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9. OPTIMIZATION (1/11/2024)

Goals.

(1) Review: calculus and the shape of the graph
(2) Optimization of functions
(3) Problem solving: optimization problems
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EX,(AMPLES
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(1) Is there a global max on [a, b]? N6 Is there a global min? Y&s
(2) How many local maxima are there? gl local minima? 3
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Which point on the line 3z + y = 6 is closest to the point (7,5)?
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Math 100A — WORKSHEET 9
OPTIMIZATION

1. OPTIMIZATION OF FUNCTIONS

(1) Let f(x) = 2* — 42? + 4.
(a) Find the absolute minimum and maximum of f
on the interval [—5, 5].
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(b) Find the absolute minimum and maximum of f
on the interval [—1, 1].
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(¢) Find the absolute minimum and maximum of f
(if they exist) on the interval (—1,1).
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(d) Find the absolute minimum and maximum of f
(if they exist) on the real line.
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OPTIMIZATION / RELATED RATES NOTES

(0) Read problem: understand the idea, draw a picture if possible.
(1) Assign names:
e Choose axes, quantities of interest. do
o Give a name to each quantity of interest. ) MMh
(2) Function/relations: express quantity to be optimized as a function of the dependent variable.
e Sometimes the quantity depends on several variables, and we need to enforce relations between them to end up
with one independent variable.
(3) Calculus: find the (relevant) domain of the objective function and the minima and maxima on the domain.
e (Related rates: use the chain rule when differentiating).

(4) Interpretation: solve the problem using the calculus result.
e Make sanity checks (area can’t be negative, for example).



2. OPTIMIZATION PROBLEMS

(4) A fish swimming at speed v relative to the water
faces a drag force of the form av? and thus has to out-
put a power of av®. If the fish is swimming against
a current of speed u > 0 (thus with speed v > u), it

will cover a distance L at time ﬁ The total energy
cost is then £ = av%—f—a. At what speed v should

the fish swim to minimize this cost?
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(5) A standard model for the interaction between two
neutral molecules is the Lennard-Jones Potential V (1) =

€ [(%)_12 — 2 (-}%)_6]. Here r is the distance be-

tween the molecules and R, e > 0 are parameters.
(a) What is the range of r values that makes sense?
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(6) Suppose we have 100m of fencing to enlose a rectan-
gular area against a long, straight wall. What is the
largest area we can enclose?
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(8) (Final 2012) The right-angled triangle AABP has
the vertex A = (—1,0), a vertex P on the semicircle
y = V1 — 22, and another vertex B on the z-axis
with the right angle at B. What is the largest pos-
sible area of such a triangle?
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