Math 100A — SOLUTIONS TO WORKSHEET 5
THE CHAIN RULE

1. THE CHAIN RULE

(1) We know % siny = cosy.

(a) Expand sin(y+ k) to first order in k. Write down the linear approximation to siny about y = a.
Solution: sin(y + k) & siny + kcosy and siny ~ sina + (y — a) cos a.

(b) Now let F(z) = sin(3z). Expand F(x+ h) to linear order in h. What is the derivative of sin 32?7
Solution: F(x + h) = sin(3(z + h) = sin(3z + 3h) so we use y = 3z in the previous example
to get

F(x+ h) =sin(3(z+ h))
in (32 + 3h)
sm(3x) (3h) cos(3x)
sin(3z) + (3 cos(3z))h

Q

so the derivative is | 3 cos(3x) |

(2) Write each function as a composition and differentiate
(a) 6397
Solution: This is f(g(x)) where g(z) = 3z and f(y) = e¥. The derivative is thus

3 dEi?,;z:) _ '

x
(b) v2z+1
Solution: This is f(g(x)) where g(x) = 2z + 1 and f(y) = \/y. Thus

df(g(a:))_ / ’ _ 1 o — 1
(c) (Final, 2015) sin(z?)
Solution: This is f(g(x)) where g(z) = 2% and f(y) = siny. The derivative is then

cos(z?) - 22 = 2x cos(z?) .

(d) (7z + cosx)".
Solution: This is f(g(x)) where g(z) = 7z + cosz and f(y) = y™. The derivative is thus

n(7z +cosz)" " - (T —sinz) .

(3) (Final, 2012) Let f(z) = g(2sinx) where ¢’'(v/2) = v/2. Find f ().
Solution: By the chain rule, f/(z) = ¢/(2sinz)- L (2sinz) = 2¢’(2sinz) cosz. In particular,

H(TY Z oy T gy (2Y2) . V2
f (4) =2g (2s1n4)cos4 24’ (2 5 ) 5
:2@-%:2.
(4) Differentiate
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(a) a® for fixed a > 0 (hint: a = e'°8)
Solution: We have a” = (!¢ ®)” = e(log @) @5

d(a®) d(e"'8*) d(zloga)

dr  d(zloga) dx

(b) 7x + cos(z™)
Solution: We apply linearity and then the chain rule:

4 7 4 cos(am)) = 3072)  deos@®)

dz dz dz
B dcos(z™) d(z™)
=7 d(z?)  da

=7 —sin(z") -nz""t.

(C) e\/ cos T
Solution: We repeatedly apply the chain rule:

d
—eVeosT emg\/m
dx dx
1 d
_ ,Vcosz il
€ 2 /cosx dx oS

_ _ VowE sin
2 /cosx

3
(@) (tan(e")
Solution: We repeatedly apply the chain rule:

5\ 2
=3 (tan(efz ))

(
=3 (tan(e*zz)>2 (1 + tanQ(e*ﬁ)
)

=|—6 (tan(e_’”2) ’ (1 + tan2(e_”2)) e "

(e) (Final 2012) e(sin®)’?
Solution: We repeatedly apply the chain rule:

d ) ) d
" (e(SIHm)2) = e(sm‘rﬁ‘dx ((sinz)?)
= e(Si“$)22sinxd— sinx

T

sin z)

2
= el 2sinx cosx

= e(sino)® sin(2z).

f) e+ e+



Solution: By the chain rule:

;( T+ x+\/5> L d <sc+ :c+\/5)

20/ x+/xr+ xdx

|

1 d
-1 — (z T
2\/x+ x4+ Vr l+2\/x+\/§dx( +\F)]

t ler\/E{H?\l/fH '

g

i

20/x++/r+ VT

(5) Suppose f,g are differentiable functions with f(g(x))

2. Suppose that f/(g(4)) = 5. Find ¢'(4).

Solution: Applying the chain rule we have f/'(g(r))-¢'(x) = 32%. Plugging in x = 4 we get

59'(4) = 3-42 and hence g(4) = 4.

