Chapter III. Convexity and Sufficiency
UBC M402 Lecture Notes (©2026 by Philip D. Loewen

A. Elementary Sufficient Conditions

The first order of business in most courses on the Calculus of Variations (and, indeed, most courses
in Optimization more broadly) is to describe some characteristics of the minimizers we seek. So we
know that every arc that gives even a local minimum in the Basic Problem

min{A[x] déf/ L(t,z(t),&(t) dt : z(a) = A, z(b) :B}, (P)

a

must satisfy the Euler-Lagrange equation. This is a necessary condition—a prerequisite for optimal-
ity. It’s safe to discard any admissible arc for which (IEL) does not hold. But the true statement,
“Every true minimizer lies in the set of extremals” is by no means equivalent to the much bolder
claim that, “Every extremal arc is a true minimizer.” Indeed the latter statement is often false.

Theorems that lay out conditions under which some particular arc must be a true minimizer

are known as sufficient conditions. Here is a frivolous prototype.

A.1. Theorem. Let T be an admissible arc for (P) that satisfies the following inequality for all
but finitely many t € (a,b):

L(t,Z(t),2(t)) < L(t,z,v) VzeR,VWweR, tela,b. (%)
Then ¥ gives a global minimum in (P).
Proof. For any arc x admissible in (P), (x) gives
L(t,Z(t), 2(t)) < L(t, z(t), &(t)).
Integrate both sides to get A[x] < Afz]. /]]/

The practical effectiveness of Thm. A.1 is roughly commensurate with the difficulty of its
proof. That is, the proof is essentially trivial, and the condition is nearly useless. There are very
few problems where simple pointwise minimization of the integrand at every instant yields an arc
that is even admissible, much less optimal! Even worse, we have met many true minimizers (often
in problems where L(t,z,v) is quadratic in (x,v)) for which the pointwise inequality in (*) is
false. Theorem A.1 is just too special to confirm optimality in many reasonable situations. We
need theorems that have the same conclusion as above, but weaker hypotheses, so that more true
minimizers can be verified.

Ideas. 1. A sufficient condition for optimality loses no power if we use it only within the subsets
of function space where all true minimizers are certain to appear. So adding the hypothesis
that the arc under test satisfies the Euler-Lagrange equation cannot accidentally discard any
actual minimizers.

2. Augment both sides of (x) with a quantity whose integral is zero.

Using idea 1, suppose T is admissible and satisfies (DEL):
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& (B0 100 =701 ) = ((G2.0) o) = 301 + (0 [x(0) - 30)
)

The left side integrates to 0 over [a, b], because x and ¥ have shared endpoint values:

/abjt (Lv(t) [z(t) — E(t)]) dt = [Lv(t) (z(t) — g(t))]b —o.

t=a

This leads to a useful sufficient condition:

A.2. Theorem. Suppose * € PWS|a,b| obeys (IEL) and, for almost all t € (a,b), one has
L (t,f(t),g'?(t)) F Do () [ — F(0)] + Lo (1) [v . f}s(t)} <L(t,z,v) VreR WweR (1)
Then T gives a global minimum in (P).

Proof. Take arbitrary arc x admissible for (P) and plug into (1), then integrate both sides. This
gives A[Z] + 0 < A[z] by the calculation above. /]]/

Essentials. The central inequality (1) above can be interpreted most readily if we consider a fixed
instant ¢ in (a, b), and suppress it in the notation. Then (1) looks like this:

v—Z

L(z,v) > L(z,7) + DL(Z,%) {x B 55] V(z,v) € R, (1)

We recognize the expression on the right side as the best linear approximation to the function L
near the point (Z,): geometrically, inequality (1’) says that (for each instant ¢) the hyperplane
tangent to the graph of the function (z,v) — L(t,x,v) at the point (Z,7) must lie on or below the
graph of the function itself. This property earns (1’) the name the subgradient inequality, since it
involves the gradient on the “low side”.

A.3. Exercise. Consider the following instance of the basic problem:
1
min{/ (#(t)? 1) dt : 2(0) =0, x(1) = B}.
0

Sketch the curve z = (v2 — 1)2 and some of its tangent lines; use these to help establish the
following properties of the admissible extremal z(t) = Bt:

(a) If B > 1, then ¥ gives a global minimum.
(b) If 1/v/3 < B < 1, then 7 provides a true minimum in the restricted problem where all
competing arcs must have elements in

Q:{(t,x,v):teR, z € R, 1/\/§<’U}.

However, T does not give a global minimum.

(c) If 0 < B < 1/4/3, then 7 provides a true maximum in the restricted problem phrased in terms
of
0= {(t,a:,v) cteR, z eR, v < 1/\/5}
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Chapter III. Convexity and Sufficiency 3

However, Z does not give a global maximum.

(d) If B =1/+/3, then 7 is neither a local minimum nor a local maximum, because there exists an
admissible variation h for which the objective value of Z + Ah is strictly monotonic on some
open set containing A = 0.

