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Abstract

We formulate and analyse a 1D model for the spatial distribution of actin density at the leading edge of a motile cell. The model

incorporates nucleation, capping, growth and decay of actin filaments, as well as retrograde flow of the actin meshwork and known

parameter values based on the literature. Using a simplified geometry, and reasonable assumptions about the biochemical processes, we

derive PDEs for the density of actin filaments and their tips. Analytic travelling wave solutions are used to predict how the speed of the

cell depends on rates of nucleation, capping, polymerization and membrane resistance. Analysis and simulations agree with experimental

profiles for measured actin distributions. Extended versions of the model are studied numerically. We find that our model produces stable

travelling wave solutions with reasonable cell speeds. Increasing the rate of nucleation of filaments (by the actin related protein Arp2/3)

or the rate of actin polymerization leads to faster cell speed, whereas increasing the rate of capping or the membrane resistance reduces

cell speed. We consider several variants of nucleation (spontaneous, tip, and side branching) and find best agreement with experimentally

measured spatial profiles of filament and tip density in the side branching case.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

1.1. Cell motility

Animal cells move in response to an external signal by
remodelling their cytoskeleton, composed of the abundant
biopolymer, actin (Kurner et al., 2004). The motility of these
cells is essential in embryogenesis, development, immune
surveillance, wound healing, and many other cell functions
(Tojima and Ito, 2004; Mandato and Bement, 2003). It is
also implicated in disease processes such as rheumatoid
arthritis and metastatic cancer (Lambrechts et al., 2004).
It is currently accepted that protrusion of the cell at its

leading edge is mediated by actin filament tips pushing on
the membrane. This results in extension of a long, flat,
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actin-rich protrusion called a lamellipod (Pollard and
Borisy, 2003; Small et al., 2002). Actin filaments are
polarized, and grow fastest by adding monomers at their
plus (also called ‘‘barbed’’) ends, directed mainly toward
the cell membrane. One mechanism that has been proposed
to explain the force generated by polymerization of
monomers at these ends is the thermal ratchet model
(Mogilner and Oster, 1996, 2003). In order to limit
potentially explosive elongation of filaments, capping
proteins bind to barbed ends and prevent growth (Schafer
et al., 1996; Pantaloni et al., 2000). Polymerization ceases
when barbed ends are capped. Actin filaments are broken
down by depolymerization and other recycling mechan-
isms, so that the monomers can be recharged, and reused in
promoting new growth at the leading edge of the cell. As
filaments age, they become more prone to degradation.
Hence, depolymerization dominates in the rear parts of the
lamellipod structure.
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A small but distinct rearward flow of the actin meshwork
has recently been observed in the lamellipodia of moving
fish epidermal cells called keratocytes (Ponti et al., 2004;
Jurado et al., 2005; Vallotton et al., 2005). Previously this
had only been observed in slower moving cells such as
fibroblasts (Ponti et al., 2005; Henson et al., 1999). In
keratocytes, the lamellipod is separated from the cell body
by a band rich in myosin II, a motor protein that binds to
actin filaments and moves towards the barbed end of a
filament (Svitkina and Borisy, 1999). Since most actin
filaments in the lamellipod are oriented with their barbed
ends in the direction of motion (Svitkina and Borisy, 1999),
the interaction of myosin II with the actin filaments in the
lamellipod causes a bulk flow of the actin meshwork away
from the leading edge. Retrograde flow in keratocytes is
smallest in the middle of the lamellipod (approximately
0:01mms�1) increasing to approximately 0:05mms�1 at the
edges, in cells moving 0.2–0:3mms�1.
Of great interest in the last decade is the complex Arp2/3,

essential for cell motility and now known to nucleate new
filaments. Arp2/3 undergoes activation at the leading edge,
and then gives rise to new barbed ends that can grow into
filaments. In previous years, there had been some debate
whether Arp2/3 attaches to actin filament sides or to their
barbed ends in order to nucleate new branches (Falet et al.,
2002; Pantaloni et al., 2000). Some groups (Amann and
Pollard, 2001; Fujiwara et al., 2002) favored Arp2/3
binding to sides, close to the tips of existing filaments.
Existing technology does not allow direct imaging of
Arp2/3 nucleation as it occurs in a motile cell, but a variety
of other experimental observations and theoretical analyses
(Carlsson et al., 2004) currently lead to strong support for
side branching off pre-existing filaments.
Estimates for biochemical parameters such as capping

and nucleation rates have been based on results of
in vitro experiments using cell extracts (at protein
concentrations similar to those found in cytoplasm),
but not intact cells (Pollard et al., 2000). Thus, estimated
biochemical rates and parameter values are still subject to
experimental refinement. At the same time, visualization
of the actin network (Bailly et al., 1999; Svitkina and
Borisy, 1999) has allowed measurement of densities
of polymerized actin, of filaments, and even of their
barbed ends as a function of distance away from the
leading edge. As yet, no theoretical treatment of these
measured densities and the filament dynamics that account
for these densities has been completed. This forms the
subject of our paper.
In this paper, our aim is to derive and investigate a

simple description of actin filament nucleation, capping,
growth and depolymerization in a 1D model of the
lamellipod. We ask whether the known events described
above can account for (a) membrane speed, (b) the density
profiles of filaments and ends, and (c) dependence of speed
on biochemical parameters. We base the model on known
biochemical parameters and use it to infer those that are
not easy to measure.
1.2. Previous modelling efforts

A number of models have been proposed to investigate
actin dynamics in motile cells. Some models focus
primarily on the actin monomer cycle and actin polymer-
ization at the leading edge (Mogilner and Edelstein-Keshet,
2002; Grimm et al., 2003). Using a 1D model, Mogilner
and Edelstein-Keshet (2002) show how membrane speed
depends on barbed ends and ATP-actin monomer con-
centration at the leading edge of a cell. Grimm et al. (2003)
make predictions regarding the shape of the leading edge.
Both papers employ a force–velocity relationship as the
basis for membrane protrusion, but neither is concerned
with the profiles of actin density or the biochemistry of
branching mediated by Arp2/3. Carlsson (2001) uses a
stochastic 3D model to simulate the growth of an actin
network against an obstacle. Other models have been
proposed for actin length distribution in a 1D strip of the
lamellipod. Edelstein-Keshet and Ermentrout (2000) focus
on cutting and severing of filaments rather than branching.
In a more recent paper Carlsson et al. (2004) combine in
vitro experimental work with modelling of actin dynamics
in a well-mixed, spatially homogeneous setting and find
that side branching provides the best fit to experimental
data.
Our model complements previous approaches in several

