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[10] 1. (a) Find f'(z), but do not simplify, given f(z) = w.

1+ e3®
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(b) Find gg, but do not simplify, given y = sin (\/ 1+z4— :v2>.
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Continued on page 4



UBC-SFU-UVic-UNBC Calculus Exam 2011 Name: Page 4 of 16

[9] 2. Find the exact values of these limits. Show your work.
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(¢) lim where a > 0 is constant. (Explain how the answer depends on a.)

z=o0 1+ a®’
X
Cage O <a <[ a0 as x—n 30
a _Q = O

1

=1 H’C{K [+ ©

a (/ 2
00 (+a” X"
Care a7l QX"'?OO A ks 2
L
[ - =
o 0 I S = 5 =



UBC-SFU-UVic-UNBC Calculus Exam 2011 Name: Page 5 of 16

[10] 3. Both parts of this question concern the point P with coordinates (1,2) on the curve

z® 4+ y® = 32y + 3. (+)

(a) Sketch and find the area of the triangle described as follows. One vertex is at
the origin. The other two vertices are the x and y intercepts of the line that is
tangent to the curve in (x) at the point P.

(b) Calculate y” at the point P for the curve in (x). Use your answer to make a
rough sketch that shows the relationship of the curve to its tangent line near P.
(If you can combine this sketch with the one requested in part (a), please do so.)

(@) On curve @), implicit defffereutuion 2o
3x°+ szj/= 3j +39<j’+o) e,
X jzj/ = xy/. 9
So at L i+4j’=2+j/ =+ 3y=] = 7/://3.
Tow tre 4= 2 f36-)) = 3 43X has iferceb
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[5] 4. Consider the behaviour near z = 0 for the function
f(z) =In(1+sin(7z)). [Note: In = log,,.]

Simply typing this formula into a modern computer leads to the values in the following
table, where f. denotes the computer’s approximation to the true function f.

T 5.000 x 10~1° 5.000 x 10~16 5.000 x 1017 5.000 x 10718

fo(x) | 3.508 x 107 | 3553 x 10715 | 4.441x107'° | 0.000

" IS’ ~/6 _ =
f (@) 3.5c>o></0/" 3.500x%[0 | 3.500x/0 3,500”0?

The computed values are not very accurate, and they get worse as the input z ap-
proaches 0. (All computers suffer from “roundoff error”. Handheld calculators are
typically even less accurate.)

Use a suitable tangent-line approximation to generate accurate values and fill in the
bottom line of the table. Report the same number of significant figures shown for

fe(z).

?(\/45 WMWM/% /n M&

Continued on page 7
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[5] 5. Ocean water absorbs sunlight, so that the light intensity L(z) at depth x below the
surface of the ocean satisfies the differential equation

dL

a—;~—kL

for some constant k. Experienced divers in the waters off Haida Gwaii know that at
a depth of 6 m, the light intensity is half its value at the surface. They can work
without artificial light down to a depth where the light intensity is one-tenth of its
value at the surface. How deep is this?
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Continued on page 8
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8] 6. Consider the curve y = 1/c? + z2, where c is a constant obeying ¢ > 1.
) g

(a) Show that the curve is concave up and make a rough sketch, clearly labelling all

/ - ﬂ = l{: W— g Jﬁ)
47 e J o452

- o) 2

o (D) /

(b) Find the (z,y)-coordinates of each point on the curve from which the tangent
line passes through the point (0, 1).

2
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Continued on page 9
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8] 7. (a) Write the limit-based definition for the derivative f'(a) associated with a given
function f and point a.

f@y:/ﬂ%~¥@+ww&o op A Eétlﬂ?

h = Xwva X%

h—ro

(b) Use limit-evaluation methods and the definition in part (a) to calculate f'(1) for

the function .

Flo) = 5

[Do not use differentiation rules in this part.]

) / / . N 4 — (’*{“f‘L\\M
§/((> — N *{:[(m)ﬁ T 43 ] = & L\[ (4-4) (4)

lfr‘? o

_ Pa =t =L

oo G

(¢c) Find L = hl’l’(l) (1+ tan(Sm))l/m by matching In(L) with the definition in part (a).

[Differentiation rules are welcome in this part.]

. ‘o : Lo (4 Fan(3%)
L) = P ,ak(0+mzx>y> = &4 er )

P f e )

, sel(3)0) | so
[Nojﬂ‘cf Q(o)iﬂm(D:O.] Cle fix)= m> >

f12=3

Continued on page 10
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[6] 8. Consider this proposed identity:

d [ ,\ _ [(dy ?
- (y ) = (da:) , for all real z. (*)

[Throughout this question, consider only y = f(z) such that f’ is continuous on R.]

