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ABSTRACT. We show that if X is a compact nonpositively curved cube
complex which is a non-product, then 71 X has a proper quotient that is m;
of a cube complex with these same properties.
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1. INTRODUCTION

Burger and Mozes [BM97] constructed nonpositively curved cube complexes
X with infinite simple m X. In that case X is a product of two trees. A
nonpositively curved cube complex X is a non-product if m X is nontrivial,
non-cyclic, and the universal cover X does not contain a m; X-invariant convex
subcomplex isomorphic to a nontrivial product of unbounded cube complexes.

We obtain the following attractive counterpoint to the Burger-Mozes result:

Theorem 1.1. [Cubically non-simple] Let G = m X where X is a finite dimen-
sional non-product nonpositively curved cube complex. Then G has a nontriv-
ial proper quotient G = m X with X a nonproduct nonpositively curved cube
complex. Moreover, if X is compact, then X is compact.

Remark 1.2. In Theorem 1.1, for any finite set S C G, the quotient G can be

chosen so that the image of every nontrivial element in S is nontrivial in G.
1
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This result raises the following possibility, which is out of reach with current
technology in general. Our work resolves it in the cubical setting.

Conjecture 1.3. Every CAT(0) group with a rank one element has a proper
quotient with the same properties.

To prove Theorem 1.1, we work in the context of cubical small-cancellation
theory. A cubical presentation (X | {Y; — X}) consists of a nonpositively
curved cube complex X and a collection of local isometries Y; — X. This
data determines a quotient m X/{(mY;)) that arises as m; of the space X* ob-
tained by coning-off each Y; in X. Cubical presentations are natural general-
izations of group presentations, and are used to study quotients of cubulated
groups, similar to how ordinary presentations are used to study quotients of
free groups. Classical small-cancellation-theory yields tractable quotients of
free groups, and cubical small-cancellation theory is the corresponding frame-
work in the cubical setting. See Section 4 for the relevant definitions. Cubical
presentations and cubical small-cancellation theory were introduced in [Wis21].
They played an essential role in the proof of the Malnormal Special Quotient
Theorem, and thus in the proofs of the Virtual Haken and Virtual Fibering
conjectures [Agol3|. Subsequently, cubical small-cancellation theory has been
further studied and utilized [Janl7, AH22, JW22, Are24a, FW24, Are24b,
HW24, Are24c, AJW24].

In the course of this investigation, we found pseudographs to be a unifying
theme. These are nonpositively curved cube complexes whose hyperplanes are
contractible (see Definition 3.1). They arise naturally in the work of Caprace
and Sageev on rank rigidity, and they are readily used as relators in a cubical
small-cancellation quotient. The flow of ideas in the text is then:

X is a finite-dimensional non-product

4

X contains a rank 2 pseudograph

Y

X has a rich family of cubical small-cancellation quotients.

In view of the above, Theorem 1.1 is a consequence of the following.

Theorem 1.4. [Theorem 5.10 and Theorem 7.12] Let X be a nonpositively
curved cube complex that admits a local isometry of a rank 2 superconvex
pseudograph. For every a < 1—16 there exists a pseudograph Y 9 X with
mY # 1 such that (X | Y) is a cubical C'(«) small-cancellation presentation.
Moreover, we can choose Y so that m X/{(mY")) acts freely on a CAT(0) cube
complex C.

Furthermore, if X is compact, then Y can be chosen so that m X/{(mY"))

acts properly and cocompactly on C.
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Organization. In Section 2 we discuss various results and notions related to
rank rigidity, and use them to give a characterization of non-product nonpos-
itively curved cube complexes. In Section 3 we introduce pseudographs, and
explain the relation between pseudographs and non-products. In Section 4 we
review the cubical small-cancellation terminology. In Section 5 we explain how
to use pseudographs to produce cubical small-cancellation quotients of non-
products. In Section 6 we review disc diagrams, state the cubical versions of
Greendlinger’s Lemma and the Ladder Theorem, and describe the more sophis-
ticated B(6) cubical small-cancellation condition and related results that lead
to cubulation. In Section 9.a we prove that certain disc diagrams arising from
collections of intersecting walls in a B(6) presentation are uniformly thin. In
Section 7 we begin the proof of Theorem 1.4. Namely, m; of a suitably chosen
B(6) cubical presentation X* acts on the non-product CAT(0) cube complex

dual to the B(6) wallspace structure on X*. In Section 8 we show that X*
can moreover be chosen so that the action is free. In Section 9 we complete
the proof of Theorem 1.4 by verifying cocompactness of the action on the dual
cube complex obtained in Section 7.

Related work. It is known that for any non-product X, there exists a nontriv-
ial quotient of m X, as m X is acylindrically hyperbolic. Indeed, Caprace and
Sageev [CS11] showed that every group acting properly and cocompactly on a
geodesically complete non-product CAT(0) cube complex contains a rank one
isometry. Osin showed every non virtually cyclic group acting properly on a
proper CAT(0) space and containing a rank one isometry is acylindrically hy-
perbolic [Osil6]. In particular, the action of 71 X on its contact graph, which is
hyperbolic, is acylindrical when X admits a factor system [BHS17]. Acylindri-
cally hyperbolic groups have many proper quotients, e.g. they are SQ-universal
[DGO17]. There exists a version of small-cancellation theory for acylindrical
hyperbolic groups which also produces nontrivial quotients [Hul16]. Acylindri-
cal hyperbolicity has been applied to cube complexes to show that the growth-
rate of m X is strictly larger than the growth-rate of its hyperplane stabilizers
[DFW19]. However, none of these results provide cubical geometry for the
quotient group.

Acknowledgements. The first author was supported by the Denman Baynes
Research Fellowship at Clare College, Cambridge. The second author was
supported by the National Science Foundation under Grants No. DMS-1926686
and DMS-2238198. The third author was supported by NSERC.

2. CAT(0) CUBE COMPLEXES

We assume familiarity with the basic background on CAT(0) cube complexes,
for which the reader can consult [BSV14, Wis12, Wis21], for instance.
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2.a. Halfspaces. A hyperplane U in a CAT(0) cube complex Xisa non-empty
connected subspace such that U M ¢ is a midcube of ¢ for each cube ¢ of X.
Its two associated halfspaces are the closures of the components of X — U and
are denoted U',U~. While halfspaces are not subcomplexes of X, we can
define associated subcomplexes as follows. The carrier N(U) of a hyperplane
U is the convex subcomplex consisting of the union of all cubes intersecting
U. A minor halfspace is the closure of a component of the complement of the
interior of N(U). A magor halfspace is the closure of the complement of a minor
halfspace.

In the next few sections we describe some background, mostly from Caprace-
Sageev [CS11].

2.b. Properties of actions. Let G act on a CAT(0) cube complex X. A
hyperplane U C X is G-essential for any (equivalently every) basepoint v € X ,
each halfspace of U contains points of Gv lying arbitrarily far from U. The
action of G on X is essential if each hyperplane of X is G-essential. The G-
essential core of X is the cube complex dual to all the G-essential hyperplanes
of )? The action of G on its G-essential core is essential. When G either acts
on X cocompactly or without fixed point at infinity, then the G-essential core
of X is unbounded if and only if G has no fixed points in X. In that case
the G-essential core embeds as a convex G-invariant subcomplex of the cubical
subdivision of X [CS11, Prop 3.5]. Thus, in the setting of Theorem 1.1, up
to possibly passing from X to its w1 X-essential core, we can assume that the
action of m; X on X is essential. Indeed, if X is a non-product then so is the
71 X-essential core of X. It is worth noting that when 7 X is not trivial or
cyclic, the m X-essential core is a non-product if and only if it is not a direct
product of unbounded cube complexes.

A group G acts on a CAT(0) space X without a fized point at infinity, if there

does not exist & € 0X where 0X is the visual boundary of X, with g¢ = ¢ for
all g € G. By [Gen25, Thm 1.9 and Clm 4.9], if G acts on a finite dimensional
CAT(0) cube complex X , and for every finite index subgroup H C G the
commutator subgroup [H, H| is infinite, then G acts on X without a fixed
point at infinity.
Remark 2.1. When X is a finite-dimensional non-product, then G = mX
satisfies those assumptions. Indeed, otherwise G is virtually finite-by-abelian,
so in particular virtually abelian, but this contradicts the assumption that G
is the 7 of a non-product.

By Remark 2.1, in the setting of Theorem 1.1 the action of m; X on X has no
fixed point at infinity. Consequently, we can apply Proposition 3.4 to deduce
Theorem 1.1 from Theorem 1.4.
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2.c. Characterization of non-products. Two hyperplanes Uy, U, are strongly
separated if there does not exist a hyperplane V' which intersects both Uy, Us.

Proposition 2.2 ([CS11, Prop 5.1]). Let X be a finite-dimensional unbounded

CAT(0) cube complex such that Aut(X) acts essentially without a fixed point
at infinity. Then the following conditions are equivalent:

(1) X is a non-product.

(2) There is a pair of strongly separated hyperplanes.

(3) For each halfspace U™ there is a pair of halfspaces Uy, U, such that
U C U C U, and the hyperplanes U, U, are strongly separated.

Lemma 2.3 (Flipping Lemma [CS11, Thm 4.1]). Let X be a finite-dimensional

CAT(0) cube complex, and let G C Aut(X) act essentially, without a fixed
point at infinity. For each halfspace U™, there exists v € G with U~ C yU™.

Lemma 2.4 (Double Skewering Lemma [CS11]). Let X be a finite-dimensional
CAT(0) cube complex and G C Aut(X) be a group acting essentially without

a fixed point at infinity. Then for any two half-spaces U;” C U, there exists
g € G such that Uy € gU;".

A hyperplane U separates sets A,B C X if AC U*" and B C U™, or vice-
versa. A facing triple of hyperplanes is a collection of three disjoint hyperplanes
Uy, Usy, Uz such that no U; separates the other two hyperplanes. In particular,
we can always choose the halfspaces U, , U, ,U; of these hyperplanes so that
the intersection Uy NU; NU; is non-empty. A wedge corresponding to a facing
triple Uy, Us, Us in X is the intersection of the associated minor halfspaces of
a facing triple, i.e. a maximal subcomplex contained U; NU; NU; .

Theorem 2.5 ([CS11, Thm 7.2]). Let X be a finite-dimensional CAT(0) cube

complex such that Aut(X) acts essentially and satisfies at least one of the
following conditions:

(1) Aut(X) has no fixed points at infinity.

(2) Aut(X) acts cocompactly and X is locally compact.

Then Aut(X) stabilizes some Euclidean flat if and only if there is no facing
triple of hyperplanes in X.

Proposition 2.6. Let X be a finite-dimensional CAT(0) cube complex, and
let G C Aut(X) act essentially, without a fixed point at infinity. If X is a
non-product, then there exists a facing triple of pairwise strongly separated
hyperplanes in X.
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FIGURE 1. Left: Strongly  separated facing triple
{V1,92V1,93V1}, when U,,Us C W, . Right: The facing
triple {U1, hgUs, hgUs} plays the role of {Uy, Uy, Us} on the left.

Proof. By Theorem 2.5 there exists a facing triple Uy, Us, Uz of hyperplanes in
X. Let U;" be the halfspace of U; which does not contain the other two hyper-
planes. By Proposition 2.2 there exists a pair of strongly separated hyperplanes
Vi, Wy such that V;© C U;” C W',

First consider the case where Uy, Us C W, , as in the left of Figure 1. For
1 = 2,3, let g; € G be an element flipping U, provided by Lemma 2.3, i.e.
g:U- C UF. We claim that {V},g,V1,g3V1} is a strongly separated facing
triple. For symmetry, let ¢, = id, so we can write V; = ¢;V;. Then for
{i,7} € {1,2,3} we have

g Vit CgWi" C qU; C gUr Cg,W, C gV

This shows that ¢;V; and g,V are strongly separated, since g;V, and g, W, are.

