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Abstract The cytoskeleton is a fundamental and impor-
tant part of cell’s structure, and is known to play alarge
role in controlling the shape, function, division, and mo-
tility of the cell. In recent years, the traditional biological
and biophysical experimental work onthecytoskeleton has
been enhanced by a variety of theoretical, physical and
mathematical approaches. Many of these approaches have
been developed in the traditional frameworks of physico-
chemical and statistical mechanics or equilibrium thermo-
dynamic principles. An alternative is to use kinetic mod-
elling and couch the analysisin terms of differential equa-
tions which describe mean field properties of cytoskeletal
networks or assemblies. This paper describes two such re-
cent efforts. In the first part of the paper, a summary of
work on thekinetics of polymerization, fragmentation, and
dynamics of actin and polymers in the presence of gelso-
lin (which nulceates, fragments, and caps the filaments) is
given. Inthe second part, some of thekinetic modelsaimed
at elucidating the spatio-angular density distribution of ac-
tin filaments interacting via crosslinks is described. This
model given insight into effects that govern the formation
of clustersand bundles of actin filaments, and their spatial
distribution.
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1 Introduction

Actin isabiological polymer, and an important structural
and functional component of the cytoskeleton. It isimpli-
cated in (animal) cell motility, chemotaxis, cell division,
and other vital functions. Actin polymerizes into short,
tiff, rod-like filaments which can elongate (via polymer-
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ization), shorten (by fragmentation) and/or form networks,
bundles, gels, and other structures mediated by binding
proteins. Polymer chemistry isitself achallengingandrich
field of study. When compounded by the effects of arich
mixture of binding proteins, cross-linkers, enzymes, and
intermediatesthat interact with both the monomersand the
polymers, the result is a field of stunning diversity and
complexity. It is little wonder that gaining an understan-
ing by experimental techniques aloneis difficult, whereas
some help from theoretical directions can be beneficial.

The traditional theories for the behaviour of polymers
(P.-G. deGennes 1979; Flory 1953; Doi and Edwards 1986)
are formulated in the discipline of equilibrium thermody-
namics. Some connections have been made to percolation
theory (the formation of spanning clusters), and to the the-
ory of visco-elastic networks, see, for example, Nossal
(1988). However, many of these frameworks are not suit-
ablefor answering questions about time evolution of apro-
cess of polymerization, fragmentation, and interactions of
the filaments. Similarly, many of these theories are not
suited for investigating spatial distributions of polymer
networks. Though there is very accurate predictability of
when clusters, homogeneous gels, or bundles of filaments
are expected, it is not possible to predict the spatial distri-
bution of these structures. This suggests that alternative
approaches can make a contribution to the overall goal of
studying the complex process of cytoskeletal dynamics.

A fundamental problem in biophysicsis how chemical
signalsreceived by thecell aretranslatedinto cell response,
changes in cell function, and (in animal cells) purposeful
motion of the cell such as chemotaxis. The cytoskeleton,
consisting of microtubules, intermediate filaments, actin,
and ahost of smaller componentsisknown to be akey me-
diator in the chain of events that take place (Lauffenbur-
ger and Horowitz 1996; Mitchison and Cramer 1996). The
fundamental problem (above) isextremely complex. How-
ever, there are many sub-problems, of interest in their own
right, that, if solved, may eventually aid our understand-
ing of the big picture.

The cytoskeleton subproblems concerning actin in par-
ticular include: (1) Control and effect of polymerization,
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capping, and cutting of actin polymers, (2) association of
filaments into structures such as bundles and gels (3) spa-
tial distribution of actin, and the role that this playsin cell
motility, cytokinesis, and other functions of the cell. Each
of these problems has been studied extensively in an ex-
perimental setting, but it is only recently that theoretical,
mathematical, and physical methods have been brought to
bear on the problem. Some of these ideas and their out-
comes are highlighted in this paper.

The results of the mathematical contributions can have
several quite distinct goals. On one hand, by analyzing ki-
netics that are relatively well-established and understood
by biologists, model ers can make specific quantitative pre-
dictionswhich areotherwisedifficult todiscover. Thistype
of work simply uses mathematical techniques as tools to
computewith precision the outcome of well-known events.
A casein point isthe prediction of Actin filament length
distributions (Edelstein-K eshet and Ermentrout 1998; Er-
mentrout and Edelstein-K eshet 1998) discussed bel ow.

A second approach is to treat qualitative phenomena
which are not yet well understood, and to use mathematical
concepts and modelsto shed light on possible causative me-
chanics. In thistype of work, exemplified by the discussion
of actin filament associations, qualitative ideas such as
stability analysis, pattern formation, as well as numerical
simulations can be used to test a variety of hypotheses (Spi-
rosand Edelstein-Keshet 1998). Thisgenerally leadsto kind
of caricatureof thereal situation which not all biologistsfind
relevant. However, though it may be only part of the picture,
this approach can suggest new experiments or ideas to test.

A final approach is to use mathematical and/or physi-
cal methodsto carefully dissect competing hypotheses for
the mechanisms underlying complex phenomena such as
cell motility. Examples of thistypeinclude recent work on
the polymerization ratchet (Mogilner and Oster 1996).

