Math 100 — SOLUTIONS TO WORKSHEET 2
LIMIT LAWS

1. EXISTENCE OF LIMITS AND BLOWUP

(1) Let f(z) = ij_;iw.
(a) (Final 2014) What is lim,_,5 f(x)?
Solution: f(z) = 7@7?)_(272) = ﬁ

(b)

so lim, 3 f(z) = ﬁ = .

What about lim,_,o f(z)? What about lim,_, o+ f(), lim,_.o— f(x)?

Solution: The limits do not exist: if z is very close to 2 then x — 2 is very small and ﬁ is
very large. That said, when x > 2 we have %2 > 0 and when = < 2 we have ﬁ < 0so (in

the extended sense)

x+2

(c)

(Final, 2014) Evaluate lim,_, _3+
Solution:

z+3
The denominator vanishes at —3 while the numerator does not, so the function

x

blows up there. When x > —3, we have x + 3 > 0. Also, when z is close to —3, « + 2 is close

to —1. We conclude that lim,_, 3+
(2) Evaluate

(a) hmw% 1 ﬁ
Solution:

lim

z—1 (33 — 1)2

1

(b) 1im£_>7r+ Sinlﬁ’ limm_,w_ m

Solution:

x+2 __
r+3

= —0OQ.

The function blows up at both sides, and remains positive on both sides. Therefore

1

= 0.

lim,_,, sin(z) = 0 so the function blows up there. When = < 7 the function is

positive, while for > 7 the function is negative. We therefore have

lim
rz—nt
lim
T—rmT

1

- = —00
Ssin T

1

: = 400
Sin T

(3) Either evaluate the limit or explain why it does not exist. Sketching a graph might be helpful.

NG
(a) limg_q f(x) where f(z) =<1
2 — g2
Solution:

V1=1so

0<xr<1

r=1

z>1

limg 1+ f(2) =lim,_,1+(2—22) =2 —12 =1 and lim,_,;- f(z) = lim,_,;- \/Z =

lim f(z) = 1.

N2 0<z<l1
(b) limg—1 f(z) where f(z) =11 x=1
4—22 z>1
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Solution: lim,_,;+ f(2) = lim,_,,+(4 —2?) =4 — 12 = 3 and lim,_,;- f(z) = lim,_,;- /7 =
V1 =1 so the limit does not exist (but the one-sided limits do).

2. LiMiT LAws

Fact. Limits respect arithmetic operations and standard functions (e*, sin, cos, log, ...) as long as
everything is well-defined.

(beware especially of division by zero)
(4) Evaluate using the limit laws:
(a) 11H1,c_>2 4;:2‘2%11 =
Solution: The expression is well-behaved at x = 2 so lim,_,»

(b) limg_y ef(x=1) _

x24x—2
Solution: lim,_,;
(5) Evaluate:
(a) lim, o @.
Solution: Both numerator and denominator vanish at x = 0 so we need to deal with the
cancellation. Multiplying and dividing by /4 + = + 2 we have

Vit+z—2 id+zx—-2 Ji+z+2
T o T Vi+z+2

z+1 241
4x2

3
-1~ 4-22-1 " 15

atl=

e*(z—1) e’ (z—1) el

1 : e’ e
TTra—g = Mg @-D(@t2) lim, 1 255 = 155 = 5

(44 -4 x
S r(Vitz+2) z(Vitz+2)
1 1 1

Vitr+2 o0 Ji+2 47
(b) lim,_,o YIFe—VIta?
Solution: We have
Vitz—V1i+a? VI+az—V1i+22 VI+a+V1+a?
z? B z? Vita+VIta?
(1+a2)—(1+2?)
22 (VI+z+V1+2?)

2

T —x
g2 (\/1+x+\/1+z2)
1—=x 1

T Vita+Vita® z
Now as  — 0 we have ﬁ — 3 while £ blows up so the whole expression blows up
and the limit does not exist.
(¢) limgy_o2?sin (Z).
Solution: Since —1 < sinf < 1 for all 8 while 22 > 0 we have for all = that

AL
—z? < z% sin (7) < 2.
T

Now lim, ¢ 2% = 0 and lim,_,o(—2%) = 0, so by the sandwich theorem lim,_,o 22 sin (g) =0
too.

(d) (Final, 2014) Suppose that 8z < f(x) < 22 + 16 for all > 0. Find lim,_.4 f(z).
Solution: We have lim,_,4 8z = 32 and lim,_,4 22 + 16 = 32 so by the sandwich theorem
lim, 4 f(x) exists and equals 32.



