Chapter V. Strong Minima and the Weierstrass Condition
(©)2026, Philip D. Loewen

A. Classifying Local Minima 2026-03-13

Recall the basic problem

b
min | {A[x] = / L(t,x(t),&(t)) dt : x(a) = A, z(b) = B} , (P)

x€PWS|[a,b

and the associated space of admissible variations
Vir = {h € PWS[a,b] : h(a) =0, h(b) =0}.

Intuitively, to say that an admissible arc Z gives a “local” solution for the basic
problem should mean that one has

Alz] < A[z + h] for all h in Vi; “near” 0.

Different concepts of “nearness to the zero-function” lead to different notions of local
minimum. The arc T provides

(i) a global minimum if A[z] < A[z + h] for all h in Vip;

(ii) a strong local minimum (SLM) if there exists € > 0 so small that A[z] < A[Z + h]
holds for all A in Vj; satisfying the single condition

h(t)| < e;
Jél[i‘fé}‘()’ £

(iii) a weak local minimum (WLM) if there exists € > 0 so small that A[Z] < A[Z+ Al
for all h in Vi satisfying both

sup |h(t)] < e and sup ’h(t—l—)‘ <€
t€|a,b] t€la,b)

(iv) a directional local minimum (DLM) if for every h in Vi there exists e = e(h) > 0
so small that A[Z] < A[Z + Ah] holds for all real A in the interval (—¢,¢).

Remark. The notation in condition (iii) reflects the possibility that h might fail to
exist at finitely many points. (Various alternative ways to deal with this possibility
exist; none is completely satisfactory.)

There is an obvious hierarchy in these concepts: every global minimizer also
satisfies the criteria to lie in each of the local categories listed above. Any strong
local minimizer is certainly also a weak local minimizer, and any weak local minimizer
clearly gives a directional local minimum. [Indeed, if Z gives a WLM, and any fixed

arc h € Viy is given, then the number M(h) = sup;c,.) {|h(t)|, ‘h(t—k)’} is finite

because h is piecewise smooth. Choosing ¢4 = €, /M (h) will show that whenever
|A| < eq, the arc Ah satisfies both inequalities in condition (iii), so A[z] < A[Z + Ah].
This establishes the desired statement defining a DLM. |
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2 PHILIP D. LOEWEN

Domains. In order to detect a local minimum of one type or another, it suffices to
consider the behaviour of the Lagrangian L only on some subset of [a,b] x R x R.
For strong local minima, the appropriate set is the tube

T(Fe) = {(t,z,0) : t € [a,b], |z —T(t)| <&, veR],

Note that whenever () is a relatively open subset of [a,b] X R containing the graph
of Z, the set @ x R will contain T'(Z;¢) for some € > 0. To help in the study of weak
local minima, we consider the restricted tube

RT(z;¢e) = {(t,x,v) ct€a,b], |z —Z(t)] <e, ﬂ?ﬁ'” —(s)] < 6}.

Draw a picture of the restricted tube for some simple function like Z(t) = |t|.

B. Strong versus Weak Local Minima

Example. The arc Z(t) = t provides a weak local minimum, but not a strong local
minimum, for the problem

min ]{Am - /Olj:(t)?’dt . 2(0) =0, 2(1) = 1}. (P)

z€PWS|[0,1

Proof. [WLM] Note that L(v) = v has L,, = 6v, which is positive when v > 0.
Hence L is convex on the interval (0, 00), and its graph lies above its tangent lines on
this set. The tangent line when v = 1 is of particular interest, since Z(t) = 1 always:

Yo >0, L) >L1)+L,(1)(v—1), ie, v>>2#)°+30w—-2). (1)
This implies that the definition of WLM holds with € = 1. To see why, consider any
admissible arc x with ’x(t) — 55(15)‘ < 1 almost everywhere. For almost all ¢, we have
z(t) € (0,2) and hence

#(t)° > Z(t)° + 3(i(t) — Z(t)).
Integrating both sides and noting the boundary conditions gives
Alz] > Alz] + 0,
as required.