(e) Symmetric statements apply when B < 0.

As Exercise A.3 illustrates, it is sometimes possible to confirm inequality (1) after the arc ¥ is
identified. However, experience shows that there are many integrands L for which the subgradient
inequality holds for an arbitrary base point. These are the convex functions discussed in the next
section.

B. Convexity and its Characterizations 13 Feb 2026

B.1. Definition. A subset S of a real vector space X is called convex when, for every pair of
distinct points xo, 1 in S, one has

zxi=(1—=XNzog+ Az €S Vie(0,1). (B.1)

An equivalent presentation of the interpolating point defined in (B.1) is
xx = xo + ANx1 — x0), 0< AL,
Rearrangements useful later include
Ty —xo = Nx1 — x0), x1 —xx = (1 = A) (21 — x0), (1 =XN)[xx —x0] = A[z1 —x)]. (B.2)

B.2. Definition. Let X be a real vector space containing a convex subset S. A functional ®: S — R
is called convex when, for every pair of distinct points xg, x1 in S, one has

D[(1— N+ Azq] < (1 = N)P[zo] + AD[xq] VA € (0,1). (B.3)
If this statement holds with strict inequality in (B.3), then ® is called strictly convex on S.

Geometrically, a convex function is one whose chords lie on or above its graph; a strictly convex
function is one whose chords lie strictly above the graph except at their endpoints.

Notice that the definition of convexity makes no reference to differentiability, and indeed many
convex functions fail to be differentiable. A simple example of this is ®;[z] = |z| on X = R—note
that ®1[z] = [ sgn(t) dt; a more complicated example is ®o[z] := [ [¢] dt. The graph of @ is

shown below: it has corners at every integer value of x.
A
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Operations Preserving Convexity. Here are several ways to combine functionals that respect
the property of convexity. In each of them, X is a real vector space with convex subset S. (Con-
firming these statements is an easy exercise: please try it!)

(a) Positive Linear Combinations: If the functionals @1, ®, ..., ®, are convex on S, and ¢y, ca,
..., Cp, are positive real numbers, then the sum functional

Oz] := 1P [x] + coPoz] + - - + ¢, Py [2]
is well-defined and convex on the set S. Moreover, if any one of the functionals ®; happens
to be strictly convex, then the sum functional ® will be strictly convex too.

(b) Restriction to Convex Subsets: If ® is convex on S and S; is a convex subset of S, then the
restriction of ® to Sp is convex on S;. (An important particular case arises when S = X is the
whole space and Sy is some affine subspace of X: a functional convex on X is automatically
convex on S7.)

(c) Pointwise Maxima: If ®1, &5, ..., ®,, are convex on S, then so is their maximum functional
q)[:U] = maX{(I)l[x]a <I)2[:E]7 s (I)n[w]} :

(A similar result holds for the maximum of an infinite number of convex functions, under
suitable hypotheses.)

Convexity for Differentiable Functions. Recall that for ®: X — R, we define the directional
derivative

O h] = Tim Oz + Ah] — <I>[a:],
A—07F A
We use the notation D®[x](h) = ®’[x; h] to define an operator D®[x]: X — R. Asserting that the
operator D®[z] is linear is a very mild type of differentiability hypothesis.

x,h e X.

B.3. Theorem. Let X be a real vector space containing a convex subset S, and suppose ®: X — R
is such that D®[z| is linear, at every point x in S.

(a) @ is convex on S if and only if D®[x](y — z) < ®[y] — ®[z] for any distinct x and y in S.
(b) @ is strictly convex on S if and only if D®[x](y — x) < ®[y] — ®[z] for any distinct x and y in
S.

Proof. (a)(b)(«<) Let xp and z; be distinct points of S, and let A € (0,1) be given. Define
xx = (1=X)zp+ Az;. In statement (b), the assumption is equivalent to ®[z] < ®[y]+ DP[z](x —y)
for any x # y: choosing x = x) here, and then applying the inequality to both y = zg and y = a1
in turn, we get
Dlza] < Plo] + DP[zx](2x — 20), (t)
Ofza] < @[z1] + DO[za] (2 — 1) (1)

Multiplying (1) by (1 — A) and (f) by A and adding the resulting inequalities produces
O[zy] < A®[x1] + (1 — N)®@[zo] + DP[xn] (M(xr — 1) + (1 — X)(xx — 20)) - (%)

A simple calculation (recall line (B.2)) reveals that the operand of D®[x)] appearing here is the zero
vector, so this reduces to the inequality defining the strict convexity of ® on S. In statement (a),
the assumed inequality is non-strict, but exactly the same steps lead to a non-strict version of
conclusion (*). This confirms the ordinary convexity of ® on S.
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Chapter III. Convexity and Sufficiency 5

(a)(=) Suppose ® is convex on S. Let two distinct points x and y in S be given. Then for any
A € (0,1), the definition of convexity gives
Pz + My —2)] =P[(1 — Nz + \y]
< (1= N)2[z] + AP[y] = Pla] + A (P[y] — Pla]).
Rearranging this gives
Oz + Ny — )] — P[]
A

In the limit as A — 07, the left side converges to the directional derivative ®’[x;y —z], which equals
D®[z](y — z) by the linearity hypothesis. Thus we have

Doz)(y — z) < Oy — P[a]. ()

< Oy] — @[z].

