IV. The Second Variation
UBC M402 lecture notes (©2026 by Philip D. Loewen

A. Second-Order Necessary Conditions 2026-03-02

Consider the basic problem

b
nm{AM:i/Luwwjﬁwﬁ:ﬂ@:Aﬁﬂw:B}. (P)

If Z gives a directional local minimum, and y is any arc in
Vir = {y € PWS[a,0] : y(a) =0=y(b)},
then the function ¢: R — R defined by
P(A) := Az + Ay]

must have a local minimum at the point A = 0. Thus ¢'(0) = 0, which gives (IEL)
and all the theory developed so far. But also ¢/(0) > 0, which we now investigate.
Suppose L, L,, and L, are all C'. Then
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Since ¢”(0) > 0 must hold for any fixed y, we have the following result.

A.1. Theorem. Assume that L, L,, and L, are of class C'. Let T provide a
directional local minimum in problem (P). Then for any arc y in Viy, one has

b
0< )= [ (L3 + 2Len(Ou@i®) + LunOip(e)?] a.

In particular, the arc y(t) = 0 provides a global minimum in the so-called accessory
problem

yepr%ig[a’b] Myl = y(a) =0=y(b)}. (Q)

The accessory problem introduced in the statement of Theorem A.l is purely
quadratic, with an integrand

L(t,y,w) = a(t)w® + 2B8(t)yw + ¥(t)y”
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2 PHILIP D. LOEWEN

whose coefficients are determined by second derivatives of the original integrand L
along the given arc T:

a(t) = Evv (t)v B(t) = E:w (t>7 ’Y(t) = Za::c (t)

Assuming that L, L,, L, € C* makes these coefficients piecewise continuous functions
of t in [a, b].

Observations. 1. For problems where the basic integrand L has the general form
L(t,z,v) = fi(t)v* +2fo(t)zv + f3(t)x? + fa(t)v + f5(t)x + fo(t),

the partial derivatives needed to set up the accessory problem are all independent
of whatever reference arc 7 is given. It’s easy to calculate them, and arrive at

L(t,y,w) =2 [filhw® + 2f2(t)yw + f5(1)y°] -

In particular, if L is a purely quadratic function of (x,v), i.e., f4 = 0, f5 = 0,
and fg = 0, then L(t,y,w) = 2L(t,y,w), so J[y] = 2A[y]. Thus the only
consequential difference between (P) and (@) for purely quadratic problems is
that (@) imposes zero endpoint values.

2. The constant arc y(¢) = 0 is admissible in (@), so the inequality inf(Q) < J[0] =
0 is obvious. Theorem A.1 is useful because it provides the opposite inequality,
namely inf(Q) > 0, so that inf(Q) = 0.

3. The contrapositive form of Theorem A.1 gives this simple fact: Ifinf(Q) < 0 then
T is not a minimizer in (P). (Indeed, Z cannot be even a local minimizer—details
later.)

4. The only alternative to inf(Q) = 0 is inf(Q)) = —oco. Indeed, if inf(Q) # 0 then
(since we know inf(Q) < 0) there must be some admissible arc y; such that
J[y1] < 0. But then we can define a sequence of arcs y,(t) = nyi(t), n € N:
each y,, satisfies the boundary conditions, and since J is purely quadratic,

Jyn] = J[ny1] = n*Jy1] — —o0 as n — oo.
Thus inf(Q) = —oo, as claimed.
B. Legendre’s Condition

Inspired by the findings above, we consider a variational problem with purely quadratic
integrand:

min {J[y] 32/ [a(t)y(t)* + 28()9()y(t) +¥()y(t)?] dt = y(a) =0 = y(b)} (Q)

yePWS

We assume the coefficient functions «, 8, 7: [a,b] — R are piecewise continuous. The
notation is deliberately aligned with that in the accessory problem above, but here
we treat (QQ) strictly on its own merits.
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The Second Variation 3

B.1. Lemma. If a(7) < 0 for some 7 € [a,b] where « is continuous, then inf(Q) =
—00.