2 Models for actin filament length distributions

Recent twin papers (Edelstein-Keshet and Ermentrout
1998; Ermentrout and Edelstein-Keshet 1998) were de-
voted to understanding the following problems. What can
be said about the distribution of filament lengths for actin
filaments given that they can polymerize and depolymer-
ize at each end, and that a filament cutting agent (such as
gelsolin) isadded to interact with the polymers. Inputsinto
the model include assumed interactions of the participat-
ing intermediates and known values of biological param-
eters. Analysis using mathematical models (which are es-
sentially classical reaction rate models) and computer sim-
ulations lead to the outputs, which include detailed fila-
ment size distribution, and average length.

The importance of this problem stems from several as-
pects: () First, the length of the filaments influences the
overall polymerization rate since ends act asnuclei. A sin-
gle, long filament would thus contribute much less to ac-
tin polymerization than many short filaments (Theriot
1994; Zigmond 1993). (b) Second, the rheology of solu-

tions containing filaments is sensitive to the lengths of the
filaments. Thelonger thefilaments, thelikelier itisthat en-
tanglements occur, and the more viscous the solutions (Os-
ter 1994; Janmey et al. 1986; Zaner 1995; Piekenbrock and
Sackmann 1992; Tempel et al. 1996). (c) The mobility of
the polymers, and their interactions with one another are
highly sensitive to lengths. For example, filament rates of
diffusion (and most particularly rotational diffusion) fall off
rapidly with filament length (Doi and Edwards 1986). This
then influences (d) the associations of filaments with one
another into structures such as bundles or networks (Spiros
and Edelstein-Keshet 1997; Civelekoglu and Edelstein-
Keshet 1994), the formation of crystalline associations in
vitro (Furukawa et al. 1993; Suzuki et al. 1991; Kés et al.
1996), and theinteractions of thefilamentswith actin bind-
ing proteins (Wachsstock et al. 1993; Wachsstock et al.
1994; Coppin and Leavis 1992; Tempel et a. 1996). Actin
filament length has al so beenidentified asan important fac-
tor in other situations. Examplesincludetheviscosity of se-
cretionsin thelungs of cystic fibrosis patients, and the pro-
pulsion speed of the intra-cellular parasitic bacterium, Lis-
teria (Sechi et al. 1996; Marchand et al. 1995), etc.

2.1 Models for simple polymerization

In the actin filament, the barbed end grows much more
rapidly than the pointed end. Kinetics and models of the
process of polymerization have been given elsewhere
(Kornetal.1987; Frieden 1983; Tobacman and Korn 1983;
Houmeida et al. 1995; Fesce et al. 1992), but it is not usu-
aly the case that the whole length distribution is consid-
ered. (Rather, the total amount in polymerized versus
monomeric form, is followed; this makes for amuch sim-
pler treatment, but is then not always helpful in address-
ing the concerns discussed above).

The problem was approached in several stagesin (Edel-
stein-Keshet and Ermentrout 1998; Ermentrout and Edel -
stein-Keshet 1998). First, the simple growth of actin poly-
mers was modelled as follows. Aggregate rate constants,
representing the combined polymerization and depolym-
erization at both ends were defined, k, = Ka™bed +pointed
k_ = Kparbed 4 pointed The nolymerization reaction shown
in Fig. 1, with these forward and reverse reaction kinetics
was followed. Written in standard chemical reaction form,
thereactionis

k+
Aj + af Aj +1

where a stands for a free monomer and A; is aj-mer. The
concentration of the various polymer length is then mod-
elled by the set of differential equations

d[A]
dt

where [A] represents the concentration of j-mersand ais
now the concentration of monomers. Each of these diffe-
rential equationskeepstrack of the disappearanceof j-mers

=K [Aca] + ke a[Aj4] - (k- +ak, )[A]. (1)
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Fig. 1 Anactin filament containing j monomers A; can either grow
by polymerization or lose amonomer and shrink. The free monomers
are not explicitly shown here

,Fragmenter

Fig. 2 A filament containing j + k monomersis cut by a fragment-
er such as cofilin, producing a j-mer and a k-mer. This can happen
in two possible ways, since the bond broken can be at either of two
places on the original filament

(by forming (j+1)-mers, by breaking down into (j—1)-
mers), and the appearance of j-mers from the polymeriza-
tion of the other sizes.

The equations shown above are rel atively easy to handle
mathematically as long as the level of monomer a isfixed.
It was shown in Edelstein-Keshet and Ermentrout (1998)
that the distribution of j-mers would settle into an equilib-
rium length distribution that was a simple exponential. This
is not a surprising result, in view of similar findings (Oo-
sawa and Kasa 1962; Kawamura and Maruyama 1970).
When the nucleation reaction is taken into account (Fesce
et a. 1992; Tobacman and Korn 1983; Korn et a. 1987,
Frieden 1983; Lumsden and Dufort 1993), the result is

[A1=cr ='“‘K"“<acm>"§aﬁ§.

wherea.;; = k_/k, isthecritical concentration of monomer
at which polymerization just balances depolymerization,
where k;;; is the initiation rate constant, and where n the
number of monomers (3 or 4 in various literature sources)
required toinitiate afilament. Since the equations describ-
ing the kinetics are linear differential equations, the math-
ematical treatment of this problem is quite simple, and it
is rather easy to understand the results. As expected, the
results are in compl ete agreement with those of the classic
equilibrium thermodynamics treatments (Flory 1953).

