MATH 100 - WORKSHEET 22
TAYLOR POLYNOMIALS

1. TAYLOR EXPANSION OF e
Let f(z) =e”
(1) Find £(0), f'(0), f*(0), -
Solution: f®*)(z) = e* for all k, so | f*)(0) = =1 |for all k.
(2) Find a simple polynomial Ty(z) such that 75(0) = £(0).
Solution: works.
(3) Find a simple polynomial T} (z) such that 77(0) = f(0) and 77 (0) = f/(0).
Solution: We try something like T (z) = 1 + c3x so we still have T7(0) = 1. Differentiating we
see that (14 c1x)" = ¢; and since f/(0) = 1 we need ¢; = 1 so m
(4) Find a simple polynomial T»(z) such that 75(0) = f(0), 75(0) = f'(0) and TéQ)(O) = £®(0).
Solution: Let’s try Th(x) = 1+ 2+ coz?. Then T5(0) = 1, Ty = 1+ cox so still Ty(z) =1 = f/(0).
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Finally, T4 = 2c, and we need to match f”(0) = 1 so we must take c; = 1, ie. |Th(z) =1+ 2 + T

(5) Find a simple polynomial T5(z) such that Ték) (0) = f*)(0) for 0 < k < 3.
Solution: We want to add a term like c3x®. Differentiating this three times we get 6¢3 and this

z? 23

needs to equal 1, so we take c3 = ¢ and | T3(z) =1+ = + 5 + 5!

2. TAYLOR EXPANSION OF /T ABOUT z =4
Let f(z) = V&
(1) Find a simple polynomial Ty (z) such that Tp(4) = f(4).
Solution: |Ty(z) =2 |.
(2) Find a simple polynomial T} (z) such that T7(4) = f(4) and T} (4) = f'(4).

Solution: f'(z) = ﬁ so f'(4) = . We will try Ty (=) + c1(x — 4) so that T7(4) = 2 still

holds. The derivative of this is ¢; so we want ¢; = + and | Ty (z) =2+

(3) Find a simple polynomial T5(z) such that T5(4) = f(0), T5(4) = f'(4

Solution: f"(z) = — =7, f"(4) = —35. We'll take Th(z

1
second derivative is then 2c; so we need ¢; = —g; and | Ty(z) =2+ ~(z —4) — —(z — 4)%|.

(4) Find a simple polynomial T5(z) such that Ték) (4) = f*)(4) for 0 < k < 3.

Solution: f©)(z) = %x*5/2 so f3)(4) = 725 Weneed to add a term c3(z—4)* whose third deriva-
1

1 1
tive is 6c3, so we need to take c3 = §-52: = =15 50| T3(z) =2+ Z(x —4) — a(m —4)? 4 m(m —4)3|
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3. GENERAL FORMULA

The nth order Taylor expansion of f(z) about x = a is the polynomial
To(x)=co+ecri(z—a)+ - +cp(x—a)?

*)
where ¢, = £ k‘(a).

(1) Find the 4th order expansion of .
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Solution: The first 4 derivatives and corresponding values are
PO  /O0=-1 [ JO0-1

so the expansion is

12, 6 5, 24,
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= 14z+22+22+24.

(2) Find the nth order expansion of sinz.
Solution: See course notes on Taylor Series, pages 4-5.

4. NEW FROM OLD

(1) Find the 3rd order Taylor expansion of v/4 + x about = = 0.
Solution: We know that v/u ~ 2+ (u—4) — g5 (u—4)? + 5 (u — 4)? for u close to 4. Plugging
1 1 1
in u =4 tVitr~24 —x— —a? + —a
m u +z we ge +x +4x 64m +512x

(2) Find the 3rd order Taylor expansion of v/4 + = + 1~ about = 0.
Solution: We add the answers to two previous problems to get

¢

1 1 1, 1 4 9 3
\/4+x+17 ~ <2—|—4x—64x —|—512x>—|—(1+x—|—x —|—x)

1 63 1
= 1- =2 123
3+ 41‘+64$ + 512x

(3) Find the 8th order Taylor expansion of e*" + sin(5z)
Solution: We know that e* ~ 1+ u + % + %3 + g—z where further terms will have higher powers

4 6 8

of u. Plugging in u = 22 we get e 1+ a4 % + % + ;—4 where further terms have heigher

powers of x. We also know that sinu ~ u — %—? + g—? — ’;—T up to 8th order. Plugging in u = 5z we
125 5% o 57

get | sin bz ~ Sz — ?ﬁ + yxo — ?aﬁ . Adding the two we get

125 1 625 1 57 1
e +sin(5x) =~ 1 + 5x + 2% — ?x3+§x4 ﬂxSJrng T 7 51 8

(4) Find the 3rd order Taylor expansion of "% . cos(+/T).
Solution: To 3rd order we have sinx ~ = — “’—63, and e =~ 1+u-+ % + “6—3. Plugging in u ~ z —
we get to third order:

il
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es‘”z1+(x—%)+*($—£)2+6($—£)3



Opening the parantheses any product of terms involving an 2 times anything will exceed 3rd order
so we can drop all terms except:

3

) T 1 1
sin © ~ 1 _ Z .2 — .3
€ +x 6 + 21’ + 637
12+ oa?
= X =T |.
2
Similarly we know that cos(u) ~ 1— ’5—? + Z—? - %—? plus terms of order 8 or more. Plugging in u = \/x
we get
x z? 23
Vaml-oS 4 -
cos v/ 5721 T

plus terms of order 4 or more, so we found the 3rd order expansion. We now multiply:

i 1
e . cos(vz) =~ (1+x—|—x2> (1_ac+x_ac)
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where we dropped terms of order greater than 3 in the product.