Proof. We may assume that the point 7 mentioned in the statement is not an endpoint
of [a,b]. (Indeed, if we know only that «(b) < 0, then we can use the continuity of
a near b to deduce that a(7) < 0 holds for a whole interval of points 7 near b. If we
start with a(a) < 0, a similar argument shows that many other points 7 € (a, b) near
a have negative a-values.)

Define ¢ = —%a(r): then ¢ > 0 and «a(7) = —2¢, so, by continuity of « at 7,

there exists some constant € > 0 so small that (7 —e, 7+ ¢) is a subinterval of (a, b),
and each ¢ in this subinterval gives a(t) < —c.

Fix any w > m/e and consider this smooth bump function (sketch!):

(1) = { LHeos(wt—r), forr—F<t<r+d,
= 0, otherwise.

Note that m/w < e, so the interval where y(t) # 0 is contained in the interval
(1 —e, 7+ ¢) on which a(t) < —c.

The derivative of this function is continuous:

(1) = —wsin(w(t —7)), for7 -2 <t <7+ I,
I\ = 0, otherwise.

Routine calculations and estimates give

T/ w 2
/_ / y(t)? dt = %wQ <§) = 7w,

T4/ W T W
[ wwsoracs [ soa=an,

—r/w T—m/w
T+ /w T+ /w
/ y(t)2dt§/ st = 5"
T—m/w T/ w w

Furthermore, piecewise continuity makes both constants 8 = max,<¢<p |8(t)| and
¥ = max,<;<p |7(t)| finite. Using these, we estimate the value of y in problem (Q):

b
th=/ [a()i(6)? + 28)a()y(t) +~()y(6)?] dt

— 8
< —cmw+ 8B +7 [—W] .
W
This estimate holds for every w sufficiently large. Since ¢ > 0, it’s clear that some
w > 1 will make the right side negative. /]]/

The general fact about quadratic variational problems just established has useful
consequences for the study of the accessory problem introduced in Section A.

B.2. Theorem (Legendre). Under the hypotheses of Theorem A.1, suppose T €
PWSJa,b] gives a directional local minimum for problem (P). Then

Ly(t) >0 ea.te[a,b]. (L)
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4 PHILIP D. LOEWEN

Proof. If, on the contrary, there were some 7 in [a, b] for which a(7) = ZUU(T) <0,
then Lemma B.1 would show that the infimum in the accessory problem is —oco. This
would contradict Theorem A.1, so it cannot happen. /]]/

/4
B.3. Example. min {/0 (z(t)? —&(t)%) dt : 2(0) =0, z(7/4) free}.

2

Solution. Here L(t,x,v) = z? — v? satisfies L,,(t,z,v) = —2 < 0 for all points

(t,z,v), so for any arc T one will have Low (t) < 0 for all t. Thus Legendre’s condition
is never satisfied, and no extremal gives even a directional local minimum! /]]/

C. Jacobi’s Equation; Conjugate Points 2026-03-04

Recall. If & gives a directional local minimum for the basic problem (P), then the
arc y = 0 gives an absolute minimum in the following problem:

~ ~

minimize J{y] := / (va ()§(1)* + 2Le Oy ()(E) + Lae (t)y(t)z) dt

subject to y(a) =0, y(b) = 0.

(@Q)

Problem (Q) is called the accessory problem corresponding to the arc Z. If both L
and T are sufficiently smooth, (@) is a variational problem of the sort we know how
to handle. Let us therefore assume throughout what follows that the minimizer
in (P) is of class C?, and that L., L., and L,, are continuously differentiable in
(t,2z,v)-space. [It is possible to get similar results with weaker hypotheses.] Then
any minimizing arc in (@) must satisfy both (DEL) and (WE1). In general notation,
the integrand in (@) has the form

L(t,y, W) = Luy(t)w? + 2Lgy (£)yw + Laa (£)y?,

and consequently the appropriate form of (DEL) is

%Lw(t, y(t),y(t) = Ly (¢, y(t), 4(t)),
% [zim (t)y + QEm(t)y] = 2L, (1) + 2L (t)y,
& (B3] = Bt = STt =0, (IDE)

Equation (JDE) is the Jacobi equation: note that it is linear, homogeneous, and of
second order.