(2)
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Fig. 3 Gelsolin has multiple effects, including nucleation, capping,
and fragmentation

2.2 Models for simple fragmentation

A more novel situation occurs when the filaments are
broken or fragmented at their bonds—whether by mechan-
ical action or by enzymatic activity. For example the actin
binding protein cofilin results in the fragmentation reac-
tion

ko
Ak~ A+ A

If the filaments are not polymerizing, the distribution of
j-mers would follow a kinetic equation of the form

d[A;] _ (Rate of formation ] [Rate of breakage [

dt  Hromlarger piecesy Hnto smaller piecesH 3

Since afilament can break up at any of itsj — 1 bonds, and
since the number of larger piecesis asum of sizes bigger
than j, the differential equation that describes this process
is:

d .
=k B [AL-(-2IA T

The factor of 2 in this eguation results from the fact that
each larger filament can fragment into aj-mer in two pos-
sible ways. Together with a suitable initial condition and
description of what happens at the large and smallest sizes
(“boundary conditions”), this equation can be simulated to
predict the precise time behaviour of alength distribution
of filaments. It can also be used to elucidate the equilib-
rium distribution under a given set of conditions.

A particularly simple case occursif filaments of size J
(some arbitrarily large size) are constantly supplied to a
fragmenter. It can be shown (Edel stein-K eshet and Ermen-
trout 1998) that in that case, the equilibrium distribution
of lengths takes the form

_JI+DI-)
A]=C AT

(4)

(5)
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Small pieces build up to an unlimited level unlessthey are
also removed in this case. The number average length of
the distribution can be calculated from the above and is
found to be

L,=(31+2)/(J+2). (6)

For large values of J, thisratio is roughly 3, which means
that evenif arbitrarily long filaments are supplied to acon-
tinual fragmenter, the number of tiny pieces will swamp
out the distribution so that, on average, there will be 3
monomers per filament (regardless of the detailed kinet-
ics). (In practice this limit may be uninteresting, since the
supply of long filaments may end, the fragmenter may be
incapabl e of breaking small fragmentsfurther, or other pro-
cesses may interfere.)

2.3 The effect of gelsolin on the length distribution

A protein such as gelsolin interacts with actin in a
number of ways. Although it is primarily afragmentation
protein, it is also caps the barbed end of a filament and
acts as a nucleator for initiating new filaments. Thus,
when the effect of gelsolin is inlcuded, the models be-
comessignificantly more complicated. Thisisparticularly
true if the transient behaviour (i.e. behaviour leading
up to the equilibrium situation) is of interest. If only
the final outcome and the average filament length is of
interest in a given situation, this modelling approach is
superfluous: the number of actin filaments at steady
state is known to be equal to the number of added gelso-
lin molecules (Janmey et a. 1986). We can also circum-
vent the detailed model of transient dynamics by appeal-
ing to the equilibrium thermodynamics Flory Model
which would predict that the length distribution is expo-
nential if we assume that each gelsolin-actin nucleus has
the same probability of growth. However, it is not neces-
sarily clear that thisequilibriumwould be established al so
in the case that gelsolin playstherole of afragmenter (as
well as a nucleator and a capper) so that investigating a
fully dynamic model can confirm or reject this predic-
tion.

Detailed information about gelsolinisavailable (Ditsch
and Wegner 1994; Schoepper and Wegner 1992; Ditschand
Wegner 1995) and this can be used in constructing detailed
simulations about its effects. An interesting application of
theseideas rests on the new treatment of cystic fibrosis us-
ing gelsolin. By fragmenting thelong actin filamentsin the
airway mucal secretions of CF patients, gelsolin can help
to reduce viscosity and alleviate symptoms of the disease
(Vasconcellos et al. 1994). Gelsolin isbeing produced and
tested by BIOGEN for this medical application.

The actions of gelsolin can be summarized as follows:

Gelsolin-mediated nucleation

Gra™ G ©)
Kias
Q]_ +a - Gz. (8)

Growth at pointed end
k+

Gj +af Gj+l' (9
Gelsolin-caused fragmentation

kg
Gj+k+g”Gj+Gk- (10)

In thefirst two nucleation reactions, gel solin forms acom-
plex with an actin monomer (rate k;,;;). This complex then
reacts quickly with a second actin monomer to form agel-
solin:actin 1:2 complex (rate ks,) (Schoepper and Wegner
1991). The third reaction treats polymerization at one end
of the actin filament (the pointed end, since the barbed end
is capped), and the fourth reaction is the fragmentation
step. An interesting aspect of these kineticsis the consid-
erably faster nucleation step which relies on acatalytic ef-
fect and no longer requires that 3 or 4 monomers partici-
pate. It was shown (Ermentrout and Edelstein-Keshet
1998) that this fact makesthe system linear in the case that
free gelsolin and actin monomer concentrations are artifi-
cially held constant. Although thisis not arealistic situa-
tion, it does allow some great simplification to be madein
the treatment of the problem.

Analysisrevealsthefollowing results, whosedetailsare
given in the cited references:

—If actin monomers and gelsolin monomers are kept at
some constant levels, the total mass of polymerized ac-
tin will grow exponentially, but the average length of the
filamentswill be bounded dueto fragmentation. Therel-
ative proportions of the various size-classes settles into
astable size distribution.

— If buffering isabsent, and if theratio of total actinto gel-
solin is much larger than 1 (asis usually the case), then
free gelsolin will be completely eliminated duetoitsir-
reversible capping of the filaments. When this happens,
the process reverts to a simple polymerization process,
but with only the pointed end of the actin filament nu-
cleating growth (and thus a slower rate constant for poly-
merization). The length distribution will then eventually
tend to an exponential, as predicted by the Flory Model
(Flory 1953).

