Math 101 — SOLUTIONS TO WORKSHEET 24
SERIES

1. REVIEW: GEOMETRIC AND TELESCOPING SERIES

(1) Decide whether the following series converge or diverge
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Solution: This is a geometric series with ratio % = (%) > 1 so the terms escape to infinity
and the series diverges.
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(b) >o0is Go=r
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Solution: This is a geometric series with ratio § = (5)2 < 1 so it is convergent.
(¢) Yonty (n* = (n+1)%)
Solution: The nth partial sum is (12 — 22) + (22 = 3%) +-- -+ (n? — (n+ 1)?) = 12— (n+1)?
and these clearly tend to —oo as n — oo so the series diverges.

2. SKILL 1: ELEMENTS OF A CONVERGENT SERIES

(2) Show the following series diverge
(@) > (=1)"
Solution: The terms have magnitude 1, don’t decay to zero.
(b) 0 sin(n)
Solution: There are large values of n where sin(n) is close to 1 so n
() Yoo, mesine

Solution: lim,_, . M'S% =14 lim, % =1=#£0.

Zsin(n) is large.

3. REVIEW OF IMPROPER INTEGRALS

(3) Show the following series divergeShow that f;o d% diverges.
Solution: f2T 9z —Jog T —log2 —— oo
T—o00

(3) Show that f,° mg—_‘fs) converges.
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Solution: For z > 0 we have z24+5> 23 > 0s00 < P

<o [ % =4 (k= ) 5

% so the integral converges by the comparison test.

(4) Evaluate [;°xze " da.
Solution: We integrate by parts:

T T
/ re *dr = [—:Ee_ﬂg - / (—e*)dz=-Te " + [e‘w]OT =1-Te T -7
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T+1
= 1-—
Now as T" — oo by I'Hopital,
. T'+1 . 1
fim 5= = fim 7 =0

SO
s} T
/ ze *dx = lim ze fdr=1.
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4. SKILL 2: THE INTEGRAL TEST

(6) Decide whether the following series converge or diverge.
(a) ZZO:1 % .

Solution: f(z) = % is decreasing and positive and [, S = 0o so the series diverges.
(b) 322 -L (your answer will depend on p).

n=1 npP
. . 1 . © dz . .
Solution: f(z) = - is decreasing and [, S% = 0o so the series diverges.