Observations. It’s interesting to compare the Jacobi equation with the Euler-
Lagrange equation for problems where the basic integrand L has the general form

L(t,z,v) = fu(t)v? + 2f2(t)av + f3(t)a* + fa(t)o + f5(t)z + fo(t).

The Euler-Lagrange equation says, after a little rearrangement
d . . .
% [2103] = (2100 - 2:0) o = fu(0) - e
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The Second Variation 5

It’s a second-order linear ODE, in which the coefficient function fg(¢) is completely
irrelevant and the coefficients f4(¢) and f5(¢) attached to the linear terms in L account
for any and all inhomogeneity. For any reference arc z, the Jacobi equation for L is

% [2f1(t)y} — (2f3(t) - gf'Q(t)> y = 0.

This ODE for y is exactly the homogeneous form of the Euler-Lagrange equation
for x! In particular, whenever L is purely quadratic, the Jacobi equation and the
Euler-Lagrange equation are identical. Of course the situation can be more delicate
in general, but there are enough interesting quadratic Lagrangians in the world to
make this a fact worth noticing.

Rejecting Non-Minimizers in the Basic Problem. Recall the contrapositive
form of Theorem A.1: if inf(Q)) < O then T cannot be a minimizer in (P). For
the task of eliminating contenders from the competition to minimize in (P), we are
interested in recognizing situations where inf(Q) < 0. Jacobi’s differential equation
helps with this.

Example. For any b > w, A, and B, this problem has no solution:

min{/b (% —2® + 2f(t)z) dt : 2(0) = A, x(b) :B}.
0

(The given function f is smooth.)

Proof. Here a = 0 and L(t,z,v) = v2 — 22 + 2f(t)x. Every minimizer in the given
problem must be an extremal, so if there are no admissible extremals then there are
no minimizers and there is nothing more to do.

So suppose b > 7 and there is some admissible extremal, . Since the Lagrangian
is quadratic, we can compute the key elements of the accessory problem without
knowing anything more about Z:

Lo(t) =2, Luw(t) =0, Lya(t) =-2.
It follows that for any extremal at all, the associated Jacobi equation is
y+y=0.
A nontrivial solution with y(0) = 0 is y(¢) = sin(t). Use it to build

o Jsin(t), for 0 <t<m,
y(t)_{O, for m <t <b.

Notice that Lo, (t) = 47(t) has a jump discontinuity at t = m, so § breaks the corner
condition (WEL) in problem (Q), and in particular y is not a minimizer in (Q).
Consequently inf(Q) < J[y]. But direct calculation gives

b T
J[5] = / 2 <§(t)2 —y(t)2> dt =2 / (cos?t —sin®¢t) dt = 0.
0 0
So inf(Q) < 0, and the extremal ¥ is not a minimizer in (P). //]/
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6 PHILIP D. LOEWEN

The Strengthened Legendre Condition. The theory of differential equations
applies most cleanly to (JDE) in the nonsingular case, when the coefficient L, ()
of g(t) is nonvanishing throughout [a,b]. Since Legendre’s condition already limits

attention to arcs 7 € C[a,b] satisfying L, (t) > 0 throughout [a,b], it seems like a
small step to now assume the strengthened Legendre condition,

Lyo(t) >0 Vi€ [a,b]. (L)
When (LT) holds, two useful consequences emerge:

(i) Any extremal arc for the accessory problem (Q) must be C'. (This follows

because it makes L, (t,y, w) = Ly () > 0 for all w, so our usual appeal to the
Weierstrass-Hilbert corollary gives the conclusion.)

(ii) Jacobi’s equation (JDE) has a continuous positive coefficient on §j, so the best
existence and uniqueness results for second-order linear equations are available.
In particular, specifying y(c) and y(c) at any point ¢ € [a,b] will determine a
unique solution function y on the whole interval [a, b]. In the special case where
y(c) = 0 and g(c) = 0, the only compatible solution is the constant function

y(t) = 0.

C.1. Lemma. Under (L), all nontrivial solutions y of (JDE) with y(a) = 0 have
the same zeros.

