂) = τ̂ .

Let Δ_X = {σ ∈ Δ_X : f_Δ|_σ is injective}, b_σ = σ̂. Clearly, the hypothesis of the lemma is satisfied, and we have a simplicial morphism f^′_Δ : MBS_{ΔX} (Δ_X ) → BS(Δ_B).

Conversely, if (Δ̃_X , {b_σ}) is the data of modified barycenters such that f_Δ induces a morphism f^′_Δ : MBS~_{ΔX} (Δ_X ) → BS(Δ_B), then Δ_X ⊂ Δ̃_X . Thus, we may always assume that Δ_X ⊂ Δ̃_X .

3. Reducing the multiplicity of Δ_X

Proposition 3.1. Let f_Δ : Δ_X → Δ_B be a simplicial morphism taking primitive points to primitive points. Assume that Δ_B is nonsingular, Δ_X is singular, and every singular cone σ ∈ Δ_X contains a point w ∈ W (σ)^\ {0} mapping to a barycenter in Δ_B. Then there exists a modified barycentric subdivision MBS(Δ_X ) of Δ_X having multiplicity strictly less than the multiplicity of Δ_X such that f_Δ induces a simplicial morphism f^′_Δ : MBS(Δ_X ) → BS(Δ_B).

Proof. For every singular cone σ ∈ Δ_X we choose a point w_σ as follows. By assumption, there exists a point w ∈ W (σ)^\ {0} mapping to a barycenter of Δ_B: f_Δ(w) = τ̂. Then for a unique cone τ_0 ∈ Δ_B we have f_Δ(σ) = τ × τ_0. We choose a face σ_0 ≤ σ such that f_Δ : σ_0^≃→ τ_0. Set w_σ = w + σ̂_0; then f_Δ(w_σ) = f_Δ(w) + f_Δ(σ̂_0) = τ̂ + τ̂_0 = “f_Δ(σ).

Having chosen the set {w_σ}, we may remove or rename some of the points w_σ if necessary so that every simplex ρ ∈ Δ_X contains at most one w_σ in its interior, and the face of ρ containing w_ρ in its interior is maximal with respect to ≤ among all faces of ρ containing some w_σ in their interior. With Δ_X as in Example 2.6, let Δ̃_X = Δ_X ∪ {ρ ∈ Δ_X |w_σ ∈ int (ρ) for some singular σ}, b_ρ = ρ̂ if ρ ∈ Δ_X , and b_ρ = w_σ if w_σ ∈ int(ρ).

Next we specify the order ≺. We refine the partial order ≤ as follows: for two faces σ_1 and σ_2 of a cone σ ∈ Δ_X we set σ_1 ≺_0 σ_2 if dim f_Δ(σ_1) < dim f_Δ(σ_2). Since

Δ_X ⊂ Δ̃_X , this ensures that the condition f_Δ(σ̃) = f_Δ(σ) of Corollary 2.5 is satisfied for any refinement of ≺_0. Now if σ is singular, then the point w_σ constructed above lies in the interior of a face ρ_σ such that f_Δ(ρ_σ) = f_Δ(σ). We further refine the order ≺_0 by setting σ_1 ≺_0 ρ_σ for any face σ_1 of the singular cone σ which does not contain ρ_σ. Then σ̃ = ρ_σ whenever σ is singular. Finally we let ≺ be any refinement of ≺_0 to a total order.

Let σ ∈ Δ_X be a cone, and let a maximal cone σ^′ ∈ MBS(Δ_X ) be given by a maximal chain of faces of σ: σ_1 ≤ . . . ≤ σ_n. We have to show that m(σ^′, N_σ) ≤ m(σ, N_σ), and if σ is singular then the inequality is strict.

We can order the primitive points v_1, . . . , v_n of σ so that σ_1 = ⟨v_1⟩, σ_2 = ⟨v_1, v_2⟩, . . . , σ_n = ⟨v_1, . . . , v_n⟩. Since b_{σ̃i} ∈ σ_i, the primitive points of σ^′ = ⟨b_{σ̃1} , . . . , b_{σ̃n} ⟩ can be written as

v^′_1 =^1_{μ1} b_{σ̃1} = a_{11}v_1 v^′_2 =^1_{μ2} b_{σ̃2} = a_{21}v_1 + a_{22}v_2 · · · v^′_n =^1_{μn} b_{σ̃n} = a_{n1}v_1 + . . . + a_{nn}v_n

for some a_{ij} ≥ 0 and integers μ_i ≥ 1. The multiplicity of σ^′ is a_{11} ·a_{22} · · · a_{nn} times the multiplicity of σ. By the choice of b_ρ above, all a_{ii} ≤ 1, hence m(σ^′, N_σ′ ) ≤ m(σ, N_σ). If σ is singular, let i be the smallest index such that the face σ_i is singular. Then, with notation as above, b_{σ̃i} = w + σ̂_0 for some w ∈ W (σ_i)^\ {0}, and σ_0 ≤ σ_i. Now if a_{ii} = 1, then w ∈ ⟨v_1, . . . , v_{i−1}⟩, and this gives a contradiction with the choice of i. Hence a_{ii} < 1 and m(σ^′, N_σ′ ) < m(σ, N_σ).

4. Families of surfaces and three-folds

Proof of Theorem 0.7. Let f_Δ : Δ_X → Δ_B be a surjective morphism of polyhedral complexes of relative dimension ≤ 3 such that f^{−1}_Δ (0) = {0}. By Proposition 4.4 and Remark 4.5 in Chapter 2, we may assume that Δ_X is simplicial, Δ_B is nonsingular, and f_Δ : Δ_X → Δ_B is a simplicial morphism.

Applying the construction of [KKMS] over the edges of Δ_B (Subsection 1.2), we can make f_Δ|_{ΔX,i} semistable without increasing the multiplicity of Δ_X . We show below that every singular simplex σ ∈ Δ_X contains a point w ∈ W (σ)^\ {0} mapping to a barycenter of Δ_B. By Proposition 3.1, there exists a modified barycentric subdivision such that f_Δ induces a simplicial morphism f^′_Δ : MBS(Δ_X ) → BS(Δ_B), with multiplicity of MBS(Δ_X ) strictly less than the multiplicity of Δ_X . Since f^′_Δ is simplicial and BS(Δ_B) nonsingular, the proof is completed by induction on the multiplicity of Δ_X .

Consider the restriction of f_Δ to a singular simplex f_Δ : σ → τ, where τ has primitive points u_1, . . . , u_m, σ has primitive points v_{ij}, i = 1, . . . , m, j = 1, . . . , J_i, and f_Δ(v_{ij}) = u_i. Since σ is singular, it contains a point w ∈ W (σ)^\ {0}:

w = ∑ i,j α_{ij}v_{ij}, 0 ≤ α_{ij} < 1, ∑ α_{ij} > 0.

Considering a face of σ if necessary, we may assume that w lies in the interior of σ, hence 0 < α_{ij}. Since f_Δ(w) ∈ N_τ , it follows that ∑ j α_{ij} ∈ Z for all i. In particular, if J_{i0} = 1 for some i_0 then α_{i01} = 0, and w lies in a face of σ. So we may assume that J_i > 1 for all i. Since the relative dimension of f_Δ is ∑ i(J_i − 1), we have to consider all possible decompositions ∑ i(J_i − 1) ≤ 3, where J_i > 1 for all i.