—The greater the initial concentration of gelsolin, the
smaller themean filament length, asexpected. (The mean
length of the filamentsin monomer unitsisjust theratio
of the total amount of actin to the total gelsolin.)

—If we consider the transient behaviour when a small
amount of gelsolin is added to the mixture, the number
of filaments will grow exponentially. This happens
both due to nucleation of new filaments, and a result of
breakage of large filaments forming pairs of smaller
ones.

Although these general results give some new insight, itis
also possible to use models such as the above to explore
detailed questions concerning the action of gelsolin in the
presence of ions or other factors that influence the dynam-
ics, and thus also the length distribution of the actin fila-
ments.



2.4 Comparison with experimental results

A variety of direct and indirect methods have been used to
observe actin filament length distributions in experimen-
tal settings. Size distributions were measured from elec-
tron micrographs of actin solutions prepared in the pres-
ence of various molar ratios of gelsolin (Janmey et al.
1986). By comparing the ratio of weight average to num-
ber average length over various samples (and getting sim-
ilar ratios over many samples), the authors concluded that
the length distribution was an exponential one. They fur-
ther suggested that this size distribution is as expected if
gelsolin acts as a site of filament growth and monomers
exchange at random from the uncapped end of each fila-
ment.

Indirect information about the size distribution of a so-
lution of actin filaments can al so be obtained by quasiel as-
tic light scattering, as done by Piekenbrock and Sackmann
(1992). The authors studied actin networks polymerized
with gelsolin and found several results whose relevance to
this paper is direct. First, they noted that scattering inten-
sity grows linearly with timein the case of gelsolin nucle-
ation, whereas the growth is sigmoidal when actin is poly-
merized on its own. (This stems from the nucleation beha-
viour of the gelsolin-actin complexes, as discussed in Er-
mentrout and Edelstein-Keshet (1998): i.e. when gelsolin
is present, the nucleation is more rapid). The authors also
observedin electromicrographsthat, in the presence of gel -
solin, many filaments started to grow rapidly, whereas in
the absence, only afew long filaments formed. It isinter-
esting to comment that whether or not gelsolin also frag-
ments filaments under the conditions of a given experi-
ment, thefact that it bindsto thefilament fragmented means
that eventually, the dominant actions are those of nuclea-
tion and capping. Eventually, each filament is associated
with a single gelsolin cap, so that the dynamics converge
on an equilibrium that is equivalent to the nucl eation-cap-
ping equilibrium. Using a CONTIN analysis (essentially
aninverseL aplacetransform) of thedynamic structurefac-
tor measured experimentally, (Piekenbrock and Sackmann
1992) the length distribution of the filaments was shown
to tend approximately to an exponential one. Thisisyet a
further connection with the model results.

3 Model for filament interactions
3.1 Background and goals

The second class of models is geared less at the detailed
kinetic steps in known reactions, and more at understand-
ing possi ble phenomenastemming from the complex inter-
actions of the cytoskeletal elements. In particular, such
models address spatial and angular distributions of actin
density. Work by Spiros and Edel stein-K eshet (1997) falls
into thiscategory. Again, some of the assumed interactions
between actin and associated binding proteins, as well as
values of known biological reaction kinetic parametersare
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Fig. 4 A model for filament associations aimsto predict transitions
between various structures at the level of many filaments, or fila-
ment populations

inputs, whereas the mathematical modelling and analysis
leads to insight about how filament length influences dif-
fusion and interaction of actin filaments, and thus affects
structuresontheorder of populationsof filamentsasshown
inFig. 4. Clustersareinterpreted as sites of relatively high
(but unaligned) actin filament density. Bundles are inter-
preted as sites of filament alignment.

Many of the detailed attributes of actin monomers and
filamentsaregivenintheliterature. Someattributesare spe-
cificto actin, while others are generic to rod-like polymers.
Of these, perhaps one of the most intriguing is the length-
dependence of diffusion rates (Zaner 1995; Doi and Ed-
wards 1986). This single factor — namely the very different
behaviour of the rotational and translational diffusion rates
as filament length increases —is already enough to explain
some of the types of macroscopic patterns likely to occur
in solutions of actin filaments. In a nutshell, as filaments
get longer, their random rotation in solution is severely im-
peded (due to entanglement) though their motion parallel
tothefilament axisisonly mildly affected. Thismeansthat
alignment and clustering are favoured in different filament
length regimes, as the model below illustrates.

In this modelling scenario, the basic aim is to under-
stand how filaments and crosslinkers can giverise to three
distinct types of structures at the level of many filaments:
gel-like networks, bundles, and clusters. However, we are
not interested merely in the transitions, but also in the way
that filaments would be distributed over space and how
their orientations would be correlated. The phenomena of
interest include alignment to preferred directions and ag-
gregation of certain sites. (Physically speaking, these phe-
nomena are referred to as angular and spatial order). If we
weremerely interested inthe phasetransition itself, for ex-
amplein predicting the state of the network at various con-
centrations of crosslinkers (i.e. at various degrees of cross-
linking), other, preexisting theoretical approaches would
be adequate. For example, the ideas of percolation theory
have been used to advantage (Nossal 1988) to investigate
theformation of a“gel cluster” beyond some critical cross-
link fraction. However, if we want to have some predic-
tion about relative spacing of clusters or bundles, a fully
dynamic spatially-distributed model may be relevant.