This argument applies to any distinct points  and y in .S, so the result follows.

(b)(=) If ® is known to be strictly convex on S, then we certainly obtain (xx). It remains only to
show that equality cannot hold. Indeed, if x¢ and x; are distinct points of S where one has

®(z1) = ®(z0) + DP[zo](21 — 20),
the definition of convexity implies that for all A in (0, 1),
Ozy] < (1= N)P[xo] + AP[z4]

= (1 = N)P[zo] + A [P[zo] + DP[xo](z1 — x0)]

= ®[xo] + AD®[xo|(2x1 — x0) = Pl0] + DP[20] (22 — T0)

< Pfzy].
(The last inequality is a consequence of (xx).) This chain of inequalities reveals that

Ozy] = (1 — N)®[zo] + AP[z1] VA€ (0,1),

which cannot happen for a strictly convex functional ®. /]]/

Suppose S = X. The inequality at the heart of Theorem B.3, namely
Ofz] + DP[z)(y —x) < Py] Yy e X,

is called the subgradient inequality. Geometrically, it says that the tangent hyperplane to the
graph of ® at the point (x,®[z]) lies on or below the graph of ® at every point y in X. The
name also helps one remember the direction of the inequality: the “gradient” D®[z] is always on
the small side. It is worth noting that the subgradient inequality written above follows from the
convexity of ® using the differentiability property only at the point z—see the proof of “(a)="
above.

Subgradients and Subdifferentials. In the absence of any kind of differentiability hypothesis,
we can declare an interest in all linear operators &: X — R that satisfy the subgradient inequality,

Plz] +&(y—x) < Ply]  VyeX.

Every such £ is a subgradient of ® at x, and the set of all subgradients of ® at z is called the
subdifferential of ® at x, and denoted 0®(x). For exercise, (i) prove that if D®|[x] is linear, then
0®(x) = {D®[x]} is a one-element set; and (ii) explain, with pictures, why for X = R,

{0}, forx <O,
Pzl =z +|z] = 0®(x)=11[0,2], forz=0,
{2}, forx >0.
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6 PHILIP D. LOEWEN

Second-Derivative Considerations. We will never need second derivatives in general vector
spaces, so we focus on the finite-dimensional case (X = R™) in the next result. Here we write
D?®[z] for the usual Hessian matrix of mixed partial derivatives of ® at the point z:

[DQCID[x]L.j = 0°®/0z;0z;.

We assume ® € C?(R"), so the order of mixed differentiation does not matter and the Hessian
matrix is symmetric. The shorthand D?®[x] > 0 means that this matrix is positive definite, i.e.,

v D*®[z]v >0  Vw eR™ v#0. (B.4)
(A similar understanding governs the notation D?®[x] > 0.)

B.4. Theorem. Let S be an open convex subset of R", and suppose ®: S — R is of class C?.
(a) @ is convex on S if and only if D*®[z] > 0 for all x in S;
(b) If D*®[z] > 0 for all z in S, then ® is strictly convex on S.

Proof. (b) Pick any two distinct points x and y in S. Taylor’s theorem says that there is some
point ¢ on the line segment joining = to y (which lies in S) for which

O[y] = @[z] + DP[z](y — x) + 3 (y — 2)" D*P[€](y — x)
> ®z] + D[] (y — z).

The inequality here holds because D?®[¢] > 0 by assumption. Since z and y in X are arbitrary,
this establishes the hypothesis of Theorem B.3(b): the strict convexity of ® follows.
(a)(«=) Just rewrite the proof of (b) with ‘>’ in place of ‘>’.
(=) Let us prove first that the operator D® is monotone on S, i.e., that
(D®[y] — D[z]) (y —2) 20 Vz,y €S (%)

To see this, just write down the subgradient inequality twice and add:

Ply] — ®[z] > DP[z](y — x)
®[z] — @[y] > DP[y](x —y)
0> (D®[z] — DP[y]) (y — =)

Rearranging the sum produces ().