The cases when the relative dimension of f_Δ is 0 or 1 are trivial and left to the reader.

If the relative dimension of f_Δ is 2, then either J_1 = 3, or J_1 = J_2 = 2. In the first case we have that ⟨v_{11}, v_{12}, v_{13}⟩ is singular, contradicting the semistability of f_Δ|_{ΔX,1} . In the second case, α_{11} + α_{12}, α_{21} + α_{22} ∈ Z and 0 < α_{ij} < 1 imply that α_{11} + α_{12} = α_{21} + α_{22} = 1. Hence f_Δ(w) = u_1 + u_2 is a barycenter.

In relative dimension 3, either J_1 = 4, or J_1 = 3, J_2 = 2, or J_1 = J_2 = J_3 = 2. In the first case we get a contradiction with the semistability of f_Δ|_{ΔX,1} ; the third case gives α_{11} + α_{12} = α_{21} + α_{22} = α_{31} + α_{32} = 1 as for relative dimension 2. In the second case, either α_{11} + α_{12} + α_{13} = α_{21} + α_{22} = 1 and w maps to a barycenter, or α_{11} + α_{12} + α_{13} = 2, α_{21} + α_{22} = 1 and ( ∑ v_{ij}) − w maps to a barycenter.

Example 4.1. We show by an example that the previous construction of modified barycentric subdivisions does not work in relative dimension ≥ 4. Let τ = ⟨u_1, u_2⟩ and σ = ⟨v_{11}, v_{12}, v_{13}, v_{14}, v_{21}, v_{22}⟩, with lattices N_τ = Z{u_1, u_2} and N_σ =

Z{v_{11}, . . . , v_{22},^1_2 (v_{11} + . . . + v_{22})}. Then W (σ)^\ {0} consists of a single point w = 1 2 (v_{11} + . . . + v_{22}), and if f_Δ maps v_{ij} to u_i then w is mapped to 2u_1 + u_2, which is not a barycenter.

5. Another formulations of the semistable reduction conjecture

Let f_Δ : (N_σ, σ) → (N_τ , τ) be a simplicial morphism of lattices and simplicial cones (i.e., taking faces onto faces), let v_1, . . . , v_n be the primitive points of σ and u_1, . . . , u_m the primitive points of τ. Let σ_i = f^{−1}_Δ (Ru_i ), and assume that f^{−1}_Δ (0) ∩ σ = {0}, so that σ = σ_1 × . . . × σ_m.

Denote N^0_τ = f_Δ(Zv_1 ⊕ . . . ⊕ Zv_n), N^0_σ = f^{−1}_Δ (N^0_τ ) ∩ N_σ, and consider the tower of lattices:

Zv_1 ⊕ . . . ⊕ Zv_n ⊂ N^0_σ ∩ Span σ_1 ⊕ . . . ⊕ N^0_σ ∩ Span σ_m ⊂ N^0_σ ⊂ N_σ.

The multiplicity of σ is by definition the index between the first and the fourth lattices:

m(σ, N_σ) = [N_σ : Zv_1 ⊕ . . . ⊕ Zv_n].

We define the horizontal multiplicity of σ to be the index between the second and the third lattices:

m_{hor}(σ, N_σ, f_Δ) = [N^0_σ : N^0_σ ∩ Span σ_1 ⊕ . . . ⊕ N^0_σ ∩ Span σ_m].

For simplicity, we omit some of the arguments of m_{hor} if no confusion can occur. We also say that a morphism f_Δ : Δ_X → Δ_B has horizontal multiplicity equal to the maximum of m_{hor}(σ, N_σ, f_Δ) over all cones σ ∈ Δ_X .

Let v_{i1} , . . . , v_{ini} be the primitive points of σ_i (with respect to either N_σ or N^0_σ ). Then [N^0_σ ∩ Span σ_i : Zv_{i1} ⊕ . . . ⊕ Zv_{ini} ] = m(σ_i, N^0_σ ), and we can write m_{hor}(σ, N_σ, f_Δ) = m(σ, N_σ) [N_σ : N^0_σ ] · ∏ i m(σ_i, N^0_σ ) = m(σ, N^0_σ ) ∏ i m(σ_i, N^0_σ ) . In particular, if N_σ = N^0_σ then the horizontal multiplicity is obtained by dividing the usual multiplicity by the “vertical multiplicity” ∏ i m(σ_i, N_σ). Lemma 5.1. Let f_Δ : (N_σ, σ) → (N_τ , τ) be a simplicial morphism, and consider a lattice alteration given by N^′_τ ⊂ N_τ a sublattice of finite index and N^′_σ = f^{−1}_Δ (N_τ )∩N_σ. Then m_{hor}(σ, N_σ) = m_{hor}(σ, N^′_σ).

Proof. Let u_1, . . . , u_m be the primitive points of τ with respect to N^0_τ . First note that m(τ, N^0_τ ) = 1 because N^0_τ is generated by elements f_Δ(v_i) ∈ Zu_i, hence N^0_τ = Zu_1 ⊕ . . . ⊕ Zu_m. Similarly, m(τ, N^′_τ^0) = 1 and since N^′_τ^0 ⊂ N^0_τ , we see that N^′_τ^0 must be of the form N^′_τ^0 = ZM_1u_1 ⊕. . .⊕ZM_mu_m for some integers M_1, . . . , M_m > 0.

Consider the diagram N^0_σ ∩ Span σ_1 ⊕ . . . ⊕ N^0_σ ∩ Span σ_m ⊂ N^0_σ^f→ N^0_τ = Zu_1 ⊕ . . . ⊕ Zu_m ∪ ∪ ∪ ∪ N^′_σ^0 ∩ Span σ_1 ⊕ . . . ⊕ N^′_σ^0 ∩ Span σ_m ⊂ N^′_σ^{0 f}→ N^′_τ^0 = ZM_1u_1 ⊕ . . . ⊕ ZM_mu_m The indices of the horizontal inclusion in the left square are m_{hor}(σ, N_σ) and m_{hor}(σ, N^′_σ) respectively. To show that they are equal is equivalent to showing that the indices of the vertical inclusions are the same. Since the middle square is a fiber square with both horizontal maps surjective, we have [N^0_σ : N^′_σ^0] = [N^0_τ : N^′_τ^0], and we may split the diagram into m fiber squares N^0_σ ∩ Span σ_i^f→ Zu_i ∪ ∪ N^′_σ^0 ∩ Span σ_i^f→ ZM_iu_i where the horizontal maps are surjective, hence the vertical inclusions have the same index M_i.

Lemma 5.2. Let f_Δ : (N_σ, σ) → (N_τ , τ) be a simplicial morphism, and assume that N_σ = N^0_σ and m_{hor}(σ, N_σ) = 1. If Δ_i is a nonsingular subdivision of σ_i for i = 1, . . . , m, then the product Δ_1 × . . . × Δ_m is a nonsingular subdivision of σ.

Proof. By assumption, m(σ, N_σ) = ∏ i m(σ_i, N_σ). If σ^′ is a maximal cone in the subdivision then σ^′ has the same horizontal multiplicity as σ, and since σ^′_i have multiplicity 1, we get that σ^′ also has multiplicity 1.

Proposition 5.3. Let f_Δ : Δ_X → Δ_B be a morphism of polyhedral complexes. Then the following are equivalent:

(i) There exists a subdivision f^′_Δ : Δ^′_X → Δ^′_B of f_Δ : Δ_X → Δ_B followed by a lattice alteration f^{′′}_Δ : Δ^{′′}_X → Δ^{′′}_B such that f^{′′}_Δ is semistable.

