Math 100 — SOLUTIONS TO WORKSHEET 14
TAYLOR EXPANSION

1. TAYLOR APPROXIMATION

(1) (Review) Use linear approximations to estimate:

(a) logg and log % Combine the two for an estimate of log 2.
Solution: Let f(z) = logz so that f'(z) = 2. Then f(1) =
and f(1— %) ~ —%. Then log2 = log%/% = log% —log% ~ %
(b) sin0.1 and cos0.1.
Solution: Let f(z) = sinz so that g(x) = f'(z) = cosz and ¢'(x) = —sinz. Then f(1) =0
and ¢(0) = f/(0) = cos0 = 1 while ¢’(0) = —sin0 = 0. So f(0.1) ® 04+ 1-0.1 = 0.1 and
g(0.1) ~1—0-0.01 = 1.

Let f(z) =e*

0and f'(1)=1so f(1+3)~ 3

(a) Find £(0), f'(0), f*)(0), -

(b) Find a polynomial Tp(x) such that Tp(0) = £(0).

(¢) Find a polynomial Tj(z) such that T7(0) = f(0) and T7(0) = f/(0).

(d) Find a polynomial T () such that T5(0) = f(O) T5(0) = f(0) and T4 (0) = @ (0).
(e) Find a polynomial T3(x) such that Ték)(O = f®)(0) for 0 < k < 3.

Solution: /(r) = f'(z) = /() = = = " 50 f(0) = [(0) = ['(0) = - = 1. Now
To(x) = 1 works, as does Ty (x) = 1 + x. If To(x) = 1 + 2 + ca® then T4 (z) = 2c = 1 means
c =3 and Ty(x) = 1 + & + 322 Finally, T3(z) = 1+ z + 2% + da® works if 6d = 1 so if d = .

(3) Do the same with f(z) = Inz about x = 1.

Solution: f/(x) = L, [(x) = — &, ["(x) = 2 s0 f(1) =0, /(1) = 1, (1) = —1, /"(1) =2
Try T3(x) = a + bx + cx? + dz3 (can truncate later). Need a = 0 to make T3(x) = 0. Diff we get
Tj(z) = b+ 2cx + 3dx?, setting z = 0 gives b = 1. Diff again gives T4 (z) = 2c + 6dx so 2¢c = —1
and ¢ = —1. Diff again give 7§"(2) = 6d =2 so d = § and T3(z) = (z — 1) — 3(z — 1)* + }(z — 1)*.
Truncate this to get Tp, 11, T5.

)
Let ¢, = % The nth order Taylor expansion of f(z) about z = a is the polynomial

(4)

Date:

)
Tn(x):co+c1(x—a)—|— “+cp(x—a)?
z (=

Find the 4th order MacLaurm expansion of Taylor expansmn about x = 0)

SOluthl’l. f/(.’L’) - (1—1)2’ f//( ) - (1,w)3a f ( ) - (1,w)47 f ( ) - (171)5 f(k)(()) = k" and
the Taylor expansion is 1 + = + 22 4+ 2% + 2.
Find the nth order expansion of cos x, and approximate cos 0.1 using a 3rd order expansion

Solution: (cosz) = —sinz, (cosx)(2) = —cosz, (cos x)(3) = sinz, (cos x)(4) (z) = cosz and
the pattern repeats. Plugging in zero we see that the derivatives at 0 (starting with the zeroeth) are
1,0,—1,0,1,0,—1,0,... so the Taylor expansion is

1 1 " 1
cos:r—l—?:c —1—5 ax—i—
In particular, cos0.1 ~ 1 — £(0.1)% = 0.995.

(Final, 2015) Let Ts(z) = 24 + 6(x—3) + 12(2—3)? + 4(2—3)? be the third-degree Taylor polynomial
of some function f, expanded about a = 3. What is f”(3)?

Solution: We have ¢y = % =120 f? = 24.
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2. NEW FROM OLD

(Final, 2016) Use a 3rd order Taylor approximation to estimate sin0.01. Then find the 3rd order
Taylor expansion of (z + 1) sinx about z = 0.

Solution: Let f(z) = sinz. Then f'(z) = cosz, f®(z) = —sinz and f®)(2) = —cosuz.
Thus f(0) = 0, f/(0) = 1, f/(0) = 0, f3(0) = —1 and the third order expansion of sinzx is
0+ %x + %xQ + (;Tl)aﬁ =x— %x3. In particular sin0.1 ~ 0.1 — 6000 We then also have, correct to
third order, that

(x4 1)sinz = (z+1) x—le =z4z% - lef ! 4~x+x271z3
6 6 6 6
Find the 3rd order Taylor expansion of \/x + 3z abou tax=4.
Solution: Let f(z) = . Then () = f’ fA(z) = — =57z and fO(z) = 22752 Thus
fA)y=2, f'(4) =13, fAA)=—%, fP(4) = ;2 and the third-order expansions are
1
\/Ez2+1(x74)7 (z—4)° + (x —4)°
3x~ 12+ 3(x —4)

LR S I
322 256 - 3!

so that 1
~14+3~ - (x—4) — —(z—4)* + —(x — 4)3.
Vv + 3z +34 (x —4) 64(x )? +512(:5 )

Find the 8th order expansion of f(z) = e + cos(2x). What is £©)(0)?
Solution: To fourth order we have e* =1+ u + %- —|— T —&—21 so e¥ —1—1—95 + % —|— 5 —|—24

We also know that cosu:l—“;+£—m+4032o S0 006(2.13)—1—2.73 + 220 — a2t + 2a¥so
4 6 8 2 4 2
e"”2+cos(2x)%<1+x +2+:E6+:2E4) <12x +31’ 45x6+3151’8>
7 7 121
=224t —ab 4 o,

6 90 2520

In particular, f((z,(o) = & so fO(0) =6!- L = 20T = 56.

Show that log 1= 1+”” ~2(z+Z +2 4...). Use this to get a good approximation to log 3 via a careful
37175
choice of x.

Solution: Let f(x) = log(1 + «). Then f'(z ) = 1}rw, fA(z) = —ﬁ, @ (z) = ﬁ,
f®(z) = —(11'_31')?; and so on, so f¥)(z) = (—=1)F~ DL We thus have that f(0) = 0 and for

Tk
k> 1 that f®)(0) = (—1)5~1(k — 1)!. Then L)@ = CU o
2?2 23 a2t
log(l+a)=as— 2 45 2
og(l+z)==x 5 + 3 1 +
Plugging —x we get:
2 23 a2t
log(l—2) = —p — = — 2 _ o
og(l =) =—w—5 -5 -7
S0 s .
1
1og£ = log(1 + z) —log(1 — x) :2x+2%+2%+~~

In particular

1+1 1 1 1 11
log 3 =1 2 _9 — 14—+ — +--- 2 1.096
cEeT el <2+24+1&f* ) UETRET



