Math 100A — SOLUTIONS TO WORKSHEET 2
LIMITS. ASYMPTOTES, AND CONTIJUITY

1) Review of asymptotics: analyze the expression 6”;“752“ asr — 00, x — 0, z — —o0.
ymp y p £o , ,
Solution: Thisis a ratio. As x — 0o e grows rapidly while A sin z is bounded, so ¢* + Asinx ~
g pidly unded,
e, while in the denominator e* dominates z2 so e® — 22 ~ e* and we get &EASNT ] Agz — 0

er — 2
e + Asinz is close to 1 +0 =1 and ¢* — 22 is close to 1 — 0 = 1 so 61;,4% ~ 1 in that regime.
2

Finally as © — —oo e decays rapidly, so e* — 22 ~ —2? which is large. But Asina oscillates so

there is no clear asymptotic.

1. LiMmITS

(2) Either evaluate the limit or explain why it does not exist. Sketching a graph might be helpful.
(a) lim, 5 (x?’ — x)
Solution: When the function is defined by expression the limit can be obtained by plugging
in. lim,_,5 (a:3 — x) =125 -5 =120.
NE 0<z<l1
(b) lim,_,1 f(x) where f(z) =<3 x=1
2-22 z>1
Solution: lim, ,+ f(z) = lim,_,1+(2 —2%) =2 —12 =1 and lim,_,;- f(z) = lim,_,;- v/Z =

V1=1so0

9161_>mlf(:r) =1.
Vv 0<z<1
(¢) limg_,1 f(x) where f(z) =<1 r=1

4—22 z>1
Solution: lim,_,;+ f(z) = lim,_,;+(4 —2?) =4 — 12 =3 and lim,_,;- f(z) = lim,_,;- /7 =
v/1 =1 so the limit does not exist (but the one-sided limits do).
(a) (Final 2014) What is lim,_,5 f(x)?

. e : 1
Solution: f(z) = m = %4—4 so lim,_,3 f(z) = 3_%4 = .

(b) What about lim,_,_4 f(x)?

Solution: The limit does not exist: if z is very close to —4 then x + 4 is very small and —

x+4
is very large. That said, when z > —4 we have ﬁ > 0 and when z < —4 we have %H < 0 so

(in the extended sense)

r——4+t T + 4 = +oo
. 1
lim =—00
r——4—- x + 4

(4) Evaluate
e+ Asinx

(a) hmm—)oo e _ 12
Solution: By problem 1 this is 1.
(b) limgo GT;A%
Solution: By problem 1 this is 1 also.
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(c)

. e’+Asinz
limg oo et 22

Solution: By problem 1 the numerator is bounded while the denominator grows like x2, so
the whole expression tends to 0.

(5) Evaluate

(a)
(b)

: 41
limg 9 7245

ion: on i . _ : x4l _ 241 _ 3 _ 1
Solution: The expression is well-behaved at © = 2 so limy 2 75— = 1577 = 15 = 5-

(Final, 2014) lim,_, 5+ 2+2

z+3°

Solution: As x — —3 the numerator is close to —1 and while the denominator goes to 0 so
the whole expression blows up: we have i—j_g ~ % Now when x > —3 we have x4+ 3 > 0 so
the whole expression is negative and lim,_, 3+ i—ﬁ =lim,_, 3+ —ﬁ = —00.
lim e”(z—1)
Mg 1 2241 —2 )

. . . e (z—1) _ 1. e’(z—1) _ 1. e et e
Solution: lim,_, T = lim,_.q Tty = lim, ¢ il R 8
li e (z—1)
Mgy 2~ r24+1—2

(-1 (-1 @ -2 .
;Z(j:zf% = (;7&#2) = %5 ~ o5 and the expression blows

up (we have a vertical asymptote). If x < —2 then x 4+ 2 < 0 and thus
e’(x—1)

Solution: As x — —2 we have

lim =—
s——2- 22+ —2
limg (x,%
Solution: The function blows up at both sides, and remains positive on both sides. Therefore
li L =
a1z 12 o

Solution: |z —4| — 0 as z — 4 while sinx — sin4 # 0, so the function blows up there.
Since |z — 2| is positive and sin4 is negative (7 < 4 < 27) we have
sinz
AT

lim, , =+ tan, lim,_, = - tan .
Solution: We have tanz = 2. Now for z close to 7, sinz is close to sin § = 1, so sinz is
positive. On the other hand lim,_,z cosz = cos § = 0 so tanx blows up there. Since cosz is
ecreasing on |0, 7| it is positive if x < £ and negative if z > T, so:
d 0, ] it t fx <3 and t fx>73,
lim tanz = —o0
z—5 T

lim tanz = 4o
T 5"

2. ASYMPTOTES

(6) For each expression, determine its vertical and horizontal asymptotes.