Inthismodel, thedetailed chemistry isaveragedin some
sense, and phenomena at the level of many filaments are
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studied. The stepsinvolved ininteractionsbetween agiven
filament and cross-linkers that attach to it are considered
in arriving at some global estimates of rates of attachment
and detachment of filaments from the actin networks. We
consider a large population of interacting components
which can diffuse, bind, and unbind. The variables used to
describe the situation are the densities N(x, 6, t), F(x, 6, t)
of bound (“network™) and free filaments at a given posi-
tion, orientation, and time. The model, which describesthe
transitions between these and the rearrangement of the spa-
tio-angular filament distributions is two-dimensional, but
athree-dimensional version has been described by Mogil-
ner and Edelstein-K eshet (1995).

3.2 The model

Some of the assumptions that go into creating a model of
the actin filament interactions are as follows:

1. Unbound crosslinkers diffuse rapidly, and have a
roughly constant concentration everywhere.

2. The filament density is neither “too low” (where sto-
chastic effects would dominate) nor “too high” (where
Onsager’s law would predict crystalline order).

3. Thetimescaleof interestisgreater than the average bind-
ing time of afilament to the network.

4. The average length of afilament, L is taken to be fixed.
However, the influence of this length on the outcome
forms an interesting theme.

5. Filaments are either bound to the network or free. (The
degree of binding is not explicitly followed.)

6. A freefilament can move by translational and rotational
diffusion (in a length-dependent way to be described)
but a bound filament is fixed spatially.

The overall equations of the model are essentially state-
ments about “book-keeping” of filaments that change or-
ientations and spatial positions. (We show the detailed
mathematical form in the Appendix.) Essentially the equa-
tions state that

ON(6,x,t) _ mate of attraction]_ [tate of loss of 0
ot  [bf freefilamentsH Fhetwork filamentsH

(Tate of bindingD] [Tate of unbindingd

w = —Ho network %I— Lof network E
ilaments 0 Hilaments O

[Tate of 0 Oateof 0O

+Lrandom U Lopatial U

Bleori entati on% %ﬂiffusi on E

One of the central features of the model is the hypothesis
that actin filaments interact not merely at a single point,
but rather over some spatial and angular extent. This is
equivalent to saying that:

— The probability that a filament will bind to another
filament depends on (a) how far apart they are and
(b) their relative orientation

/\ / """""" \ UO\

binding possible too far to bind probablity of binding

Fig. 5 Spatial binding probability. Filaments close together are
more likely to bind than those farther apart. The spatial part of the
binding probability is shown to the right

o  ©

probablity of binding

binding possible angle too large

Fig. 6 Angular-binding probability. Depending on the binding pro-
tein, certain filament configurations favor binding over others. Here
we show a case where filaments more nearly aligned are more like-
ly to bind, but other possibilitiesare also of interest. The angular part
of the binding probability is shown to the right

Mathematically, this is taken account in modelling the
binding step. We assume that the probability that two fil-
aments can interact and bind depends on their distance of
separation and their relative orientations.

The probability of binding depends on the sizes of the
filaments, aswell ason the specific type of crosslinker that
binds them. Figures 5 and 6 show how one can arrive at
functions that encode a spatial and orientational prefer-
ence. (Such functions are called the binding kernels, and
they represent the angle and spatial dependence of the as-
sociation between filaments. In practice, these would be
specific to the crosslinker, but certain generic properties
would be shared (Civelekoglu and Edelstein-Keshet
1994).) It isreasonable to assume that interactions can oc-
cur at distances which are up to L/2 from the “center” of a
filament whose length is L. The optimal relative configu-
ration of interacting filaments dependson thetypeof cross-
linker that binds them. Some binding proteins favor fila-
ments which are nearly parallel or antiparallel, while oth-
ersfavor the orthogonal configuration. Thismeansthat an-
gles of 0 or ror 772, respectively, might lead to greatest
chances that the filaments will attach to a common cross-
linker, though only the first situation is shown in Fig. 6.
Typically, the rate of binding of one filament to any of the
other filaments whose position is x and whose orientation
angle is 8 would be represented by

s
Binding rate= [ K(x-x',6-6")F(x',6") dx'd¢’
/s

where Bisaparameter that describes the maximal rate of
binding at some optimal configuration, x, X' are the po-
sitions of the filament binding and to be bound, and 6, &'
are the orientations of the two filaments.

It should be apparent to the reader that thismodel isfor-
mulated at alevel of the“mean field”, so that the outcome



of fluctuations is not addressed. However, random effects
acting on the ensemble of filaments are incorporated via
the assumed diffusion properties of the filaments. Further,
the interesting point of contact between the model and the
biology is the way that parameters in the system depend
on properties of the participating reactants. For example,
parameters (3, ) for binding and unbinding rates depend
onthekinetics of the particul ar actin-binding proteins, and
on the number of sites available for interaction.

The mobility of the unbound filaments stems primarily
from assumed translational L, and rotaitonal , diffusion.
Theeffect of length on rates of diffusionisrather dramatic,
and has consequences that show up in the final structures
formed. Indeed, entanglement is dominant in the so called
semi-diluteregime, when the number of filaments per unit
volume exceeds (6/7)L3, where L is filament length (Doi
and Edwards 1986; Zaner 1995). In this regime, the Rota-
tional diffusion coefficient p, and the Translational Dif-
fusion Coefficient u; depend on filament length L asfol-
lows:

~c 1 ~~1
m(L)=C 5. m(L)=C{ (1)
where C is a constant (depending on temperature, viscos-
ity, the shape of the filaments, and the total amount of ac-
tin). Thus, rotation is much more severely hampered for
longer filaments than translational motion. This has inter-
esting consequences for the structures that form as dis-
cussed below.

