Math 100A — SOLUTIONS TO WORKSHEET 6
INVERSE TRIGONOMETRIC FUNCTIONS

1. REVIEW

(1) Differentiate
(a) eveess
Solution: We repeatedly apply the chain rule:
d
eV = o oo
x
1 d
— pVcosz all
c 2y/cos x dz oSt
_ _e\/m sin x )
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(2) (Final, 2014) Let y = z'°¢%. Find (% in terms of z only.
Solution: By the logarithmic differentiation rule we have

dy dlogy log d
— = o8 1 1
-V d 1, logz - logz)

1
= gloez (210gz . > =2logx-x'°8%71,
x

(3) Find the line tangent to the curve y? = 4x® + 2z at the point (2,6).
Solution: Differentiating along the curve with respect to = we find 2y d” = 1222 + 2, so that

% = 6“3J+1 In particular at the point (2,6) the slope is 22 and the line is
25
V=G —(x—2)+6.

(4) (Final, 2015) Let xy? + 2%y = 2. Find dy at the point (1, 1)
Solution: Differentiating with respect to z we find y? + Qxy + 22y + CE2 dy = 0 along the
curve. Setting z = y = 1 we find that, at the indicated point,
d
3432 =0
dzl(,1)
SO
dy
dzl,1)
(5) (Final 2012) Find the slope of the line tangent to the curve y + z cosy = cosz at the point (0, 1).
Solution: Differentiating with respect to  we find 3’ + cosy — zsiny - y = —sinax, so that

y = fSiln_I;'S?EZy = S;nsf:;ibly Setting x = 0, y = 1 we get that at that point y’ = <1 = —cos 1.
(6) Find y” (in terms of z,y) along the curve x° + y® = 10 (ignore points where y = O).
Solution: Differentiating with respect to & we find 52* + 5y*y’ = 0, so that ¢’ = % Differ-
entiating again we find
g Axd daty’ Az’ 4a®
ytoyp vty
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2. INVERSE TRIG FUNCTIONS

™ T s

(7) Draw on the following axes graphs of sin6 on [—5, 5], cosf on [0, 7] and tan 6 on (—5, g), then of
their inverse functions. What are their domains and ranges?

(8) Evaluation

(a)

(b)

(Final 2014) Evaluate arcsin (—3) and arcsin (sin (217)).

Solution: sin (6) = % SO arcsin( ;) = —%. Also sin (?’1—1) = bln (3111” 27r) = sin (?—’{) =
sin (m — 97) =sin (25) and 27 € [—3, 3] so arcsin (sin (317)) =

(Final 2015) Simplify Sln(arctan 4)

Solution:  Consider the right-angled triangle with sides 4, 1 and hypotenuse /1 + 42 =

V17. Let 6 be the angle opposite the side of length 4. Then tanf = 4 and sinf = \/% SO
sin (arctan4) = sinf = \/iﬁ.

Find tan (arccos (0.4))

Solution: Consider the right-angled triangle with sides 0.4, v/1 — 0.42 and hypotenuse 1. Let

f be the angle between the side of length 0.4 and the hypotenuse. Then cosf = 0—14 = 0.4 and

V1-0.42 _ /0.84 0.84
tan = Y50 = Y- =4/ 016 = V520,

(9) Differentiation

(a)

Find <L (arctanz)

Solutlon Let 0 = arctanz. Then x = tan so by the chain rule 1 = % = % =
diand . 6 — (1 + tan? )9 so
d(arctanz) df 1 1
dx T dr  1+tan?f 1442

(b) Find & (arcsin (22))

d . _ 1 . .
Solutlon Since 4 arcsin(x) = T the chain rule gives

(arcsin (22)) = 2

dz V142’
Alternatively, let 8 = arcsin 2z, so that sin # = 2z. Differentiating both sides we get

dé
50— =2
cos P
so that
a2 2 B 2

dz ~ cosf \/l—sin297 V1—4z2’
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(¢) Find the line tangent to y = /1 + (arctan(z))? at the point where z = 1.

1

Solution: Since 4L arctan(z) = the chain rule gives

T+a22>
d 1 1
P 1+ (arctan(z))® = -2arctan(x) - T2
v 24/1 + (arctan(z))? T
arctanx

(14 22)4/1 + (arctan(z))?

Now arctan 1 = 7 so the line is

T w2

y=———(@—1)+/1+ .
8y/1+

(d) Find y' if y = arcsin (). What is the domain of the functions y, y'?
Solution: From the chain rule we get

d : 5x 1 5x 5651
— arcsin (e ) = ——=5e" = ———.
dz V1 — el0z V1 — eloz
The function y itself is defined when —1 < €®® < 1, that is when 5z < 0, that is when 2 < 0.
The derivative is defined when !9 < 1, that is when # < 0. The point is that since sin @ has
horizontal tangents at 47, arcsinx has vertical tangents at +1.
Solution: We can write the identity as siny = e and differentiate both sides to get 3’ cosy =
5e5% so that
, 56536 565:8 5853:

! cosy \/1—sin2y_ V1 —el0z




