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8. CURVE SKETCHING (23/10/2024)
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Math 100A — WORKSHEET 8
CURVE SKETCHING

1. CONVEXITY AND CONCAVITY

(1) Consider the curve y = x° — .

(a) Find the line tangent to the curve at x = 1.
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(b) Near & = 1, is the line above or below the curve?
Hint: how does the slope of the curve behave to
the right and left of the point?
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(2) For each curve find its domain; where is it concave
up or down? Where are the inflection points.

(a) y =xlogx — %SBZ.
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1 CURVE SKETCHING NOTES
1.1 Tools. Let f be differentiable as needed on (a,b).

Fact (First derivative). (1) If f'(z) > 0 for all z € (a,b) then f is strictly increasing there.
(2) If f'(z) < 0 for all z € (a,b) then f is strictly decreasing there.

Every change involves either a critical point (f’ vanishes) or a singularity (f’ undefined).

Fact (Second derivative). (1) If f"(z) > 0 for all z € (a,b) then f is concave up there.
(2) If f"(z) < 0O for all z € (a,b) then f is concave down there.

Definition. A change in concavity is called an inflection point.

Theorem. (Tests for minima and mazima) Let zo € (a,b) be a critical or singular number for f, and suppose f is continuous
at zg, differentiable near it.
(1) Either of the following is sufficient to show that f has a local minimum at zo:
(a) f"(z0) >0 or;
(b) f'(z) is negative to the left of o, positive to its right.
(2) Either of the following shows that f has a local maximum at Zo:
(a) f"(z0) <0 or;
(b) f'(x) is positive to the left of zo, negative to its right.

1.2 Curve sketching protocol. Given a function f.

Oth derivative stuff:
(a) The domain and the domain of continuity.
(b) Domains where f >0, f < 0.
(c¢) Anchor points: z- and y-intercepts.
(d) vertical asymptotes.
(e) Asymptotics at oo (if in the domain)
1st derivative stuff:
(a) Evaluate f’(z) [high stakes: error here loses a lot of points down the line]
Using this, determine:
(b) Domains where f' >0, f' <0
(c) Critical and singular points.
2nd derivative stuff:
(a) Domains where f” >0, f” <0
(b) Points where f”(z) = 0, inflection points.
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2. CURVE SKETCHING

(3) Let f(z) = o) (x) = C 2+1 >and f/(x) =

2(1—3z2)
(z241)3 -
(a) What are the domain and intercepts of f? What

are the asymptotics at £00? Are there any verti-
cal asymptotes? What are the asymptotics there?
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(b) What are the intervals of increase/decrease? The
local and global extrema?
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c¢) What are the intervals of concavity? Any inflec-
(c) y? Any
tion points?
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(d) Sketch a graph of f(z).
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) _(z—p)?
(4) Let f(z) = =€ 20.? -
(a) What are the domain and intercepts of f7 What
are the asymptotics at 007 Are there any verti-

cal asymptotes? What are the asymptotics there?
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(b) What are the intervals of increase/decrease? The
local and global extrema?
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(c) What are the intervals of concavity? Any inflec-
tion points?
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