(a)

x2+1
r—3
. 2 2 . 2 .
Solution: As z — +oo we have % ~ 2~ x s0 limgy oo ngl = oo and there is no
. 2 .
horizontal asymptote. As z — 3 we have 22 + 1 ~ 10 so £+L ~ 1% which blows up at that
y1p z—3 z—3 p
point so we have a vertical asymptote.
. x+1
(Final, 2015) >¥=—
. . r+1 ~ X 1 . x+1 _
Solution: As z — 400 we have T8 ™~ 12 2 so limg 7.5 =0 and we have

a horizontal asymptote y = 0 at both ends. Since 2% + 2r — 8 = (z — 2)(z + 4) we have

x+1 ~ 3 x+1 ~ —3 _ 1 _
Troa8 ~ oz AT 2 and > 75— ey el Ty S 4 we have and blowup

and vertical asymptotes at x = 2 and = = —4.
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(7) (Quiz, 2015) Evaluate lim,_, m

Solution: As x — —oo since Va2 = |z| = —z we have
3z 3z 3z
Vi o —2r  Vi?—2z 2z -2z
3z 3z 3
To(—2) -2z —4x 4
. 32 3
and hence lim,_, Wzl Bl
Solution: Change variables via x = —y with y — co. We are then looking at
—3y - 3y N 3y
Vi —y+2 V4242 2u+2y
3y 3
~ Iy ~-7
. 32 3
and hence lim,_, Worresrrial Bl

3. CONTINUITY

(8) Determine where each expression/function is continuous.
(a) f(xr) = £. Can you “fix” the problem at 07
Solution: This expression makes sense when x # 0, so it’s continuous on the punctured axis
(—=00,0)U(0,00). We also have lim, o £ = 1 so defining f(0) = 1 will “remove” the hole at zero
and give a function continuous on the entire axis (in fact the function which is identically 1).

1 x>0
(b) (“Heaviside step function”) H(z) = ¢ 1/2 2 = 0. Can you “fix” the problem at 07
0 <0

Solution: On each ray (—o0,0),(0,00) the function is constant, hence continuous. Since
lim,_,g- H(z) = lim,_,o- 0 = 0 while lim,_,q+ H(z) = lim,_,o+ 1 = 1 the one-sided limits
exist but disagree (a “jump discontinuity”) and no definition of H(0) will make the function
continuous. The function is thus continuous exactly on (—oo,0) U (0, c0).
(c) g(z) = Vlogx

Solution: The logarithm makes sense when > 0, but when 0 < z < 1 we have logz < 0 so
the square root won’t make sense. The expression thus makes sense on [1,00) and that’s where
the function will be continuous.

(9) (“Gluing functions”) In each problem find the value of the constant k such that the function is

continuous. .

2% —22° T
(a) f(x)z{ 2 72

k =2
Solution: For x # 2 we have f(z) = % = 22 so lim,_, f(z) = lim,_,2 2% = 4 and

setting makes the function continuous at 2. It is continuous everywhere else since for
any x # 2 f is defined by formula around .
8—kx z<k
b x) =
0 o=, " T
Solution: The only relevant point is x = k. At that point the value of the expression on the
left is 8 — k2, on the right is k2, so the function will be continuous when 8 — k% = k2, equivalently

when 2k? = 8 or k2 = 4, that is when .

Az® + B <k
(¢) h(z) = { v brrs (here A, B, D are constants with B # 0)

Akz+D x>k
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Solution:  The only relevant point is x = k. At that point the value of the expression
on the left is Ak? + Bk, on the right is Ak? + D, so the function will be continuous when

D
Ak? + Bk = Ak? + D, equivalently when | k = Bt

mzsin(l) x>0

(d) j(=) = {k+cosxz z<0

Solution: Since the expression on the right doesn’t make sense at x = 0 we can’t just glue
and need to resort to the definition. As x — 0 we have that sin ( %) is bounded while 22 — 0, so
2% sin (1) will still decay to zero and lim, g+ j(z) = lim,_,o+ #sin (2) = 0. On the other side
we have k 4 cos0 = k£ + 1 and the function will be continuous when this vanishes, in otherwords

when .