(ii) There exists a subdivision f^′_Δ : Δ^′_X → Δ^′_B of f_Δ : Δ_X → Δ_B such that f^′_Δ is simplicial and has horizontal multiplicity 1.

Proof.

(i) ⇒ (ii). Consider f^′_Δ : (σ, N_σ) → (τ, N_τ ) in f^′_Δ : Δ^′_X → Δ^′_B such that after taking a suitable sublattice N^′_τ ⊂ N_τ , the cone σ becomes nonsingular with respect to the lattice N^′_σ = N_σ ∩ f^′_Δ^{−1}(N^′_τ ). Since m_{hor}(σ, N^′_σ) ≤ m(σ, N^′_σ) = 1, by Lemma 5.1 we have m_{hor}(σ, N_σ) = 1.

(ii) ⇒ (i). Consider f^′_Δ : Δ^′_X → Δ^′_B simplicial with horizontal multiplicity 1. We use the construction of [KKMS] to find a lattice alteration f^{′′}_Δ : Δ^{′′}_X → Δ^{′′}_B followed by a subdivision f^{′′′}_Δ : Δ^{′′′}_X → Δ^{′′′}_B so that f^{′′′}_Δ is semistable over the 1-dimensional cones of Δ_B. By Lemma 5.1, f^{′′}_Δ has horizontal multiplicity 1, and by Lemma 5.2, Δ^{′′′}_X is nonsingular. Since f^{′′′}_Δ maps primitive points to primitive points, it is semistable.

CHAPTER 4

Minimal models and boundedness of stable varieties

It is known that there exists a quasi-projective coarse moduli space for nonsingular n-dimensional varieties X with ample canonical divisor K_X and a given Hilbert polynomial H(l) = h^0(X, O(lK_X )) for large l (e.g. see [Vie]). The starting point in the construction of this moduli space is Matsusaka’s big theorem [Mat1] which states that the class of these varieties is bounded: there exists an integer ν_0 > 0, independent of X, such that ν_0K_X is very ample and has no higher cohomology. This condition is equivalent to the existence of a family X → B over a scheme of finite type whose fibers contain all such varieties.

In order to compactify the moduli space of smooth n-folds, one has to add points at the boundary, corresponding to limits of smooth varieties. The natural way to construct these limits is to take a one-parameter semistable family of n-folds, and find the relative canonical model of this family in the sense of the minimal model program in dimension n + 1 (MMP (n + 1)). All such limits have semi-log-canonical singularities (see the discussion after Definition 1.8).

We consider the class of stable (almost) smoothable n-folds X with semi-log-canonical singularities and ample canonical divisor K_X . Smoothability here means that X admits a deformation to a variety with rational Gorenstein singularities. The moduli functor M^{sm}_H assigns to a scheme S the set of isomorphism classes of families of stable smoothable n-folds over S with a given Hilbert polynomial H. The main result of this paper is that the minimal model program in dimension n + 1 implies boundedness of the functor M^{sm}_H .

Theorem 0.4. Assuming MMP(n+1), there exists a family X̃ → B over a projective scheme B in M^{sm}_H (B) whose geometric fibers include all stable smoothable n-folds with Hilbert polynomial H.

If, in addition to boundedness, M^{sm}_H is locally closed, separated, complete, with tame automorphisms, and if the canonical polarization is semi-positive, then Kollár’s theorem [Kol2] states that there exists a projective moduli space M^{sm}_H coarsely representing the functor M^{sm}_H . Semi-positivity of the canonical polarization has been proved by Kollár (Theorem 4.12, [Kol2]). Since K_X is ample, X has a finite automorphism group by a result of Iitaka (Section 11.7, [Iit]). Separatedness of M^{sm}_H follows from the uniqueness of log-canonical models (Lemma 1.9). In Lemma 1.6 we prove that semi-log-canonical varieties deform to semi-log-canonical varieties; since the other conditions we require from stable smoothable n-folds are either open or closed, the functor M^{sm}_H is locally closed. Completeness then follows because M^{sm}_H is the image of the projective scheme B. This proves the existence of coarse moduli spaces:

Corollary 0.5. Assuming MMP(n+1), the moduli functor M^{sm}_H is coarsely represented by a projective scheme M^{sm}_H .

We remark that we do not need to assume the minimal model program in its full generality; only the semistable minimal model program is required (see Assumption 1.2). Nevertheless, the minimal model program MMP(n+1) is known only in dimensions n + 1 ≤ 3. Boundedness for semi-log-canonical surfaces has been proved by Alexeev [Ale1]. With this proof he finished the construction of projective coarse moduli spaces for semi-log-canonical surfaces that was started in [KSB]. The proof of Theorem 0.4 simplifies Alexeev’s result of boundedness for semi-log-canonical surfaces, and generalizes it to n-folds, subject to the minimal model program assumption.

In [Ale2] Alexeev considered the problem of constructing projective coarse moduli spaces for stable pairs (X, B) consisting of an n-fold X and a divisor B in X. He showed that the log-minimal model program in dimension n + 1 together with the boundedness assumption imply the existence of coarse moduli spaces for stable pairs. At the end of the paper we indicate what are the difficulties in extending the proof of Theorem 0.4 directly to the case of stable pairs.

0.1. Sketch of the proof. We imitate the construction of a stable n-fold X as a limit of a one-parameter family of smooth varieties, and try to find all these limits at the same time. By Matsusaka’s theorem [Mat2], the class of normal varieties with rational Gorenstein singularities, ample canonical bundle and a given Hilbert polynomial is bounded. We start with a compactification of the Hilbert scheme parameterizing these varieties, and the universal family over it. To this morphism we apply weak semistable reduction and then take the relative canonical model of the weakly semistable family. The crucial step in showing that this canonical model exists is a theorem of Siu and Kawamata on the invariance of plurigenera in families of canonical varieties [Kaw3]. If f : X → B is a weakly semistable morphism, then for a general nonsingular curve C ⊂ B the restriction X_C = f^{−1}(C) has canonical singularities, so we can find its relative canonical model by the MMP (n + 1) assumption. Now invariance of plurigenera implies that sections of f_∗O_{XC} (K_{XC} ) can be lifted to sections of f_∗O_X (K_X ), and it follows from this that the relative canonical ring of f : X → B is a finitely generated O_B-algebra.

Most of the results we prove about semi-log-canonical varieties and the moduli functor M^{sm}_H are direct generalizations of the corresponding results for surfaces given in [KSB, Ale3], or simplifications of the results for stable pairs [Ale2].

1. Preliminaries

By a variety X we mean a reduced (not necessarily irreducible) separated scheme of finite type over the field k. A birational morphism f : X → Y is a morphism that maps every component of X birationally to a component of Y , and has a birational inverse. Whenever we talk about a Weil divisor D in X we assume that the generic point of every component of D lies in the smooth locus of X. A Q -linear combination of Weil divisors D = ∑ a_iD_i in X is Q-Cartier if a multiple lD is Cartier for some integer l > 0. If f : Y → X is a morphism, we let f^∗(D) be the Q-Cartier divisor 1 l f^∗(lD); and if f is birational then f^{−1}_∗ (D) =^1_l f^{−1}_∗ (lD) is the strict transform of D.