Now fix any z in S and v in R™, and put y = x 4+ A\v into (*), assuming A > 0 is small enough
that y € S also. For all such A > 0, this gives

(D®[z + \v] — D®[z]) (v) > 0.
Take g(A) := D®[zx + A\v](v): then the previous inequality implies that for all A > 0 sufficiently
small,
g(A\) = 9(0)

A

Now ® is C?, so g is C': hence the limit of the left-hand side as A — 0% exists and equals g’(0).
We deduce that ¢’(0) > 0, i.e.,

>0 VA > 0.

v D*®[z]v > 0.
Since v € R™ was arbitrary, this shows that D?®[x] > 0, as required. /]]/
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Chapter III. Convexity and Sufficiency 7

The second-derivative test, together with the simple convexity-preserving operations mentioned
above, is an easy way to confirm (or refute) the convexity of a given function. For example, when
X = R", the quadratic function

®lz] ="Mz +ovlz+c

built around symmetric n X n matrix M, a vector v in R", and a constant ¢, will be convex if and
only if M > 0 and strictly convex if and only if M > 0.

B.5. Exercises. (1) Consider the 2 x 2 matrix M = [Z Z] Prove that
M >0 < [d>0andad—b>>0]. (B.5)
Then show that (B.5) remains true if all nonstrict inequalities (“>") are replaced by strict
ones (“>7).
. . A B . . T T
(2) Consider the 2n x 2n matrix M = pT pl which A = A", B, and D = D" are

n x n matrices. (Collision alert: The symmetric matrix D here has no relationship with the
differential operator considered earlier in this section. The writer apologizes.) Show that

M >0 < [D>0and A— BD 'B" >0]. (B.6)

Here the matrix inequalities are interpreted as in (B.4). Hints: (i) D > 0 implies the existence
of D71; (ii) D = DT implies (D=7 = (DT)~1; and (iii) if D is invertible then

S |

0 I 0 D -1pT 1
C. Convexity as a Sufficient Condition—General Theory

C.1. Proposition. Let S be an affine subset of a real vector space X. Suppose that ®: S — R is
convex on S. If ¥ is a point of S where D®[z] is linear, then the following statements are equivalent:

(a) T minimizes ® over S, i.e., ®[z] < ®[z] for all x in S;

(b) Z is a critical point for ® relative to S, i.e., D®[x]|(h) = 0 for all h in the subspace V =5 —Z.

Proof. (a = b) Proved much earlier, without using convexity.

(b = a) Note that for any point x of S, the difference h = x — 7 lies in the subspace V of the
statement. Hence the subgradient inequality, together with condition (b), gives

o[z] = O[z] + DP[z](x — ) < P[z] Vx € S. /]]/
C.2. Corollary. If ®:S — R is strictly convex on some affine subset S of a real vector space X,

and T is a critical point for ® relative to S, then T minimizes ® over S uniquely, i.e., P[x] < ®[z]
forallz € S, x # .

D. Convexity in Variational Problems—Elementary Results

Convexity of Integral Functionals. Consider a relatively open subset Q of the (t,x,v)-space
[a,b] x R™ x R™, whose sections Q; = {(x,v) : (¢,z,v) € Q} are nonempty convex sets for each ¢
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in [a,b]. Associate with © the following collection of arcs = (the symbol R stands for “regularity
class”, and we will see different choices for R in later sections):

R = {x € PWS[a,b] : (t,z(t),z(t+)) € QVt € [a,b), (t,x(t),z(t—)) € Q Vt € (a,b]}.

D.1. Proposition. With Q as above, the set R is a convex subset of PWS|a,b]. Moreover, if L
is a continuous function defined on ) for which the function (x,v) — L(t,x,v) is convex on §; for

each t in [a,b], then the integral functional Alx] = ff L(t,z(t),2(t)) dt is well-defined and convex
on R.

Proof. Choose distinct functions 2y and z; in R, and fix any constant A in (0,1). To show that the
arc
xA(t) = (1 — Naxo(t) + A1 (¢)
lies in R, start with any ¢ in [a, b). Since xg, 21 € R, both points (z(t), Zo(t+)) and (z1(¢), z1(t+))
lie in €;. This set is convex by assumption, so the intermediate point
(1= X) (zo(t),Zo(t+)) + A (z1(t), Z1(t+))

lies in €2; also. But this intermediate point is precisely (zx(t),Zx(t+)). Since ¢ in [a,b) is ar-
bitrary, we deduce that (t,zx(t),Zx(t+)) €  for all such ¢. A similar argument shows that
(t,zx(t),x(t—)) € Q for all ¢t in (a, b], so that indeed z lies in R.

With the same notation as above, the convexity of L implies that for any time ¢ in [a, ],
L(t,x\(t),2x(t)) < (1 =X)L (t,xo(t), zo(t)) + AL (t,z1(t), 21(t)) .

Integrating both sides gives
A[J})\] < (1 — )\)A[(lio] + )\A[l’l],

as required. /]]/

D.2. Theorem. With Q and R as above, suppose the integrand L is of class C* on €. Suppose
the map (z,v) — L(t,x,v) is convex on € for every t in [a,b]. Then any arc T in R satisfying
(IEL) is a true minimizer in the problem

min {Alz] : z(a) = Z(a), z(b) =Z(b), x € R}.