Proof. Let y1(t) be the solution to the IVP
d r~ N N
(JDE) — [Lw(t)y} - [Lm(t) Sl |y=0, t>a,

(BC) y(a) =0, g(a) = 1.

Then let y(¢) be any nontrivial solution as described in the statement. Let m = g(a).
Since y is nontrivial, we must have m # 0. What is more, the combination

2(t) = y(t) —my(t)

is a solution of (JDE) for which z(a) = 0 and 2(a) = 0, so we must have z(t) = 0 for
all t € [a,b]. In particular, y(t) = myy(t) for all such ¢, and the result follows. ////

2026-03-06

C.2. Theorem (Jacobi). Assume L € C3. If T € C' provides a minimum in the
basic problem (P), and (L") holds for T, then the unique solution to the following
IVP satisfies y(t) > 0 for all t in (a,b):

0B & [Eun(0i] - L) = GEnl0]y=0. 1>

(BC) yla) =0, yla) = 1.

Proof. We prove the contrapositive. So suppose that there is some point ¢ in (a, b)
where y(c) = 0 for the function y in the setup. Define

~on_ Jyt), ifa<t<c,
y(t)_{o, if c < t<b.
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The Second Variation 7

Notice that since y(c) = 0 and y is nontrivial, we have g(c) # 0. In particular,

y(e™) = i(e) # 0 =y(c),

so y has a corner point at c. But J[y] = 0. Indeed,

= [ 20a05aa = [ (Fa®i? + 2La@u0i) + La@u?) a
(%

But y satisfies (JDE) on [a, ¢|, which we multiply by y and integrate:

[ estomtoPde= [y [Bui] der [ @@ GLawd )

Integration by parts gives

/acy(t)% [Evv(t)y} dt = [y(t)fw(t)y(t)]c _ /ac OO

| o2 Gt it = [y0Pat0)]) [ Tt o000

The boundary terms are all zero, so using these expressions in (xx) gives

/ Lan(t)y(t)? di = / Lo (0)i(0)? di / 9T (y(0)3(0) dt,

a

a simple rearrangement of J[y] = 0 in (x).

Now (L*) implies that extremals in problem (Q) cannot have corners. Since §
has a corner, it cannot be extremal. Hence it certainly cannot solve (Q): consequently
inf(Q) < J[y] = 0. This contradicts the minimality of Z, by Theorem A.l above.

/1]

We usually apply this theorem in its contrapositive form. Much as in the proof,
we start with a smooth extremal arc Z and check condition (L1). If this is satisfied,
we find a solution* y of (JDE) with y(a) = 0, y(a) # 0 and look for the first time
¢ > a when y(c) = 0. If this ¢ lies in the open interval (a,b), the Theorem implies
that Z is not a minimizer in the Basic Problem. The following definition supports
this approach.

C.3. Definition. Let Z be an extremal of class C* for problem (P). Assume (L*). A
point ¢ € (a,b] is called conjugate to a [relative to ] if Jacobi’s differential equation
(JDE) has a nontrivial solution y on |a, c] satisfying y(a) = 0 = y(c). In other words,
¢ > a is conjugate to a exactly when the following two-point boundary value problem
admits a nontrivial solution y:

d
dt
(BC) y(a) =0, y(c) =0.

With this new terminology, the statement of Theorem C.2 takes the following
succinct form. (The regularity requirements on L are the same as before, so we don’t
repeat them here.)

~

L))~ |Buslt) = GEnl0)]w =0, a<t<a

(JDE) "

* Possible ways to “find” a suitable solution are detailed below.
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8 PHILIP D. LOEWEN

C.4. Theorem (Jacobi’s Necessary Condition). IfZ is a minimizer in the Basic
Problem, then

There are no points in (a,b) conjugate to a relative to . (J)

D. Conjugate Points—Geometry

Linearization. Let I be an open interval containing a point a. Suppose F =
{z(t;a) : a € I} is a family of extremals for a given Lagrangian L, indexed by ele-
ments « of the interval I. Write Z(t) = z(t; @).

For example, when L(t,z,v) = v? — 22 + 2f(t)z as above, possible families of
extremals with / = R include

z1(t; ) = asint + x,(t), To(t;a) = asint + (1 — o) cost + x,(t), ete.

