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7. RELATED RATES (16/10/2024)

Goals.

(1) Direct application of the chain rule
(2) Problem-solving
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RELATED RATES SUMMARY

(0) Read problem: understand the idea, draw a picture if possible.
(1) Assign names:
e Choose axes, quantities of interest.
e Give a name to each quantity of interest.
(2) Function: determine the relations between the quantities of interest, ending up with a relation between just two.
(3) Calculus: differentiate the relation using the chain rule
(4) Interpretation: solve the problem using the calculus result.
e Make sanity checks (area can’t be negative, for example).
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Math 100A - WORKSHEET 7
APPLICATIONS OF THE CHAIN RULE

1. RELATED RATES 1: DIFFERENTIATION

(1) A particle is moving along the curve y? = x% + 2z.

When it passes the point (1 V3 ) we have Cdlg —

(2) Air is pumped into a spherical balloon at the rate
of 13cm3/s. How fast is the radius of the balloon
changing when it is 15cm?
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(4) The ideal gas law provides that PV = NKT for
mass of IV particles of an ideal gas, where P is the
pressure, V' is the volume, T is the temperature, and
k is Boltzmann’s constant.

(a) Suppose that we heat a mass of gas in a container
of fixed volume. Relate the rate of change of the
pressure to the rate of change of the temerature.

(b) Suppose that we compress a piston while hold-
ing the temperature constant. Relate the rate of
change of the pressure of the gas to the rate of
change of its volume. Is the pressure increasing or
decreasing?



(3) If we place an object at distance p from a thin lens,
the lenscrafter’s formula provides that the distance

of the image from the lens, ¢, is determined by
1 1 1

Poa ' lows
where f is the focal length of the lemath. Suppose

that f = 10cm and p = 30cm. If we move the object
away from the lens at the rate of 4cm/s, how fast is

Cg%bf the image moving? In which direction is it moving?
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(5) A closed rectangular box has sides of lengths 4, 5, 6cm.
Suppose that the first and second sides are length-

CIn

ening by 2= while the third side is shortening by

SecC
cm

(a) How fast is the volume changing?
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(b) How fast is the surface area changing?

[ A=2%y + 3y3+ Q2% )

c¢) How fast is the main dlagonal changing?
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2. RELATED RATES 2: PROBLEM-SOLVING

(6) (Final, 2015, variant) A conical tank of water is 6m
tall and has radius 1m at the top.
(a) The drain is clogged, and is filling up with rainwa-
ter at the rate of 5m?®/min. How fast is the water
rising when its height is 5m?
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(b) The drain is unclogged and water begins to drain
at the rate of (5 + Z)m?/min (but rain is still
falling). At what height is the water falling at
the rate of 1m/min?
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(c) Repeat the problem with tank upside-down (ver-
tex on top).
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(7) (Final, 2019) A 2m tall woman is running at night,
moving away from a 6m-tall lamp-post. Her velocity
¢t seconds after leaving the lamp-post is given (in
metres per second) by v(t) = 4 - sin(27t). How
quickly is the length of her shados changing after 3
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