More generally, any arc T in R for which A'[Z;h] = 0 for all h in one of the standard subspaces
V =Vir, Vio, Vor, Voo is a true minimizer in the corresponding problem

min{Alz] : z€z+V, v € R}.
Proof. This is a direct consequence of Propositions D.1 and C.1. /]]/

Remarks. 1. To establish that (x,v) — L(t,z,v) is convex on some set ; in (x,v)-space, it is
enough to show that the matrix below is nonnegative at all points (z,v) in §;:

Loo(t,x,v) Lgy(t,x,v)

Ly (t,x,v) Lyy(t,z,v)

In the case where both x and v are scalars, this amounts to confirming the simultaneous inequalities

V(z,v) € Qi,  Lyy(t,,0) >0, [LygLyy — L2, > 0.

v (t7'1:7/v) -

Vwa(t,x, v) =

2. It is quite possible for an integral functional A to be convex on some set of interest, but to fail
the double-inequality condition of Remark 1. (For example, consider the integrand L(t, z,v) = 2zv
on any affine subspace of PWS|0, 1] parallel to Vjg. This integrand is not convex by itself, but the
integral functional it defines is A[z] = 2(b)? — A2, where A is some constant, and this is convex.)
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Chapter III. Convexity and Sufficiency 9

Constraints and Multipliers. The following trivial-looking proposition can sometimes be used to
solve variational problems. It is very much in the spirit of the sufficient conditions throughout this
chapter: if its hypotheses hold, then the conclusions are irrefutable ... but the range of problems
in which its hypotheses can be relied upon remains unresolved, and there are no claims to general
applicability for the resulting method. The statement refers not only to the usual integral functional
A defined in terms of an integrand L, but to a completely analogous functional I' defined in terms
of an integrand G.

D.3. Proposition. Let both L and G be continuous on 2, and suppose T is an arc in R NS
for some convex subset S of PWS|a,b|. If there is some scalar \ for which T truly minimizes the

augmented functional A = A+ A\I" over RN S, then T also provides a true minimum in the problem

min{Afz] : z € RN S, I'lz] =T[z]}.

Proof. For the scalar A in the stated hypotheses, the assumed minimality of Z gives
A[#] + AT[7] = A7) < Alz] = Al2] + AT[z] Vo e RNS.

If we restrict attention in this inequality to those = for which I'[z] = I'[Z], then cancellation occurs,
and we obtain
Alz] < Alz] Vo e RN S where I'[z] = I'[Z],

as required. /]]/

D.4. Example. Find, with justification, a global minimizer in this problem:

min {A[a:] = /Ols'c(t)th . z(0) =0, /le(t) dt = w}.

Solution. To match the stated problem with the one treated in Proposition D.3, we must first
identify T[z] = [, «(t)dt and S = Vio. In this case, @ = [0,1] x R x R and R = PWS[0,1]. To
find an arc 7 that minimizes A = A + A" over R N S for some scalar A, we can restrict our search
to admissible extremals for the integrand z(t,m,v) = v? + Az satisfying the natural boundary
condition associated with .S. Thus we can focus on solutions of

26(t) =\, 0<t<1; 2(0) =0, 22(1-) = 0.

The differential equation has general solution Z(t) = (\/4)t? +mt + b, m,b € R; the left boundary
condition gives b = 0, and the right one gives m = —\/2, so we have

z(t) = (i) (t? —2t).

- ()]

so A = —67. Our candidate for minimality is

We also want

z(t) =3m (t— 3t°) .

So far the calculations look just like an application of the Lagrange Multiplier Procedure: the role
of Proposition D.3 is to provide justification after the fact in certain cases (like this one). Observe
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10 PHILIP D. LOEWEN

that for A = —6m, the augmented integrand Z(t,x,v) = v? — 67z is convex in (z,v) on all of
R? = € for any real t. So by Theorem D.2, the admissible extremal Z found above (and satisfying
the appropriate natural boundary conditions) truly minimizes A over RNS. Furthermore, I'[Z] = 7.
Thus the problem posed above is precisely the problem for which Proposition D.3 guarantees that
7 provides a true minimizer.

For interest, let us note that the value of the minimum in the problem above is

vz/o1 O <;>2 %(t— 1)?

If we think of 7 as a variable name instead of as a specific number useful in geometry, we realize
that the analysis above implies that V (a) = 3a? is a simple closed-form expression for the function

1 )\2

- = 2
=1 3m~.

0

V(a) = min {A[x] _ /Oly'c(t)th . 2(0) = 0, /le(t) it = a}.

At the point @ = 7, we have V/(r) = 67, which coincides exactly with —\ for the Lagrange
multiplier above. This is no accident, but the supporting details are beyond the scope of this

example. /]]/
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Chapter III. Convexity and Sufficiency 11

e Direct applications: If (z,v) — L(t,x,v) is convex on R™ x R"™ for each t, then every
extremal in the Basic Problem is a minimizer. Sufficient condition in 2D.

e Localization: Bring in open set {2 and run the contest between arcs with elements in 2. Same
outcome.