Now consider the remaining case, see the right diagram in Figure 1. We
will construct a new triple of hyperplanes {Uy, U}, UL} where U}, Ui C W .
First let ¢ € G be an element that flips Uy, i.e. gU; C U, We also have
gU;" C gU; CU; for i =2,3. Now let h € G be an element flipping W, i.e.
AW C W, . We claim that {Uy, hgUs, hgUs} is a facing triple of hyperplanes
such that hgU;" C Wy . Clearly hgUs,, hgUs are disjoint as images of disjoint
hyperplanes Us, Uz under hg. Moreover, for i = 2,3 we have hqU;" C hgU; C
RUS ChW, C W, CU; . O

To summarize, we have the following.

Corollary 2.7. Let X be a finite-dimensional nonpositively curved cube com-
plex such that m; X is nontrivial and acts essentially without a fixed point at
infinity. The following are equivalent.

(1) X is a non-product,
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(2) there is pair of strongly separated hyperplanes in X.
(3) there is a facing triple of pairwise strongly separated hyperplanes in X.

Proof. The implication (3) — (2) is obvious, the implication (1) — (3) holds by
Proposition 2.6, and the implication (2) — (1) is part of Proposition 2.2. [

3. SUPERCONVEX PSEUDOGRAPHS

A map ¢ : Y — X between nonpositively curved cube complexes is a local
isometry if o is locally injective, maps open cubes homeomorphically to open
cubes, and whenever a, b are concatenable edges of Y, if ¢(a)p(b) is a subpath
of the attaching map of a 2-cube of X, then ab is a subpath of a 2-cube in Y.
If Y — X is a local isometry, then its lift Y — X is an embedding.

Definition 3.1 (Superconvex Pseudograph). A pseudograph is a nonpositively
curved cube complex whose immersed hyperplanes are contractible. Note that
mY is free when Y is a compact pseudograph [Wis21, Lem 9.9]. A compact
pseudograph Y has rank n if mY is a free group of rank n. We will always
assume that pseudographs are compact without stating it explicitly.

A local isometry Y — X is superconvex if Y is convex and for any bi-infinite
geodesic 7 in X, if ¥ € 1,(Y) for some r > 0 then 5 C Y, where 1,(Y)
denotes the closed r-neighborhood of Y in X. When X is locally-finite and
Y is compact, this is equivalent to having an upper bound on the length ¢
of a combinatorial strip [0,1] x [0,] € X such that {0} x [0,] C Y but
[0,1] x [0,4] € Y. See [Wis21, Lem 2.40].

Non-example 3.2. Let X be a product of non-tree finite graphs Y; x Y5 with the
natural cubical structure. Then Y; — X is a local isometry of a pseudograph
but is not superconvex.

Remark 3.3. Given a superconvex rank 2 pseudograph Y — X, any local isom-
etry W — Y provides a superconvex pseudograph W — X. See Lemma 5.1.

The goal of this section is the following:

Proposition 3.4. Let X be a finite-dimensional nonpositively curved cube
complex, where 71 X is nontrivial and acts essentially, without a fixed point at
infinity. The following statements are equivalent:

(1) X is a non-product.
2) X has a pair of strongly separated hyperplanes.

There is a local isometry Y — X of a superconvex rank 1 pseudograph.
There is a local isometry Y — X of a superconvex rank 2 pseudograph.

(
(
(
(

)
3) X has a facing triple of strongly separated hyperplanes.
4)
5)
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FIGURE 2. Isometries a, b form a free group.

The equivalence of (1), (2), and (3) is Corollary 2.7. We will prove (3) = (5)
and (4) = (2). The implication (5) = (4) uses Remark 3.3 and the following
observation: if Y is a compact cube complex and mY is hyperbolic, then every
quasiconvex, in particular cyclic, subgroup of mY has a cocompact core in Y

[Hag08].

Proof of Proposition 3.4 (3) = (5). Let {U1, Uz, Us} be a strongly separated
facing triple of hyperplanes in X and let W be the associated wedge contained
in Uy NU; NU; .

By Lemma 2.3 applied to U, there exists ¢ € G such that U; C gU, .
Let Uy = gU; and Us = gU,. See Figure 2. Note that {Uy, Us,Us} is also a
strongly separated facing triple of hyperplanes, and let W’ be the associated
wedge contained in U, N U; NU;". By applying Lemma 2.4 to the pairs of
halfspaces U;” C U, and Uy C U, , we obtain two isometries a,b in G, such
that aU, C U;" and bU; C U;. See Figure 2. By the ping-pong lemma,
F = (a,b) is a rank 2 free subgroup of G.

Let p, ¢ be points in the wedges W, W' respectively, and let A, , be a geodesic
from p to ¢. Similarly, let A, ,, and A,;, be geodesics from p to ag and bq
respectively. Let T be an F-cocompact tree that is the union of all the F-
translates of A, ,, A4, and Ay p,.

Let Y be the convex hull of 7. Note that Y is the intersection of minor
half-spaces of X that contain 7. It is clear that Y is F- invariant. We claim
that Y is F- cocompact. Firstly, note that any hyperplane of Y is dual to an
edge of T', as otherwise, T" would lie in one of its associated minor halfspaces.
Secondly, each hyperplane of Y might intersect at most one F-translate of the
wedge W' as otherwise it would have two intersect translates (by the same
element from G) of more than one of the hyperplanes Uy, Us, Us, violating their
strong separation. Let r be the maximal length of A, ,, A, .4, Appg. Observe

that any collection of pairwise-crossing hyperplanes of Y are dual to edges that
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lie in a 2r-ball in 7. Thus Y has finitely many F-orbits of maximal cubes.
Consequently Y is F-cocompact. Let Y = Y /F, then ¥ — X is a local
isometry. We now claim that ¥ — X is superconvex. An upper bound on the
length ¢ of a rectangle [0, 1] x [0, ¢] such that {0} x[0,¢] C Y but [0,1]x[0,{] Z Y
can be taken to be ¢ = 2r, again by the strong separation of Uy, Us, Us. Fi/r\lally,
strong separation of Uy, Us, Us also ensures that all the hyperplanes of Y are
compact. In particular, the hyperplanes of ¥ must be simply connected, and
therefore contractible. This proves that Y is a pseudograph. U

The proof of (4) = (2) uses the Helly property of CAT(0) cube complexes.
This was originally stated in [Ger98], but see, for instance, [Wis21, Lem 2.10].

Lemma 3.5 (Helly property). Let {Y;} be a finite collection of convex subcom-
plexes of a CAT(0) cube complex. If Y; NY; # () for each i, j, then (), Y; # 0.

Proof of Proposition 3.4 (4) = (2). Let Y — X be a superconvex rank 1 pseu-
dograph. Since the immersed hyperplanes of Y are contractible and compact,
their diameter is bounded by some constant K. This also bounds the diam-
eters of hyperplanes of Y. Let L be the upper bound from the definition of
superconvexity, i.e. for every ¢ > L if [0,1] x [0,¢] C X and {0} x [0,(] C Y,
then [0,1] x [0,4] €Y. We set M = max{K, L}. By Lemma 3.5, disjoint hy-
perplanes of Y extend to disjoint hyperplanes in X. Thus any two hyperplanes
in Y that are at distance greater than M in Y are strongly separated in X. O

The following direct proof of (5) = (3) is illustrative.

Proof of Proposition 3.4 (5) = (3). Let Y — X be a superconvex rank 2 pseu-
dograph. Let K be the upper bound on the diameters of hyperplanes of Y.
Let L be the upper bound from the definition of superconvexity. We set
M =max{K, L}.

By Lemma 3.5, disjoint hyperplanes of Y extend to disjoint hyperplanes
in X. There exists a finite cover of Y where all hyperplanes are embedded.
By possibly passing to a superconvex subcomplex of that finite cover, we can
assume Y is a rank 2 superconvex pseudograph with embedded hyperplanes.

Let U be a non-separating hyperplane of Y, let Y/ =Y — N(U) and note
that m Y’ 2 Z. Consider a cyclic cover Y’ of Y’ whose degree m is sufficiently
large, and let Ny be a lift of N(U).

We claim there is a non-separating hyperplane U’ of Y (i.e. so that WI(EA/’ —
U’) = 1) such that dg(U’, Ng) > M. Indeed Y’ and therefore also the universal
cover Y' are locally finite, but the diameter of Y’ is infinite. Thus if the degree
m > M, then there exist hyperplanes at distance greater than M away from
Ny, any such non-separating hyperplane can be picked as U’. In particular U’
does not intersect Nj.
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Let Y be the cover of Y corresponding to Y, i.e. so that Aut(Y — YY) is
naturally isomorphic to Aut(Y’ — Y’). Consider lifts of U, U’ to Y, where
ON (U) naturally corresponds to Ny. Then the lift of Y-U-U'toX provides
a facing quadruple of hyperplanes in X. Indeed, Y — U — U’ embeds in Y
and is bounded by a quadruple of disjoint hyperplanes Uy, Us, U7, Uj. These
hyperplanes extend to disjoint hyperplanes of X , which we continue to denote
by Uy, Us, Uy, Uj. We now show that Uy, Uj, U are pairwise strongly separated.
Note that the distance between any two of Uy, U{, U is bounded below by M.

Let V and V' be two hyperplanes that intersect Y. We claim that if there
exists a hyperplane W in X that intersects both V and V’ , then V and V' are
already intersected by another hyperplane in Y.

Consider a disc diagram D containing segments of hyperplanes V, V' W
whose boundary path is a concatenation of four paths: one lying in }7, and
three paths in the carriers N(V'), N(V'), N(W) respectively. We assume that
D has minimal area among all the choices of such disc diagrams. By convexity
of N(W),N(V),N(V’"),Y and minimality of D, we can deduce that D is a
grid. Indeed any hyperplane in D starting in Y must exit D in N (W), and
vice-versa, as otherwise we can pick a disc diagram of smaller area. This im-
plies that for the hyperplane W’ which intersects V' and V closest to }7, the
intersection D N N(W’) is of the form [0, 1] x [0, ], where {0} x [0,£] C Y. By
superconvexity of Y, either W intersects V, V' in Y, or ¢ < L.

Thus if dg(V,V’) > L, then V,V' are either strongly separated, or they
are both intersected by some hyperplane of Y. Since the diameter of any
hyperplane of Y is bounded above by K, so the hyperplanes V, V' must be
strongly separated, if we also have dg(V, V') > K. d

4. CUBICAL SMALL-CANCELLATION REVIEW

4.a. Cubical presentations and small-cancellation conditions. A cubical
presentation (X | {Y;}) consists of the following data:

(1) A connected nonpositively curved cube complex X.

(2) A collection of local isometries of connected nonpositively curved cube

complexes Y; -5 X.