Suppose that X contains an open subvariety U ⊂ X with complement of codimension at least two such that U is Gorenstein, i.e. the dualizing sheaf ω_U is invertible. We choose a canonical divisor K_U , where O_U (K_U ) ∼= ω_U , and let K_X be its closure in X. The variety X is called Q -Gorenstein if K_X is Q -Cartier. For a morphism f : Y → X, we define similarly the divisor K_{Y/X} with the help of the relative dualizing sheaf ω_{Y/X} . We say that the morphism f is Q-Gorenstein if K_{Y/X} is Q -Gorenstein. If both X and f : Y → X are Q-Gorenstein, then so is Y , and O_Y (K_Y ) ∼= O_Y (K_{Y/X} ) ⊗ f^∗O_X (K_X ).

Definition 1.1. Let X be a normal Q -Gorenstein variety, and let D be a Q- Cartier divisor in X. We say that the pair (X, D) has canonical (resp. log canonical) singularities if for any birational morphism f : Y → X from a normal Q -Gorenstein variety Y we have

K_Y = f^∗(K_X + D) − f^{−1}_∗ (D) + ∑ i a_iE_i

where all a_i ≥ 0 (resp. a_i ≥ −1).

To show that (X, D) has log-canonical singularities, or that (X, ∅) has canonical singularities, it suffices to check the numerical condition for a resolution f : Y → X of the pair (X, D), i.e. such that Y is nonsingular and the inverse image f^∗(D) is a divisor with nonsingular components crossing normally.

A flat projective morphism f : X → C from a nonsingular variety X to a nonsingular curve C is semistable if its fibers are reduced divisors of simple normal crossing. If f : X → C is any flat projective morphism to a nonsingular curve, we say that X admits a semistable resolution if there exists a birational morphism g : X̃ → X such that f ∘ g : X̃ → C is semistable.

To prove Theorem 0.4 we need to assume the existence of relative canonical models (cf. [KMM]) in the following two cases:

Assumption 1.2. (MMP(n+1)). Let X be a normal irreducible Q -Gorenstein (n + 1)-fold with at most canonical singularities (hence mK_X is a Cartier divisor for some m > 0), and let f : X → Y be a morphism of one of the two types:

1. f is birational and for some morphism g : Y → C to a nonsingular curve C, the composition g ∘ f : X → C is semistable; or 2. f is a flat projective morphism to a nonsingular curve Y with fibers of general type.

Then the relative canonical ring R_{X/Y} = ⨁ l≥0 f_∗O_X (lmK_X ) is a finitely generated O_Y -algebra. The scheme X_{can} = Proj R_{X/Y} (or the morphism f_{can} : X_{can} → Y ) is called a relative canonical model.

Relative canonical models are unique: if X^′ → Y is another morphism satisfying conditions 1. or 2. above, and if X^′ is birational to X over Y , then X^′_{can} is isomorphic to X_{can} over Y .

1.1. Semi-log-canonical singularities.

Definition 1.3. (cf. [Ale3] Def. 2.8, [Kol2] Def. 4.10) We say that a Q- Gorenstein variety X has semi-log-canonical singularities if

(i) X satisfies Serre’s condition S_2;

(ii) X has normal crossing singularities in codimension 1;

(iii) for any birational morphism f : Y → X from a normal Q -Gorenstein variety Y we have K_Y = f^∗(K_X ) + ∑ i a_iE_i where all a_i ≥ −1.

Remark 1.4. Compared to log-canonical singularities, in the definition of semilog-canonical singularities we relax the condition of the variety being normal: X has to satisfy Serre’s condition S_2, but it may have the simplest kind of singularities in codimension 1.

The only semi-log-canonical varieties we are going to consider are fibers of morphisms Y → C from a variety with canonical singularities to a nonsingular curve.

These varieties are Cohen-Macaulay, so condition (i) is automatically satisfied. If, moreover, the family admits a semistable resolution, then (ii) is also satisfied: localizing at a codimension two point of Y (codimension one in X = Y_0) we get a germ of a surface with canonical singularities, admitting a semistable resolution; the fibers of such a surface are curves with normal crossing singularities.

Condition (ii) implies that X is Gorenstein in codimension one, so K_X is well defined. We call the closure of the singular locus in codimension one the double divisor of X. Let ν : X^ν → X be the normalization and cond(ν) the inverse image of the double divisor (with coefficients equal to one). Then

K_Xν = ν^∗(K_X ) − cond(ν).

and condition (iii) is equivalent to the pair (X, cond(ν)) having log-canonical singularities.

Theorem 1.5. (cf. [KSB] Thm. 5.1.) Assume MMP(n+1). Let π : X → C be a flat projective morphism from a normal Q -Gorenstein (n + 1)-fold X to a germ of a nonsingular curve (C, 0).

(i) Suppose that X admits a semistable resolution. Then X has canonical singularities if and only if the special fiber X_0 has semi-log-canonical singularities and the general fiber X_t has canonical singularities.

(ii) The product X ×_C C^′ has canonical singularities for all finite base changes (C^′, 0^′) → (C, 0) if and only if the special fiber X_0 has semi-log-canonical singularities and the general fiber X_t has canonical singularities.

Proof. (i) ⇒. Let g : X̃ → X be a semistable resolution, and assume that X has canonical singularities:

K~_X = g^∗K_X + ∑ i a_iE_i + ∑ j b_jF_j, where E_i are the exceptional divisors mapping to 0 ∈ C, F_j are flat over C, and a_i, b_j ≥ 0 for all i, j. If X^′_0 = g^{−1}_∗ X_0 is the strict transform of X_0, then by adjunction

K_X′_0 = (K~_X + X^′_0)|_X′_0 = (K~_X − ∑ E_i)|_X′_0 = (g^∗K_X + ∑ i (a_i − 1)E_i + ∑ j b_jF_j)|_X′_0 .

Let ν : Y → X^′_0 be the normalization map. Then K_Y = ν^∗K_X′_0 − cond(ν) where cond(ν) is a reduced effective normal crossing divisor, not containing any components supported on E_i. This proves that the special fiber X_0 is semi-log-canonical because Y → X_0 is a resolution. Since X is canonical, the general fiber X_t is also canonical.

⇐. Let g : X̃ → X be the relative canonical model over X obtained by applying the MMP(n+1) assumption to a semistable resolution of X. From the assumption that the general fiber of π is canonical it follows that g is an isomorphism away from the special fibers; in particular, there are no exceptional divisors F_j flat over C (with notation as above).

Suppose that some a_i ≥ 0, say a_0 ≥ 0 and a_0 is maximal among the a_i. Let Y ⊂ E_0 be a curve mapping to a point in X, not lying in any other component of X̃_0. Then K~_X .Y = ∑ a_iE_i.Y = ∑ i≠0 a_iE_i.Y − ∑ i≠0 a_0E_i.Y ≤ 0 and this contradicts the g-ampleness of K~_X . So, all a_i < 0, and since X_0 is semi-log-canonical, the adjunction formula above shows that there are no exceptional divisors E_i. Thus, X has canonical singularities.

(ii) ⇒. We know that after a finite base change (C^′, 0^′) → (C, 0) the fiber product X^′ = X ×_C C^′ admits a semistable resolution. By part (i) the special fiber X^′_0′ ∼= X_0 is semi-log-canonical and the general fiber X^′_t′ ∼= X_t is canonical.