¢ Reformulation: Reconfiguring geometry problems, e.g., minimal surface of revolution.

e Change of Variables: More aggressive transformations, e.g., y = %x2 in SHO, or arc length
parametrization.

e Special Endpoint Criteria: More careful localization with MV'T assist. Refined results as
shown below.
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12 PHILIP D. LOEWEN

E. Convexity in Variational Problems—Refined Results* 2026-02-25

Careful attention to limits allows us to extend the validity of the convexity-based sufficiency theory
to some problems beyond the scope of the standard theory. In this section, we will slightly modify
three key aspects of the basic problem:

(i) the domain of the integrand function L,
(ii) the class of competing functions z,

(iii) the understanding of the integral A.

Standing Hypotheses.

(i) We will require only that the integrand L be defined and continuous, together with its partial
derivatives L, and L,, on an open subset Q of R x R™ x R", whose sections §2; are nonempty
and convex for each t in the open interval (a,b). (Of course, L may have good behaviour well
outside the set {2 on which we choose to concentrate, as is often the case. But working in
an open domain makes it possible to consider integrands like L;(¢,z,v) = v?/t on the basic
interval (0,1), or like Lo(t,z,v) = V1 + v?/y/x on the subset of (¢,z,v) space where z > 0.)

(ii) The competing curves will lie in the set C1[a, b], consisting of all continuous curves z: [a, b] — R™
for which & is well-defined and continuous on the open interval (a,b). (By contrast, the classical
set C'[a, b] consists of those = in C[a, b] for which both one-sided limits 4(a™) and #(b™) exist
and are finite. For example, the arc z(t) = v/1 — ¢2 lies in C;[—1, 1] but outside C'[—1,1]; the
arc z(t) = tsin(1/t) (with z(0) = 0) lies in C1[0, 1], but outside C'[0,1]. In particular, some
of the curves in C|a, b] lie outside PWS(a, b], and hence cannot be called “arcs”.)

(iii) The integral functional we consider will involve the improper Riemann integral:

Afz] = lim 'L (t,z(t), &(t)) dt.

a*?(l+
B—b— o

Notice that if a curve x in Ci[a,b] satisfies (¢,z(t),%(t)) € Q for all ¢t in (a,b), then the
integrand here is a well-defined, continuous function on (a,b), so the point of considering
improper integrals if necessary is just to account for possible unboundedness at the endpoints.

Under the standing hypotheses above, we consider the natural class of curves for which the integral
functional makes sense and has a finite value, namely,

R = {m € Chla,b] : (t,z(t),%(t)) € Qea.t € (a,b), and
Alx] exists and is ﬁnite}.
Here is the main result:

E.1. Theorem. Let ), L, and R be as described above. Suppose in addition that the function
(z,v) — L(t,z,v) is convex on §; for each fixed t in the open interval (a,b). Let T be a curve in
R for which (DEL) holds throughout the open interval (a,b). Then conditions (a)-(b) below are
sufficient to ensure that T provides a true minimum in the problem

min{Afz] : z € RNELNER}.

* This material is based on a preprint of Troutman (1994).
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Chapter III. Convexity and Sufficiency 13

These conditions are expressed in terms of the continuous function p(t) = L,(t): note that p must
lie in C1[a, b] in consequence of (DEL).
(a) [Left endpoint conditions| Either
(i) p(t) is bounded on some open interval of the form (a,a + J) (6 > 0) and
&L ={z € Cifa,b] : x(a) =Z(a)}, or else
(i) (t — a)p(t) is bounded on some open interval of the form (a,a + 6) (8 > 0), Z(a*) exists
finitely, and &£f, = {a: € Cila,b] : z(a) = Z(a), @(a™) = f(a*)}.
(b) [Right endpoint conditions| Either
(i) p(t) is bounded on some open interval of the form (b — 0,b) (6 > 0) and
Er ={z € Cia,b] : x(b) =Z(b)}, or else
(i) (b —t)p(t) is bounded on some open interval of the form (b — 8,b) (6 > 0), Z(b™) exists
finitely, and Eg = {ac € Cila,b] : z(b) = 3(b), &(b™) = :?(b—)}.

Proof. Choose any curve x in the set RN EL N ER. Fix any points o < /3 in the open interval (a, b),
and notice that for each ¢ in the closed interval [« 3], the convexity of the function (z,v) — L(t, z,v)
on §); together with the subgradient inequality gives

Lt,,0) — L(t,2(1),5(1)) > Da(t) (x — 3(£)) + Lo (1) (v - ?c(t)) V(z,v) € Q.