Local isometries of nonpositively curved cube complexes are m-injective, and
we define the fundamental group of (X | {Yi}) as mX/{({mY;}). Note that
this group is isomorphic to the fundamental group of the space X* obtained by
coning off each Y; in X. Throughout, we write X* = (X | {Y;}) and identify
a cubical presentation with its coned-off space. A cubical presentation X* is
compact if both X and all Y;’s are compact. The universal cover X* of the
coned-off space X* is X U |JCone(gY;) where X is the covering space of X
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associated to the kernel oj the map mX — mX™*, and g € m X*. We refer to
X as the cubical part of X*. o

An abstract contiguous cone-piece of Y; in Y; is an intersection Y; NY; where
either ¢ # j or where ¢ = j but 17] #+ Y. A cone-piece of Y; in Y; is a path
p — P in an abstract contiguous cone-piece of Y; in Y;. An abstract contiguous
wall-piece of Y; is a non-empty intersection N(H)NY; where N(H) is the carrier
of a hyperplane H that is disjoint from §~/; A wall-piece of Y; is a path p — P
in an abstract contiguous wall-piece of Y;. A piece is either a cone-piece or a
wall-piece.

Recall that the systole of Y, denoted by sys(Y), is the infimum of lengths
of essential combinatorial paths in Y. For a constant a > 0, the cubical
presentation X* = (X | {Y;}) satisfies the C’"(«) small-cancellation condition
if diam(P) < asys(Y;) for every piece P in Y;.

As in the case of classical small-cancellation theory, when « is small, the
C'(a) condition provides control over m X*. This is explained in [Wis21] at
o= 15, and in [Jan17] at o = £.

Let Y — X be a local isometry. Auty(Y) is the group of automorphisms
1 1Y — Y such that the diagram below is commutative:

y Yy

N

If Y is simply connected, then Autx(Y') is equal to Stab,, x(Y).
We adopt the convention that two elevations Y}, Y; with ¢ = j are regarded
as equal if they differ only by an element of Autx(Y).

5. SMALL-CANCELLATION VIA THE PSEUDOGRAPH

In this section we prove the first part of Theorem 1.4. Throughout this
section we assume X is a nonpositively curved cube complex, which admits a
local isometry Y — X of a superconvex rank 2 pseudograph.

The strategy of the proof is as follows. In Section 5.b, we construct a fur-
ther superconvex rank 2 pseudograph whose fundamental group is malnormal
in GG. Then in Section 5.c we use it to pick a pseudograph so that the cubical
presentation with the pseudograph as a relator satisfies the small-cancellation
conditions, which also uses the uniform bound on the size of wall-pieces ob-
tained in Section 5.a. The proof of the first part of Theorem 1.4, combining
these ingredients, is in Section 5.d.

5.a. Uniform bound on the size of wall-pieces.
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Lemma 5.1. Let Y — X be a superconvex pseudograph. There is M’ > 0 such
that for any local-isometry W — Y| any wall-piece of W — X has diameter at
most M'. Hence, W — X is itself superconvex.

Proof. For W — Y, any wall-piece of W — X maps to either a hyperplane of Y
or to a wall-piece of Y — X. Both of these have uniformly bounded diameter.

Indeed, in the first case, the wall-piece is uniformly bounded because Y is
a pseudograph (in particular, compact) and therefore has finitely many hy-
perplanes, all of which are contractible. In the second case, the wall-piece is
uniformly bounded because Y is compact and superconvex. O

5.b. Passing to a malnormal free subgroup.

Definition 5.2 (fiber-product). Let f : Y — X be a map. The fiber-product
Y ®x Y is the subspace of Y X Y consisting of the preimage of the diagonal
{(z,z) : * € X} using the map f X f : Y XY — X x X. The diagonal
component of Y ®x Y is the subspace {(y,y) : y € Y}. The projection maps
Y <Y xY — Y induce projection maps ¥ < Y ®x Y — Y.

When f is a local-isometry map between nonpositively curved cube com-
plexes, Y ®x Y is a nonpositively curved cube complex, and the projection
maps are local-isometries. Concretely, the i-cubes of Y ®x Y are pairs of i-
cubes in Y that map to the same i-cube of X.

Lemma 5.3. No non-diagonal component of Y ®x Y is a finite cover of Y.

Proof. Suppose Yisa non-diagonal component of ¥ ® x Y that is a finite cover
of Y. Let x the basepoint of X, and let y be a point of Y mapping to x. Let
(y,v') be a point of Y that left-projects to y. Since (y, %) is not in the diagonal,
we see that y’ # y. However, both y and y’ project to z. Let x be a path in
Y from y to y'. Then [k] € m X stabilizes Y, but [k] ¢ mY since its based
lift to Y is not closed. Thus F C F = (F,[k]). Let Y = F\Y. Then there
is a proper covering map Y — Y. Let d be the degree of this proper covering
map, and note 1 < d by properness and d < oo since Y is compact. However,

—1=x(Y)=d x(Y) # —1, which is impossible. O
Proposition 5.4. Let Y — X be a superconvex rank 2 pseudograph. There
exists a local isometry W — Y where W is a superconvex rank 2 pseudograph,
such that no nontrivial element of mW is conjugate to an element in 7m; of a
non-diagonal component of Y ®x Y.

Moreover, we can assume that 7 is malnormal in m Y.

Proof. Let Ky, ..., K,, be the fundamental groups of the non-diagonal compo-
nents of Y ®x Y. Each K is finitely generated by compactness. By Lemma 5.3,
no non-diagonal component of Y ®x Y is a finite cover of Y. Thus each K; is an
infinite index subgroup of the free group mY. Let H C mY be the subgroup
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provided by Lemma 5.5. Let W — Y be a local-isometry with W compact
such that mW = H. Then W — Y satisfies the statement of the lemma. O

Above we used the following statement about subgroups of free groups. This
was also noted in [Kap99, Thm D].

Lemma 5.5 (A free group lemma). Let F' be a free group on at least two
generators, and let Ky,..., K, be finitely generated infinite index subgroups.
There exists a subgroup H C F' isomorphic to F3 such that no nontrivial
element of H is conjugate to an element of U, K;.

Moreover, we can assume H is malnormal in F'.

We will use the graphical viewpoint on subgroups of free groups popularized
by Stallings [Sta83].

Proof. Regard F' as mB where B is a bouquet of circles. For each K; let
B; — B be an immersion of a finite based graph with 7 B; mapping to K.

We will produce two immersed cycles oy — B and 0o — B, such that o, Vo,
maps to B by an immersion, and such that the based path o; — B does not
have a lift to B; for any ¢, j. The result follows letting H = oy V 0s.

It suffices to produce one such path o, since we can precompose and postcom-
pose it with edges to produce another immersed cycle with the same property,
and such that their wedge immerses in B.

Let C = U;B;. Let {vy,...,vs} be the vertices of C. Let C* — B be the
covering map obtained by adding finitely many trees to C. A path u exits C,
if p traverses an edge of one of these trees.

We produce o through the following recursion: Let py — B be the trivial
path. For each 0 < m < s — 1, consider the lift of u,, at v,,, and let A\, 11 be
a (possibly trivial) path such that pi,11 = pmAmy1 exits C. The path o = p,
has the desired property by construction.

For the malnormality, suppose U,V are closed paths in B such that U VvV V
immerses in B. Let U' = UVUV2?UV3...UV"U and V' = VUVU?..-VU"V.
Then U’V V'’ immerses in B, and U’V V' — B is small-cancellation and hence
malnormal for n > 0. See [Wis01, Thm 2.14]. O

5.c. Induced small-cancellation conditions.

Proposition 5.6. Let W — X be a superconvex pseudograph such that the
non-diagonal components of W ®x W are contractible (equivalently, mW is
malnormal in 7 X).
Let B be a graph and B — W be a combinatorial homotopy equivalence.
There exist k,¢ > 0, and § = f(k,e) > 0, such that for any immersion
A — B, there exists a local isometry Z — W such that
o sys(Z) > +sys(A) —e,
o if (B| A)is C'(«) then (X | Z) is C'(Ba).
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We use the notation 17,(S) for the closed r-neighborhood of S.

Proof. The map B — W lifts to a (k, €)-quasiisometry ¢ : B — W for some
k,e > 0. The correspondence between (compact) immersions A — B and
(compact) immersions Z — W arises by letting Z be the quotient of Z by
the action of m A, where Z is the convex hull of ¢(A). We note that there
is a uniform constant r with Z C 1,(¢(A)). We refer to [Hag08, Thm 2.28]
and [SW15, Prop 3.3], and note that the constant p in the proof of the second
reference is uniform since ¢(A) is uniformly quasiconvex.

There is a uniform linear relationship between the systole of Z and the systole
of A, namely +sys(A) — e < sys(Z) < ksys(A) +e. By Lemma 5.1 there is a
uniform bound on diameters of wall-pieces of Z — X.

A cone-piece U in Z — X corresponds to a pair of maps Z < U — Z
which composes to a pair of maps W <« Z <~ U — Z — W. The universal
property of the fiber-product provides a lift of U to W ®x W. The non-
diagonal components of W ® x W have uniformly bounded diameter, since they
are compact and contractible by assumption. Thus there is a uniform bound on
the diameter of pieces U mapping to the non-diagonal components of W & x W.

Suppose U maps to the diagonal component of W ®@x W and so U lifts to a
component of Z ®y Z. Then U i is a piece in Z — W, i.e. a component of the
intersection between translates gZ and Z in W. There exists a corresponding
piece V in A — B, which is the intersection between gA and A in B. We now
claim that d1am(V) > k' diam(U) — € for some ', ¢ > 0.

For ai,a; € A, if d(¢(a1),p(az)) < r then d(ar,as) < wr +e. Suppose
diam(Z N gZ) = M, then there are points wy, ws inside with d(wi, wy) = M.
Let a; be a point in A with d(¢(a;), w;) < 7, and let @ be a point in gA such
that d(¢(a}), w;) < r. In particular, d(a;,a;) < /i(2r) + ek. On the other hand
d(¢(ar), ¢(az)) = M — 2r, so d(ay, az) > +(M — 27“)

Note that aq, as belong to the convex subset A of the tree B and so the
unique path [a;,as] € A. Similarly [a}, a}] C gA. Since points a;, a, are close
for both ¢ = 1,2, and points a1, az are far away, it follows that there exist points
b; € [a;,a;] with [by,be] € ANgA. We have d(b;, a;) < k(2r) + €x, and therefore

1
d(by, bo) > d(ay, as) — d(by, 1) — d(bs, as) > —(M — 2r) — < — 2(k(2r) + k).
K K
Thus diam(V) > ' diam(U) — € for ' = £, and € = 2 + 2k(2r + ¢).
To summarize, every piece U in W either has diameter bounded by some
universal constant, or satisfies
€ 1 ¢ 1 ¢

1
diam(U) < ~ diam(V') + = < —a sys(A) + F < (om sys(W) +€) + =
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In either case, we get that diam(U) < Basys(WW) for some 5 > 0 which depends
on W — X and B — W only. 0

Remark 5.7. For each o > 0, there exists A — B where (B | A) is C'(«) and
rank(A) = 2. For instance, if B is a bouquet of circles labelled by a and b,
choose A associated to (aba®b---a™b, bab*a - - - b"a) for sufficiently large m,n.

Proposition 5.6 and Remark 5.7 imply the following.

Corollary 5.8. Let W — X be a superconvex pseudograph where the non-
diagonal components of W ®x W are contractible. For any o > 0 there is
a local isometry of superconvex rank 2 pseudograph 7 — W — X such that
(X | Z) is C'(a). Moreover, for any R > 0 we can choose Z so that sys(Z) > R.

To finish this section we note that Proposition 5.6 does not assume that A
and Z are connected. Thus we can thus deduce the following improvement, by
choosing appropriate A;, A, — B as in Remark 5.7 whose cancellations with
one another are small.

Corollary 5.9. Let W — X be a superconvex pseudograph such that the non-
diagonal components of W ®x W are contractible. Then for every o, R > 0
there exists a pair of superconvex rank 2 pseudographs Z; — W — X and
Zy - W — X with sys(Z;) > R and (X | Zy, Z) satistying C'(«).