respects. First, (like Edelstein-Keshet and Ermentrout,
2000 but unlike Mogilner and Edelstein-Keshet, 2002) we
are concerned with spatial distribution of actin filaments
and their barbed ends; our model can then be used to
compare against actin density distributions observed in
experiments. We explore actin density evolution in a
simplified 1D geometry (see Fig. 1) to investigate the
interplay between filament branching, growth, and decay in
proximity to the leading edge. Second, as in many previous
models, we use both analytic and simulation techniques.
However, since we study a minimal model, it is possible to
find (in the simplest case) explicit forms of travelling waves
that represent the steady state motion of a motile cell. This
leads to analytic expressions for experimentally measurable
quantities such as protrusion velocity and spatial density
profiles in terms of kinetic parameters such as rates of
capping, nucleation, polymerization and disassembly of
actin. A primary focus is on the role of Arp2/3 in initiating
branches on filaments. By explicitly incorporating Arp2/3
activation at the leading edge, its diffusion, and its role as a
nucleator of new actin filament tips that push the
membrane, we can investigate consequences of distinct
types of branching on the resultant actin dynamics,
distribution and cell speed.

2. Biological background

Actin polymerizes from its monomeric form (G-actin) to
a filamentous form (F-actin). Filamentous actin is polar,
with faster growth due to monomer addition at the barbed
end than the pointed end. Polymerization of ATP-actin
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Fig. 1. Geometry of the model. Shown is a schematic diagram of a moving

keratocyte. (The arrow indicates the direction of filament growth and the

direction of protrusion. Retrograde flow is in the opposite direction.) The

boundary þ1 is ahead of the cell, �1 is at the rear of the lamellipod (a

thin sheet-like structure that forms at the leading edge of the cell). A

typical distribution of actin filament density predicted by our model (and

seen experimentally) is shown along the axis to the right.
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monomers at the barbed ends is rapid. The ATP nucleotide
is later degraded to ADP, which acts as a marker for older
parts of an actin filament. Polymerization of actin in the
lamellipod is tightly regulated by many factors that cap,
nucleate, and depolymerize the filaments (Wood and
Martin, 2002; Small et al., 2002).
Regulation of the number of actively polymerizing

barbed ends is necessary for efficient cell protrusion;
otherwise the pool of available actin monomers would be
quickly depleted by a large number of polymerizing barbed
ends. Capping protein binds to the barbed ends of actin
filaments with high affinity and prevents further polymer-
ization activity (Feinberg et al., 1998). It is thought that
tips are protected from capping protein in a zone near the
leading edge (DiNubile and Huang, 1997; Huang et al.,
1999).
Filaments are disassembled by simple loss of monomers,

by cutting, or by some combination thereof. The protein
ADF/cofilin accelerates filament breakup, so that freed
monomers can be recycled to the leading edge to maintain
cell motion. Experiments suggest that depolymerization
tends to occur more frequently away from the leading edge
(Vallotton et al., 2004), where filaments are more likely to
be in the ADP-actin form.
It is known that Arp2/3, essential for cell motility (Bailly

et al., 2001), is responsible for the branched actin network
seen in the lamellipodium (Suetsugu et al., 2002). It is not
clear if Arp2/3 must remain bound to the membrane, or if
it diffuses away from the membrane before binding to a
filament and nucleating a new barbed end. Once activated
by membrane bound proteins such as WASp or ActA,
Arp2/3 can associate with an existing filament to nucleate a
new barbed end at 70� to the parent filament (Amann and
Pollard, 2001). Arp2/3 is incorporated into the filament
during the nucleation process.

2.1. Survey of experimental techniques

A number of recent papers present experimental data
concerning the structure and composition of the actin
meshwork in the lamellipod of different types of motile
cells. The two techniques used for imaging are fluorescence
and electron microscopy.
Using fluorescently labelled actin and Arp2/3 in live

cells, it was found that polymerization of labelled actin
monomers occurs almost exclusively at the leading edge of
motile cells (Redmond and Zigmond, 1993; Svitkina et al.,
1997; Ponti et al., 2004; Bailly et al., 1999), Moreover,
Arp2/3 is also incorporated into the actin meshwork near
the leading edge (Falet et al., 2002; Svitkina and Borisy,
1999; Bailly et al., 1999).
Electron micrographs of fixed cells that have gold

particles attached to Arp2/3 and barbed ends provide an
absolute measure of the number of free tips and branch
points in some small region near the leading edge. These
measures are consistent with fluorescence experiments,
showing most barbed ends within 0:5mm of the leading
edge and Arp2/3 incorporated into the meshwork over
2–3mm near the leading edge (Bailly et al., 1999; Svitkina
and Borisy, 1999). Experiments using both live and fixed
imaging of motile cells have determined that approximately
80% of filaments up to 8mm away from the leading edge
are oriented with their barbed ends pointing toward the
leading edge (Svitkina et al., 1997; Small et al., 1995;
Verkhovsky et al., 2003).

3. The mathematical model

In this section, we specify the assumptions made in the
development of models to investigate cell motility. We then
develop a model to determine how cell motility is affected
by processes such as branching and capping. We ask the
following questions:
(A)
 Can a minimal model for actin filament nucleation,
capping, and depolymerization account for observed
typical density profiles in a rapidly moving cell?
(B)
 Under what conditions can this actin profile sustain
travelling wave solutions typical of steady state cell
motion?
(C)
 Given the thermal ratchet mechanism for membrane
motion driven by actin filaments, how does membrane
speed depend on biochemical parameters such as
nucleation, capping, and depolymerization rates?
(D)
 How would distinct nucleation mechanisms (sponta-
neous, tip branching, or filament side-branching)
affect the observed density profiles and speeds?
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Table 1

Definitions of model parameters and typical values based on biological literature

Parameter Meaning Value Source

DR Diffusion rate of Arp2/3 3 mm2 s�1 Pollard et al. (2000)

v Polymerization velocity 0:3mms�1 Pollard and Borisy (2003)

vr Retrograde flow rate 0:01mms�1 Vallotton et al. (2005))

Z0 Spontaneous nucleation rate 100mm�1 s�1 Estimated in text

Z1 Nucleation rate: tip branching 0:1 s�1 Estimated in text

Z2 Nucleation rate: side branching 1mm�1 s�1 Estimated in text

k Capping rate 1 s�1 Schafer et al. (1996)

d Depolymerization rate 1/60–1=300 s�1 Pollard and Borisy (2003)
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(E)
 Can observed actin densities be used to infer or
estimate any of the biochemical parameters?
Model variables are defined below. Table 1 lists
parameters, their meanings and values assigned to them
based on the literature or calculated in this paper.