D.1. Proposition. In the construction above, suppose x is C? as a function of the
vector variable (t;«). Then the function below satisfies Jacobi’s differential equation
relative to Z(t) = z(t; ):

Ox

u(t) = 5 ()

Proof. For each « € I, the function ¢ — z(t; ) is extremal, so (DEL) holds:
0
aLv(t .I(t; a)7 xt(t; a)) = La:(ta .’B(t; a)v $t<t; Cl{)), Va € 1.
Compute 9/0a of both sides, using smoothness to interchange the mixed partial
derivatives:
0

g {Lm (t,2(t; ), () va (B ) + Loy (t, 2(8; ), 24 (1 a))ﬁ% (t;a)

ot

= Lo (t,z(t; ), 2 (t; ) ) o (85 ) + Lo (t, x(t; o), 24 (25 a))%xa(t; Q).

Now set o = @, remembering Z(t) = x(¢; @) and y(t) = z,(t; Q):

d [~ = . = = .
= |Loa®y(®) + Loo(®)3(8)]| = Loa(y(t) + Lon (£)3(2):
d - -~ d ~
— | Ly )| — | Lax — —Lgy = U
= G [End] = [Baat) = GEat0)] y=0
Thus y satisfies Jacobi’s equation relative to z, as claimed. /]]/

2026-03-09

(i) Points where extremal families bunch together. Suppose now that every
extremal in an indexed family as above passes through the same initial point (a, A),
ie.,

z(a;a) = A Vael. (1)

Assume also that the family of extremals has nontrivial a-dependence near t = a, in

other words, that

g—z(t; &) # 0 near t = a. (2)
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The Second Variation 9

ox

Then (1) implies that the arc y(t) = a—(t; @) obeys
«
oxr , . 0
yla) = 8_a(a; a) = 8_0/4 =0,

while (2) implies that y is not the zero function. Thus y is a nontrivial solution of
Jacobi’s equation relative to z, and (assuming the strengthened Legendre condition
holds along Z) the point ¢ will be conjugate to a iff

§E) =0 92 () = 0

s z(ca)=z(a)+z.(ca)(a—a)+ola—a), a—a,

< z(c;a) =2(c) +ola—a), a — a.

The last condition says that the family of extremals “bunches up” to crowd through
a small neighbourhood of the point (¢, Z(c)). If T is a weak local minimizer on [a,b],
this cannot happen inside the interval (a,b).

Pictorial Example. Think about paths of minimum arc length on the surface of
a sphere. These can be described by a variational problem in spherical polar co-
ordinates, and extremals turn out to be “great circles”—that is, circles formed by
the intersection of the spherical shell with a plane through the origin. Using the
planet Earth as a model for the sphere, and the north pole as the starting point, the
shortest path to any specified destination follows a single line of longitude on the
globe. These lines emerge from the north pole in every possible direction, but they
all cluster together again at the south pole. Thus the south pole is a conjugate point
to the north pole. The shortest arc from the north pole to UBC follows the longitude
123° 15" W: it passes over the Arctic Ocean, the Northwest Territories, and northern
BC. The opposite longitude, about 56° 45" E, connects the North pole to UBC via
Russia, the Ural Mountains, Iran, Oman, the Seychelles, Mauritius, the South Pole,
a very long stretch of water, California, Oregon, and Washington State. Clearly the
latter path is NOT the shortest one—even in a weak local sense. The mathematical
clue to this intuitively obvious fact is the conjugate point at the south pole.

(ii) Contact points with an envelope of extremals. Let F = {z(t;a) : o € I}
be any family of functions indexed by some open real interval I. A smooth curve
x = e(t) is an envelope of the family F if every curve z in F provides a unique
solution for ¢ in the system of equations

2(t) = e(t), @(t) = e(t).

(These equations characterize the instant when the graphs of x and e meet tangen-
tially.) In other words, we are asking that every o € I come with a unique contact
time ¢t = t(«) such that

(1) z(t(a); o) = e(t(a)),
(2) zi(t(@); ) = é(t(a)).