5.d. Proof of a proper C’(a) small-cancellation quotient. We are now
ready to prove the first part of our main theorem.

Theorem 5.10 (Theorem 1.4 without cubulation). Let X be a nonpositively
curved cube complex that admits a local isometry of a rank 2 superconvex
pseudograph. Then for every o > 0 there exists Y & X with mY # 1 such
that (X | Y) is a cubical C’(«) small-cancellation presentation.

Proof. Proposition 5.4 provides a local isometry W — Y so that all non-
contractible components of W ® x W map to the diagonal component of Y @ x Y.
Since we can choose W such that 71 is malnormal in Y, we can assume that
all non-diagonal components of W ®x W are contractible. By Corollary 5.8
there is Z — W such that (X | Z) is a C'(«) small-cancellation quotient. [

Recall that by possibly passing to the 7 X-invariant subcomplex of the cu-
bical subdivision of X we can assume m X acts essentially on X by [CS11,
Prop 3.5]. Then a rank 2 superconvex pseudograph Y — X exists by Proposi-
tion 3.4.

Similarly as in Theorem 5.10, we deduce a version of SQ-universality for the
fundamental groups of non-product nonpositively curved cube complexes.

Proposition 5.11 (Subgroup Quotient Universal). Fix a > 0. There exists
R = R(«) such that the following holds. Suppose X admits a local isometry
from a rank 2 pseudograph Z — X such that



SMALL-CANCELLATION QUOTIENTS OF NON-PRODUCTS 16

e wall pieces are uniformly bounded,

e non-diagonal components of Z ®x Z are contractible,

o sys(Z) > R.
Then for every rank 2 group H, there is a C'(«) cubical small-cancellation
quotient X* = (X | 2) with H < m X* where Z — Z is a covering map.

Compactness is not assumed for 7. The existence of Z is ensured by Lemma 5.1,
Proposition 5.4, and Corollary 5.8. The same proof works for rank m, but any-
how, every countable group is a subgroup of a quotient of a rank 2 free group.

Proof. Choose a regular cover 7 — Z with H Aut(? — Z). Every cone-
piece of Z — X is a cone-picce of Z — X. But sys(Z) > sys(Z). Finally,
since Z C X*, then H = Aut(Z — Z) C Aut(X* — X) = m X*. Indeed every
automorphism of 7 — 7 extends to an automorphism of X* = X, U

6. DISC DIAGRAMS AND MORE CUBICAL SMALL-CANCELLATION

A disc diagram D is a compact contractible combinatorial 2-complex, to-
gether with an embedding D < S?. The boundary path OD is the attaching
map of the 2-cell at infinity.

Similarly, an annular diagram A is a compact combinatorial 2-complex ho-
motopy equivalent to S!, together with an embedding A < S?, which induces
a cellular structure on S%. The boundary paths O, A and Oy, A of A are the at-
taching maps of the two 2-cells in this cellulation of S? that do not correspond
to cells of A.

A disc (resp. annular) diagram in X* is a combinatorial map (D,0D) —
(X*, X1) of a disc diagram (resp. (A4,0A) — (X*, X1)). A square disc (resp.
annular) diagram is a disc (resp. annular) whose image is entirely contained
in X (without cones).

The 2-cells of a disc diagram D in X* are of two kinds: squares mapping
onto squares of X, and triangles mapping onto cones over edges contained in
Y;. The vertices in D which are mapped to the cone-vertices of X* are also
called the cone-vertices. Triangles in D are grouped into cyclic families meeting
around a cone-vertex. We refer to such families as cone-cells, and treat a whole
such family as a single 2-cell.

Let D be a disc diagram in X*. The square part Dy of D is the union of all
the squares in D that are not contained in any cone-cells.

The complezity of a disc diagram D in X* is defined as

Comp(D) = (#cone-cells in D, #squares in Dp).

We say that D has minimal complexity if Comp(D) is minimal in the lexico-
graphical order among disc diagrams with the same boundary path as D. A
disc diagram D in X* is degenerate if Comp(D) = (0,0). A disc diagram D,
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in X* is singular if D is not homeomorphic to a closed ball in R2. This is
equivalent to D either being a single vertex or an edge, or containing a cut
vertex. In particular, every degenerate disc diagram is singular.

Definition 6.1 (n-collared). A disc diagram D — X* is collared by an annular
diagram A — D — X* if there is a subdiagram Dy C D such that

D=A |_| Dy.

Bin A=0Dy
Note that if 0;, A does not embed in D, then Dy is singular. Also 0D = 0,,;A.
If A decomposes as a union of n ladders L4, ..., L,, and each cone-cell of

each L; intersects 0,,;A and 0;, A nontrivially, then D is n-collared by A. We
refer to A as the collar of D, to Lq,..., L, as collaring ladders.

6.a. Greendlinger’s Lemma. A cone-cell C' in a disc diagram D is a bound-
ary cone-cell if C' intersects the boundary 0D along at least one edge. A
non-disconnecting boundary cone-cell C' is a shell of degree k if 0C' = RQ)
where () is the maximal subpath of 0C contained in 9D, and k is the minimal
number such that R can be expressed as a concatenation of k pieces. We refer
to R as the innerpath of C' and @ as the outerpath of C. A shell of degree < 4
is an exposed shell.

A corner of a square in a disc diagram D is a vertex v in 0D of valence 2
in D that is contained in some square of D. A cornsquare is a square ¢ and a
pair of dual curves emanating from consecutive edges a, b of ¢ that terminate
on consecutive edges a’, b of 9D. We abuse notation and refer to the common
vertex of a/, b’ as a cornsquare as well. A spur is a vertex in 0D of valence 1 in
D. If D contains a spur or a cut-vertex, then D is singular.

A pseudo-grid between paths p and v is a square disc diagram E where the
boundary path JF is a concatenation pupvn where each u, p, 7,7 is a called a
side, and such that

(1) each dual curve starting on p ends on v, and vice versa,
(2) no pair of dual curves starting on p cross each other,
(3) no pair of dual curves cross each other twice.

If a pseudo-grid F is degenerate then either y = v or p = n. A grid is a
pseudogrid isometric to the product of two intervals.

A ladder is a disc diagram (D,0D) — (X*, X°) which is an alternating
union of cone-cells and/or vertices Cy, Cy...,Cy, and (possibly degenerate)
pseudo-grids F1, E3 ..., Fy,_ 1, with n > 0, in the following sense:

(1) the boundary path D is a concatenation A; A, where the initial points
of Ai, A9 lie in Y, and the terminal points of \;, A lie in Cy,,,

(2) M\ = apprag - - - Qap_2p2n—102, and Ao = Bomi B2 - - - Ban—2M2n—102n,
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(3) the boundary path 0C; = v;_ 0,513 for some v;_; and ;41 (where
v_q and fig, 41 are trivial), and
(4) the boundary path 0F; = u;p;v;7;.
The cubical version of Greendlinger’s Lemma will be used in Section 9.a.
See [Wis21, Thm 3.46] and [Jan17, Thm 2] for the proof.

Lemma 6.2 (Cubical Greendlinger’s Lemma). Let X* = (X | Y,...,Y;) be a
cubical presentation satisfying the C'(9) condition. Let D — X* be a minimal
complexity disc diagram. Then one of the following holds:

e D is a ladder, or
e D has at least three exposed shells and/or corners of squares and/or
spurs.

Theorem 6.3 (The Ladder Theorem). Let X* = (X | Y3,...,Y;) be a cubical
presentation satisfying the C'(9) condition and let D — X* be a minimal
complexity disc diagram in X*. If D has exactly two exposed shells, then
D is a ladder.

6.b. The B(6) condition. We now introduce a set of conditions that provides
a wallspace structure on X* so that m; X acts on a CAT(0) cube complex:

Definition 6.4. A cubical presentation (X | {Y;}) satisfies the B(6) condition
if the following conditions are satisfied:

(1) (Small-cancellation) (X | {Y¥;}) satisfies the C’($) condition for a > 14.

(2) (Wallspace Cones) Each Y; is a wallspace where each wall in Y; is the
union LIH; of a collection of disjoint embedded 2-sided hyperplanes in Y},
and there is an embedding UN(H;) — Y; of the disjoint union of their
carriers into Y;. Each such collection separates Y;. Each hyperplane in
Y; lies in a unique wall.

(3) (Hyperplane Convexity) If P — Y; is a path that starts and ends on
vertices on 1-cells dual to a hyperplane H of Y; and P is the concate-
nation of at most 7 pieces, then P is path homotopic in Y; to a path
P— N(H)—Y,.

(4) (Wall Convexity) Let S be a path in Y; that starts and ends with 1-cells
dual to the same wall of ;. If S is the concatenation of at most 7 pieces,
then S is path-homotopic into the carrier of a hyperplane of that wall.

(5) (Equivariance) The wallspace structure on each cone over Y; is preserved
by Autx(Y).

Definition 6.5 (k-Wall Convexity). We will consider a variant of Defini-
tion 6.4.(4) where 7 is replaced with k. We call it k- Wall Convexity.

This condition will be used in the proof of cocompactness of the action of
™ 1X *,
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7. CUBULATING

The purpose of this section is to set up the proof of the remaining part of
Theorem 1.4, i.e. that Y can be chosen so that m; X* is cubulated, and prove
some additional properties of the cubulation (Theorem 7.12). In Section 7.a
we describe how to obtain the cubical structure and some of its properties. In
Section 7.b we discuss induced cubical presentations, which are used in some
parts of the proof of Theorem 7.12. In Section 8, we prove that Y can be chosen
so that m X* acts freely on its dual. Section 9 contains a result that implies
cocompactness of the action on the dual under appropriate assumptions on X.

7.a. Wallspace structures on pseudographs. Let X* = (X | {V;}) be a
cubical presentation where each Y; is a rank 1 pseudograph. There is a standard
wallspace structure that can be put on each Y; to obtain a wallspace structure
on X*, which we now describe.

Construction 7.1 (Wallspace structure on rank 1 pseudographs). Let Y — X
be a rank 1 pseudograph and let ¢ — Y be a closed-geodesic in Y realising the
systole, so |o| = sys(Y). After potentially barycentrically subdividing X, we
may assume that |o| = 2n for some n, so that there is a well-defined equivalence
relation on the hyperplanes of Y where two hyperplanes that are dual to edges
of o are equivalent if and only if they are dual to antipodal edges of o. If a
hyperplane is not dual to an edge of o, it is its own equivalence class. This
equivalence relation then defines a wallspace structure on Y.

Lemma 7.2. Let X* = (X | {Y;}) be a cubical presentation satisfying the
C’(£) condition for n > 16 and where each Y] is a rank 1 pseudograph. Then X*
satisfies the B(6) condition with each Y; endowed with the wallspace structure
in Construction 7.1. Thus m X* acts on the CAT(0) cube complex dual to the
wallspace structure on X* obtained by extending the wallspace structures on
the Y.

Versions of Lemma 7.2 are proven in [Are24c, FW24, Wis21].
With a bit of care, the ideas in Construction 7.1 can be extended to work for
higher-rank pseudographs; we explain this in detail for the rank 2 case below.

Construction 7.3 (Wallspace structure on rank 2 pseudographs). Let Y be
a rank 2 superconvex pseudograph and let mY = (a,b). Consider rank 1
pseudographs Z; and Z, corresponding to the subgroups (aba?b---a™b) and
(bab*a - - - b™) for some appropriately large n, m.