3.3 Some mathematical results

It was shown in Spiros and Edelstein-Keshet (1998) that
the density of actin will become nonuniform whenever a
certain inequality, containing the parameters of the model
is satisfied. (See Appendix.) The inequality can be stated
in terms of the number of clustersformed per unit distance
(n,) and how many orientations favored (n;) when align-
ment occurs. Briefly, a condition which must be met for
clustering and/or bundling is, roughly speaking, that there
are integers nq, n, satisfying:

2 2

n N
0<—=+-=5<1 12
a’? b? (12)
where the parameters a, b depend on the binding (), un-

binding () rates, the diffusion coefficients (1, 1) and the
total mass of actin (M), as follows:

a:ﬁiM, b:ﬂ
VY VY H2

When this condition is just satisfied, we would expect to
see, on average, n, clusters per unit distance and/or struc-
tures with n, prefered directions of alignment. (n, = 0 for
an isotropic nonaligned network, n, =1 for filaments
aligned all in parallel, n; = 2 for filaments with both par-
alel and antiparallel alignment, and n; = 4 if there are or-
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Fig. 7 The number of clusters (n,) and the number of dominant di-
rections of alignment (n,) are integer values restricted to fall inside
an elliptical region. If the parameter values do not favor structures
like clusters and bundles, the ellipse contains no nonzero integer val -
ues. Changes in filament length will change the relative sizes of the
semi-major and semi-minor axes of thisellipse (e.g. from the dotted
to the solid figure) since the parameters 1, L, are affected different-
ly by filament lengths. This, will then affect whether clusters or bun-
dleswill form

thogonal structures, such asthosefavoured inthe presence
of ABP; the units of distance for n,; are determined by the
units used for the diffusion coefficient and the time con-
stant in the expression for a). Note that a, b depend on, re-
spectively, the rotational and translational diffusion of fil-
aments, and this is one of the major ways that filament
length can affect the possibility of structures. (The actual
condition is slightly more stringent that this, and involves
that assumed probability kernels, but the point can be made
here with this simpler necessary condition.) This predic-
tion stems from alinear stability analysis calculation, and
holds close to the transition to pattern. However, nonlin-
ear effects may eventually result in more complex struc-
tures or patterns, and these must be deduced from full nu-
merical simulation of the equations.

From Fig. 7 we can see that the condition shown here
is equivalent to restricting the integers n,, n, to an ellipti-
cal region in the ny, n, plane. The larger the ellipse, the
morelikely itisthat structuresconsisting of clustersand/or
bundles of actin would form. No structure at all can form
(i.e. the mixture remains a uniform network or gel) if the
ellipse is too small to enclose any points with integer co-
ordinates. Since the parameters a, b determine the major
and minor axes of this ellipse, any influence which tends
to increase a, b would increase the probability of hetero-
geneous and anisotropic structures. For example, if Bis
large or yis small (as would be true if the molar ratio of
crosslinker to actin is sufficiently high — see section 4.4)
then formation of such structures is more likely. If M is
large (which means that the total amount of actin—i.e. to-
tal number of filaments of some given average length —is
large) then structures are also likely to form.

Further, changesin thefilament length, which affect p,
L, differently, lead to achangein the aspect ratio of the el-
liptical instability region; this would result in a bias to-
wards onetype of structure (bundles) or another (clusters)
because it means that one of the two integers n;, n, can
take on larger values than the other. For example, the ro-
tational diffusion, u, (L) varies more sharply with L than
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Fig. 8 This diagram shows steps in the binding of a free filament
to the actin network with the help of one of the actin-binding pro-
teins. In principle, it takes only one double-link to convert the free
filament to anetwork filament. By considering thereactionsinvolved
in binding of a crosslinker to afilament, and then to a second fila-
ment, we can estimate the “ effective filament binding rate” for agiv-
en concentration of the crosslinking proteins

doesthe tranglational diffusion, p,(L). Asfilament length
increases, thiswould causeato increase moredramatically
than b, making the ellipse “long and skinny” in the direc-
tion of the n, axis, and thus increasing the likelihood of
structures which have net alignment of filaments. For
shorter filament lengths, thereverseistrue: the ellipse may
be “fatter” in the direction of the n, axis, since b islarger,
and thusthe likelihood of clustersforming is higher. If the
ellipseis“fat enough” to contain points(n4, n,) whereboth
coordinates are integers, we expect locali zed aggregations
which have aligned filaments (i.e. bundles), and the spac-
ing between these structures can be predicted from the
value of n,. (However, it should be kept in mind that the
details of the pattern will depend both on the effect of the
binding kernel, which we have not described in detail here,
and on non-linear effectswhich can only be predicted from
full simulations (Spiros and Edelstein-Keshet 1997), or
more detailed non-linear analysis.)

This description of the model for filament interactions
and it linear stability condition leads to the speculation
that by changing the state of polymerization of actin,
(i.e. the average filament length), it is possible to con-
trol transitions in the overall actin structures, and in-
fluencewhether bundlesor clusterswill dominate. Fur-
ther, small refinements can also determine how closely
spaced the clusters are, or how many angles of alignment
occur.

Fig. 9 A filament isfreed from the network in a sequence of steps
in which all the links between the given filament and the rest of the
network are severed. By considering the reactionsinvolved in bind-
ing and unbinding of a crosslinker from a filament, we can estimate
the “effective filament unbinding rate” for a given concentration of
the crosslinking proteins

3.4 Estimating the parameters

Even in a caricature model such as this one, making
contact between parameters in the model and those actu-
ally measured or known in the biological system is of
the essence, and this can be a nontrivial undertaking.
Some comments about how this was done are given
below.

