Math 342 Problem set 7 (due 4/3/09)

Coding Theory: The Hamming Distance

Let X be a set (“alphabet”). LeX = X" be the set of sequences of lengtfiwords”). Given
two wordsw, v € X we define theiHamming distance to be the number of positions at which they
differ. That is, ifw = (wy,...,Wp), V= (V1,...,V,) We set:

dy (w,v) =#{i,1<i<n|w #Vv}.

Example: if2={0,1,2}, n=6,w= 012212y = 022210 thery (w, V) = 2 (they differ in the
2nd and 6th letters).

1. LetX = {0,1}, X = =8 (bit strings of length 8). Lea = 00000000,0 = 11110000,c =
01001010d = 01001000. Make a 4x4 table with rows and columns correspgnidi these
four vectors, and fill in each entry with the distance of theresponding pair of vectors (there
are 16 distances to find in total).

2. Going back to the general case of the Hamming distance piXaa 2", show thatdy is a
distance function:
(&) Show that for anw,v € X, dy (W,V) = dy (v, W).
(b) Show that for anwv,v € X, dy (w,w) = 0 butdy (w,v) > 0 if w# v.
(c) (Triangle inequality) Show that for amw,v,u € X, dy (w,u) < dy (W, V) +dy (v, U).
Hint: In what co-ordinates caw, u differ?

Coding Theory: Repetition Coding

(Repetition coding) Alice and Bob can communicate throughannel which allows Alice to
send one symbol at a time (in other words, Alice chooses a sirdm Z, gives it to the channel,
and Bob gets a symbol from the channel at the other end). Wmfately, the channel is not perfect
and sometimes Bob gets back a different symbol from the @restnitted by Alice. We assume
however that the channel never loses symbols or creates nes; so that Bob gets exactly one
symbol for each symbol Alice transmits. In order to guardiasfeerrors, Alice and Bob agree that
Alice send every letter of her message21 times rather than just once.

3. Let'ssayz is the English alphabet and Alice will repeat every lettantets. Bob got HHHTH-
EEUVE-LLLLL-LLRBL-OOOOK-WAWWW-YWWWW-OOOOO-RARRR-LALLL-DDDDD.
Can you guess what message Alice wanted to send?

Of course, we'd like a computer to be able to make this “guesst’'s see how this is done.

4. InsideX = 221 et C be the set of “constant words”: the set of words of the farmo ... o
whereo € Z (in problem 3, these would be: AAAAA to ZZ2777).
(@) Letu,v e C be distinct. What isly(u,Vv)?
(b) Letwe X, and letu,v € C be both at distance at masfrom w. Use the triangle inequality
to showdy (u,v) < 2n. Then use part (a) of this problem to show tbat v.

5. Assume that the channel can corrupt at mosymbols out of any 2+ 1 it transmits. Show
that Bob can unambiguously recover any message sent by. Alice
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Rings and maps
(Injectivity and kernels) LeR, Sbe rings, and : R— Sa ring homomorphism.
(a) Assume thaf is injective (in other words, % 1), that is that ifr,r’ € R are distinct then
f(r), f(r’) are distinct. Show that if € R satisfies # Og thenf(r) # Os.
Hint: What isf(0r)?
(b) Assume thaf has the property thét(r) = Os only if r = Or. Show thatf is injective.
Hint: Usef(r)— f(r') = f(r—r’).
(Scalar matrices; 88C.E9) LB be a ring, and le6= M;(R) be the ring ofn x n matrices
with entries inR. Letr: R— Shbe the map where(r) is the diagonal matrix with along the
diagonal and zeroes elsewhere)(i 2 theni (r) = ( OrR OrR )).
(@) Show that is a homomorphism of rings.
(b) Show that isinjective.
(c) LetT C Sbe the set of scalar matrices. Show thaR — T is an isomorphism.

LetC(R) denote the ring of continuous real-valued functions defimedhe entire real line.

Let ¢: C(R) — R be theevaluation map ¢ (f) def f(0). In other words,¢ is the rule that

associates to each functidne C(R), the real numbef (0).

(&) Show that is a ring homomorphism.

(b) Did your proof use the continuity df?

(c) LetX be asetRaring. Choose a pointc X, and consider the evaluation mgp R — R

given bye,(f) def f(x) (recall thatRX is the ring of functions fronX to R). Show that,
is a ring homomorphism.

Optional Problems

. (The boolean ring) LeX be a set?(X) thepowerset of X, that is the set of subsets ¥f
(@) ForA,Be £2(X) (that is, for two subsets of) show that

(A\B)U(B\A) = (AUB)\ (ANB)

and that this is the set of elementsXothat belong taxactly one of A, B. Call the set the
symmetric difference and denote iAAB.

(b) Show that the symmetric difference is an associativecantimutative operation og? (X).
Show that the empty set is an netural element for this ofmeratind find an inverse to every
set (for everyA find B so thatAAB = 0).

(c) Show that the intersection opreatiofy, B — AN B) is an associative and commutative
operation onZ?(X). Show that the seX is a neutral element for this operation.

(d) (de Morgan's law) Show the distributive la&n (BAC) = (ANB)A(ANC).

(e) Conclude that? = (Z(X),0,X,A,N) is a commutative ring.

. (Characteristic functions) Consider the myap 22 (X) — (Z/2Z)* which associates to every

A C X the functionya: X — Z /27 where:

[1]2 xeA
X) = :
Show thaty is an isomorphism of the boolean ring and the ring of functions fronxX to
7./ 27 with pointwise addition and multiplication.
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