There exists 7 = r(Y,a,b) > 0 such that the local isometry Y’/ — X as-
sociated to (aba®b---a™b,bab*a - --b") has the following form: There is a con-
tractible locally convex subcomplex K C Y’ with

(1) diam(K') < r such that:
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N

FIGURE 3. Some walls in the wallspace of Construction 7.3.

(2) Y’ is the union Z; U K U Zs.
(3) Zi1NZy C K.

As in the rank 1 case in Construction 7.1, we may subdivide X and consider
the antipodal wallspace structure on each of Z; and Zs with respect to some
choice of o; — Z; where |o;| = sys Z;. We extend this to a wallspace structure
on Y’ as follows:

(1) Each wall of Z; disjoint from K is a wall of Y.

(2) Each wall of Z, disjoint from K is a wall of Y.

(3) Each hyperplane U of K extends to a wall of Y’ consisting of: U, the
hyperplane of Z; that is antipodal to Z; N U (if non-empty), and the
hyperplane of Z, that is antipodal to Zs N U (if non-empty).

See Figure 3.

We prove in Theorem 5.10 that for each o > 0 and for all for n,m >
1, (X | Y') is C"(«), in Theorem 7.12.(3) that (X | Y’) satisfies the B(6)
condition, and in Theorem 7.12.(4) that (X | Y”) satisfies 25-wall convexity.
In Lemma 8.4 that (X | Y’) satisfies the hypotheses of Theorem 8.1 with this
wallspace structure on Y. Finally we prove in 8.5 that (X | Y’) has torsion-free
fundamental group.

Remark 7.4. The choice of (aba®b---a™b) and (bab’a---b") is rather arbi-
trary, and the construction and proof work quite generally for a pair of small-
cancellation words.

Remark 7.5. Note that in Construction 7.3 for any C' we can choose Y’ such
that sys(Y’) > Cdiam(K). Indeed, diam(K) is proportional to the overlap
between the words defining 77, Zs.

Remark 7.6. Note that Autx(Y”) is trivial in Construction 7.3. Indeed, as Y is
compact, | Autx(Y")| < co. Thus, [Stabyx (Y’) : mY’] < oo and if Stabyx (Y") #
m1Y”, then there is a local isometry Yy — X such that Y’ is a proper, regular,
finite-degree covering of Y. This contradicts the choice of Y.
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7.b. Induced Cubical Presentations.

Definition 7.7 (Induced cubical presentation). Given a cubical presentation
X* = (X | {Y;}) and a local-isometry f : E — X there is an induced cubical
presentation E* = (F | {E ®x Y;}). For each i € I there is an induced map
fi: E®xY; — Y, such that the following diagram commutes.

E®yY, Ly,

| |

E—71 ,x

A map of cubical presentations is the data (X*, E*, f). Note that f induces
a combinatorial map f*: E* — X* that sends cone-points to cone-points and
the cubical part of E* to the cubical part of X*.

Definition 7.8 (Liftable shells in induced presentations). Let X* be a cubical
presentation. Let f : E — X be a local isometry. We say that the induced
presentation f*: E* — X* has liftable shells if the following holds:

Let R be a non-replaceable (i.e. whose boundary path is not null-homotopic
within its associated cone over Y;) shell in a minimal complexity diagram D —

X* with OR = QS, where @ is its outerpath and S is its innerpath. If @) lifts
to E, then so does S.

The above condition is relevant due to the following theorem.
Theorem 7.9 ([Wis21, Thm 3.68]). Let f : E* — X* be a map of cubical

presentations, where X* satisfies C'(5). If f has liftable shells then f is m-
injective, and E* — X* is injective on the cubical part.

The liftable shells property in induced presentations is guaranteed by:

Lemma 7.10 ([Wis21, Lem 3.67]). Let (X | {¥;}) be a C'(<;) cubical presen-
tation. Let A — X be a local-isometry and let A* be the associated induced
presentation. Suppose that for each 7, each component of A ®x Y; is either a
copy of Y; or is a contractible complex K with diam(K) < 12sys(Y;). Then
the natural map A* — X* has liftable shells.

The next lemma guarantees convexity.

Lemma 7.11 ([Wis21, Lem 3.74]). Let X* be a C’(5;) cubical presentation.
Suppose E* — X* has no missing shells. Let 2a + § < % where a, 5 > 0.
Suppose |Ply, < asys(Y;) whenever P is a cone-piece of a translate of 5}] in
a translate of Y; (so one is not contained in the other). Suppose that for any
path P in the intersection of translates Y;, E in X, either |P|y, < Bsys(Y;) or
Y; C E. Then E* — X* embeds as a convex subcomplex.
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7.c. Cubulated quotients. Let X be a nonpositively curved cube complex
that is a non-product and where m X acts without a fixed point at infinity on
X. In Section 5.d we proved that for every a > 0 there exists a local isometry
Y < X of a superconvex pseudograph with mY = F;, such that (X | Y) is
a cubical C’(«) small-cancellation presentation. We now prove the following,
which implies Theorem 1.4.

Theorem 7.12. Let X be a nonpositively curved cube complex that admits a

local isometry of a rank 2 superconvex pseudograph. For every a < %6 there is

a superconvex rank 2 pseudograph Y — X such that X* = (X | Y) is C'(«).
The complex Y can be chosen so that the following properties hold:

(1) If S is a finite set of nontrivial elements in 7 X, then the image 5 € m X*
is nontrivial for each s € S.

(2) m X* is not virtually cyclic.

(3) X* = (X |Y) is B(6). Thus, m X™ acts on the CAT(0) cube complex
C dual to the associated wallspace on X+,

(4) X* = (X | Y) satisfies 11-Wall Convexity.

(5) mX* acts freely on C.

(6) m X*\C is a non-product.

(7) If X is compact then m X* acts cocompactly on C.

Below we prove Theorem 7.12.(1)-(4) and (6). Theorem 7.12.(5) follows from
Theorem 8.5, and Theorem 7.12.(7) follows from Theorem 9.1.

Proof of Theorem 7.12.(1). Let S = {g1,...,9m} be nontrivial elements. Let
i€ X bea basepoint. For each k, let J, — X be the convex hull of the
lift [Z, gxZ]. Since S is finite, there is n € N with S C B, (%) where B, (%)
is the radius n ball at £. Choosing Y so that sys(Y) > n guarantees that if
X* = (X | Y), then each lift J, — X* is embedded. Hence g, is nontrivial in
7T1X*. O

Proof of Theorem 7.12.(2). This holds by the following proposition. O

Proposition 7.13. Let Y — X be a superconvex rank 2 pseudograph. Then
for any a < ﬁ there exist Y7, Yo — Y such that

e the presentation X* = (X | Y]) is C'(«),

e Y5 — X* is my-injective, and

e YV, — X*isan embedding onto a convex subcomplex.

Proof. By Proposition 5.4 we can assume that the non-diagonal components
of Y ®x Y are contractible. Let Y;,Ys — Y — X be the two superconvex
pseudographs of rank 2 as in Proposition 5.9, i.e. (X | Y1, Y2) satisfies C'(«).
The fiber-product Y; ®x Y5 consists of contractible components. Let C be
the maximal diameter of a connected components of Y} ®x Y5. By possibly
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replacing Y; with a further Y/ — Y} — X we can assume sys(Y;) > 12C. The
presentation X* = (X | Y7) still satisfies C'(«). The induced map of cubical
presentations Y, = Yy — X* has liftable shells by Lemma 7.10 (hence has no
missing shells). By Theorem 7.9 the map Yo — X* is my-injective and Yo — X*
is an embedding. Lemma 7.11 with § = « implies Y5 — X* is an embedding
of a convex subcomplex. O

Proof of Theorem 7.12.(3). We verify the B(6) condition for the wallspace struc-
ture described in Construction 7.3.

Wallspace structure: By construction, each wall is a union of disjoint
hyperplanes that separate Y, and all hyperplanes are 2-sided because they
are contractible. Each wall is embedded because diam(N(U)) < 35 sys(Y) for
each hyperplane U in Y. Assuming moreover that diam(N(U)) < sys(Y), it
also follows that the disjoint union of the hyperplane carriers corresponding to
hyperplanes in the same wall embeds in Y.

Hyperplane convexity: Let P — Y be a path that starts on a vertex p
and ends on a vertex ¢, so that both p and ¢ lie on 1-cells dual to a hyperplane U
of Y, and let 7 — N(U) be a path starting on ¢ and ending on p. Since (X | Y)
satisfies the C’ (%) condition, the concatenation P is either nullhomotopic or P
is the concatenation of at least 17 pieces. In particular, if P is the concatenation
of at most 7 pieces, then P is path homotopic in Y to a path P — N(u) — Y.

Wall convexity: Suppose that diam(N(U)) < 5 sys(Y) and diam(K) <
35 8ys(Y) (which can be ensured by Remark 7.5). Let P be a path in Y that
starts and ends with 1-cells dual to the same wall U of Y. If P is the concate-
nation of at most 7 pieces, then |P| < 7. & sys(Y).

If P intersects more than one hyperplane in U. First suppose that P — Z;
where Z; is as in Construction 7.3. Then |P| > Lsys(Y) — & sys(Y) since
the first and last edges of P are dual to hyperplanes that are also dual to
antipodal edges of o; where o, is a closed path in of Z; realizing its systole
(as in Construction 7.3). Now suppose that the first edge of P belongs to Z;
but not Zs, and the last edge of P belongs to Z, but not Z;. Then P has a
an initial subpath P’ that ends in K. Then, similarly as above |P| > |P'| >
ssys(Y) — & sys(Y).

Thus % — 32—3 <7- 1—16, which is a contradiction. Thus P starts and ends on
the same hyperplane w in U, and by hyperplane convexity (see above), P is
path-homotopic into N (u).

Equivariance: This holds since Autx(Y') is trivial by the choice made in
Construction 7.3. See Remark 7.6. U

Proof of Theorem 7.12.(4). The proof of wall convexity in 7.12.(3) generalizes
to an arbitrary £ assuming that a < i and sys(Y') is sufficiently large compared
to diam(N(U)) and diam(K). O



SMALL-CANCELLATION QUOTIENTS OF NON-PRODUCTS 24

Proof of Theorem 7.12.(6). By Proposition 7.13 there exist superconvex rank
2 pseudographs Y1,Y; — X such that Yo — X is mj-injective where X =
(X | Y1), and Y5 — X* is an embedding as a convex subcomplex. By Part (3)
we can assume X* is B(6). We will show the dual C of X* is not a prod-
uct. By Proposition 2.2, it suffices to show C has a pair of strongly separated
hyperplanes.

Recall that by Lemma 5.1, the diameter of wall-pieces of Y is bounded by
some constant M’. Since Y; ®x Y5 has contractible components, there exists
a constant M"” bounding the diameter of the cone pieces between Y7 and Y5.
Let M = max{M’', M"}. Note that for any 3 — Y5 the cone-pieces between %
and Y] are bounded by M. Since Y us a compact pseudograph, there is also a
bound B on the diameter of hyperplanes of Y. N

Let Uy, Uy be strongly separated hyperplanes in Y; at distance greater than
the maximum of 7max{%(yl), MY} and 2M + B. Consider the hyperplanes in

X+ extending Uj, Us, and continue to denote them by U, Us. We will prove
that Uy, Us lie in distinct walls Wy, W, are strongly separated (meaning Wy, Wy
do not cross and no other wall crosses both of them).

Let o be a geodesic path connecting Uy to Uz in X*. As Y5 is convex,
o — X* lies in Y5. Let X be the cubical convex hull of o in X. Note that
>} is contractible. By possibly replacing Y; by another superconvex rank 2
pseudograph mapping into Y7, we can assume sys(Y;) > a diam(Y).