3.4.1 Binding rates: estimating 3

In Spiros and Edelstein-K eshet (1998), rate constants k,,
k_ for the attachment of the crosslinker a-actinin (Wachs-
stock et al. 1994; Meyer and Aebi 1990) were used to ar-
riveat an estimatefor the parameter . Figure 8 shows how
several binding stepstogether lead from afreeto anetwork
(or bound) filament. The parameter 8 can be related to
the rate constants and to the concentration of the cross-
linker, a. For example, it is found that (Spiros and Edel-
stein-Keshet 1998)

kZ[a]
k_

B = - (13)

3.4.2 Unbinding rates: estimating y

For afilament to unbind from anetwork of other filaments,
al its links (which may be numerous) must be severed
asshown in Fig. 9. To estimate thisrate, one needs the av-
erage degree of binding, and the mean transit time from
fully bound to fully unbound. This multi-step process is
not explicitly modelled in the equations at the level of fil-
ament populations, but rather, used as an aggregate or av-
erage unbinding parameter ywhich can be computed math-
ematically from the process shown in Fig. 9. For a given
cross-linker abundance and reaction rate constants, eigen-
value analysis is used to determine a numerical value for
y by methods outlined in Spiros and Edelstein-Keshet
(1998).




4 Results and predictions
4.1 Summary of the main results

Aside from the analysis that leads to predictions such as
those already discussed, the equations of the model, (as
shown in the Appendix) were simulated numerically using
methods developed to handle the combination of integral
terms (convolutions), the spatial diffusion, and the range
of variability of the rates of diffusion from small to large
filament lengths. Technical details are given in Spirosand
Edelstein-K eshet (1998). Values of the parametersin these
equations were based on the values developed from argu-
ments described briefly above, using information from the
literature. The results, which were spatial and angular dis-
tributions of actin filament density, can be summarized as
follows:

— If the values of the parameters are outside the appropri-
ate ranges (corresponding to the situation in which the
elliptical region in the n; n, planeistoo small), the fila-
ments form a uniformly dense network, with no tertiary
apparent structure—i.e. no clusters or bundles form, and
no alignment of filaments into preferred directions oc-
curs.

— The simulations of the longer filaments (1, 0.8y) revea
atendency of alignment into bundle-like structures.

— Short filaments tend to freeze into clusters and will not
align.

— The number of clustersthat form isgreater for the small-
est filament lengths.

— Increasing the amount of crosslinker tends to accelerate
the formation of nonuniform actin distribution.

4.2 Comparison with experimental work

A study of the sol-gel transitions in actin networks cross-
linked with a a-actinin has appeared recently (Tempel et
al. 1996). The authors were ableto systematically vary the
association-dissociation kinetics of the crosslinker by var-
ying the temperature. They also explored the behaviour at
various molar ratios of a-actinin to actin. By measuring
creep compliance and shear modulus of actin solutions,
they characterised various rheological regimes and identi-
fied the point at which the transition to a gel occurs. They
were able to infer three types of regimes: (1) a homoge-
neous gel, (2) agel which islocally heterogeneous (“ clus-
tering”) andfinally (3) aregimeinwhich bundle-likestruc-
tures of actin coexist with a few free filaments. A perco-
lation model of the sol-gel transitionswas discussed in the
context of their observations. The phase diagram (for ac-
tin molar fraction vs fraction of crosslinkers) shows the
transition from (1) to (2) to (3) as the degree crosslinking
isincreased. Thiswould correspond to increase of the pa-
rameter 3 discussed in Section 4.3 or decrease of y, and
would agree with the general prediction of our model that
a transition to the formation of structures would be fa-
voured. Similarly, the prediction that an increasein the ac-
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tin molar fraction (or mesh size) of the network resultsin
favoured transition to clusters and bundles (for a constant
degree of crosslinking) matches with the observation, in
our model, that increasing M tends to enlarge the region
corresponding to such structures.

A systematic variation of thelength of thefilamentswas
not part of the above study, so that this aspect of the pre-
dictionscan not bedirectly compared. However, it hasbeen
noted in separate studies and various experimental condi-
tions including more concentrated actin concentrations
(Furukawa et al. 1993; Suzuki et al. 1991) that increased
filament length tendsto favour long-range alignment of fil -
aments (liquid crystals) over clusters. While this fits the
general results of the model, it should be remarked that the
conditions of such experiments are probably outside of the
range of applicability of this charicature model.

Although the model has many simplifications and as-
pects that make is primitive, it does point to phenomena
which may not have been previously recognized, and sug-
gests a possible new mechanism for the control of struc-
turein actin filament networks: by controlling the average
length of the filaments (aswell as any one of the other fac-
torsinvolved in the crosslinking dynamics), the cell would
beabletolocally adjust the transitions from homogeneous
gel to clusters and to bundles of actin. Clearly, some cau-
tionisneeded ininterpreting the predictions. Asindicated,
this model is a gross charicature and has certain features
that make it unrealistic. Theseinclude: (1) Failure to con-
sider changes in filament length due to polymerization or
fragmentation; (2) Failureto distinguish between filaments
at the edge versus the center of acluster or to consider the
binding state of a filament (one bond, versus multiple
bonds to the network); (3) Mechanical and fluid dynamic
effects are not included in the model. This reducesitsrel-
evance to in vitro actin dynamics.

