Lior Silberman’s Math 100 29

10. TAYLOR EXPANSION (4/11/2024)

Goals.

(1) Review: Linear approximation
(2) Higher order approximation
(3) Manipulating expansions
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TAYLOR EXPANSION

1. TAYLOR EXPANSION

(1) (Review) Use linear approximations to estimate:
(a) log 3 and log 2. Combine the two for an estimate of log 2.
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(2) Let f(z) =e
) Find f(0), f'(0), f*(0), - --

(a

(b) Find a polynomial Ty(x) such that Tp(0) = £(0).

(¢) Find a polynomial T3(z) such that 77(0) = f(0) and T’( ) = f/(0).

(d) Find a polynomial T5(x) such that T5(0) = f(0), 75(0) = f(0) and

1,7(0) = /().
(e) Find a polynomial T3(x) such that Tgfk)(O) = f®)(0) for 0 < k < 3.
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Let ¢ = &k),@ The nth order Taylor expansion of f(z) about z = a is the
polynomial oY h oby s/
Toz)=co+ci(zr —a)+ -+ cp(x—a)

(4) * Find the 4th order MacLaurin expansion of = (=Taylor expansion
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(5) Find the mth order expansion of cosz, and approximate cos0.1 using a
3rd order expansion
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(6) (Final, 2015) Let| T3(x) = 24 +6(z—3) 4+ 12(x—3)* +4(x—3)? be the third-
degree Taylor pdlynomial of some function f, expanded about a = 3.
What is f"(3)7
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for the kinetic

(7) In special relativity we have the formula £ = 2/ -
C

energy of a moving particle. Here m is the “rest mass” of the particle
and c is the speed of light. Examine the behaviour of this formula for
small velocities by expanding it to second order in the small parameter
r = v?/c*. What is the 4th order expansion of the energy? Do you
recognize any of the terms?
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2. NEW EXPANSIONS FROM OLD

Near u = 0: = =1l4u+u’+u’+ut- expu =

1—|—%u+%u2+%u3+%u4+---

log(l+u)=u—S+5—7+%—--

(8) (Final, 2016) Use a 3rd order Taylor approximation to estimate sin0.01.
Then find the 3rd order Taylor expansion of (x + 1)sinx about x = 0.
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(9) Find the 3rd order Taylor expansion of \/z — 3z about z = 4.

(10) Find the 8th order expansion of f(z) = What is f©)(0)?
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