3.1. Basic assumptions

The following simplifying assumptions are made in
formulating the model.
1.
 The lamellipod is a thin flat sheet, approximately 10mm
long. Its vertical thickness (�200 nm, Abraham et al.,
1999) is here ignored.
2.
 The domain is a one dimensional strip of lamellipod (see
Fig. 1).
3.
 Forward protrusion of the leading edge occurs at a rate
that depends on the number of barbed ends at the
membrane. We mainly consider steady state motion for
which the rate of membrane protrusion is constant.
4.
 The membrane provides constant resistance to move-
ment.
5.
 Dynamic processes such as capping, branching and
depolymerization are modelled using first order kinetics.
6.
 The actin dynamics of interest take place near the
leading edge, assumed to be far from any physical
barriers.
7.
 The number of barbed ends at the rear of the lamellipod
is negligible.

Assumption 1 about the lamellipod geometry, made for
analytical ease, is reasonable since the lamellipod is long
and flat. Assumption 2 is a simplification. The 2D and 3D
effects could be important, and will be examined in a later
treatment. In Assumption 3 we use the thermal ratchet
mechanism for membrane protrusion derived by Mogilner
and Oster (1996). Here we simplify the dependence of the
membrane speed on the number of barbed ends in
Assumptions 3 and 4. Actin dynamics (Assumption 5) are
likely to be more complicated than linear kinetics and we
ignore saturation effects due to limited pools of the
required proteins (i.e. Arp2/3 and capping proteins).
Studies that measure actin incorporation using labelled
monomers demonstrate that active actin polymerization
takes place at the leading edge of motile cells. Since all
uncapped barbed ends are capable of polymerization,
Assumptions 6 and 7 are reasonable.

3.2. Definitions

We define the following variables and parameters:
Bðx; tÞ
 density of actively growing barbed ends, #=mm

F ðx; tÞ
 filament length density, mmmm�1
Rðx; tÞ
 Arp2/3 concentration, scaled

xedge
 position of leading edge
c
 membrane speed, mms�1
v
 speed of tip growth, mms�1
vr
 speed of retrograde flow, mms�1
x
 spatial coordinate

t
 time coordinate

z
 position relative to leading edge in moving

coordinates
3.3. Description of the model

The model keeps track of freely polymerizing barbed
ends (B), filament length density (F) and the density of
Arp2/3 (R).
We make the following additional assumptions:
1.
 Nucleation events (spontaneous, tip or side branching)
require active Arp2/3.
2.
 Arp2/3 is activated only at the membrane where it
interacts with membrane-associated proteins of the
SCAR/WASp family.
3.
 Arp2/3 is used up by nucleation events.

4.
 All filaments point toward the membrane and grow in
the direction of motion at a constant rate of polymer-
ization, v.
5.
 At the leading edge, we assume that there are no
filaments and that Arp2/3 is generated by a constant
source.
6.
 Barbed ends and filaments experience a constant retro-
grade flow away from the leading edge.
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7.
 Arp2/3 diffuses in the cell and possibly advects due to
the motion of the leading edge and/or retrograde flow.
Here we assume a constant retrograde flow.

We assume that the rate of increase of barbed ends due
to nucleation by Arp2/3 (in full generality) is
Z0R þ Z1RB þ Z2RF , where Z0, the spontaneous de novo
nucleation rate, Z1 and Z2, the tip and side branching rates,
are here approximated as constants (possibly zero). Barbed
ends are capped by capping protein that stops polymeriza-
tion from occurring at that tip. We take barbed end loss
due to capping as �kB where k is a per tip mean rate of
capping. Filaments and barbed ends flow away from the
leading edge at rate of retrograde flow vr and barbed ends
also move at the speed of polymerization v, which we
assume to be constant. Arp2/3 is generated at the leading
edge at a constant rate, diffuses freely on the domain with
diffusion rate DR and is used up by nucleation events. We
consider three possible events: spontaneous nucleation, tip
branching, and filament side branching (each proportional
to Arp2/3 concentration, with rates Z0; Z1; Z2 � 0, respec-
tively).
Forward protrusion of the membrane (and/or retrograde

flow of the actin meshwork) leads to bulk cytoplasmic flow
that carries with it soluble factors such as Arp2/3.
Advection terms with speeds related to these flow velocities
thus appear in the equation for Arp2/3. The level of
Arp2/3, R, is scaled with respect to its maximal value at the
cell membrane so R is dimensionless and ranges between
0 and 1. Filaments grow by elongation at a rate that
depends on tip velocity: the rate of filament length density
gain by polymerization is Bv. We here model filament loss
as a simple linear decay, i.e. �Fg where 1=g is mean
filament lifetime. Note that this is general degradation, not
merely depolymerization at the pointed end of the filament.
The model equations are

qB

qt
¼ ðvr � vÞ

qB

qx
þ Z0R þ Z1RB þ Z2RF � kB, (1)

qR

qt
¼ DR

q2R
qx2

� Z0R � Z1RB � Z2RF þ vbulk

qR

qx
, (2)

qF

qt
¼ vr

qF

qx
þ Bv � Fg, (3)

where

vbulk ¼ a1vr � a2x0
edge.

In these equations, first order spatial derivatives capture
the retrograde flow and/or other convective processes such
as tip motion. Only Arp2/3 diffuses and reacts (with actin)
to form new barbed ends. We consider three limiting forms
for the bulk advection, vbulk, of Arp2/3 in which vbulk is (i)
precisely equal to forward membrane protrusion
(a1 ¼ 0; a2 ¼ 1), (ii) determined only by retrograde flow
(a1 ¼ 1; a2 ¼ 0) and (iii) a superposition of the two
(a1 ¼ 1; a2 ¼ 1). Of these options, (iii) would be most
realistic. For ease, we absorb the units and magnitude of
the source of Arp2/3 at the membrane into the nucleation
parameters Zi.
The corresponding boundary conditions are

Bð�1; tÞ ¼ 0, (4)

Rð�1; tÞ ¼ 0, (5)

Rðxedge; tÞ ¼ R0. (6)

Since R is scaled with respect to its maximum value and the
only source of active Arp2/3 is at the membrane, R0 ¼ 1.
We use a force–velocity relation based on the thermal

ratchet mechanism (see Mogilner and Oster, 1996) to
determine the speed of the membrane:

dxedge

dt
¼ ðv � vrÞ exp �

fd
kBTBðxedgeÞ

� �

¼ ðv � vrÞ expð�w=BðxedgeÞÞ, ð7Þ

where f is the force exerted by a single filament tip, d is the
filament length gained by the addition of a single
monomer, kB is the Boltzmann constant, T is temperature,
and w ¼ fd=kBT is assumed to be constant. We assume
that barbed ends cannot cross the membrane. Eq. (7)
means that, at the membrane, tips move more slowly than
immediately further back, but capping prevents unlimited
accumulation of tips at the membrane.