Consider the following wallspace on 32: there is a noteworthy wall U consist-
ing of the two hyperplanes U; N ¥ and Us; N X, but every other wall consists of
a single hyperplane of ¥. The cubical presentation X3 = (X | Y}, X) has the
same 7 as X*, but has a coarser wallspace structure. We use X5, to facilitate
the proof of the strong separation of Wy, W,. We will denote the wall of X3,
containing U by W.

Since X* satisfies C'(«), so does X§. Indeed, since sys(Y;) > adiam(X),
then adiam(Y; N X) < sys(Y7), and the pieces coming from X* still satisfy
this condition in X3,. The B(6) condition (using the wallspace on ¥ described
above, and the standard structure on Y7) is also satisfied by X§. Indeed, Y;
already satisfies all the hypothesis of B(6); using the contractibility of X, it
is straightforward that the choice of walls on ¥ satisfies Hypothesis (2) of the
B(6) condition, and, again since 3 is contractible, hyperplane convexity and
Hypothesis (4) of the B(6) condition follow vacuously. To finish verifying the
B(6) condition, we need to check the Wall Convexity condition only for the
walls in Y, since this condition was verified for the walls in Y] in the proof
of Part (3) of this theorem. Let S be a path in ¥ that starts and ends with
1-cells dual to the same wall of ¥. Suppose S is the concatenation of at most
7 pieces. The diameter of a piece in X is at most max{%(yl), M} where M’ is
the bound on wall-pieces from Lemma 5.1. Since Uy, Us were chosen at distance
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> 7max{%(yl), M}, it follows that the path S starts and ends on the same
hyperplane of ¥, and is thus nullhomotopic. N

Let Cx, be the cube complex dual to the wallspace on X5, described above
and note that there is a natural projection C — Csx;. By construction of Cyx, the
hyperplanes of C dual to Wy, W5 project to a single hyperplane of Cx. Since a
hyperplane in a CAT(0) cube complex cannot self-cross, we deduce that Wy, W,
cannot cross in X*. _

We now argue that Wy and W5 are strongly separated in X*. Suppose there
exist a wall W’ in X* that crosses both walls W, and W,5. We claim that W’/
crosses X in a hyperplane that we denote by U’. Let Vi, Vs be hyperplanes of
cone-cells of the wall W' (which is the wall of X3, “containing” Wy, Ws) crossed
by W’. By Proposition 7.15, every cone of W between V; and V5 is crossed
by W’. In particular W’ crosses ¥ which separate Wy, W5 in W. Moreover,
considering the ¥ cone-cell in the ladder, we see that U’ N2 and U; N X either
cross each other (which happens if the first or last cone-cell maps to X), or are
dual to edges in a single piece of (X | Y7, ) which is either a wall-piece of ¥, or
a cone-piece of ¥ with Y;. Thus, d(Uy, Us) < d(Uy, U')+d(Us, U')+diam(U’) <
2M + B. But by our choice of Uy, Us at distance d(Uy,Us) > 2M + B, which
yields a contradiction.

Finally, C is not a quasiline by Part (2). O

Proposition 7.15 is the remaining ingredient needed in the proof of Theorem
7.12.(6). It engages with the following notions:
A W-ladder L is a ladder mapping to X* such that
L is the union of 2-cells C', Cs, ..., C,,,
each C; is a square or a cone-cell,
C; N Cjyq is a 1-cube e;, and
each e; is dual to a hyperplane of W.

Remark 7.14 (Squares as cones). Let X* = (X | Y1,Y5,...,) be a cubical
presentation that satisfies C’(«). Let s be a 2-cube of X. If s does not lie in any
Y;, then we can add s to the cubical presentation to obtain (X | s,Y7,Ys,...,)
which satisfies the same C'(«) condition. Indeed, sys(s) = oo, and if s is not
in any Y;, any piece between s and any Y is already a wall piece. It follows
that we can add as many squares as needed to X* to form a C’(«) cubical
presentation X7 where every square lies in a cone. This will facilitate the use
of the Ladder Theorem in Proposition 7.15.

Proposition 7.15 (Crossing Intermediate Cones). Let X* be B(6). Let W, W’

be walls in X*. Assume there are distinct hyperplanes or cones Vi, Vy of W
that are crossed by W’. Then every cone Y of W between V; and V5 is crossed
by W'.
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FIGURE 4. A 2-collared diagram exhibiting two crossing between
walls W and W’ on the left, and the corresponding quasi-2-
collared ladder on the right.

Moreover, there is a ladder L in X7, containing a W-ladder K, and a W'-
ladder K’. And K, K’ start and end on the first and last cells of L. And L is
quasi-2-collared in the sense that every external cell of L is a cell of K or K’
or both. See Figure 4.

Remark 7.16. In the proof of Proposition 7.15 we use the notion of a reduced
diagram. A diagram is reduced if it cannot be simplified by performing any of
the following moves: removing square bigons, combining cone-cells, absorbing
a square into a cone-cell, absorbing a cornsquare into a cone-cell, and replac-
ing internal non-essential cone-cells with square diagrams. See the discussion
following [Wis21, Def 3.11].

Proof. Let K be a reduced W-ladder in X* that starts and ends with a square
or cone-cell containing the intersection at Vi and V5.

Viewing K as a W-ladder in X7, we break K into a sequence of sub-WW-
ladders K7y, K, ..., K,, where for each i the first square/cone-cell of K;,; is
the last square/cone-cell of K;, and where the squares/cone-cells of K; crossed
by W' are precisely the first and last ones. Since we are working in X7, we
treat the first and last cells of each K; as cone-cells.

We claim that for each ¢ there is a diagram L; that is 2-collared by K; and
a W'-ladder K|. Let K! be any W'-ladder starting and ending at the first and
last cone-cells of K;. Let J; be the union of K; and K| along their first and
last cone-cells. We can assume without loss of generality that the combined
cone-cells of K;, K| are the same, since any two paths in a cone are subpaths
of a closed path in the cone. Thus J; is an annulus or Mobius strip.

Let D; be a diagram whose boundary path P; is an immersed path in J;
generating mJ; and where P; does not traverse any edge of K; dual to W,.
Moreover choose K| and D; so that D; has minimal complexity among all such
choices. If P; traversed an edge of K dual to W/, then following this dual curve
within D;, we see that it cannot exit on the K; side by our non-intersection
assumption on K;, and hence it exits on the K| side. This contradicts the
minimality of D;. Thus P; is a boundary cycle of J;, and J; is not a Mobius
strip. The union L; = J; Up, D; is a disc diagram, proving the claim.
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F1cURE 5. Combining ladders.

We now amalgamate Lq, Lo, ..., L,, by combining cone-cells mapping to the
same cone, using that any two paths in a cone are subpaths of a closed path.
See Figure 5.

Let L be the combination of Ly, Lo, . . ., L,,. We obtain L from L by reducing
to obtain a disc diagram using the reduction moves in Remark 7.16. These
moves preserve the quasi-2-collaring by W and W’. Moreover, our hypothesis
that W' only crosses at the first and last cone-cells of each K; ensures that K

is transformed to a reduced ladder in X7 visiting the same sequence of cones
as the original W-ladder. U

8. FREENESS

In this section, we prove Part (5) of Theorem 7.12, i.e. that the pseudograph
Y — X can be chosen so that the action of m X™* on C is free. We start by
recalling a criterion that is often useful for proving properness in the setting of
cubical small-cancellation.

A hyperplane U is m-proximate to a O-cube v if there is a path P =
Py, ..., P, such that each P; is either a single edge or a piece, v is the ini-
tial vertex of P, and H is dual to an edge in P,,. A wall is m-prozimate to v
if it has a hyperplane that is m-proximate to v.

A hyperplane U of a cone over Y is piecefully convez if the following holds:
For any path 7p — Y with endpoints on N(U), if 7 is a geodesic and p is trivial
or lies in a piece of Y containing an edge dual to U, then 7p is path-homotopic
inY to a path p — N(U).

Theorem 8.1 ([Wis21, Thm 5.44 and Cor 5.45]). Let X* = (X | {V;}) be a
B(6) cubical presentation that satisfies the following conditions:

(1) Each hyperplane H of each cone over Y; is piecefully convex.

(2) Let Kk = Y € {Y;} be a geodesic with endpoints p,q. Let U; and Uj
be distinct hyperplanes in the same wall W; of Y. Suppose « traverses
a l-cell dual to Uy, and either U] is 1-proximate to ¢ or s traverses a
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1-cell dual to Uj. Then there is a wall W5 in Y that separates p, ¢ but
is not 2-proximate to p or gq.
(3) Each infinite order element of Autx(Y;) is cut by a wall.

Then 7 X* acts on the dual CAT(0) cube complex C with torsion stabilizers.

The following result shows that if Z — X is homotopy equivalent to a circle,
then Z can be chosen so that the cubical presentation X* = (X | Z) satisfies
the conditions of Theorem 8.1. We state it in a way that will simplify the proof
of Lemma 8.4 (stated below).

Theorem 8.2 ([FW24, Thm 3.5]). Let X* = (X | Z) be a cubical presentation
with Z homotopy equivalent to a circle, and satisfying the C’(«) condition for
o < 55 and where diam(N(U)) < asys(Z) for every hyperplane of Z. Then
X* = (X | Z) satisfies the conditions of Theorem 8.1. Moreover, for every
geodesic k — Z:

1
|k| < §sys(Z) + 2asys(Z).

Remark 8.3. Theorem 8.2 as stated in [FW24] assumes moreover that Y — U is
contractible for each hyperplane U of Y. The reason for this assumption is that
then the wallspace structure in Construction 7.1 is slightly simplified, since all
hyperplanes in Y must then cross the geodesic ¢ in the construction. However,
this hypothesis is unnecessary for the calculations therein, so we omit it.

Lemma 8.4. Let X* = (X | Y) be a cubical presentation that satisfies the
C’(«) condition for a < 1, and where Y is a superconvex rank 2 pseudograph
that is the union of two rank 1 pseudographs Z; and Z5, which are locally convex
in Y. Let M = min;{sys(Z;)} and diam(Z, N Zy) < M where a + < 3.
Suppose diam(N(U)) < aM for each hyperplane U of Y.

Consider the wallspace structure on Y obtained by combining the antipodal
wall structure on Z; and Z, as in Construction 7.3. Then this wallspace struc-
ture satisfies the hypotheses of Theorem 8.1. Therefore, the action of 71 X™ on

the dual C to this wallspace structure has torsion stabilizers.

Proof. The B(6) condition is verified in Part 3 of Theorem 7.12. We now verify
the rest of the hypotheses in Theorem 8.1.

Condition 1 (Pieceful-convexity): Let {p — Y be a path with endpoints
on N(U), and where £ is a geodesic and p is either trivial or lies in a piece of YV’
containing an edge dual to U. The C’(«) condition implies that the diameter
of pieces appearing in essential paths in YV is < aM. Let 7 — N(U) be a
geodesic path joining the endpoints of {p in N(U). Since diam(N(U)) < aM,
and || < $M + 2aM by Theorem 8.2, then [£p7| < M +4aM < M provided
that we choose « so that 4a < % Since the concatenation pt is shorter than
the systole of Y, then £p7m must be nullhomotopic, so £p is homotopic into the
carrier of U, as claimed.



SMALL-CANCELLATION QUOTIENTS OF NON-PRODUCTS 29

Condition 2 (Existence of non-proximate separating wall): Let s
be a geodesic path from p to ¢ as in Theorem 8.1.(2) and consider distinct
hyperplanes Uy, U] of W) where k traverses an edge e dual to U; and either
traverses an edge dual to U], or ¢ is 1-proximate to an edge dual to U;. If U; and
U] are hyperplanes of the same Z;, then the result follows from Theorem 8.2.