[SLM] To show that 7 fails to give a strong local minimum, we must show that for
every € > (0, no matter how small, there is some variation y € V;; satisfying both

max |y(t)| <e and AT +y] < AlZ].
te[0,1]

The size restriction on y will be satisfied by the piecewise-linear variation with nodes
t (0,0), (o, B), and (1,0) whenever |B| < e. For any  obeying this restriction, the
variation just described will obey

) , for 0 <t < o,
= %B fora <t < 1.
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Chapter V. Strong Minima and the Weierstrass Condition 3

Calculation reveals

« 3 1 3
A[§+y]:/0 <1+§) dt+/ (1+1__ﬁa) dt

Now suppose 3 < 0. Taking the limit as a — 0T causes the first term to diverge
to —oo, while the second term converges to the finite quantity (1 — 8)3. This forces
Az + y] < A[z] for all @ > 0 sufficiently small, as required. In fact, our analysis
shows that inf(P) = —oo, so the problem above has no global minimum at all.

[Geometry] For each « in (0, 1), define an arc y, € Vi by setting § = —y/« in the
piecewise-linear construction above. Defining yo(f) = 0 completes the background
work needed to produce a mapping g: & — T + y,, that carries [0,1) into PWS|0, 1],
with ¢(0) = . This mapping is continuous in the uniform norm:

a—ain R implies sup |ya(t) —ya(t)| — 0.
te[0,1]

The graph of g is a curve in function space with one end at the “point” Z.
Composition with the integral functional A leads to a real-valued function of a that
is discontinuous at 0:

(Va-1)? | (-atva)  jrg o < 1,

A[g(a)]z{l ve s

if o =0.

Y

(A sketch is provided.) Since a@ = 0 does not minimize this function, the arc z does
not give a SLM in the problem above.

Ng(o)]
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[Discussion| The method of this example works well in other contexts, too. The key
observation is that large negative derivatives will make a large negative contribution
to the objective integral. The triangular variations constructed here allow these
derivatives to make a large negative contribution in the first very small interval,
leading to the divergent first term in the sum above; in contrast the variations are
very nearly zero for the remainder of the interval, so the integral there comes very
close to the original objective value A[Z] for small a. It may be helpful to imagine
using small # > 0 as well, thus producing a triangular variation with a short initial
interval of large positive slope. In this case the first term of the objective sum above
diverges to 400, while the second stays bounded. /]]/

C. The Weierstrass Necessary Condition 2026-03-16

This works best for strong local minima, so we used that simplifying assumption
in class. Taking more care gives the following result. It applies for weak local minima,
and also captures the result shown in class.

Theorem (Weierstrass, 1879). If L € C! and T gives a weak local minimum in
the basic problem, then there exists ¢ > 0 such that for all t € (a,b),

L(t, (1), f(t)) VL, <t, 2(1), 5}3(7:)) [w - i(t)} < L(t, 7(1), w),

whenever ‘w — f(t)‘ <e.

(*)

[Interpretation: Ift € (a,b) is a corner point of Z, () holds if we write Z(t™) or Z(t")
instead of Z(t) throughout.]
Moreover, if T gives a strong local minimum, then

(i) (%) holds for all w without restriction.

(ii) the function t — L(t) — Ly(t)Z(t) has only removable discontinuities in [a, b).

Notation. Define the Weierstrass Excess Function
E(t,x,v,w) = L(t,x,w) — L(t,z,v) — Ly(t,x,v)[w — v].

Then inequality (x) takes the condensed form

E(t, (1), z(t), w) > 0 whenever ‘w — ﬁs\(t)‘ <e.

Geometry. Inequality (%) asserts the subgradient inequality for the function v +—
L(t,Z(t),v) for the specific tangent erected using v = Z(t). (Draw a picture.) The
scope of the inequality, i.e., the extent of competing inputs w, will need further
discussion later.

Legendre’s Condition. Line (%) implies that the point @ = Z(¢) provides a local
minimum for the function

f(w) = L(t,2(t), w) = Ly (thw.
It follows that f/(w) = 0, which is a tautology, and that f”(w) > 0, which is a
condition we recognize:

Lo (t) = Lo (t, E(t), 2(t)) > 0.