3.4. Analysis of travelling wave solutions: spontaneous

branching

In this section, we consider the situation where barbed
ends are formed only by spontaneous Arp2/3 nucleation
events (Z0a0; Z1 ¼ Z2 ¼ 0). The model equations are

qB

qt
¼ ðvr � vÞ

qB

qx
þ Z0R � kB, (8)

qR

qt
¼ DR

q2R
qx2

� Z0R þ vbulk

qR

qx
, (9)

qF

qt
¼ vr

qF

qx
þ vB � gF , (10)

with boundary conditions and edge motion as above.
We investigate whether this model can give rise to

travelling wave solutions. We assume that the membrane
moves to the right with constant speed c so that x0

edge ¼ c.
We designate our moving coordinate as z ¼ x � ct, where
z ¼ 0 is the location of the cell membrane.
Transforming to moving coordinates bðzÞ ¼ Bðx � ct; tÞ,

rðzÞ ¼ Rðx � ct; tÞ and f ðzÞ ¼ F ðx � ct; tÞ,

�c
db

dz
¼ ðvr � vÞ

db

dz
þ Z0r � kb, (11)

�c
dr

dz
¼ DR

d2r

dz2
� Z0r þ vbulk

dr

dz
, (12)
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�c
df

dz
¼ vr

df

dz
þ vb � gf , (13)

with boundary conditions

bð�1Þ ¼ 0, (14)

rð�1Þ ¼ 0, (15)

f ð0Þ ¼ 0, (16)

rð0Þ ¼ R0. (17)

Eq. (12) is a second order linear ODE with constant
coefficients and is thus fully solvable in explicit form.
Consider solutions for r of the form r ¼ c̄ expðlzÞ.
Substituting this expression into Eq. (12), we find the
eigenvalues

l� ¼

�

ffiffiffiffiffiffiffi
Z0
DR

r
ðiÞ;

�ðvr þ cÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvr þ cÞ2 þ 4DRZ0

q
2DR

ðiiÞ;

�vr �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2r þ 4DRZ0

p
2DR

ðiiiÞ;

8>>>>>>>>><
>>>>>>>>>:

(18)

for the three cases, (i) a1 ¼ 0; a2 ¼ 1, (ii) a1 ¼ 1; a2 ¼ 0 and
(iii) a1 ¼ 1; a2 ¼ 1. Here lþ40, l�o0, and l� are always
real valued. Then,

rðzÞ ¼ C1e
lþz þ C2e

l�z. (19)

Since there is no active Arp2/3 far from the membrane
(rð�1Þ ¼ 0Þ;C2 ¼ 0. We also specify rð0Þ ¼ R0 ¼ 1 which
makes C1 ¼ R0 ¼ 1. So our solution for r is

rðzÞ ¼ R0e
lþz. (20)

Substituting the solution for r into Eq. (11) for barbed ends
and using bð�1Þ ¼ 0, we find the solution for b is

bðzÞ ¼
Z0R0

ðv � vr � cÞlþ þ k
elþz. (21)

We now substitute the solution for b into Eq. (13). Since
f ð0Þ ¼ 0, the solution for f is

f ðzÞ ¼
Z0R0v

ððv � vr � cÞlþ þ kÞððvr þ cÞlþ � gÞ
ðegz=ðvrþcÞ � elþzÞ.

(22)

The spatial profiles of B, R and F are shown in Fig. 2.
We can also determine an explicit expression for the

membrane speed in the spontaneous branching case in
terms of parameters. Using Eqs. (7) and (21), we obtain an
implicit equation for the speed c,

c ¼ ðv � vrÞ exp �
w

bð0Þ

� �

¼ ðv � vrÞ exp �
wðlþðv � vr � cÞ þ kÞ

Z0R0

� �
. ð23Þ
3.5. Tip and side branching

In the case of tip (Z1a0, Z0 ¼ Z2 ¼ 0) and side (Z2a0,
Z0 ¼ Z1 ¼ 0) branching, Eqs. (1–3) is nonlinear and not
easily solved using analytic techniques. To explore these
two cases, we rely on numerical simulations.

4. Parameter values

A number of parameter values can be estimated directly
from reported biological experiments. The following
parameters are used as input to our model and produce
the results shown in Figs. 2 and 3.
The polymerization velocity v of a barbed end is

determined by measuring the net gain in length due to
monomer addition over a measured period of time.
Assuming actin monomers are freely available, a barbed
end grows at approximately v � 0:3mms�1 (Pollard et al.,
2000). The measured velocity of retrograde flow in the
lamellipod of keratocytes ranges from 0.01 to 0:05mms�1

(Jurado et al., 2005; Vallotton et al., 2005). Since our
domain of interest is in the middle of the lamellipod, away
from any edges, we use vr ¼ 0:01mms�1. When filaments
are exposed to the concentration of ADF/cofilin found in
cells, filaments disassemble at the rate of g � 1=30 s�1

(Pollard and Borisy, 2003). At the concentration of capping
protein usually found in cells, barbed ends are capped at a
rate of k � 1 s�1 (Schafer et al., 1996).
There are no direct observations of rates of Arp2/3

nucleation in motile cells. We wanted to compare the three
types of branching mechanisms, in the hypothetical case
that each acts on its own. Since each branching parameter
(Z0, Z1, Z2) has a distinct set of units, to make this
comparison, we picked values that would lead to a similar
level of actin density at the leading edge.
For spontaneous branching alone (Z1 ¼ Z2 ¼ 0) at steady