Otherwise, the wall Wy consists of hyperplanes Uy, U; and U{ where U] C
Z1 N Zy. Without loss of generality assume that U; C Z; and U] C Z,. We
claim that kN Z; N Zy # (. This is clear if x traverses an edge dual to Uj. If ¢
is 1-proximate to an edge dual to U], then ¢ is at distance at least %M —aM
from U]. Thus ¢ is at distance at least %M —aM — M from Zy N Zsy, which is
greater than %M , since a + 3 < %. This proves that x must intersect Z; N Z,.

Let o € kN Z1 N Zy. Note that p is at distance at least gM from o by a
similar argument to the above. Let e be an edge on « halfway between o and
p and let Uy be the hyperplane dual to e;. Then the distance from Us to each
of p,q is at least I%M , in particular U, is not 2-proximate to p or g. The same
holds for the hyperplane U} dual to the edge antipodal to ey in Z;. Thus the
wall W5 containing U, satisfies the condition.

Condition 3 (Cutting infinite-order automorphisms): This holds since
Y is compact so Autx (Y') is finite (and in our case, trivial by Remark 7.6). O

We can now prove freeness of the action of 71 X* on C.

Theorem 8.5. Let X be a nonpositively curved cube complex that admits
a local isometry Y — X of a superconvex rank 2 pseudograph, where X* =
(X | Y) satisfies C'(a) for some o < 5= and satisfies B(6). Then there exist
superconvex rank 2 pseudographs Y’ — Y such that 7m; X** acts freely on the

dual C of the wallspace structure on X** where X** = (X | Y’).

Proof. By Construction 7.3 there exist Y' — Y which is the union of two rank 1
pseudographs Z; and Z,, and a contractible subcomplex K C Y’, which all are
locally convex in Y’, and such that Z; N Zy C K. To simplify the proof, we
assume that Z; N Zy = K (which can be done by replacing Z; with Z; U K).

Since Y is compact, there exists a constant D > 0 such that for each hy-
perplane U in Y, diam N(U) < D. The same follows for Y’. We note that in
Construction 7.3 the systoles sys(Z;) can be chosen to arbitrarily large, so we
can assume that sys(Z;) > 16 max{D,diam(Z; N Z3)}. This ensures that the
assumptions of Lemma 8.4 are satisfied with a = § < 1—16, so m X** acts on the
dual cube complex C with torsion stabilizers.

We now explain that m X** is torsion-free and therefore the cell-stabilizers
are trivial. This can be deduced in two ways. It follows from [Wis21, Thm 4.2
and Rmk 4.3] that if X** is C’(55), then every torsion element in 7 X** has
to be conjugated into Autx(Y”’), which is trivial by Remark 7.6, so the cell
stabilizers in the dual are trivial. Alternatively, using the C'(9) condition, and
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FIGURE 6. Three wall-triangles.

Autx(Y') = {1}, it follows from the homology formula in [Are24b, Cor 1.6]
that m; X** is torsion-free. O

9. COCOMPACTNESS
The goal of this section is the following which is proven in Section 9.e:

Theorem 9.1. Let X* = (X | Y) be a compact cubical presentation that
satisfies the C’(%;) and B(6) conditions, 11-wall convexity, and where Y is a
superconvex rank 2 pseudograph. Then m X* acts cocompactly on the dual C
of the wallspace structure on X*.

The proof of Theorem 9.1 involves thin triangles (Section 9.a), induced
subwallspaces and cubical presentations (Section 7.b), hemiwallspaces (Sec-
tion 9.b), and relative hyperbolicity (Sections 9.c and 9.d).

9.a. Wall-triangles. This section introduces wall-triangles, which are disc di-
agrams determined by triples of pairwise intersecting walls. We prove a techni-
cal result, Proposition 9.3, which is a variant of the Ladder Theorem for B(6)
cubical presentations. Corollary 9.4, which follows from Proposition 9.3, will
be used to prove Theorem 9.1.

Let Wy, Wy, W3 be walls in X*. A wall-triangle collared by Wy, Wy, W3 is
a 3-collared disc diagram D (see Definition 6.1) where the collaring ladders
Ly, Lo, Ly carry dual curves of Wy, Wy, W3. We refer to L; as the W;-collar
of D. The ladders Ly, Lo, L3 intersect at corner-cells Ci9, Cas, (31, which are
cone-cells or squares. See Figure 6. The wall-triangle D is minimal if D has
minimal complexity among all wall-triangles collared by Wy, Wy, Wis.

Let U; be a hyperplane of W;. Assume L; — N(U;) is a square ladder. We
say D is Uj-minimal, if D has a minimal complexity among all wall-triangles
collared by Wi, Wy, W3 where the Wi-collar is a square ladder mapping to
N(Uy). We do not claim that a U;-minimal wall-triangle is necessarily minimal
in the sense above, but the statements that we prove below also apply to U;-
minimal wall triangles, and will be used in the proof of Theorem 9.1.

Lemma 9.2. If three walls pairwise cross in X *, then there is a wall-triangle
D — X* collared by these walls.
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Proof. Let W1, Wy, W3 be pairwise crossing walls. Consider associated ladders
Ly, Ly, L3, carrying a dual curve in each of Wy, Wy, W3, and with the crossings
occurring at the first and last cells of each L;. Consider the union A = L; U
Ly U L. By construction A is homotopy equivalent to a cycle.

Let P — A be a combinatorial embedding of a closed cycle P, that generates
mA. Consider a disc diagram Dy with 0Dy = P. If P traverses an edge dual
to any of Ly, Ly, L3, then there is a proper subdiagram Dy C D, with 9D
contained in a union of ladders L}, L), L’; carrying dual curves of Wy, Wy, Wi.
Note that P must traverse such an edge if A is a Mobius strip. Thus, if
Dy has minimal complexity among all the disc diagrams obtained this way
for Wy, Wy, W3, i.e. among all choices of Ly, Lo, L3, P, and D, then P does
not traverse any such edge. In particular, A is an annular diagram, and so
D = Dy U A is a wall-triangle collared by Wy, Wy, Ws. U

Proposition 9.3. Let X* = (X | {Yi}) be a cubical presentation satisfying

the C’(%) and B(6) conditions, and 11-wall convexity.

(1) Each cone-cell in a minimal (or U;-minimal) wall-triangle is a corner-
cell.

(2) If X* is compact, then there exists R > 0 such that for any walls
Wi, Wy, W3 in X*, the minimal (or U;-minimal) wall-triangle collared
by Wi, W5, W3 has at most R hyperplanes.

Proof of (1). Let D be a minimal wall-triangle collared by Wy, Wy, W35, Let
Ly, Lo, L3 be its collaring ladders, and let C'5, Cs3, C3; be its corner-cells.

In the degenerate cases where D is a cone-cell or a ladder, the statement is
clear. We focus on the non-degenerate case where the corner-cells are distinct.

Suppose that D contains an interior cone-cell C', i.e. C' is disjoint from 0D.
Consider the cyclic order on the dual curves starting at 0C' and travelling away
from C. By C’'(55) and Lemma 6.2 no dual curve returns to dC, and therefore
must end on D. Any two dual curves that intersect in D must start in a single
piece in 9C. Thus by C’ (%) and the pigeon-hole principle, there exists a pair
of dual curves which end at the same side ladder L; such that any subpath of
OC' containing both of them has at least 5 pieces. Thus the subdiagram D’
bounded by a subladder of L;, the carriers of these two dual curves, and C' is
a disc diagram with only two exposed cells, and therefore by Lemma 6.2, D’
must be a ladder. Hence C' lies in L;, which contradicts the assumption that
C is an interior cone-cell. Thus there are no interior cone-cells in D.

Now suppose that D contains a non-interior cone-cell C, which is different
from C}o, Cos, C31. Without loss of generality, assume that C' is contained in
Ly. By 11-wall convexity the innerpath S of 0C' consists of at least 11 pieces.
Again we consider all the dual curves that start at S and again none of them
return to S. Any dual curve that ends in Ly must belong to the initial or



SMALL-CANCELLATION QUOTIENTS OF NON-PRODUCTS 32

FiGURE 7. Repeated hyperplane allows us to produce smaller D.

terminal piece of S. By the pigeon-hole principle (applied to the second, sixth,
and tenth pieces of S) there exists a pair of dual curves that both end on L;
for i = 1 or 3, such that the subpath of S containing both of them has at least
5 pieces. Thus the subdiagram D’ bounded by a subladder of L;, the carriers
of these two dual curves, and C, is a disc diagram with only two exposed cells.
By Lemma 6.2, D' is a ladder. Hence C' belongs to both Ly and L;. This
contradicts the minimality of D, as the subdiagram of D with cone-cells C'
replacing C'5 or C3; depending on whether ¢ = 1 or 3 is a smaller diagram
collared by Wy, Wy, Wi.

For the U;-minimal case, we must have ¢ = 3 in the above argument, and we
get a contradiction with the U;-minimality. OJ

Proof of (2). Let D be a minimal (or U;-minimal) wall-triangle collared by
Wi, Wy, W3. By Part (1) D does not have any cone-cells that are not corner-
cells. Consequently, the collaring ladders L; decompose as the union C;_1); U
GiUC5(i+1) where G is a square ladder. The hyperplanes of D can be partitioned
according to which corner-cells Ciy, Ca3,C3; and/or square ladders Gy, Gg, G3
they cross.

The number of hyperplanes intersecting corner-cells C;_1y; and Cj(ig1y is
bounded by the length of a piece, which is uniformly bounded since X* is
compact. By the minimal complexity of D hyperplanes intersecting C(;_1);
cannot cross G_; or Gy, and the number of hyperplanes intersecting C(;_1);
and crossing (G;; is again bounded by the length of a piece.

Finally, consider the collection #€(;_,); of hyperplanes crossing both G;_; and
G;. By the minimality of D no two such hyperplanes cross in D. Since X is
compact, there is a bound M on the number of immersed hyperplanes in X.
If |#(—1)i| > M, then by the pigeon-hole principle #(;_1); contains at least
two hyperplanes U, gU that are m; X* translates of one another, i.e. g € m X*.
This yields a contradiction since cutting D along U and gU, removing the
part between, and gluing back together along g, gives a lower complexity disc
diagram collared by Wy, Wy, Wj.

In the U;-minimal case, we observe that the cutting and gluing procedure
preserves U;-minimality, so the above argument is valid. 0
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We will use the following consequence of Proposition 9.3.(2). The r-neighborhood
of a wall Z is the union of r-neighborhoods of its hyperplanes.

Corollary 9.4. Let X* = (X | {Y;}) be a compact cubical presentation that
satisfies the C’(%;) and B(6) conditions, and 11-wall convexity.

(1) There exists r such that for every wall Z in X *, if any two other walls
W, W' intersect Z and each other, then W, W' intersect each other in
the r-neighborhood 1,(Z) C X* of Z.

(2) There exists r’ such that for every wall Z in X* and every hyperplane
U of Z, if any two other walls W, W’ intersect each other and intersect
U in hyperplanes V, V' respectively, then VN N(U),V' N N(U) are at
distance " in N(U).