⇐. It suffices to prove that X has canonical singularities. For some finite base change (C^′, 0^′) → (C, 0), the fiber product X^′ = X ×_C C^′ admits a semistable resolution and has canonical singularities by (i). Let h : X̃ → X be a resolution of (X, X_0), and let X̃^′ = X̃ ×_X X^′: X̃′^{f̃}−−−→ X̃ g h X^{′ f}−−−→ X First assume that X̃^′ is normal. Tracing the diagram in two ways we get K~_X′ = g^∗K_X′ + ∑ a_iE_i = g^∗f^∗K_X + mX̃^′_0 + ∑ a_iE_i, K~_X′ = f̃^∗K~_X + mX̃^′_0 = f̃^∗h^∗K_X + f̃^∗ ∑ b_iF_i + mX̃^′_0.

Since X^′ has canonical singularities, all a_i ≥ 0, hence all b_i ≥ 0 and X has canonical singularities.

If X̃^′ is not normal, let ν : X̃^ν → X̃^′ be the normalization, and cond(ν) the conductor: K~_Xν = ν^∗K~_X′ − cond(ν). Computing K~_Xν in two ways as above, we get ν^∗f̃^∗ ∑ i b_iF_i = ∑ a_iE_i + cond(ν), where a_i ≥ 0. Since cond(ν) is effective, we see that b_i ≥ 0 and X has canonical singularities.

The proof of the previous theorem can be easily modified to show that semi-log-canonical singularities deform to semi-log-canonical singularities.

Lemma 1.6. (cf. [KSB] Cor. 5.5.) Assume MMP (n + 1). Let π : X → C be a flat projective morphism from a Q-Gorenstein (n + 1)-fold X to a germ of a nonsingular curve (C, 0). If the special fiber X_0 has semi-log-canonical singularities, then the general fiber X_t also has semi-log-canonical singularities.

Proof. First assume that X is normal. Taking a finite base change C^′ → C if necessary, we may also assume that X → C admits a semistable resolution. Let g : X̃ → X be the relative canonical model over X of this resolution. As in the proof of part (i) of the previous theorem, write K~_X = g^∗K_X + ∑ a_iE_i + ∑ b_jF_j where E_i are the exceptional divisors mapping to the special fiber X_0, and F_j are the exceptional divisors flat over C.

As before, we get from the adjunction formula that there are no exceptional divisors E_i mapping to X_0. When we restrict to the general fiber X_t, it follows from the g-ampleness of K~_X that all b_j < 0 ([Kol3], Lemma 2.19). Since the special fiber X_0 is semi-log-canonical, the coefficients b_j ≥ −1, and we get that the general fiber X_t is semi-log-canonical because X̃_t → X_t is a resolution.

If X is not normal, we let ν : X^ν → X be the normalization. We may assume that the components of X^ν admit a semistable resolution (with the same base change) g : X̃ → X^ν → X. The conductor cond(ν) maps flat onto C, and as in the normal case, the discrepancies b_j of the general fiber are not bigger than the discrepancies of the special fiber.

1.2. The moduli functor M^{sm}_H .

Definition 1.7. (cf. [Kol2], Def. 5.2)

1. A stable n-fold X with Hilbert polynomial H is a connected projective ndimensional variety (not necessarily irreducible) over an algebraically closed field of characteristic zero with semi-log-canonical singularities and ample canonical divisor K_X such that h^0(X, lK_X ) = H(l) for all large and divisible l.

2. A stable n-fold with Hilbert polynomial H over a scheme S is a flat projective

Q-Gorenstein morphism π : Y → S such that

(a) every geometric fiber Y_s = π^{−1}(s) is a stable n-fold with Hilbert polynomial H; and (b) we have a natural isomorphism O_{Ys} (lK_{Ys} ) ∼= O_Y (lK_{Y/S})|_{Ys} for all large and divisible l and all point s ∈ S.

3. The moduli functor M_H : (Schemes) → (Sets) is defined by M_H (S) = {isomorphism classes of stable n-folds with Hilbert polynomial H over S}.

Note that condition 2.(a) in Definition 1.7 is open by Lemma 1.6 and Remark 2.3 below. Condition 2.(b) on the other hand is closed by a theorem of Kollár [Kol2]. Hence the functor M_H is locally closed. One can define an open subfunctor of M_H by requiring that all fibers of Y → S be normal varieties with at most rational Gorenstein singularities. As we mentioned in the introduction, this subfunctor is coarsely represented by a quasi-projective scheme. Since our goal is to compactify this scheme, we define a closed subfunctor M^{sm}_H of M_H corresponding to “smoothable” n-folds.

Definition 1.8. (cf. [Kol2], Def. 5.4)

1. A stable n-fold Y_0 is smoothable if there exists a flat projective Q -Gorenstein one-parameter family π : Y → C of stable n-folds such that the special fiber of π is Y_0 and the general fiber Y_t is a normal n-fold with at most rational Gorenstein singularities.

2. A stable n-fold π : Y → S over a scheme S is smoothable if the following is satisfied for all points s ∈ S. Let p : U → D be a versal deformation of the fiber Y_s ∼= p^{−1}(0), so we get a morphism q from the formal germ of S at s to D. Let D^{st} be a locally closed subscheme of D such that p is a stable family over D^{st} (hence the morphism q factors through D^{st}), and let D^{sm} be the open subscheme of D^{st} such that p is a family of normal n-folds with at most rational Gorenstein singularities over D^{sm}. Then the morphism q has to factor through the closure of D^{sm}.

3. The moduli functor M^{sm}_H : (Schemes) → (Sets) is defined by M^{sm}_H (S) = {isomorphism classes of stable smoothable n-folds with Hilbert polynomial H over S}.

Given a smoothing π : Y → C of a stable n-fold Y_0 as in Definition 1.8, the total space Y has canonical singularities by Theorem 1.5 (ii), and K_Y is π-ample. So, π : Y → C is a relative canonical model. Conversely, if π : Y → C is a relative canonical model which admits a semistable resolution, the special fiber Y_0 is a stable n-fold by Theorem 1.5 (i); and if the generic fiber of π is Gorenstein, then π : Y → C is in fact a smoothing of Y_0. This shows that the moduli functor M^{sm}_H can be defined purely in terms of special fibers of canonical models.

Lemma 1.9. The functor M^{sm}_H is separated; i.e. any family X → C^\ {0} of stable smoothable n-folds over a punctured curve can be extended to a family over C in no more than one way.

Proof. (Theorem 2.9, [Ale2]). Suppose that we have two extensions f_1 : X_1 → C and f_2 : X_2 → C. Let X̃ be a common resolution of X_1 and X_2, g_1 : X̃ → X_1, g_2 : X̃ → X_2. Write K~_X = g^∗_1K_{X1} + ∑ a_iE_i + ∑ b_jF_j where E_i are the exceptional divisors mapping to 0 ∈ C, and F_j are flat over C. Taking a finite base change C^′ → C if necessary, we may assume that X̃ admits a semistable resolution.

First assume that X_1 is normal. As in the proof of Theorem 1.5, we get that a_i ≥ 0 and b_j ≥ −1. Since K_{X1} is f_1-ample, X_1 is the log-canonical model of the pair (X̃, K~_X + ∑ F_j:

X_1 ∼= Proj ⨁ l≥0 (f_1 ∘ g_1)_∗O~_X (l(K~_X + ∑ F_j)). The same is true for X_2, and since X_1 and X_2 are isomorphic away from the special fibers, the divisors F_j are the same in both cases. Hence X_1 and X_2 are isomorphic.