2. LOGARITHMIC DIFFERENTIATION

(6) log (e!?) = log(2199) =
Solution: loge!? = 10 while log(2!%?) = 100 log 2.
(7) Differentiate

(a) 7(1(105;“)) = Llog (12 +3t) =

1

Solution: By the chain rule, the derivatives are: - -a = 1 and t2+#3t (2t43) = Attt

t2+3t

. We can

also use the logarithm laws first: log(az) = log a+log x so % (logar) = L (log a)—i—%(log z)=1

dz

since log a is constant if a is. Similarly, log(t?+3t) = logt+log(t+3) so its derivative is 1

(b) %xz log(l + 1’2) = % log(2-|1-sin r) = 4

1
t TS

Solution: Applying the product rule and then the chain rule we get: - (ac2 log(1 + 332)) =

d

2z log(1 +2?) + 22

1+ 14x2 -
we get
d 1 1 1 cosr
— . =—-— — . —— . coST = — _ 5 —.
dr log(2 + sinr) log(2 +sinr) 2+sinr (2 + sinr)log®(2 + sinr)

(8) (Logarithmic differentiation) differentiate

Y= (mz + 1) : sinx-\/ﬁ -8 T,

Solution: We have

logy = log (.’172 + 1) + log(sinw) + log < ) + log (ecos;c)

343
1
= log (x2 +1) + log (sinz) — 3 log (333 +3) +cosz.
Differentiating with respect to x gives:

Y 2z 4 cosz 1 322 .
== - = —sinx
y 22+1 sinz 22°+3

and solving for 1/ finally gives

(2 st __ 3T G (2 +1) - sinz LN E
Y=\ 1 T sine 23+ 3) Va3 +3 ‘

(9) Differentiate using | f' = f x (log f)’
(a) a”

Solution: If y = 2™ then logy = nlogx. Differentiating with respect to x gives %y

y =y =na" L.
Solution: By the rule, L (27) = 2" (log(2")) = 2™ (%) = na" 1.
3

1I2 27 = 2wlog(1+2?) + 20" Using the quotient rule and the chain rule

"'=12go
xr



b) x*

" Solution: If y = z% then logy = zlogz. Differentiating with respect to x gives %y’ =
logz +z-1 =logz+1soy =y(logz+1)=a"(logz +1).
Solution: By the rule, L (27) = 2”4 (log(2?)) = 27 (log z + 1).
Solution: We have z* = (elogz)z = e?log®  Applying the chain rule we now get (x””)/ =
e?1o8 (logz + 1) = 2% (logx + 1).

(c) (logz)™s®
Solution: By the logarithmic differentiation rule we have

)COSI

d d
— (logz g (cosz log(log x))
x

dz

)COSI

= (logz

= —sinxloglog x (log )“**

)cosz cosx—1 l

= —sinzloglog z (log x + cosz (log z)

(d) (Final, 2014) Let y = 2'°8%. Find % in terms of x only.
Solution: By the logarithmic differentiation rule we have

dy dlogy logz d
29 — plogr — (] .1
dx Y dx . dx(Ogm 0g 7)

1 .
= glos® (210g:v . ) = 210gx~x1°g1_1 .
x

3. MORE PROBLEMS
(10) Let f(x) = g(z)"®). Find a formula for f’ in terms of ¢’ and h'.
Solution: By the logarithmic differentiation rule we have
f'=1" (hlogg)
! h’ /
:f<h logg+gg>
=h-g"t-g' +g"logg K.

Observe that this is the sum of what we’d get by applying the power law rule and the exponential
rule.

(11) Let f(#) = sin? @+cos? 0. Find % without using trigonometric identities. Evaluate f(0) and conclude
that sin @ + cos? 6 = 1 for all 6.
Solution: By the chain rule -& (sin 6)? = 2sinf cos§ and 4 (cos 0)? = 2cosf(—sin ) so

ﬁ = 2sinfcosf — 2sinfcosf =0,
de
It follows that f is constant; since f(0) = (sin0)? + (cos0)? = 1 we have f(#) = 1 for all §, which is

the claim.

(12) (“Inverse function rule”) suppose f(g(z)) = « for all x.
(a) Show that f'(g(z)) = ﬁ
Solution: Applying the chain rule we have f'(g(x))-¢'(z) = 1.
(b) Suppose g(z) = e”, f(y) = logy. Show that f(g(x)) = = and conclude that (logy)’ =
Solution: f(g(x)) = log(e*) = x. We then have f/(e*) = g,zr) =L so fi(y) =
> 0.
(c) guppose g(0) =siné, f(z) = arcsinz so that f(g(6)) = 6. Show that f’(z) \/%2

VI
Solution: We have f/(sinf) = L. = ﬁ so f'(x) = ﬁ for -1<z < 1.
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(13) (Final, 2015) Let xy? + 2%y = 2. Find % at the point (1,1).
Solution: Differentiating with respect to x we find y? + nyj—g + 22y + xQ% = 0 along the
curve. Setting z = y = 1 we find that, at the indicated point,
d
3+3-2 =0
dzl@,1)
SO
dy B
dzla,y