(a) Find one function y = f(x) for which statement (x) is false.
=x il b 4= £09=2%  x Tege ane
J SN dfpernont]
it E) = (1)

(b) Find all functions y = f(z) for which statement (*) is true.

154()%4 He Aeft side: (0 © 233/3(39)

Cae 1 q =0,

This ok if aud w»%ﬁf g5 wgtudt.
Crce 2 ' 2y=o0. ~ 67—” Sow
e T iy if 5 -

torstrd A

Cage 3 j//x):,o TN Some X, j//)‘):Zj(K) for all ofles X.
They 715 TMW/MHE/{ wﬁ% Cmﬁnufj of ’j/"
Cagey 172 ane exhaugive.
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-t Continued on page 11
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. . . . . t
[6] 9. The acceleration of an aircraft ¢ seconds after it starts its take-off run is 2 + E

meters/sec?. If the aircraft is not moving at ¢ = 0, and it will take off when its
speed reaches 30 meters/sec, what distance will it travel before it takes off?

/AYCCfE/&f‘%JDb‘« G = Z—f %/5“ 67%&@3 %ﬁ‘

(v heing \/@Qow@ o = U+ 7%7L C
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gﬁs soma.  onst K. Use 0= x(o)= K % 74%:/

distance rz?u%’t@(; Lf
12
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Continued on page 12
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[8] 10. A fugitive whose height is 2 meters runs straight away from a searchlight mounted
10 meters above a point O on the ground. The gound is horizontal; the runner’s speed
is 8 meters per second. How fast is the shadow of the runner’s head moving along the
ground ...

(a) when the runner is 15 meters from O?
(b) when the runner is 25 meters from O?

(c) when the runner is  meters from O (as a function of z)?

Tike % @ O@W(Mmﬂajmﬁ;\q NeA s
be e disfance fo O fo the ko ghacimss

Shwilon As =— - 2

= 5x = 4s ;Jemtij(j \/4/@&/ 7@7 eo%f
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Continued on page 13
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[9] 11. There are infinitely many right circular cones with a slant height of L = 3 metres.

Find the base radius R for the one with the largest volume. (The “slant height” of a
cone is the length of a line from its vertex to a point on the perimeter of its circular

base. Many such lines are visible in the sketch below.)

Sample Cones of Slant Height L=3

SIDE  VIEW

Famous  eanc — V= /‘ZR h,  where h o o aight.

Pﬁﬁﬁjw@s: LIZ‘HQ1= LS = h=AC-R*, so
V(R) = 2 [I2 /%
Mariwizes Jn V mu be wariwices fn £ =G V)
Loy = RI(L-R),
) = 403(0-2) +RY(-2p) = 0?3[4L2~4R2—2Rz]

:z)Qg(QAI—S/QZ) crs p=* (3L

Sl‘;vx 513 ow newhonal dowioe,. DSREL:

St 2 ++ Y—L—-[—T >R
fry e A
MA)(
sey R=AGwm.
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[9] 12. Using the axes provided on the next page, make a reasonable sketch of the curve
y = f(z), using the information below:

lim f(z)=1, f(-1)=0, f(0)=1, f(1)=2, xll)r_}_loof(x) =

i) = 20=2)

m for all real numbers z.

Support your sketch with calculations that identify the following features:

(a) Exact intervals on which the curve is increasing or decreasing, and z-coordinates
for any local maximum or minimum points.

(b) Exact intervals on which the curve is concave up or concave down, and z-coordinates
for any inflection points.

[Note: The formula given above is for f’, not for f. A formula for f is not needed to
complete this question.]
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Continued on page 15
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PoT 3 GNEN PTS,
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[7] 13. Find the shaded area in the figure below (not drawn to scale). The curves involved

are y = z2 and y = 23 — 62. ”
ey =x"
(39)
=24 X A
A > X
// 2 ‘-jj:xiéx

G(VWL s foss x,\{ﬁ\ﬂm» O:(Xg-éx)—(x") = X(XL~)<"G>>
= x(x-3)(x+2).

T Ay w add axa &£ febels fo sketeh as above,
Add  hoo Ca-vx‘i(fa(ku)ll]bns; A:A\"‘A?) wshene
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o ~ ,
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O

oty A = (5-5) o) - #-0:0) =2k
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The End



