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For the basic problem with Lagrangian L and interval [a, b], each of the named
conditions we have constructed so far is available in a standard form and a strength-
ened form. Suppose an arc x̂: [a, b]→ R is given.

(Euler)

[
(E) x̂ ∈ PWS satisfies (IEL).

(E+) (E) holds, and x̂ ∈ C1. (In particular, x̂ satisfies (DEL).)

(Legendre)

[
(L) L̂vv(t) ≥ 0 for almost every t ∈ [a, b].

(L+) L̂vv(t) > 0 for all t ∈ [a, b].

(Jacobi)



(J) y(t) > 0 for all t ∈ (a, b), where y is defined by

d

dt

[
L̂vv(t)ẏ(t) + L̂xv(t)y(t)

]
= L̂xv(t)ẏ(t) + L̂xx(t)y(t),

y(a) = 0, ẏ(a) = 1.

(J+) Condition (J) holds, and its y also has y(b) > 0.

(Weierstrass)


(W) E(t, x̂(t), ˙̂x(t), w) ≥ 0 for all w, e.a. t ∈ [a, b].

(W+) There exists ε > 0 such that for each t ∈ [a, b], each x

where |x− x̂(t)| < ε, and each v where
∣∣∣v − ˙̂x(t)

∣∣∣ < ε,

E(t, x, v, w) ≥ 0 ∀w.
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The standard forms appear in the necessary conditions for optimality we have
already derived. We know that if x̂ provides a strong local minimum, then (E), (L),
and (W) must hold; if (E+) and (L+) are also in force, then (J) must hold too. For an
arc x̂ that provides only a directional local minimum, the statement above remains
true if condition (W) is dropped.

We now turn to the converse, namely, using the strengthened forms of the named
conditions to guarantee that the arc of interest actually provides a local minimum of
some type. Here is the main result:

Theorem. Given x̂ ∈ C1[a, b] and L ∈ C3 on some relatively open subset of (t, x, v)-

space containing all points of the form (t, x̂(t), ˙̂x(t)), t ∈ [a, b],

(a) if x̂ obeys (E+), (L+), and (J+), then x̂ gives a weak local minimum in the basic
problem.

(b) if x̂ obeys (E+), (L+), (J+), and (W+), then x̂ gives a strong local minimum in
the basic problem.

Local Convexity—The Key Idea. We did something like this on a previous home-
work assignment. Pick some smooth function G = G(t, x), and use it to modify the
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given Lagrangian as follows:

L̃(t, x, v) = L(t, x, v) +Gt(t, x) +Gx(t, x)v.

Since Gt(t, x(t)) + Gx(t, x(t))ẋ(t) = d
dtG(t, x(t)), this modification simply adds the

same constant to the integral value assigned to every arc x. We have

Λ̃[x] = Λ[x] + [G(b, B)−G(a,A)] .

Thus Λ̃ leads to a minimization problem—(P̃ ), say—that is essentially equivalent

to (P ), but with one exploitable difference. The new terms in L̃ associated with
the function G can influence the integrand’s convexity properties. Let us focus on
the case n = 1, and consider a quadratic of the form G(t, x) = 1

2φ(t)x2. Then the
Hessian matrix (with respect to (x, v) only) for the modified Lagrangian

L̃(t, x, v) = L(t, x, v) + 1
2 φ̇(t)x2 + φ(t)xv,

is

D2L̃(t, x, v) =

[
L̃xx L̃xv
L̃vx L̃vv

]
=

[
Lxx + φ̇ Lxv + φ
Lvx + φ Lvv

]
.

To make L̃(t, x, v) strictly convex in (x, v) near (x̂(t), ˙̂x(t)), it suffices to arrange

(i) 0 < L̃vv(t, x̂(t), ˙̂x(t)) = L̂vv(t),

(ii) 0 < det
(
∇2L̃(t, x̂(t), ˙̂x(t))

)
= (L̂xx + φ̇)L̂vv −

(
L̂xv(t) + φ(t)

)2
.

This goal drives the steps in the formal proof of the Theorem.

Proof. (a) Inequality (i) above is automatic, thanks to assumption (L+). To arrange
inequality (ii), let’s try to solve the following differential equation involving a constant
parameter θ > 0:

φ̇(t)− L̂vv(t)−1(L̂xv(t) + φ(t))2 + L̂xx(t) = θ, t ∈ [a, b]. R(θ)

To start, pick large n ∈ N and solve this IVP based on Jacobi’s equation: d

dt

(
L̂vv(t)ẏ + L̂xv(t)y

)
= L̂xx(t)y + L̂xv(t)ẏ,

y(a) = 1/n, ẏ(a) = 1.

(Notice that this differs from the IVP in Jacobi’s condition only because the value
y(a) here is not 0.) Call the solution yn(t). Now by assumption (J+), the analogous
IVP in which y(a) = 0 has a solution that stays positive on the interval (a, b] that
includes b. Continuous dependence of solutions on initial conditions then guarantees
that we must have yn(t) > 0 for t ∈ [a, b] for all n sufficiently large. Pick any such n
and define

φn(t) = −L̂vv(t)ẏn(t)/yn(t)− L̂xv(t).