If the system (1)—(2) defines t as a differentiable function of «, and if z is a smooth
function of the vector variable (¢; ), then we can find the envelope curve by taking
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10 PHiLiP D. LOEWEN

d/dc in line (1) and using (2) to simplify:

0= [alt(0):0)  e(t(a))
= 2y(t(cv); a)j—; + za(t(a); @) — é(t(a))j—é (3)

= 24 (t(a); ).

Equations (3) and (1) are valid for all o in I: written together, in the form “0 =
zo(t; ), e = x(t;0)”, they provide a parametric description of the envelope curve
in the (¢, e)-plane. In some special cases one can solve for o = «(t) in (3), and then
determine a closed form expression for the envelope curve using (1):

e(t) = z(t; a(t)).

Example. The envelope of the family of straight lines x(t;a) = csca — tcota,
a € (0,7), is the top half of the unit circle.

Proof. Observe that

1 —tcosa (tsina)sina — (1 —tcosa)cosa  t—cosa
. xa(t;a) = . 92 - )
sin « sin® a sin” «

z(t;a) =

Thus the pair of equations (1),(3) says

1 —tcosa
e= ————, 0=¢t—cosqa.
sin «

A parametric description of the envelope curve, with parameter «, is therefore

1 —cos® .
t=cosa, e= —— =sinaq, O<a<m.
sin «v
This represents the top half of the unit circle in the (¢, e)-plane. /]]/

Now suppose that each curve z(¢; «) in the family F above is an extremal for
some given Lagrangian L, and that each one satisfies the initial condition

z(a;a) = A, Vael. (4)
If the family has an envelope curve E, then we have the following result.

D.2. Proposition. Fix a € I, and denote Z(t) = z(t;@). Suppose that z(t;«) is
C3 as a function of the vector variable (t; ), and that the strengthened Legendre
condition holds along . Then the time t = t(Q) at which the extremal arc T meets
the envelope curve E is conjugate to a relative to .

Proof. We already know that the function y(t) = z,(t;@) is a solution of Jacobi’s
differential equation satisfying y(a) = 0. (See the arguments above.) Equation (3)
above, with o = @, gives y(t) = 0. /]]/
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The Second Variation 11

E. An Example

This whole section is devoted to the following example and its near relatives:

min{/b VO L+ @) dt : 2(0) =1, 2(b) = B, x(t) > 0}.
0

Here L(t,z,v) = f(x)V1+ v? with f(z) = /z. In general, we have

v 1 f(z)
Ly(t,x,v) = f(x)—, Lyy(t,x,v) = f(x)——=, L—L,v=——=——.
Since Ly, (t,x,v) > 0 for all v whenever = > 0, it follows that any positive-valued
extremal arc x must be of class C2.

Since L; = 0, condition (WE2) implies that the function L — L, - v must be
constant along extremals. Recalling f(z) = \/z, we see that this constant must be
positive; writing it as 1//m for convenience leads to a first-order equation that any
solution must satisfy:

z(t) /1 . . .
Vivame \/% e #(0)? = ma(t) — 1 (*)

On any open interval where 4(¢) > 0, (%) implies

dx 2
—=dt = (| — |V —1=t+C,
vmxr — 1 (m) e +

() =vmz(t) -1 =

for some constant C', so

x@:%+%@+m?

(Note that 4(t) = m(t + C)/2 on such an interval.)

On any open interval where 4(¢) < 0, (%) implies

. dx 2
z(t) = —/ma(t) -1 = \/ﬁ:—dt = (E) vmr —1=—t—D,

for some constant D, so

ﬂw:%+%@+m?

(Note that 4(t) = m(t + D)/2 on such an interval.)

If the sign of & changes at time t*, the continuity of & requires that
m m
2 2

Thus the single expression below covers both cases, and provides a complete descrip-
tion of all possible positive-valued extremals for this integrand:

1 m m mC 1 mC?
ﬂwza+zu+cfzzﬁ+34+a+ T

(t"*+D)=—(t"+C), hence D = C.
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12 PHiLiP D. LOEWEN

Let o« = mC'/2: then C' = 2a/m, and a convenient two-parameter family of extremals
for the problem is
1+a?

z(t;a,m) = %tz + at + , a,m € R. (1)
m

Imposing the initial condition 1 = z(0) leads to m = 1 + a? and produces the one-
parameter family

1 2
z(t; o) = T air 1, aceR (1)
Notice that z+(0; a) = «, so extremals with different parameter values have different
t
initial slopes, and are therefore distinct. (Observe also that z(t;a) = W
Q@

holds for f(z) = (1 + 22)/2: a similar expression has already been observed in the
minimal surface of revolution problem, where the choice f(z) = cosh z generates all
extremals through the same initial point.)