This is Legendre’s Condition, which we have met before.
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Chapter V. Strong Minima and the Weierstrass Condition 5

Convexity in v. If the function v — L(t,Z(t),v) is convex on R, then the subgra-
dient inequality holds for all tangents at all base points, so the inequality in (%) is
guaranteed to hold for all w. In particular,

Vo € R, Ly, (t, (t),v) > o} — {\m eR, £, Z(t),z(t),w) > 0] .

Contrapose: trying to use (x) to disqualify a given arc Z from strong local minimality
is hopeless unless there is some t € (a,b) and v € R where L,,(t,Z(t),v) < 0.

Proof. (Graves.) Choose € > 0 as in the definition of WLM, and let ¢t € (a,b) be a
non-corner point of z. Given any w where ‘w - 55(15)’ < ¢, let v = w—Z(t). Then

lv| < e and w = Z(t) +v. Fix any k € (0,1) and then consider any a € (0,1) small
enough that both times t — « and ¢ + «/k lie in the open interval (a,b). Define a
variation y by taking y(a) = 0 and

0, fa<r<t—a,
. v, ift—a<r<t,
9 =9 gy ift <r<t+a/k,
0, ift+a/k<r<b.

(Sketch y; notice that y(b) = 0.) By construction, |y(¢)|] < e at all non-corner
points of y, and this implies |y(¢)| < ea < e everywhere in [a, b], so we must have
A[z + y] > A[z]. Of course this inequality remains correct if « is decreased: thus

0< lim — [A[EE+y] —A[f]}

= algglJr é /tia [L(T', Z(r) + y(r), 2(r) +v) — L(r, 3(r), /x\(r))] dr
+ lim % (S) /t et [L(r, 3(r) + y(r), 30r) — kv) — L(r, 2(r), 5’5@«))] dr

= L(t,Z(t), Z(t) +v) — L(t, Z(t), Z(t)) + % L(t,Z(t), Z(t) — kv) — L(t, Z(t), :}?(t))} .

Rearranging this inequality gives, for all £ > 0 sufficiently small,

L(t, (1), () + [L(t, F(1),5(t) — kv) — L, 3(1), fk(t))] < L(L,3(t), 2 (t) +v).

1
(—k)
Taking the limit as k — 0T establishes the desired inequality (x) for the particular ¢
chosen above. Recall that w = Z(t) + v to recover inequality (%) at each non-corner
point in (a, b).

Now suppose 0 € (a,b) is a corner point for . Then there is an open interval
of the form (0 — §,6) (with some small 6 > 0) in which (%) holds, so we can take
the limit as ¢ increases to ¢ in a collection of valid inequalities. In this process,
(t,z(t),z(t)) — (0,2(0),z(67)); since L and L, are continuous, it follows that

L(6,7(6),7(07)) + Lo (0,5(0),5(67)) [w—2(67)] < L(6,7(6), w),

whenever

w — 3’5(9—)‘ <eo (%)
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6 PHILIP D. LOEWEN

This explains the interpretation of () in terms of one-sided limits at corner points
in (a,b). (Right-sided limits are handled in the same way.)

Since ¥ is a WLM, it is certainly a DLM, so—by WE1—there exists a continuous
p: [a, b] — R satisfying
p(t) = Lo(t, 2(t), (1))

for every non-corner point t in [a,b]. Suppose 6§ € (a,b) is a corner point for Z.
Arguing as in the run-up to (xx), we have, simultaneously,

L(8,7(0),7(07)) — p()7(07) < L(6,7(0),u) — p(6)u  when ’u - i(e—)‘ <,
L(6,%(0),z(6")) — p(0)z(0T) < L(0,Z(0), w) — p(§)w when ’w - 55(9*)‘ <e.