state locomotion, there should be a balance between
nucleation and branching so that Z0R � kB. Since we have
scaled the activated Arp2/3 concentration so that its
maximal value is R ¼ 1, the parameter Z0 is an effective
maximal spontaneous nucleation rate. This rate is cor-
rected by the fraction of Arp2/3 available in a given
location, relative to that at the membrane. Experiments
suggest there are approximately Bð0Þ ¼ 100 barbed ends
along each micron of membrane at the leading edge (Bailly
et al., 1999; Abraham et al., 1999). At steady state cell
locomotion, using the known capping rate, this leads to the
estimate Z0R0 � kBð0Þ so that Z0 � 100mm�1 s�1. For side
branching on its own (Z0 ¼ Z1 ¼ 0), the balance between
branching and capping at the leading edge implies
Z2RF � kB, leading to the estimate Z2 ¼ kBð0Þ=FR:
We assume that at the leading edge, there is roughly
one tip per 1mm length filament (an underestimate
based on the ramified network), then Z2 � 1mm�1 s�1.
Finally, using the fact that average spacing between
branch points is 0:1mm (Wiesner et al., 2003), we can
determine an equivalent value of the branching
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Fig. 2. Comparison of analytic and simulation results. Plot of analytic solution (solid line) of a travelling wave solution in the spontaneous branching case

as determined in Section 3.4 using Z0 ¼ 100, and other parameter values as given in Table 1. (a) Profile of barbed ends, (b) profile of Arp2/3 concentration,

(c) filament length density profile over the region �4  z  0, where z is position in mm relative to the cell membrane. Spatial profiles in the absence of

retrograde flow (vr ¼ 0) are so close as to be exactly superimposed in this figure. Also shown are the simulation results (dotted lines) discussed in Section 5.

Analysis and simulations agree so closely that results superimpose in Fig. 2(a) and (b). Arbitrary initial density distributions converged, after some

transient, to the steady state wave profile shown, indicating the stability of these travelling wave solutions. There is good agreement between the analytic

result and the simulations, suggesting our numerical implementation is adequate for capturing the model dynamics.

A.T. Dawes et al. / Journal of Theoretical Biology ] (]]]]) ]]]–]]] 7
parameter in the case of tip branching on its own, i.e.
Z1 � ð1mm�1 s�1Þð0:1mmÞ ¼ 0:1 s�1. This reasoning led us
to adopt the set of approximately comparable branching
rates:

Z0 � 100mm�1s�1; Z1 � 0:1 s�1; Z2 � 1mm�1 s�1.

These values would produce a roughly similar leading
edge density of actin if each of the three nucleation
mechanisms were acting alone. Note that because in
1D the filament density is essentially dimensionless (length
of filaments per unit distance), the units of Z0 and Z2
coincide.
The diffusion coefficient of an actin monomer, whose

molecular weight is approximately 40 kDa, is 50 mm2 s�1 in
pure water but due to effects of electrolytes, other globular
proteins, and possible non-specific binding to intracellular
structures, it has been revised downwards to 5mm2 s�1

(James McGrath, Diffusion of actin monomers in the cell,
ICAMS workshop on Biophysics of actin-based motility,
Aspen Co, September 3–6, 2004, http://icam.ucop.edu/
workshops.html). Since Arp2/3 has a molecular weight of
approximately 220 kDa, we take its diffusion coefficient to
be DR � 3mm2 s�1. These parameter values are compiled in
Table 1.

5. Simulations

The model was simulated numerically using explicit
(upwind differencing) for transport terms and centered
differencing for diffusion terms. Where possible, the
simulation results were tested against analytical predictions
of Section 3.4. The discretized equations of the model in
moving coordinates, coded in C, were iterated on a 1D
domain 20 mm in length with step size Dx ¼ 0:005mm and
an appropriate time step Dt for stability.
The simulations can be initiated from arbitrary initial

distributions of the variables, but we started all runs with a
non-zero density of barbed ends to assure propagation in
all branching variants. Results are shown for a linear initial
profile of barbed ends. (All other variables were set to 0 at
t ¼ 0. The diffusion of Arp2/3 from the edge then leads to
nucleation of new tips, whose growth fills the domain with
filaments.) We tested the simulations with a variety of other
initial barbed end distribution profiles (with compact

http://icam.ucop.edu/workshops.html
http://icam.ucop.edu/workshops.html
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Fig. 3. Travelling wave solutions in (a) the spontaneous nucleation, (b) tip, and (c) side branching cases. Parameter values are (a) Z0 ¼ 100mm�1 s�1,

(b) Z1 ¼ 1:2 s�1, (c) Z2 ¼ 25mm�1, and all other values as in Table 1. Solid line: Barbed ends (divided by 100 in (b) to enhance visibility on the same plot),

dotted line: Arp2/3 (multiplied by 50 for visibility), dashed line: filament length density. Stable nontrivial travelling wave solutions exist in all three cases.

Note that Arp2/3 level is maximal at the leading edge. The profiles of barbed ends and filaments are model-dependent: in the spontaneous and tip

branching cases, barbed ends are maximal at the leading edge, whereas in the side branching case, their profile peaks inside the cell, at some small distance

from the membrane. In the tip branching case (b), values of Z1 that lead to a travelling wave profile produce explosive growth and an unrealistically high
number of tips.
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support, i.e. Bðx; 0Þ ¼ 0 for xXxedge) and found that all
simulations converge after some time to a similar steady
state profile. Under certain conditions, described in Section
6.4, steady state motion is established. To ensure that the
boundary conditions Bð�1Þ ¼ 0 and Rð�1Þ ¼ 0 are
satisfied, B and R are initially set to zero on the left
boundary and are not changed during the course of the
simulation. A simulation run terminates at t ¼ 200 s.
Unless otherwise indicated, parameter values from
Table 1 are used.
As shown in Fig. 2, the profile of barbed ends and

filament length density produced by our code (dotted line)
matches the analytic solution (solid line) well in the
spontaneous branching case. This ensures that our simula-
tions are accurately capturing the model dynamics and
boundary conditions. Further, as shown in Fig. 7(a), the
membrane speed predicted by the numerical simulations
matches the analytically predicted speed (the solid line
indicating the membrane speed as determined by simula-
tions is indistinguishable from the analytically predicted
membrane speed (dot–dash line)).
6. Results