To identify the extremals, if any, passing through the terminal point (b, B), we
must choose the parameter « for which

B:1+a2

b2 +ab+1,

. 2, o[, 4 4 b2
Le., OZZOC +ba+1—B+zzz|:Oé —f—EOé—f—b—Q(l—B‘Fz)}.

The quadratic formula gives

Thus there are three cases to consider:

(1) If B < b?/4, then there is no choice of « for which the extremal z(t; ) passes
through the target point. The problem has no admissible extremals, and hence
there is no minimum.

(2) If B = b?/4, then there is exactly one admissible extremal, determined by taking
a=—2/b.

(3) If B > b?/4, then there are two admissible extremals, with parameter values

-2 2 -2 2
Oé_|_:T 5 B—b2/4, Q_ZT—E\/B—[)2/4.

(Note that a— < 0 is guaranteed, whereas the sign of a; depends on the size of
B.)

Second Order Analysis. Suppose a target endpoint <E7 §> is given, with B > D2 /4.
Choose a parameter @ for which the arc Z(t) = x(t; @) is admissible. Let us use the
second-order theory to scrutinize .

(i) The Legendre Condition. Since Ly, (t,z,v) > 0 for all x > 0, ¢, and v, the
strengthened Legendre condition (L) is sure to hold along any positive-valued
extremal arc.
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The Second Variation 13

(ii) The Jacobi Condition. We seek points conjugate to ¢ = 0 along the selected
extremal 7.

Method 1. Onerous direct calculations will confirm some of the theoretical devel-
opments above. This can build confidence, but it is an inefficient strategy

for problem-solving.

V14 0?

_,/1_’_(’172

Lxm(taxﬂ)) = _W — Lxm(t) = 4@@) ’
v ~ Z(t)
va t7m7v e —— :> va t — T,
( ) 2\/x 1+ v? Q 21+ a2z(t)
~ 1
Lot z,0) = — V2 s Tou(t) =

(1 +v2)3/2 (1+a2)*2 ()

Lengthy additional calculations reveal a simplified form of Jacobi’s differ-
ential equation relative to T:

0=2Z(t)j — z(t)y + <1+a2> y

2
- 1
= (l—l—at—l—(

+ a2

Je)o- o+ (4 o+ (42)s

Nontrivial solutions to this equation are not immediately apparent.

Method 2. In the two-parameter family (), every curve is an extremal. The
extgg%rnal z identified above is associated with the values « = @ and m =
m = 1+ &2. Fixing either one of these values leaves a one-parameter
family of extremals indexed by the other, to which the theory developed

above applies. So two solutions of Jacobi’s equation relative to  are

) = Lot m) 42 —
= —I(l;a, M = - = —
u da™ s m|, o 1+ a2
0 N 2 1+a? 12 1
t) = —ux(t; = |— — =— = —.
y2( ) 8777,33( 7Oé,m) o~ |:4 mg N 4 (1 +&2)

These solutions can be confirmed by direct substitution in Jacobi’s equation
above, but we must stress that they were found directly from (1): the explicit
form of Jacobi’s equation is not required to construct them! Clearly 3,
and y- are linearly independent, so their linear combinations give rise to
the general solution of Jacobi’s equation above. In order to find conjugate
points, however, we need a solution with initial value y(0) = 0. To construct
such a solution, one may either consider a suitable linear combination of y;
and v, or else use the same method just described on the one-parameter
family of extremals (}), for which every curve obeys the initial condition.
The latter approach yields the solution

e ()¢
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14 PHiLiP D. LOEWEN

(Note that y = y; + (2a@)y2, as the former approach could have produced
directly.) It follows that there is a point conjugate to t = 0 relative to the
arc T only if @ < 0, and in this case the unique conjugate point is t = —2/a.