If X_1 is not normal, we can recover its normalization X^ν_1 as the log-canonical model of the divisor K~_X + ∑ F_j, where now ∑ F_j also includes the components of the inverse image of cond(ν) flat over C. This proves that X_1 and X_2 are isomorphic in codimension one and have the same normalization. Let Γ ⊂ X_1 × X_2 be the closure of the graph of the rational map X_1 → X_2. The projection π_i : Γ → X_i is birational, finite, and isomorphism in codimension 1 for i = 1, 2. Since X_i satisfies Serre’s condition S_2, the projection π_i : Γ → X_i is an isomorphism.

1.3. Weak semistable reduction. We recall some properties of a weakly semistable morphism proved in Chapter 2.

Lemma 1.10. Let f : X → B be weakly semistable. Then

1. X has rational Gorenstein (hence canonical) singularities (Lemma 8.2 in Chapter 2).

2. If g : C → B is a morphism from a nonsingular curve where g(C) ⊄ B^\ U_B then C and X_C = X×_B C can be given toroidal structures such that X_C → C is again toroidal and weakly semistable; in particular, X_C has canonical singularities (Lemma 8.3 in Chapter 2).

Lemma 1.11. Let f : X → C be a weakly semistable morphism from a variety X with dim X = n + 1 to a curve C. Assume that the fibers of f are of general type, and let f_{can} : X_{can} → C be the relative canonical model. Then the special fiber X_{can,0} = f^{−1}_{can}(0) is a stable n-fold.

Proof. By Lemma 1.10 part 2, if g : (C^′, 0^′) → (C, 0) is a finite base change, then X^′ = X ×_C C^′ is again canonical. Since K_X′ = g^∗K_X + mX^′_0′ , we see that finding the canonical model commutes with taking a finite base change: X_{can} ×_C C^′ ∼= (X ×_C C^′)_{can} and we can apply Theorem 1.5 (ii) to conclude that X_{can,0} has semi-log-canonical singularities.

It can be shown directly that the fibers of a weakly semistable morphism have semi-log-canonical singularities. By Lemma 8.3 in Chapter 2, we may assume that the base is a curve. Then in a local model the special fiber is the complement of the big torus in a toric variety. Alexeev has shown [Ale2] that this complement is semi-log-canonical.

Lemma 1.12. Let f : X → C be as in the previous lemma, and assume that the genus g(C) ≥ 3. Then the sheaf f_∗O_X (lK_X ) is generated by global sections for all l ≥ 2.

Proof. (Kollár [Kol2]) By Theorem 1 in [Kaw2], the vector bundle E_l = f_∗O_X (lK_{X/C} ) is semipositive for all l ≥ 0; that means, any quotient line bundle of E_l has non-negative degree on C. If L is a line bundle with deg(L) > 2g(C) − 2 then O_C (K_C ) cannot be a quotient of E_l ⊗ L. Hence H^1(C, E_l ⊗ L) = 0. Now if deg(L) > 2g(C) then E_l ⊗ L is generated by global sections. In particular, f_∗O_X (lK_X ) = E_l ⊗ O_C (lK_C ) is generated by global sections for all l ≥ 2.

1.4. Deformations of canonical singularities and invariance of plurigenera. The following two theorems were proved by Kawamata [Kaw3], generalizing results of Siu [Siu].

Theorem 1.13. Let π : X → S be a flat morphism from a germ of a variety (X, x_0) to a germ of a smooth curve (S, s_0) whose special fiber X_0 = π^{−1}(s_0) has only canonical singularities. Then X has only canonical singularities. In particular, the fibers X_s = π^{−1}(s) have only canonical singularities.

Theorem 1.14. Let π : X → S be a projective flat morphism from a normal variety to a germ of a smooth curve (S, s_0). Assume that the fibers X_s = π^{−1}(s) have only canonical singularities and are of general type for all s ∈ S. Then the plurigenus P_m(X_s) = dim H^0(X_s, mK_{Xs} ) is constant as a function of s ∈ S for any m > 0.

The two theorems for families of n-folds follow from the minimal model program assumption in dimension n + 1 [Nak]. However, we are going to apply them for families of (n + 1)-dimensional varieties, and we do not want to assume minimal model program in dimension n + 2.

2. Proof of boundedness

By Matsusaka’s theorem (Theorem 2.4, [Mat2]) there exists an integer ν_0 > 0 such that if X is a normal variety with rational Gorenstein singularities, with ample canonical divisor K_X , and with a given Hilbert polynomial H(l) = h^0(X, lK_X ) for large l, then ν_0K_X is very ample and has no higher cohomology. Thus, the Hilbert scheme parameterizing embeddings X ∈ P^{H(ν0)−1} with Hilbert polynomial H(ν_0t) has a locally closed subscheme parameterizing ν_0-canonical embeddings of varieties X with rational Gorenstein singularities. We give this subscheme the induced reduced structure and call its closure B_0. Let f_0 : X_0 → B_0 be the universal family over B_0. We apply weak semistable reduction (Theorem 0.6 in Chapter 2) to the morphism f_0 to get a weakly semistable morphism f : X → B.

By Lemma 1.10 we know that for a general nonsingular curve C ⊂ B the inverse image X_C = f^{−1}(C) has canonical singularities. We can then apply the MMP(n+1) assumption and find a canonical model X_{C,can} for X_C . Since the general fiber of X_{C,can} → C has rational Gorenstein singularities, we see that the special fiber is a stable smoothable n-fold with Hilbert polynomial H.

The idea of the proof is to construct a relative canonical model for the whole family f : X → B and to show that the restriction of this canonical model to a curve C is the canonical model X_{C,can}.

Lemma 2.1. The relative canonical ring R_{X/B} = ⨁ l≥0 f_∗O_X (lK_X ) is a finitely generated O_B-algebra.

To prove the lemma we sweep B locally with nonsingular curves. By Bertini’s theorem a general hyperplane section through b ∈ B is nonsingular, and the same is true for nearby hyperplane sections. Applying this dim B − 1 times we get the following diagram:

X_1 = B_1 ×_B X −−−→ X f B_1^ϕ−−−→ B g S where

1. (g : B_1 → S, ϕ) is a family of nonsingular curves in B parameterized by S, no curve lying in B^\ U_B;

2. there exist b_1 ∈ B_1, ϕ(b_1) = b, and open neighborhoods b_1 ∈ U_1, b ∈ U such that ϕ : U_1 → U is an isomorphism;

3. we may assume that the hyperplane sections have high degree, so the fibers of g have high genera (≥ 3).

Since Lemma 2.1 is local in B we may replace B by B_1 and X by X_1.

Lemma 2.2. Consider the Cartesian diagram Y −−−→ X f f C −−−→ B g g {s} −−−→ S where s ∈ S is a closed point, C = g^{−1}(s), and Y = f^{−1}(C). Then the natural morphism f_∗O_X (lK_X ) ⊗_{OB} O_C → f_∗O_Y (lK_Y ) is an isomorphism for every s ∈ S and every l ≥ 2.