6.1. Numerical results for travelling wave solutions

Figs. 2 and 3 compare the travelling wave solutions in the
spontaneous, tip and side branching cases. The simulations
of the spontaneous branching case agree with the analysis,
while simulations of the tip and side branching extend the
results to variants of the model that are not easy to treat
analytically. The simulations also provide evidence for the
stability of the travelling wave solutions, an issue that was
not treated analytically. In all three cases, Arp2/3 has its
highest value near the membrane, as expected, since Arp2/3
is activated by membrane-associated proteins. Barbed ends
achieve a peak density at or close to the membrane and
decay rapidly towards the rear, while filament length density
peaks further away from the membrane and decays more
towards the rear. In the spontaneous branching case (a), the
profile of barbed ends reflects the Arp2/3 distribution since,
at steady state motion, Z0r � kb (from Eq. (11)). Thus the
Arp2/3 profile, determined by diffusion from a source at
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shown by the solid lines) is used to estimate the range of k=c in the model,

from which we estimate the effective capping rate, k. See Section 6.3 for
details.
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x ¼ 0, essentially leads to the b profile. In the tip branching
case (b), there is exponential growth of the barbed ends very
close to the membrane where Z1R4k and exponential decay
further back. Thus, Arp2/3 is depleted at the membrane
before it can diffuse into the cell. In the side branching case
(c), the profile of barbed ends is a compromise between the
area of high Arp2/3 and the area of high filament density.
Since, by mass action, the creation of new tips is a product
of the concentration of Arp2/3 and filament density, the side
branching rate used in Fig. 3 ðZ2 ¼ 25mms�1Þ is much
higher than estimated in Section 4 due to an overestimate of
the filament density near the leading edge (Z2 ¼ 1mms�1). In
all three cases, the filament density profile is an integral of
the barbed end profile, i.e. a record of barbed end motion,
discounted by the actin filament decay rate.

6.2. Effect of retrograde flow and bulk flows on spatial

profiles of actin and Arp2/3

To determine the effect of assumptions (i)–(iii) about the
bulk flow, vbulk, we ran the simulations with each of ai ¼

1; 0 for i ¼ 1; 2 and compared the spatial profiles of F, B

and R obtained thereby. We found that the results were
nearly identical in all cases, i.e. that due to the fast Arp2/3
diffusion, assumptions about its bulk flow have little
significance in terms of the results (not shown).
To determine the effect of retrograde flow on the spatial

profiles, we compared simulations with nonzero vr to
results with vr ¼ 0. Again, the resulting profiles (not
shown) were essentially superimposed, indicating that (at
least for the parameter regime typical of keratocytes)
retrograde flow has little effect on the spatial distribution
of actin. The effect of retrograde flow on protrusion speed
is shown in Fig. 8(d) and discussed further on.

6.3. Fitting spatial profiles to experimental data

Bailly et al. (1999) used gold-tagged gelsolin to bind to
free actin filament barbed ends so that their positions could
be visualized and quantified. We used their results to
compare the experimental observation and the model
prediction of the number of barbed ends near the leading
edge. As the tip branching case produces an unrealistic
explosive growth of tips, we omit this case from parameter
fitting. Fig. 5 shows the best fit of the spontaneous
and side branching cases to the data published in Bailly
et al. (1999), when the data are recalibrated to include data
points that appear to be outside the cell. The best fit was
determined by using least squares, i.e., we minimized the
sum of square differences between data points and
predicted points. The parameter value that led to the
smallest sum was chosen.
In moving coordinates, Eq. (11) for barbed ends far from

the leading edge, assuming nucleation is negligible, is

�c
db

dz
� �kb; ) bðzÞ � exp

k
c

z
� �

; ) lnðbðzÞÞ �
k
c

z.
The value of k=c can thus be estimated from a plot of the
natural logarithm of the number of barbed ends as a
function of distance from the leading edge, as shown in
(Fig. 4). The trailing edge of the profile of barbed ends, and
least squares minimization for points 0.8–1:1mm away
from the leading edge, suggests that k=c � 0:3–0:5mm�1. If
the leading edge were to move at close to its maximum
speed, c � 0:3mms�1, then we estimate that
k � 0:09–0:15 s�1. By taking sample points closer to the
leading edge, we can find higher capping rate estimates.
For the profiles shown in Fig. 5, we use k ¼ 0:1 s�1. This is
surprisingly low, given that capping rates in the lamellipod
are estimated to be in the range of 1 s�1. We find those
values for the nucleation rate that best match the peak
value of barbed ends in the experimental data to be Z0 �
25mm�1 s�1 and Z2 � 2 mm�1 s�1. The ratio of Z0=Z2 is
much smaller here than would be expected from our
estimates in Section 4 due to an overestimate of the
filament density at the leading edge. The lower absolute
value of both nucleation rates is due to the lower capping
rate: barbed ends are not capped as quickly so do not need
to be nucleated as quickly.
Fig. 5 shows the predicted model profiles in comparison

to our manually re-digitized data from Bailly et al. (1999).
Both the spontaneous nucleation (Fig. 5(a)) and the side
branching (Fig. 5(b)) cases are shown. Some aspects,
including quantitative comparison, demonstrate differ-
ences. In Bailly et al. (1999), the membrane is destroyed
during the fixation process and is not visible in the imaged
sample. They assert the membrane position is determined
by the presence of a dense actin meshwork, making the
peak number of barbed ends occur at the membrane.
However, careful scrutiny of their data reveals barbed ends
lying outside the cell. They believe these barbed ends
continued polymerizing after permeabilization, causing
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Fig. 5. Model predictions of barbed end profiles (solid line) fit to

experimental data (dotted line) in the spontaneous (a) and side (b)

branching cases. The experimental data are reproduced from Bailly et al.
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branching case is omitted due to explosively high tip growth. The

parameter values used to produce the profiles shown here are k ¼ 0:1 s�1
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case provides the best fit to the data.
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Fig. 6. Model predictions of filament density profiles (solid line) fit to

experimental data (dotted line) in the side branching case. The height of

the experimental data has been scaled to match the height of the

simulation result. (The spontaneous and tip branching cases are not

considered here, as the side branching case was found to produce the best

fit to experimental data for the number of barbed ends near the leading

edge; see Fig. 5). The best fit of filament density in the side branching case

to the experimental data from Bailly et al. (1999) was found using g ¼
0:1 s�1 and shifting the experimental data 0:4mm to the left. The

simulation profile also matches favorably to fluorescence data of filament

density in Svitkina and Borisy (1999).