Exploiting this in the case of a WLM may require some subtlety, but when Z happens
to be a strong local minimum things get much simpler. For in that case, the arc
obeys the definition of WLM for each real ¢ > 0, and it follows that there is no
restriction at all on the values of u and w for which inequality (%) holds and the

pair of statements above is in force. In that case, simply choosing v = Z(61) and
w = Z(0~) produces a pair of opposing inequalities above. We deduce that, as
announced,

L(0,2(0),2(67)) — p(0)2(67) = L(8,3(0), 2(6T)) — p(8)z(67).
/1]

SLM Summary. When 7 gives a strong local minimum, the Weierstrass Necessary
Condition must hold, namely,

Et,Z(t),Z(t),w) >0  YweR. (W)
Moreover, the second Weierstrass-Erdmann Corner Condition prevails, namely,
Ih € Cla,b] : —h(t) = L(t,Z(t), Z(t)) — Ly (t, 2(t), 2(¢))Z(t) e.a. t € [a,b]. (WE2)

(Contrapositive: If some arc ¥ fails either of these two requirements, then z is defi-
nitely not a SLM for the basic problem.)

Corner Point Geometry. Suppose 7 is a SLM. Then, thanks to (WE1) and (WE2),
there exist p, h € C|[a, b] such that

p(t)=Ly(t) and —h(t)=L(t) —p(t)z(t) ea.tc [a,b].

Pick any point € in (a,b) and define

Note that since p is continuous,

Ly(0,%(0),u) = Ly (0,2(0),2(07)) = p(07) = p(0) = p(0F) = L, (0,%(0), w).
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Chapter V. Strong Minima and the Weierstrass Condition 7

Similarly, the continuity of h at 6 implies
L(0,z(0),u) — p(@)u = —h(0) = L(6,2(0),w) — p(d)w.
Now consider “the figurative” corresponding to ¢t = 6: this is the curve z = L(0,%(0), v)
in the (v, z)-plane. Imagine the tangent line to this curve at the point where v = w.
Its equation is
z=L(0,2(0),u) + L,(0,2(0),u)[v — ul

= p(0)v — h(0)

= L,(0,2(0),w)v + [L(0,z(0), w) — p(0)w]

= L(0,2(0),w) + L,(0,2(0),w)[v — w).
The bottom line shows that we get the same tangent line if we select v = w as the
point of tangency. This statement is vacuous (but not false) if v = w. However,
if # is a corner point for  then u # w and the condition just found puts a strong
geometric restriction on the possible slopes on either side of a corner point: they must
be related by providing contact points for a double tangent line to the figurative curve

z=L(0,z(0),v).

In homework problems where the goal is to identify possible choices of u = 7 (07)
and w = Z(0T) associated with a corner point at (6,7(0)), the double-tangency
condition noted above is equivalent to the pair of requirements

(1) Lo(0,2(0),u) = Ly,(0,2(0), w),
(i) L(6,7(0), w) = L(0,7(6), u) + Lo(0,7(0), u)[w — .

This system of 2 equations in the variables u, w is equivalent under the substitution
w = au to a system that is sometimes more convenient: writing f(v) = L(0,z(0),v),
the latter system requires

(i) f'(u) = f'(ou),

(ii) flow) = f(u) + f'(w)[ow — u].
The choice o« = 1 provides an obvious and uninteresting solution corresponding to
u = w. Solution pairs u,« with o # 1 correspond to real corners. (A fine point:
the suggested substitution is degenerate if u = 0. But in searching for solution pairs
u,w with w # w, no generality is lost in adding the stipulation that w # 0. This
corresponds to saying that if one of the numbers in a solution pair happens to be 0,

that one must be named w. In this situation, the new system will have a solution in
which a = 0.)

~

The Pontryagin Maximum Principle. The nonnegativity of £(¢,Z(t), Z(t), w) > 0
along a strong local minimizer Z can be expressed as follows, using the now-familiar
notation p(t) = L, (t):
p(t)w — L{t,7(t),w) < p(t)3(t) — L(t,3(1),5() V.
In one interpretation, “nature” selects the derivative fz?(t) at each instant so as to
maximize the function
w — p(t)w — L(t, z(t), w).

This is the pivotal condition in the Pontryagin Mazimum Principle of optimal control
theory—an important result in mathematical economics and engineering.

“05-weierstrass” ©Philip D. Loewen, 18 March 2026, page 7. 2026-03-18, 13:25.