Proof. By “cohomology and base change” [Har2] it suffices to prove the surjectivity of this morphism. Lemma 1.12 shows that the sheaf f_∗O_Y (lK_Y ) is generated by global sections H^0(Y, O_Y (lK_Y )) for every l ≥ 2. The family g ∘ f : X → S has fibers of general type (by sub-additivity of Kodaira dimension [Kaw2, Vie1], since the fibers of both f and g are of general type) and with canonical singularities (by Lemma 1.10). Theorem 1.14 now implies that the plurigenera of the fibers of g ∘ f are locally constant functions on S. It follows from semicontinuity that the sheaf (g ∘ f)_∗O_X (lK_X ) is locally free and the natural morphism (g ∘ f)_∗O_X (lK_X )|_{{s}} → H^0(Y, O_Y (lK_Y )) is surjective. So, a section in H^0(Y, O_Y (lK_Y )) can be lifted to a local section of (g ∘ f)_∗O_X (lK_X ), which gives a section of f_∗O_X (lK_X ).

Remark 2.3. For the next proof we note that ampleness is an open condition: given a flat projective morphism f : X → B and a Q -Cartier divisor D on X such that D|_{Xb} is ample for some b ∈ B, then D is f-ample over a neighborhood of b in B. This follows from Kleiman’s numerical criterion for ampleness [Kle]. If Z_1(X/B) is the free group generated by reduced irreducible curves in X mapping to a point in B, and N_1(X/B) is Z_1(X/B) ⊗ R modulo numerical equivalence (see [KMM] for notations), then we have natural linear maps Z_1(X_b) → N_1(X/B) and Z_1(X_η) → N_1(X/B) where η is the generic point of B. Now the second map factors through the first: for a curve over the generic point of B we take its closure and restrict to the special fiber. Also, the maps restricted to effective cones factor. If D is ample on X_b then D is positive on the effective cone NE(X_b)^\ {0}, hence it is positive on NE(X_η)^\ {0}, and so D is ample on X_η.

Proof of Lemma 2.1. The statement is local in B , so we may replace B by a smaller open neighborhood of b ∈ B if necessary. We use the same notation as in Lemma 2.2.

By the minimal model program assumption MMP(n+1) applied to f : Y → C, the sheaf R_{Y/C} is a finitely generated O_C -algebra, and by Lemma 2.2, R_{X/B} ⊗O_C ∼= R_{Y/C} , at least in high degrees. Since the graded pieces (R_{X/B})_l = f_∗O_X (lK_X ) are finite O_Bmodules we can apply Nakayama’s lemma and conclude that R_{X/B} ⊗ O_{B,b} is a finitely generated O_{B,b}-algebra, which is a localization of a finitely generated O_U -algebra R̃ for some open neighborhood b ∈ U ⊂ B. We may replace B by U and assume that R̃ is a finitely generated O_B-algebra. Let X̃ = Proj R̃, and f̃ : X̃ → B.

By construction, Ỹ = f̃^{−1}(C) is a relative canonical model of f : Y → C; in particular, it has canonical singularities. By Theorem 1.13 canonical singularities deform to canonical singularities, hence X̃ has canonical singularities.

The canonical divisor K~_X is f̃-ample when restricted to Ỹ . Using the numerical criterion for ampleness, K~_X is f̃-ample over a neighborhood of b. Again, we may replace B by a smaller open set and assume that K~_X is f̃-ample.

Now f̃ : X̃ → B is a relative canonical model, birational to f : X → B over B, hence the relative canonical rings are the same

R_{X/B} ∼= R~_{X/B}.

Since the latter is finitely generated as an O_B-algebra, so is the former.

Proof of Theorem 0.4 We show that f̃ : X̃ = Proj R_{X/B} → B is the required family.

It is clear from the construction that every closed fiber f̃^{−1}(b) is a stable smoothable n-fold with Hilbert polynomial H. Indeed, we have constructed through every closed point b ∈ B a nonsingular curve C such that f̃^{−1}(C) is the relative canonical model of a weakly semistable family over C with Gorenstein generic fiber, so the special fiber is stable and smoothable by Lemma 1.11.

To prove the converse, namely that the fibers of f̃ contain all stable smoothable n-folds with Hilbert polynomial H, we go back to the construction of f̃ : X̃ → B from the universal family over the Hilbert scheme. We have the commutative diagram X̃ ←−−− X −−−→ X_1 = X_0 ×_B B_0 −−−→ X_0 f̃ f f1 f0 B^=←−−− B^=−−−→ B −−−→ B_0 where f_0 : X_0 → B_0 is the universal family, the morphisms B → B_0 and X → X_1 come from weak semistable reduction, and the map X → X̃ is only rational.

Let V_{B0} ⊂ B_0 be the open set parameterizing ν_0-canonical embeddings of normal varieties with rational Gorenstein singularities; and let V_B ⊂ B, V_{X1} ⊂ X_1, and V~_X ⊂ X̃ be the inverse images of V_{B0} . Now f_1 : V_{X1} → V_B is a family of normal varieties with rational Gorenstein singularities and ample canonical bundle over a nonsingular base. It follows that V_{X1} is normal with canonical singularities and f_1 : V_{X1} → V_B is a relative canonical model, birational to f̃ : V~_X → V_B over V_B. By uniqueness of the relative canonical model, the two are isomorphic V~_X ∼= V_{X1} over V_B.

Let π : Y → C be a smoothing of a stable n-fold Y_0, and let Y_η = π^{−1}(η) be the fiber over the generic point η of C. Since Y_η is a projective rational Gorenstein scheme with ample canonical bundle and Hilbert polynomial H, we can find a morphism η → V_{B0} such that the universal family V_{X0} pulls back to Y_η. There exists a finite morphism (C^′, η^′) → (C, η) such that we can lift η → V_{B0} to η^′ → V_B. By completeness of B we get a morphism C^′ → B. Let Ỹ = C^′ ×_B X̃, and let Y^′ = C^′ ×_C Y . The two families Ỹ → C′ and Y ′ → C′ are isomorphic over the generic point, so their special fibers must be isomorphic by separatedness of the functor M^{sm}_H (Lemma 1.9).

2.1. Boundedness for stable smoothable pairs. With the notation of [Ale2], we consider stable pairs (Y_0, D_0) where Y_0 is a connected projective variety and D_0 is a reduced effective Weil divisor in Y_0 such that the pair (Y_0, D_0) has semi-log-canonical singularities and K_{Y0} + D_0 is an ample Q -Cartier divisor. We say that (Y_0, D_0) is smoothable if it admits a Q-Gorenstein 1-parameter deformation (Y, D) such that the general fiber Y_t has rational singularities and K_{Yt} + D_t is Cartier. Further, we fix the Hilbert polynomials dim H^0(Y_0, l(K_{Y0} + D_0)) and dim H^0(D_0, l(K_{Y0} + D_0)|_{D0} ) for large l.

By Matsusaka’s theorem, for some ν_0 > 0 the divisor ν_0(K_{Yt} + D_t) is very ample and without higher cohomology for all pairs (Y_t, D_t) as above. There exists a Hilbert scheme parameterizing embeddings Y_t ⊂ P^N with the given Hilbert polynomial. Since D_t ⊂ Y_t ⊂ P^N also has a fixed Hilbert polynomial, there is a Hilbert scheme parameterizing such embeddings. In the product of the two Hilbert schemes we can find a locally closed subscheme parameterizing the required embeddings (Y_t, D_t) ⊂ P^N via ν_0(K_{Yt} + D_t); there is also a universal family (Y, D) over this subscheme.