9.b. Hemiwallspaces. For a wallspace (X, %), an associated hemiwallspace is
a subcollection # of halfspaces of ##/ such that for each wall W = {W* W~} at
least one of W W~ is contained in #. Every hemiwallspace has a dual, which
admits a natural embedding as a convex subcomplex of the dual of (X, ).
See [HW14, Sec 3.4] for more about hemiwallspaces. For a subset S C X the
collection of all halfspaces intersecting S nontrivially is a hemiwallspace, which
we denote by #(S). The dual of #(S) is denoted by C(#(S)).

Let Z be a wall in X*. For a set S C X * the collection of halfspaces of
walls crossing Z that also intersect S is equal to #(Z) N#(.S), which is still a
hemiwallspace.

Lemma 9.5. Let W, Z € % be two crossing walls of a wallspace (X, %),

and let C be the convex subcomplex of the dual C(#(Z)), corresponding to
FH(Z)NF(W). Then C is a hyperplane carrier in C(# (7))

Proof. Ignore the halfspaces of #(Z) N # (W) whose complements are not in
FH(Z)NFH (W), as these halfspaces only play a role in situating C C C(#(Z)).
Let V' be the hyperplane of C(#(Z)) corresponding to W. There is a natural
bijection between halfspaces of N(V) C C(#(Z)) and halfspaces of #(Z) N
(W), and it preserves non-empty intersection. Thus the duals are isomorphic.

U

Lemma 9.5 will be applied to two walls in a cubical presentation X* satisfying
the B(6) condition.

9.c. Relative hyperbolicity and local relative quasiconvexity. We follow
the approach to relative hyperbolicity using Bowditch’s fine hyperbolic graphs
[Bow12]. Recall that G is hyperbolic relative to {G,} if G acts cocompactly
on a fine hyperbolic graph I" with finite edge stabilizers, each G, stabilizes a
vertex, and each vertex stabilizer is either finite or conjugate to some G,. In
this setting, the condition that H is relatively quasiconvex is that there is an
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H-cocompact quasiconvex subgraph T C I') in some (and in fact any) action
of G on such a fine hyperbolic graph I' [MPW11].

Lemma 9.6. Let G split as a finite graph of groups with finite edge groups,
then G is hyperbolic relative to its (possibly infinite) vertex groups.

Proof. Consider the action of G on the associated Bass-Serre tree T. Note
that 7" is obviously O-hyperbolic and fine. The quotient is compact, and the
action has finite edge stabilizers. Thus by Bowditch’s criterion, G is hyperbolic
relative to its vertex stabilizers. U

The following generalizes the local quasiconvexity of free groups:

Lemma 9.7 (Local relative quasiconvexity). Let G split as a finite graph of
groups with finite edge groups and vertex groups {G,}. So G is hyperbolic
relative to {G,} by Lemma 9.6.

Let H be a subgroup generated by a finite set, together with finitely many
subgroups of conjugates of the {G,}. Then H is relatively quasiconvex.

In particular, G is locally relatively quasiconvex.

In our application, G splits as a finite bipartite graph of groups where the
left vertex groups are finite and the right vertex groups are arbitrary.

Proof. Let T be the Bass-Serre tree associated to the finite graph of groups for
G. Let H be a subgroup generated by a finite set of elements {g, ..., gx} and
a finite set of elliptic subgroups {K,,, ..., K,,}, i.e. K, is a subgroup of the
stabilizer of a vertex v; in T

Without loss of generality, we assume each g; is loxodromic. For 1 <7 < k,
let v; be a fundamental domain for the action of (g;) on its axis.

Let J be a finite tree containing each ~; and each v;. Then T = HJ is an
H-cocompact subtree of T'. Finally, T C T is obviously quasiconvex. 0J

9.d. Relative cocompactness.

Lemma 9.8 (Relatively-hyperbolic wall-stabilizers). Let X* satisfy B(6). For
awall Zin X *, the group Stab(Z) acts on a bipartite tree whose vertices corre-
spond to Z-cones and Z-hyperplanes, and whose edges correspond to incidence.

In particular, Stab(Z) is hyperbolic relative to {Stab(U;)}; where U; are the
hyperplanes of Z.

Proof. The graph of groups whose vertices are stabilizers of hyperplanes and
cone-cells of Z is defined [Wis21, Def 5.16], and shown to be a tree in [Wis21,
Thm 5.17/5.20]. The result then holds by Lemma 9.6. Indeed, Autx(Y) is
finite since Y is compact. Thus the stabilizer of the cone over Y is finite in
m X" as a quotient of Autx(Y'), and the stabilizer of any cone-cell is contained
in the stabilizer of the cone over Y. O
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Sageev proved cocompactness of the dual when the wallspace is cocompact,
the group is hyperbolic, and the wall-stabilizers are quasiconvex [Sag97]. We
use the following generalization [HW14, Thm 7.12]:

Proposition 9.9 (Relative Cocompactness). Let (X, ) be a wallspace such
that X is also a length space. Let G act properly and cocompactly on X pre-
serving both its metric and wallspace structures. Suppose G is hyperbolic rel-
ative to P, and for each P € Plet Y = Y(P) C X be a non-empty P-invariant
P-cocompact subspace. Suppose that the action on ¥/ has only finitely many
G-orbits of walls, and Stab(W) is relatively quasiconvex and acts cocompactly
on W for each W € /.

Then there exists a compact K with GK connected such that C(X) =
GK Upg GC(#(Y)). In particular, C(X) is G-cocompact, if C(#(Y)) is P-
cocompact for each P € P and Y = Y (P).

9.e. Proof of cocompactness.

Lemma 9.10. Let C be a G-cocompact CAT(0) cube complex with finite
vertex stabilizers. There is a uniform upper bound on degrees of vertices of C.
Thus each vertex of C lies in uniformly finitely many hyperplane carriers.

Proof of Lemma 9.10. 1t suffices to prove the statement for a group G acting
on a graph I' (the 1-skeleton of C). For each vertex v of T, let eq,...,e, be
Stab(v)-representatives of the edges at v. Then deg(v) = ), Stab(v)/ Stab(e;).
The statement follows by using max{deg(v)} as v ranges over the finitely many
G-orbits of vertices in I'.

If v € N(U) then U is dual to an edge at v. Hence deg(v) is uniformly
bounded as above. U

The proof of Theorem 9.1 uses the following cocompactness characterization.

Remark 9.11. Let C be the CAT(0) cube complex dual to a wallspace with a
G-action. Then the following statements are equivalent
(1) € is G-cocompact,
(2) there are finitely many G-orbits of maximal cubes in C,
(3) there are finitely many G-orbits of collections of pairwise crossing walls
in the wallspace.

Lemma 9.12. Let X be a G-cocompact CAT(0) cube complex, and U C X a
hyperplane. Then U is Stabg(U)-cocompact.

Proof. We use characterization (2) of cocompact action from Remark 9.11.
Since G acts cocompactly on X, there are finitely many G-orbits of midcubes
in U under the action of G. We claim that each such orbit is invariant under
the action of Stabg(U). Indeed, if ¢ € G sends one midcube of U to another,
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then it must stabilize U , since Uis uniquely determined by any of its midcubes,
and g sends hyperplanes to hyperplanes as a cubical automorphism. O

Proof of Theorem 9.1. We use Remark 9.11.(3). Throughout this proof, we
write Stab(-) for Stab., x+)(-).

We will show that for each wall Z in X*, there are finitely many Stab(Z)-
orbits of collections of pairwise-crossing walls that include Z. Since X* is
cocompact, there are finitely many orbits of walls in X*. Thus we can conclude
that there are finitely many orbits of collections of pairwise-crossing walls.

We will first show that the dual C(#(Z)) of the hemiwallspace #(Z) is
Stab(Z)-cocompact. Let U be a hyperplane of Z. Note that U is embedded
and simply connected by Lemma 6.2. See [Are24b, Lem 3.11(i)+(ii)] for details.
Since X is compact, U is Stab(U)-cocompact by Lemma 9.12.

We first prove that the dual C(#(U)) is Stab(U)-cocompact. Let W, W' €
#(U) be intersecting walls that cross U, and let V,V’ be the hyperplanes
in X* contained in W, W’ respectively, which cross U. Let ' € N satisfy
Corollary 9.4.(2). Let C and C’ be the subcomplexes of N(U) that are the r'-
thickened carriers of the hyperplanes VN N(U),V' N N(U) of N(U). These are
convex subcomplexes containing 7’-neighborhoods of the hyperplane carriers
of VANU), V' N NWU) [HW12]. By Corollary 9.4.(2), the hyperplanes V, V'
are at distance at most 7/, so in particular C N C’ # (). Thus every collection
{W,}ier of U-crossing, pairwise-crossing walls in #(U) corresponds to a collec-
tion of pairwise-intersecting r’-thickened hyperplane carriers {C;};er in N(U).
In particular, for every finite collection {W;};cr of U-crossing, pairwise-crossing
walls, (),c; C; # 0 by Lemma 3.5. There is a uniform bound on the number
of Stab(U)-orbits of collections of 7’-thickened hyperplane carriers containing a
0-cube, by the cocompactness of U (and hence of N(U)). By compactness of X
there is a uniform upper bound on the number of r’-thickened hyperplane car-
riers containing any given (-cube of X, which implies that there is a uniform
upper bound on the size of a collection of pairwise-intersecting r’-thickened
hyperplane carriers in X, hence also in N(U). This implies that C(#(U)) is
Stab(U)-cocompact.

Let Z be a wall which is a union of hyperplanes {U;}. Then Stab(Z) is
hyperbolic relative to {Stab(U;)} by Lemma 9.8. Let » € N be provided by
Corollary 9.4.(1), i.e. for walls W and W' that cross each other and cross Z,
we have that W, W’ cross each in 1,(Z). By compactness of X*, the action
of Stab(Z) on N,.(Z) is proper and cocompact, and has finitely many orbits of
walls from (7).

We now apply Proposition 9.9 with G = Stab(Z2), (X, W) = (N.(2),#(Z)),
P = {Stab(U;)}, and U; playing the role of subspaces Y. To view #(Z) as
a wallspace, we ignore the halfspaces whose complements are not contained
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in #(Z). For each W € #(Z), the stabilizer Stabgianz)(W) is relatively-
quasiconvex in Stab(Z) by Lemma 9.7, and W is Stabgtan(z) (W )-cocompact by
compactness of X*. Thus, C(#(Z)) is Stab(Z)-cocompact by Proposition 9.9.

To complete the proof, we show that Stab(Z)-cocompactness of C(#(Z))
implies the finiteness of the Stab(Z)-orbits of collections of pairwise-crossing
walls that include Z. The argument is similar to the earlier argument showing
the Stab(U)-cocompactness of C(#(U)), we include it for completeness.

Let W, W' be intersecting walls that cross Z, and let C,C’ be the convex
subcomplexes of the dual C(#(Z)), corresponding to #(Z)NFH (W) and #(Z)N
FH(W'), and which are hyperplane carriers in C(#(Z)) by Lemma 9.5. Then
CNC # 1, as otherwise there is a hyperplane V in C(#(Z)) that separates
C from C’, which is dual to a wall that separates W from W', contradicting
that W, W' intersect. Thus, every collection {W;};c; of Z-crossing, pairwise-
crossing walls corresponds to the pairwise-intersecting collection {C;}ier. If 1
is finite, then (,.; C; # 0 by Lemma 3.5. Each 0-cube lies in finitely many
Stab(Z)-orbits of hyperplane carriers in C(#(Z)) by Lemma 9.10. By Stab(Z)-
cocompactness of C(#(Z)), there are finitely many Stab(Z)-orbits of 0-cubes
in C(#(Z)). Thus each collection of pairwise-crossing walls corresponds to one
of these finitely many Stab(Z)-orbits of collections of mutually intersecting
hyperplane carriers. 0
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