A.T. Dawes et al. / Journal of Theoretical Biology ] (]]]]) ]]]–]]]10
them to grow past the membrane. Under these assump-
tions, the data presented in Bailly et al. (1999) are
consistent with new barbed ends being generated by
spontaneous branching. However, if we horizontally
recalibrate their data so that non-zero data points are
located inside the cell, the data are consistent with side
branching. Away from the leading edge, the number of
barbed ends in the experimental data decays to a non-zero
value. Fluorescence imaging in live cell suggests free barbed
ends are only found very close to the leading edge in motile
cells (Lorenz et al., 2004; Redmond and Zigmond, 1993;
Symons and Mitchison, 1991). It may be that the antibody
staining used in Bailly et al. (1999) is detecting barbed ends
that were previously capped by endogenous gelsolin. To
account for this, we also vertically recalibrate the experi-
mental data for the purpose of data fitting.
When the experimental data is shifted 0:2mm to the left
and down by 25mm, the side branching case (b) matches
the experimental data better, especially close to the leading
edge. It is possible to shift the peak of barbed ends to better
match the experimental data by increasing the capping and
nucleation rates, but this causes an even sharper decay in
the barbed end profile.
We compare the predicted filament density profile in the

side branching case to data from Bailly et al. (1999) that
has been scaled to have the same maximum value as the
simulation profile. We find that a depolymerization rate of
g ¼ 0:1 s�1 provides the best fit to experimental data when
the experimental data is shifted 0:4mm to the left (Fig. 6).
The profile of filament density in the side branching case is
also consistent with fluorescence profiles of polymerized
actin in Svitkina and Borisy (1999) and Redmond and
Zigmond (1993) (not shown).
Fluorescence profiles of Arp2/3 concentration in lamel-

lipodia have been published in Bailly et al. (1999) and
Svitkina and Borisy (1999), but these include Arp2/3 that
has been incorporated into branch points of the actin
meshwork which does not allow for a direct comparison to
this model. Overall, we find that the side branching case in
this model captures the dynamics at the leading edge better
than the spontaneous or tip branching cases.

6.4. Dependence of membrane speed on parameter values

We compared the dependence of membrane speed on
various parameters in the three branching variants of the
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Fig. 7. Dependence of the predicted cell protrusion speed, c on parameters in the model. Speed increases as nucleation rates and Arp2/3 diffusion rate

increase (with all other parameters as in Table 1). In each panel the spontaneous (solid line), tip (dotted line) and side (dashed line) branching cases are

shown. (a) Speed versus nucleation rates over a range equivalent to 0pZ0p5mm�1 s�1: Note that the rates Z1; Z2 used for tip and side branching were
scaled in proportion to Z0 as discussed in Section 6.4. (The analytically predicted membrane speed in the spontaneous branching case agrees so closely with
the simulation predictions that it superimposes exactly on the solid curve.) (b) Same as in (a) but for a smaller range 0pZ0p0:5mm�1 s�1, showing that the

cell stalls (c ¼ 0) if nucleation rates are too low. (c) Speed c versus Arp2/3 diffusion. Membrane speed increases to a maximum value determined by Eq. (7)

as Arp2/3 diffusion increases. The membrane speed increases sharply for Arp2/3 diffusion in the range 0pDRp0:1mm2 s�1, significantly lower than our

estimated Arp2/3 diffusion rate of 3mm2 s�1. In the spontaneous and side branching cases, the membrane speed varies smoothly as parameters of interest

are varied while in the tip branching case, motion is all-or-none.
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model. In general, influences that lead to a reduction in the
density of barbed ends at the membrane will impede
protrusion, whereas processes that lead to an increase in
those barbed ends will lead to higher protrusion velocity.
To base a comparison on the values of the branching rates,
we chose a range of values of each of the parameters
Z0; Z1; Z2 in proportion of 100:0.1:1 units explained in
Section 4. In Fig. 7(a), we see that the membrane speed
increases as the nucleation rate increases. This is intuitively
clear since, all else being equal, for greater nucleation rates,
there will be a higher density of barbed ends pushing the
membrane. As shown in Fig. 7(b), in all three cases, the cell
stalls if the nucleation rate is too low; very low values of
nucleation cannot sustain travelling wave solutions in the
model because not enough barbed ends are available to
push the membrane forward. The few barbed ends pushing
on the membrane are unable to overcome the membrane’s
resistance to movement and the cell moves at a very slow
rate (from Eq. (7), the membrane speed can only be zero
when b ¼ 0, but for low nucleation rates, the membrane
speed is very close to zero). In the spontaneous and side
branching cases, the membrane speed smoothly increases
as Z0; Z2 increases.
For tip branching, the membrane speed jumps from zero

to near its maximum (see Eq. (7)) as Z1 varies in a small
range from 1.1 to 1:2 s�1, with all other parameter values as
given in Table 1. This can be understood from Eq. (1): if
Z1rok, the solution decays to zero everywhere, whereas for
Z1r4k, the solution grows exponentially. In this tip
branching case, the discontinuity in the membrane speed
suggests that the model is inadequate: a higher nonlinearity
in the tip decay term would be required to prevent
explosive growth, as, for example, with logistic growth.
Based on these simulations, the tip branching case, as is,
cannot be considered as a workable mechanism, and
requires modification.
We find that increasing the rate of Arp2/3 diffusion

causes the membrane speed to increase, up to a maximum
value determined by Eq. (7). Increasing the Arp2/3
diffusion rate causes the profile of Arp2/3 to decay more
slowly, allowing more barbed ends to be nucleated further
into the cell, away from the leading edge. These tips then
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Fig. 8. Membrane speed versus (a) capping rate (s�1), (b) depolymerization rate (s�1), (c) membrane resistance ð#=mmÞ, and (d) retrograde flow (all other
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decreased membrane speed, as expected. As in Fig. 7, the membrane speed in the spontaneous and side branching cases varies smoothly as parameters of

interest are varied while in the tip branching case, motion is all-or-none. As shown in (d), retrograde flow is subtractive.
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grow forward to the membrane (since polymerization speed
in faster than the membrane speed) where they exert force
on the membrane.
Increasing membrane resistance leads to a slight decrease

in membrane speed. This is consistent with the thermal
ratchet equation (Eq. (7)) since membrane resistance
impedes motion. Importantly, increasing the rate of
filament decay causes a decrease in the membrane speed
only in the side branching case as fewer filaments are
available for new tip formation. The decrease in the
membrane speed as the capping rate increases is due to
barbed ends being capped more rapidly. As shown in
Fig. 8, the speed of the cell decreases as retrograde flow
increases. This is intuitively obvious, since we have
modelled retrograde flow as a simple negative velocity that
is superimposed on forward motion.