Now one point in € is (x(t),&(¢)), by definition of R. Making this choice above, we have an
inequality valid for all ¢; both sides of the inequality are continuous functions of ¢ in the entire
interval [, B]. We may therefore integrate to obtain

B .
/a [L(t,2). (1) — L(t.3(0),3(0)] at

~

B )
> /a [Lw(t)(:c(t)—fv\(t))—i-Lu(t)(ﬂ'U(t)—ﬂ?(t))] dt.

Now L, (t) = p(t) by definition, while p(t) = L,(t) follows from (DEL) at every point ¢ in |a, 3.
Thus

B .
/a [L(t,:c(t),ﬂb(t))—L(t,fg(t)@(t))} gt

B
z[;immawaMMﬁ—ﬁwmm—am

Now take the limit as & — a* and 8 — b™: the left side converges to A[z] — A[Z] by definition
of the improper Riemann integral (and the hypothesis that this exists, built into the specification
of R), while the right side converges to 0 thanks to the conditions defining £, and Er. (Details
below.) This proves that A[z] > A[Z] for an arbitrary curve z in R N &y N Eg, as required.

To show that the product p(t) (x(t) — Z(¢)) tends to 0 at both ends of the planning interval,
consider the left endpoint. In case (i), the function p is bounded and z(a)) — Z(a) converges to 0 by
definition of &£, so their product has limit 0, as required. In case (ii), the definition of £, stipulates
z(a) = Z(a): consequently

@mmmm—am»=<m—@ﬂm,

[e%

a—a a—a

z(@) —a(a)  Z(e) —%(a) > '
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14 PHILIP D. LOEWEN

Now both x and T are continuous on [a, o] and differentiable on (a, @), so the Mean-Value Theorem
provides points ¢ and ¢ in (a, «) for which

(o), 2(@) = 3(a)) = ((a — a)pla) , i(c) = #(2) ) -

~

In the limit as o — at, we have @(c) — @(a™) and Z(¢) — Z(a™). The definition of £, ensures
that these limits (exist and) are equal, while the coefficient function (o — a)p(«) is bounded by
hypothesis. Hence the product converges to zero, as required.

The situation at the right endpoint is entirely analogous. /]]/
E.2. Example (Simple Harmonic Oscillator). Consider the following variational problem:

b
min {/O (91 = y(1)?) dt = y(0) =0, y(b) = B}- (x)

y€C1[0,b]

Here the integrand is F'(t,y,w) = w? — y?, and any extremal satisfying the initial condition must
have the form y(t) = asint for some « in R. If sin(b) # 0, i.e., b is not an integer multiple of ,
then there is exactly one extremal through both endpoints, specified by taking o = B/ sinb.

A direct application of Theorem E.1 to confirm the optimality of these extremals is out of
the question, because the function F' is not convex in (y,w). This is obvious because the partial
function y — F(t,y,0) = —y? fails to be convex; testing the Hessian matrix

Fyy Fu] [-2 0
Fuy Fuow| |0 2

Now consider the change of variables z = %yQ: if y is an arc of class C*[0,b], then z(t) = $y(t)*
is too, and we can easily deduce

[ G -y ar= [ 20 ]

The integral on the right has the usual form, for the integrand L(¢, z,v) = U 9% At least in the
x

leads to the same conclusion.

region where > 0, the Hessian matrix of L in (z,v) (shown below) has positive trace and zero

determinant: )

v —U
Low Law| _ | 23 32
va LU’U —v 1
2 z

This suggests applying Theorem E.1 in the transformed variables, and then drawing conclusions
about the original problem. To put this program into practice, we must take careful account of the
hypotheses under which Theorem E.1 can successfully be applied, and the scope of the conclusions
that can be drawn.

First, we need an integrand with suitable smoothness and convexity properties on an appro-
priately defined domain: with L as above, the appropriate choice for Q is (0,b) x (0,00) x R. This
choice induces a specification for the regularity class R:

R ={z € C1]0,b] : z(t) >0Vt e (0,b), Alx] exists}.
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Chapter III. Convexity and Sufficiency 15

Notice that this set of functions does not contain the transformed versions of all smooth arcs y
admissible in the original problem (%), since R includes only curves x = z(t) whose antecedents
y = y(t) were nonzero on the open interval (0,b). This gap will have to be filled in later.