In case (2) of our endpoint analysis above, we had @ = —2/b, so b = —2/a = t. The
conjugate point falls exactly at the right endpoint of the interval [0, b]. This situation
is permitted by Jacobi’s necessary condition, which only precludes conjugate points in
the open interval (0,b). So the unique extremal in case (2) satisfies our second-order
necessary conditions.

In case (3) above, both possible values @ = a1 can be handled in parallel. Each
gives a respective conjugate point

~ 2 —2

b
ar 242 /Bp2/4 15 ,/B-0*/4

For the option with the lower sign, the denominator here exceeds 1, so ¢ = t_ lies in
(0,b). Therefore the extremal selected by a_ violates Jacobi’s necessary condition,
so it is definitely not a minimizer. For the option with the upper sign, the sign of
the denominator depends on the precise location of the target point (b, B):

i) IfB>1+ %, then /B —b2/4 > 1 and we have ay > 0. This makes
t. = —2/ay negative, so there is no conjugate point in (0, b).

(ii) If B < 1—}—% (while B > b*/4 since we're in Case (3)), then 0 < /B — b2/4 <
1. This implies that

2 2 2 2 2
—— < =——+-/B-02/4< —+-=0.
b= T Ty <55
This makes t; = —2/a > b, so there is no conjugate point in (0, b).

It follows that when @ = o, the extremal z(t; a4 ) does satisfy Jacobi’s condition.
This extremal is not discardable: advanced techniques show that it is indeed a true
minimizer.

Envelopes. Consider the one-parameter family of extremals (1). This family forms
an envelope, as we can show by considering the system

1 2
(1) e=x=1+4at+ —Za t2,
Ox o
2) 0=——=t+ —t°
2) Oa + 2
In this easy case, (2) gives & = —2/t and substitution in (1) then gives

1 1 1
e +( )+<4+t2) 1

Thus the curve z = e(t) dof 1t% provides an envelope for the family of extremals

above. This envelope curve coincides with the boundary of our case analyses above:
it is precisely the boundary line dividing the target points hit by two extremals from
those hit by no extremals at all. For an endpoint (b, B) above the envelope curve,
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0 1 2 3 4 5 6
t

Figure E.1: Quadratic Envelope Curve and Extremals

the extremal x(¢;a—) has a conjugate point —2/a_, and this lies in (0,b), so this
extremal is not optimal. Only the extremal z(¢; oy ) can possibly give the minimum.

The situation is accurately depicted in Figure E.1, where the envelope curve
x = t2/4 is shown together with several members of the extremal family (). Two
target points are highlighted.

e For the particular endpoint (b, B) = (2,5), the appropriate parameter values
turn out to be a— = —3 and a4 = 1. The corresponding times when these
curves touch the envelope are t_ = 2/3 and t; = —2.

e For the particular endpoint (b, B) = (2,2), the appropriate parameter values
turn out to be a_ = -2 and a4 = 0.

In both cases o generates the lower curve, which is not optimal, and a4 generates
the upper curve, which can be shown to be optimal using techniques to be described
later.

Remarks. Using the function f(z) = (1 + 2?)/2, the family of extremals in (f) can
be expressed succinctly as

fla+tf(a)
fle)

For the minimum surface of revolution problem, where the integrand L = zv/1 + v2 is
very similar to the one just treated, it turns out that the family of extremals obeying
x(0) = 1 can be expressed similarly, just by replacing f with cosh in the formula
above. Since both f and cosh are even convex functions with comparatively rapid
growth and positive minimum values at the origin, it seems reasonable to expect a
certain similarity in the qualitative features of the results for these two problems. This

z(t;a) =
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16 PHiLiP D. LOEWEN

turns out to be the case: extremals in the minimum surface of revolution problem do
exist for some target points and not for others, and above a certain envelope curve
[not available in closed form| each point is hit by two extremals emanating from
(0,1). The lower one of these extremals touches the envelope before reaching the
target point, and therefore fails to be even a local minimizer.
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