7. Discussion

The manner in which a cell regulates remodelling of its
actin cytoskeleton to move in response to a signal has been
the focus of experimental and theoretical investigations for
the last decade. Experimental results demonstrate that the
actin meshwork in the lamellipod has a distinct organiza-
tion with most free barbed ends close to the leading edge,
and nucleation of branched filaments by Arp2/3 that is
activated at the leading edge. Theoretical work has
investigated the length distribution of actin filaments
(Carlsson, 2001; Edelstein-Keshet and Ermentrout, 2000),
the relationship between the actin monomer cycle and cell
speed (Mogilner and Edelstein-Keshet, 2002), and how cell
shape is influenced by actin dynamics (Grimm et al., 2003).
Our model builds on these efforts by studying the profile of
barbed ends and filaments behind the leading edge, while
taking into account spatial effects of biochemical events
such as nucleation and capping. We also incorporate the
‘‘ratchet’’ mechanism for actin filament ends pushing
forward on the membrane and generating the force that
causes protrusion.
By making simplifying assumptions in constructing the

model, we were able to determine an analytic formula
connecting membrane speed to kinetic parameters, at least
for one model variant (spontaneous nucleation). In this
variant, our analytic solution for barbed end and filament
length density demonstrates the existence of travelling
wave solutions under a wide range of conditions. The
profiles of these waves resemble observed typical density
profiles in a rapidly moving cell, even though our minimal
model includes only basic events such as actin filament
nucleation, capping, and depolymerization. Analytic and
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simulation results agree to close precision. Simulations of
the side branching case, which is analytically challenging
even with simplifying assumptions, also provides support
for the existence of travelling wave solutions. These
solutions can be interpreted as ‘‘steady state’’ motion of a
crawling cell.
We explored distinct nucleation mechanisms (sponta-

neous, tip branching, or filament side-branching) to study
how these would affect the observed density profiles and
speeds. Tip branching in the presence of linear capping
kinetics generates aberrant behavior, including explosive
growth or collapse of the barbed end density close to the
membrane. Thus, this variant of the model should be
rejected, or modified with suitable nonlinear (e.g. logistic)
growth terms to be biologically relevant. These results
suggest that the tip branching of actin filaments would be a
less robust or reliable mechanism than filament side
branching for controlling actin density. Some papers in
the literature have suggested that Arp2/3 mediates tip-
branching (Pantaloni et al., 2000). Recently, experimental
and theoretical evidence for side-branching has been
overwhelming (see, for example, Carlsson et al., 2004,
and references therein). Our simple model provides further
support that the tip-branching hypothesis has some
difficulties.
We investigated the dependence of the wave speed (i.e.

the motility of the cell) on biochemical parameters. Under
the conditions of our model, and assuming all parameters
are non-zero, the model supports travelling waves in the
spontaneous and side branching cases except when the
nucleation rate is too small. Our results suggest that
membrane speed can be smoothly varied by extracellular
signals that lead to downstream adjustment of parameters
such as the rate of Arp2/3 activation or the capping rate
(for example, by pathways that impinge on the Rho family
proteins). The case of tip branching is less relevant
biologically: there we found ranges of each parameter
value for which travelling wave solutions did not exist.
Finally, we used the observed actin densities to estimate

some of the biochemical parameters by comparing the
spatial profiles obtained from our model with experimental
profiles from Bailly et al. (1999). The best fit was obtained
by shifting the data 0:2mm to the left and 25 mm down. We
speculate that the horizontal shift was needed to compen-
sate for the difficulty of identifying the true position of the
membrane experimentally, as the membrane is destroyed in
the process of preparing the cell for FDS imaging (Bailly et
al., 1999). The vertical shift may stem from a background
of barbed ends that had been capped by endogenous
gelsolin prior to the experiment.
In the side branching case, the nucleation rate that

provided a close fit to the experimental data ðZ2 ¼
2mm�1s�1Þ was close to our estimate based on experimental
evidence. However, the capping rate found by analysing
the decay rate of the experimental data is lower than the
usual capping rate of 1 s�1 quoted in the literature (Schafer
et al., 1996; Pollard et al., 2000). (But note at the leading
edge the capping rate may be of order 0:1 s�1 according to
Grimm et al. (2003) and Mogilner and Edelstein-Keshet
(2002).) The depolymerization rate found by comparing
fluorescence data with simulation results is higher than
estimates of filament depolymerization by ADF/cofilin
found in the literature (Pollard et al., 2000). This
discrepancy is not surprising since there are many other
factors in a motile cell that sever or otherwise degrade
filaments, leading to a faster decay rate than for ADF/
cofilin acting alone. The depolymerization rate g ¼ 0:1 s�1

gives a mean filament life-time of 10 s which is consistent
with experimental observations of filament turnover time in
lamellipodia (Theriot and Mitchison, 1991). Shifting the
experimental data for filament density from (Bailly et al.,
1999) 0:4mm to the left provided the best fit. While the data
are taken from a different cell, the cell is prepared in the
same manner as described for the barbed end data,
requiring destruction of the cell membrane. We cannot
dismiss the fact that our simple model may fail to capture
some essential processes that would account for the
discrepancy between model and experimental data. This
suggests that further investigation of capping dynamics
near the leading edge, perhaps by modifying this model to
include a distinct capping zone, is in order.
Our model also attempts to address the effect of

retrograde flow on the characteristic actin densities seen
in motile cells. In other slow moving cell types, such as
neural growth cones, retrograde flow is rapid
(�2–10mmmin�1, Jurado et al., 2005; Lin et al., 1996)
compared to observed rates in keratocytes (�1–3mmmin�1

Ponti et al., 2004; Jurado et al., 2005; Vallotton et al.,
2005). In the center forward part of a keratocyte
lamellipod, retrograde flow is so small ð0:01mms�1, Jurado
et al., 2005; Vallotton et al., 2005) that it has a negligible
effect on actin spatial profiles and membrane speed
predicted by the model, i.e. it does not appear to
significantly affect our results.
Many known effects that play an important role in the

motility of actual cells have not been included in our
model. The adhesion and contractility of cells (such as
fibroblasts) was not considered. This makes the model
more suitable for describing the gliding motility of the fish
keratocytes. The cycle of actin monomers and the depletion
of those monomers at the leading edge was also left out
(but see the treatment in Mogilner and Edelstein-Keshet,
2002). The spatial variation in kinetic parameters (e.g.
reduced capping near the membrane, variations in the rate
of filament depolymerization over the lamellipodium as
filaments age, etc.) were also not considered. For instance,
the spatial profiles of capping protein or ADF/cofilin
(Svitkina and Borisy, 1999) could be incorporated into our
model to give a more biologically realistic spatial depen-
dence to capping and filament decay rates. In an extension
of this work, the interplay with other regulatory agents
(e.g. Rho-family GTP-ases), the effect of filament orienta-
tions, and extension to a moving cell in 2D will be
explored.
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