Math 342 Problem set 8 (due 11/3/09)

Prime rings
1. LetRbearing. We define a map N — Rinductively by f(0) =0randf(n+1) = f(n) + 1r.
(a) Show thatf (1) = 1r. Show thatf (n+m) = f(n)+ f(m) for all n,me N.
Hint: Induction onm.
(b) Show thatf respects multiplication, that is for all me N, f(nm) = f(n)- f(m).
Hint: Induction again. The casa= 0 uses a result from class.
OPTIONAL Extendf to a functiong: Z — R by settingg(n) = f(n) if n € Z>o, andg(n) =
—f(—n) if n€ Z<o. Show thag is a ring homomorphism.
Hint: Divide into cases.

2. LetA Bberingsand): A— Bbe a homomorphism. Show thatthe imaga) ={beB|Jac A:g(a) =b}
is a subring oB.

3. Continuing problem 1, leg be the ring homomorphism you constructed,3et g(Z) be the
image ofg, and letl = g~* (Or) be the set oh € Z such thag(n) = Og.
(@) Show that is an ideal inZ. By a previous problem set thererisc N such that = (m).
(b) If m= 0 show thag s injective, hence thd contains a subring isomorphic
Hint: Use the criterion for injectivity from problem set 7.
(c) Show tham= 1 is impossible, as long ag&* 1.
Hint: What isg(1) if m= 1? Compare with problem 1(a).
(d) If m> 2, defineh: Z/mZ — Rby h([a]m) = g(a). Show thath is a well-defined function
(thatis, if[a]m = [@]mtheng(a) = g(&)).
(e) Show that is a ring homomorphism.
() Show thath is an isomorphism.
Hint: To check injectivity, it is enough to understahd0]n); to check surjectivity, given
se Sneed to findaly, € Z/mZ such thah([a]y,) = s.
We conclude that every ring contains either a subring is@morto Z or a subring iso-
morphic toZ/mZ for somem > 2.

REMARK. You can also check th&= g(Z) is the smallest subring & — the intersection of
all subrings ofR.

Prime fields and vector spaces
Now let F be a field, and legy: Z — F be the map constructed in problem 1. lmete the
number defined in problem 3.
4. Assume by contradiction that is positive and composite, thatns= ab with 1 < a,b < m.
Apply the functiong and obtain a contradiction to the fact ttatis a field. Conclude that
eitherm= 0 ormis prime.

DEFINITION. mis called thecharacteristic of the fieldF and denoted chéFf). Problems 1-4
now show that the characteristic of a field is either zero aim@number, and that a field of prime
characteristigp contains an isomorphic copy &¥,.
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5.

LetF be a finite field.
(@) Show that chgF) > 0. Conclude thaf, C F for somep.
Hint: You need to rule out chéf) = O; for this use problem 3(b).
(b) Show thaF has the structure of a vector space d¥gr
Hint: All the vector space axioms follow directly from the field aris.
(c) Show that dim,F < » (canF contain an infinite linearly independent set?). It follows
that, as arf,-vector spacef is isomorphic tdF?, for somen > 1.
(d) Show that the number of elements of a finite field is alwagsme power.
Hint: How many elements are therelﬂ}'g?

REMARK. It is also true that for everg = p" there exists a fieldy of sizeq, unique up to

isomorphism.

6.

The Hamming Code (variant)

(813E.E6) LeH € M3, 7(F2) be the matrix whose columns are all non-zero vectoﬂé}inhat
is

1 001

H=|1 010 1

0010

(a) Leta,b,c,d € Fobe a 4-bit “message” we want to transmit. Show that there exigjue
XY,z € F» so thatH - (x,y,z a,b, c,d)T = 0. We will trasmit the redundant 7-bit vector
instead.

Hint: Need to show both thaty, zexist and that they are unique.

(b) For each Ki <7, leté be the standard basis vectorEﬁ with 1 at theith co-ordinate.
Calculate the seven vectdre, .

(c) Letv,V € F§ be at Hamming distance 1. Show that there existsthaty’ = v+ €.

(d) Now let's say we transmit the 7-bit vecter= (x,y,z a,b,c,d)" from part (a) through a
channel that can change at most one bit in every seven. Dbgofehe 7 received bits,
and show that if/ = vthenHV = 0. Conclude that the recipient can detect if a 1-bit error
occured.

Hint: Use the fact thatlv = 0 and your answers to parts (c) and (b).

(e) Infact, if at most one bit error can occur then the recip@ncorrect the error. Using the
fact that the vectorbl€ are all different (see your answer to part (b)), show thatking
only V' and that at most one error occured, the recipient can caécthe differences =
vV — v and hence the original vectar
Hint: What are the possibilities f@? ForHe? how do they match up? Don't forget that
it's possible that/ = v.

101
011
111
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