As before, we complete the universal family and apply weak semistable reduction to it. We can make sure that the proper transform D of the universal divisor D in the weakly semistable family f : X → B is the union of horizontal toroidal divisors. The proof that ⨁ l O_X (l(K_X + D)) is a finitely generated O_B-algebra goes as before, replacing the MMP (n+1) with logMMP (n+1) assumption, if Kollár’s semipositivity result and Siu-Kawamata theorems on invariance of plurigenera and deformations of canonical singularities also hold for pairs. I do not know if these are true. Kollár’s semipositivity theorem can be avoided in the proof of boundedness by considering ramified cyclic covers of the base variety S; but to construct the moduli space we would still need it. As remarked above, the theorems on invariance of plurigenera and deformations of canonical singularities can be replaced by the logMMP (n + 2) assumption; this is, however, a very strong assumption, considering for example the case of surfaces n = 2.

Bibliography

[ℵ] D. Abramovich, A high fibered power of a family of varieties of general type dominates a variety of general type, Invent. Math., to appear.

alg-geom/9604024

[ℵ-dJ] D. Abramovich and A. J. de Jong, Smoothness, semistability and toroidal geometry, J. Alg. Geom., to appear.

alg-geom/9603018

[ℵ-K] D. Abramovich and K. Karu, Weak semistable reduction in characteristic 0, preprint. alg-geom/9707012.

[ℵ-R] D. Abramovich and J. M. Rojas, Extending triangulations and semistable reduction, preprint.

[Ale1] V. Alexeev, Boundedness and K^2 for log surfaces, Int. J. Math 5 (1994), no. 6, 779-810.

[Ale2] V. Alexeev, Log canonical singularities and complete moduli of stable pairs, preprint. alg-geom/9608013.

[Ale3] V. Alexeev, Moduli spaces M_{g,n}(W ) for surfaces, Higher Dimensional Complex Varieties, ed. M. Andreatta and T. Peternell, de Gruyter, 1996.

[A-W] M. Artin and G. Winters, Degenerate fibers and reduction of curves, Topology 10 (1971) p. 373–383.

[B-M] E. Bierstone and P. Milman, Canonical desingularization in characteristic zero by blowing up the maximum strata of a local invariant, Invent. Math. 128 (1997), no. 2, 207–302.

[C] D. A. Cox, Recent Developments in Toric Geometry, preprint.

alg-geom/9606016.

[D] V. I. Danilov, The Geometry of Toric Varieties, Russian Math. Survey, 33:2 (1978), 97-154.

[dJ] A. J. de Jong, Smoothness, semistability, and alterations, Publ. Math. I.H.E.S. 83, 1996, pp. 51-93.

[dJ2] A. J. de Jong, Families of curves and alterations, Annales de l‘Institute Fourier, to appear.

[F] W. Fulton, Introduction to Toric Varieties, Princeton University Press, 1993.

[GM] A. Grothendieck and J. P. Murre The tame fundamental group of a formal neighborhood of a divisor with normal crossingson a scheme, Lecture Notes in Math., 208, Springer, Berlin, 1971.

[Har1] R. Hartshorne, Residues and Duality, Springer. LNM 20, 1966. [Har2] R. Hartshorne, Algebraic Geometry., Graduate Texts in Mathematics, vol. 52, Springer-Verlag New York, Inc., 1977.

[Hun] T. W. Hungerford, Algebra., Graduate Texts in Mathematics, vol. 73, Springer-Verlag New York, Inc., 1974.

[Iit] S. Iitaka, Algebraic Geometry. An introduction to birational geometry of algebraic varieties, Graduate Texts in Mathematics, vol. 76, Springer- Verlag New York, Inc., 1982.

[Kaw1] Y. Kawamata, Characterization of Abelian Varieties, Compositio mathematica, vol. 43, Fasc. 2, 253-276 (1981).

[Kaw2] Y. Kawamata, Kodaira dimension of Algebraic Fiber Spaces Over Curves, Invent. Math 66 (1982), 57-71.

[Kaw3] Y. Kawamata, Deformations of Canonical singularities, preprint.

alg-geom/9712018.

[KMM] Y. Kawamata, K. Matsuda, K. Matsuki, Introduction to the minimal model problem, Advanced Studies in Pure Mathematics 10, (1987) 283- 360.

[Kato] K. Kato, logarithmic structures of Fontaine-Illusie, Algebraic analysis, geometry and number theory: Proceedings of the JAMI Inaugural Conference, 191–224, Johns Hopkins Univ. Press, Baltimore, MD, 1989.

[Kato1] K. Kato, Toric singularities. Amer. J. Math. 116 (1994), no. 5, 1073– 1099.

[KKMS] G. Kempf, F. Knudsen, D. Mumford and B. Saint-Donat, Toroidal Embeddings I, Springer, LNM 339, 1973.

[Kle] S. Kleiman, Toward a numerical theory of ampleness, Ann. Math. 84 (1966) 293-344.

[Kol1] J. Kollár, Subadditivity of the Kodaira dimension: fibers of general type, Adv. Stud. in Pure Math. 10 (1987) 361-398.

[Kol2] J. Kollár, Projectivity of complete moduli, J. Diff. Geom. 32 (1990), 235-268.

[Kol3] J. Kollár et al., Flips and abundance for algebraic threefolds, Astérisque 211 (1992), 1-258.

[Kol2] J. Kollár, Push forward and base change for open immersions, Lectures at Utah Summer Workshop on Moduli of Surfaces (1994).

[KSB] J. Kollár and N. Shepherd-Barron, Threefolds and deformations of surface singularities, Invent. Math 91 (1988), 299-338.

[Mat1] T. Matsusaka, Polarized varieties with given Hilbert polynomial, Amer. J. Math. 9 (1972) 1027-1077.

[Mat2] T. Matsusaka, On polarized normal varieties, I, Nagoya Math. J. Vol 104 (1986), 175-211.

[Mor] R. Morelli, The birational geometry of toric varieties. J. Alg. Geom. 5 (1996) 751-782.

[Nak] N. Nakayama, Invariance of plurigenera of algebraic varieties under minimal model conjectures, Topology 25 (1986) 237-251.

[Oda] T. Oda, Convex Bodies and Algebraic Geometry. An introduction to the Theory of Toric Varieties. Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, Band 15, Springer, 1988.

[Siu] Y.-T. Siu, Invariance of plurigenera, preprint. alg-geom/9712016. [Vie] E. Viehweg, Quasi-projective moduli for polarized manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete Band 30. Springer, 1995.

[Vie1] E. Viehweg, Die Additivität der Kodaira Dimension für projektive Fasserräume über Varietäten des allgemeinen Typs, Jour. reine und angew. Math. 330 (1982), 132-142.

[Vil] O. Villamayor,Constructiveness of Hironaka’s resolution. Ann. Sci. École Norm. Sup. (4) 22 (1989), no. 1, 1–32.

[Wang] J.-H. Wang, MIT dissertation.

[Wło] J. Włodarczyk, Decomposition of birational toric maps in blow-ups and blow-downs. Trans. Amer. Math. Soc. 349 (1997), no. 1, 373–411.

Curriculum Vitae

Kalle Karu was born June 13, 1969, in Põltsamaa, Estonia. He graduated from Tartu University in 1993, and in 1995 earned a Masters’s degree from Michigan State University.