Next, we need a candidate to test for optimality: this will be Z(t) = 1a2sin*t, where @
is chosen to satisfy the right-endpoint condition Z(b) = %Bz. The candidate must lie in R and
satisfy (DEL) on the open interval (0, b): this is easy to confirm directly, provided B # 0. Finally,

we must introduce suitable endpoint sets. Taking

8)

. ~ (t) 2cost
P = Lo =70 = e
we note that p is unbounded on every open interval (0,6), 6 > 0. This forces us to abandon
option (i) from the left endpoint conditions available in Theorem E.1, and consider option (ii).
Since the product tp(¢) has limit 2 as t — 0T, this function is bounded on some interval of the form
(0,6), § > 0. What is more, any curve z in C[0,b] arising as x(t) = 3y(t)? for some smooth arc
y such that y(0) = 0 will have z(¢) = y(t)y(t), and hence not only z(0) = 0, but also #(07) = 0.
Thus option (ii) appears viable at the left endpoint. Before turning to the right endpoint, let us

summarize the problem addressed by Theorem E.1:

min{A|x| := ’ i(t)2 — ol :
{Alz] == /O (296 2 (t)) it "
z(0) =0, #(0%) 20, x(t) > 0Vt € (0,b), Alx] exists, z € Er}.

Case 0 < b < 7. If 0 < b < m, the costate p(t) = 2cot ¢ is bounded near the right end-time, so the
right endpoint conditions of Theorem E.1 apply in form (i). Thus we may replace the condition
“z € Er” in problem (f) with the simple endpoint constraint “z(b) = Z(b)”, i.e., “z(b) = $B*".
Then Theorem E.1 guarantees that ¥ is a true minimizer in problem (f). It follows readily that y
is a true minimizer in the original problem (%), provided the constraint y(t) # 0 for all ¢ in (0, b) is
added to the formulation.

Case b = 7. If b = 7, the boundary condition y(7w) = B in the original problem can be satisfied
by an extremal of the form y(t) = asint only if B = 0. And with B = 0, the extremal is not
unique: every real « yields an extremal satisfying both endpoint conditions, and for each of these
extremals the value of the integral to be minimized equals zero. To test the extremals in this
family for minimality, we choose any nonzero value for @ in order to produce a transformed curve
Z(t) = 1@?sin”t that is nonzero on the open interval (0,7). With this choice for Z, the costate
p(t) = 2cott is unbounded as t — 7~ but the product (m — ¢)p(t) has a finite limit. Hence we
cannot choose the first right endpoint condition in Theorem E.1. However, we note as before that
if y is a smooth curve obeying y(r) = 0, then z(t) = 1y(¢)? is a smooth curve too, and we have

z(m™) 2 0. Hence the second right-endpoint condition in Theorem E.1 is a viable alternative, and
we can conclude that T provides a true minimum in the transformed problem above under the
constraint

x€ép= {:EECl[O,TF] cx(r) =0, (7)) i0}.

It follows that if the constraint y(¢) # 0 Vt € (0, 7) is added to the statement of problem (%), every
function y(t) = asint, a € R\ {0}, provides a true minimizer.

Case b > m. When b > m, Theorem E.1 cannot be applied to the transformed extremal Z, for
several related reasons. First, Z(m) = 0, so the requirement that the graph of = stay inside the
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16 PHILIP D. LOEWEN

domain (2 for points in the open interval (0, b) is violated. Second, the costate function p(t) = 2cot ¢
is not a member of the function space C1[0,b], because it has a singularity at ¢ = m, an interior
point of (0,b). Third, the differentiated Euler-Lagrange equation p(t) = L,(t) is not satisfied on
the whole open interval (0,b) because both sides are undefined when ¢ = 7. Thus Theorem E.1 is
not available, and we are left to our own devices when it comes to deciding the optimality of our
candidate arc. (Of course, Theorem E.1 is just one way to prove that a given extremal is a true
minimizer; the simple failure of its hypotheses is not sufficient reason to claim that the extremal
is not a minimizer!) In this case, we abandon the transformation used earlier and return to the
original problem (x). Here we consider an extremal y(t) = asin(¢) and the admissible variation

h(t) = sin(nt/b).
For any real \, the arc iy + A\h is admissible, and its objective value comes to

/Ob ([z?(t) + M) = [5(t) + /\h(t)]2> dt = o? /Ob (cos?t — sin?t) di
+ 2a ) /Ob [ <7bT> cost cos(mt/b) — sintsin(ﬁt/b)} dt

+ A2 /0 ’ [<Z>ZCOS2(Wt/b) —sin2(7rt/b)] dt

=« [2 ]—i—O—i—)\ { 5 .

As the extremality of 7 would lead us to expect, the resulting function of A has a critical point at
A = 0. But the exact expression reveals that if b > 7, then the perturbed curve has a value lower
than that of ¥ whenever X\ # 0. Indeed, it shows that when b > 7, the original integral functional
is unbounded from below on the line in function space with base point 3 and direction h.

Summary. If 0 < b < 7 and B # 0, then the unique admissible extremal y(t) = (B/sinb)sint
provides a true minimum in the original problem, when that problem is restricted to curves that are
nonzero on (0,b). If b = and B = 0, then there is no arc that is nonvanishing on (0, 7) for which
the integral value is negative, and the value 0 is achieved by every arc of the form y(t) = csint,
¢ € R. Extending these results to allow comparisons with arcs that vanish in (0,b) is possible, but
requires different methods. /]]/
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