These limitations make the model oversimplified if the
detailed in vitro dynamics are of interest, but sufficient if
aglobal view is desired of how actin filaments and cross-
linkers, ontheir own, caninteract to produce bundles, gels,
and or networks.

5 Other mathematical approaches

To some extent, mathematical ideas or tools have appeared
in many of the well-known papersin the literature, though
not always as the centerpiece. We give afew examples be-
low.

Theflexibility, mobility, and reptation of individual ac-
tin filaments (longer that 1) were described in (K&set al.
1996; Janmey et al. 1986). The mechanical properties of
actin at the level of multiple filaments and gels, were in-
vestigated in the works of (Zaner 1995; Nossal 1988; Jan-
mey et al. 1994). The effects of crosslinks, including ge-
neric and specific cases were also given by (Nossal 1988;
Wachsstock et al. 1993; Wachsstock et al. 1994). Percola-
tion models, in which the degree of crosslinking isrelated
to the formation of macroscopic clusters can be found in
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several references, including (Nossal 1988; Tempel et al.
1996) and others. Such models can serve as predictors of
phase transitions in the gel, though they do not explicitly
address the spatial distribution or the orientational prefe-
rance in the resultant structures. The effects of the shapes
and sizes of a crosslinking protein on its ability to bundle
actin filaments was discussed in Meyer and Aebi (1990).
Other theoriesfor actin bundleformation include thosethat
place greater emphasisonionicinteractions(Tang and Jan-
mey 1996). M ost of the above-mentioned papersareat | east
partly, if not dominantly experimental, and the physical
and mathematical tools are used to complement experi-
mental measurements.

Many of the papers in which chemical kinetics are of
interest also make contact with mathematical arguments.
These include the papers on actin polymerization and nu-
cleation (Pollard 1986; Korn et a. 1987; Ditsch and
Wegner 1994; Oosawa and Kasai 1962; Tobacman and
Korn 1983; Selve and Wegner 1986; Bonder et al. 1983)
and interactions with gelsolin (Schoepper and Wegner
1991; Schoepper and Wegner 1992). A recent and much
more detailed treatment of polymerization of actin in the
context of signal transduction and ligand-receptor Kinetics
isgiven by Adams et al. (1997).

A few worksin the literature, including those on which
this paper was based, (Edelstein-Keshet and Ermentrout
1998; Ermentrout and Edelstein-Keshet 1998; Spiros and
Edelstein-K eshet 1998) are more heavily theoretical. Other
examplesinclude detailed simulations of the cytoskeleton
developed in Lumsden and Dufort (1993), which, unlike
Spiros and Edel stein-K eshet (1998) dealt at thelevel of in-
dividual filaments, binding proteins, etc. Mathematical
work which had its motivation in the cytoskel eton include
(Geigant and Stoll 1996; Geigant et al. 1997;L adizhansky
1994), though the main thrust of these papersis mathemat-
ical.

Finally, somerecent papersnarrow the gap between the-
ory and experiment by working closely with the known bi-
ology and with advanced and powerful tools of mathemat-
ics. An example includes Mogilner and Oster (1996), in
which the polymerization of actin is linked to the mecha-
nism of cell motility. It is hoped that by the combined ef-
forts of experimentalists, biophysicists, and mathemati-
cians, working at various levels of detail and with various
combinations of experimental and theoretical tools, the se-
crets of the cytoskel eton, its dynamics, and itsfunctionsin
the cell will gradually be revealed.
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Appendix: model for filament rearrangements

The equations of the model, as given in Spiros and Edel-
stein-Keshet (1998) are:

Ni(x,6,t)= BiF K« F+ B,NK=* F —yN
OoOooooooboooood _DDD
filament filament
association dissociation
OOooOooooooodno Odd™
Fi(x,6,t)=—BF K+ F-B,F K% N +yN
rotational translational
diffusion diffusion
oooOoo o o

+ WFe +  HoFee

where N(x, 6, t), F(x, 6, t) are the densities of actin fila-
ments bound in the network and free at the given loca-
tion and directions. Free filaments may diffuse rotation-
ally u; and translationally p,. Unbinding of filaments
from the network is assumed to take place at rate y. Bind-
ing of filaments (convolution terms) is assumed to occur
at a rate that depends on relative configurations K * F
where

n
K*F= [ [K(§-8'x-X)F(x,6')d6'dx"

-mQ

(14)

This makes such models nonlocal in that filaments can
interact over some spatial and angular ranges. The kernels
(K) considered in some of the previous models of actin dy-
namics have typically had the form

K(6, x) = K1 (6) Kx(x), (15)
where

_ 1 0 v? 0O
Ki(w= 0\ 21 &Py 207 H (16)

K, describes the angular part of the way filaments interact
in presence of a cross-linker, and K, the spatial part. The
parameter g, istheangular range over which filaments can
interact and o, isthe spatial range. The kernel K(6, x) can
be adapted to avariety of cases, including interactionsthat
tend to create parallel or orthogonal configurations, that
tend to bunch filaments together, etc. (Civelekoglu and
Edelstein-Keshet 1994).
The condition for instability, inits fuller formis:

08, 8,0y~ =
pan? + ond < (P52 DR7R (0 R)

where K is the Fourier Transform of K, and is a function
of ny, n,. This function is never larger than 1. Mis a pa-
rameter which can be considered as an “ effective total av-
erage density of actin” (number of filaments per unit vol-
ume).

(17)
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