Note that
ẏn(t)

yn(t)
= −L̂vv(t)−1

(
φn(t) + L̂xv(t)

)
. (∗)
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Now calculate as follows, using Jacobi’s differential equation (above) to simplify:

φ̇nyn + φnẏn =
d

dt
(φnyn)

= − d
dt

(
L̂vv(t)ẏn(t) + L̂xv(t)yn

)
= −

[
L̂xx(t)yn + L̂xv(t)ẏn

]
Divide through by yn(t) and rearrange to get

φ̇n + φn

(
ẏn
yn

)
+ L̂xv(t)

(
ẏn
yn

)
+ L̂xx(t) = 0.

Using (∗) gives

φ̇n − L̂vv(t)−1
(
φn(t) + L̂xv(t)

)2
+ L̂xx(t) = 0.

Consequently φn solves R(0) on a ≤ t ≤ b. Then the continuous dependence of solu-
tions on parameters guarantees existence of a solution to R(θ) on the same interval,
for all θ > 0 sufficiently small. This does the job.

(b) All the steps in part (a) are still useful, and they give a little local convexity near
the arc of interest. In particular, they imply that every point (x, v) sufficiently near

(x̂(t), ˙̂x(t)) can serve as a base point for the subgradient inequality, which holds on

some ball containing (x̂(t), ˙̂x(t)). Condition (W+) gives all we need to extend the
region where the subgradient inequality holds from this small ball to an infinite strip
of the form (x̂(t) − δ, x̂(t) + δ) × R. This suffices to prove strong local minimality.

////

Example. Consider the Basic Problem on [0, b] for the familiar integrand L(t, x, v) =
v2 − x2 + 2f(t)x. There is no open convex subset of R2 on which the function L
is convex, as the second-derivative test clearly shows. Let us explore the methods
suggested above. These refer to a smooth admissible extremal x̂, but since the second
partial derivatives of L are constants, the precise form of x̂ is not needed in what
follows. Our findings below will apply to any admissible extremal.

The instance of Jacobi’s Differential Equation corresponding to x̂ is

(JDE) : ÿ + y = 0.

The solution y(t) = sin(t) shows that the point t = π is conjugate to 0 relative to x̂,
so Jacobi’s necessary condition (J) shows that x̂ cannot be even a directional local
minimizer if b > π. On the other hand, the strengthened Jacobi condition (J+) holds
whenever b < π. It is instructive to trace the ideas in the proof just given for this
case.

The initial-value problem used to define yn in the proof was[
ÿ + y = 0,

y(0) = 1/n, ẏ(0) = 1.
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Standard methods lead to the unique solution

yn(t) =
1

n
cos(t) + sin(t) =

√
1 + n−2 sin

(
t+ tan−1(1/n)

)
.

The proof uses a specific large choice of n. Let’s take ε = tan−1(1/n) here and neglect
the perturbation in the amplitude to propose

y(t) = sin(t+ ε).

The key requirement is that ε > 0 be small enough to make b + ε < π. Then
y satisfies (JDE) and obeys y(t) > 0 for all t ∈ [0, b]. The proof above suggests
considering

φ(t) = −L̂vv(t)
ẏ

y
− L̂xv(t) = −2 cot(t+ ε)

and using it to define G(t, x) = 1
2φ(t)x2 = −x2 cot(t + ε) for use in the modified

Lagrangian below. Using the identity 1/ sin2 θ − 1 = cot2 θ gives

L̃(t, x, v) = L(t, x, v) +Gt(t, x) +Gx(t, x)v

= v2 − x2 +
x2

sin2(t+ ε)
− 2xv cot(t+ ε) + 2f(t)x

= v2 + x2 cot2(t+ ε)− 2xv cot(t+ ε) + 2f(t)x

= (v − x cot(t+ ε))
2

+ 2f(t)x.

Now for each t ∈ [0, b], the mapping (x, v) 7→ L̃(t, x, v) is convex in R2, as the second
derivative test shows:

∇2
(x,v)L̃(t, x, v) =

[
L̃xx L̃xv
L̃vx L̃vv

]
=

[
2 cot2(t+ ε) −2 cot(t+ ε)
−2 cot(t+ ε) 2

]
.

The arc x̂ extremal for L that we started with remains extremal for L̃, but now
convexity guarantees that x̂ actually gives a global minimum for Λ̃ relative to all arcs
with the same endpoints. The same conclusion follows for the original functional Λ
because Λ differs from Λ̃ only by the addition of a constant.

If b = π, the situation is more delicate. If an admissible extremal exists (and this
is already rather special), we can call it z and reformulate the problem as a search
for perturbations x that minimize Λ[z + x]. Proving that the zero perturbation
gives a global minimum is equivalent to proving that z is a global minimizer in the
original problem. In the notation above, the modified problem has the same form
as the original one but with the special choice f(t) = 0 and the endpoint conditions
x(0) = 0 = x(π). Let us show that x̂(t) = 0 is a global minimizer in this special case.

No simple shift of the function y(t) = sin(t) will create something positive-valued
on the closed interval [0, π]. Instead, we take ε = 0 in the discussion above and pay
extra attention in every step. This involves choosing

G(t, x) = −x2 cot(t), so Gt +Gxv =
x2

sin2 t
− 2xv cot(t).
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This suggests the following integrand, which is defined only for points with t ∈ (0, π):

L̃(t, x, v) = v2 − x2 +
x2

sin2 t
− 2xv cot(t) = (v − x cot t)2.

For any arc x on [0, π], we can fix any subinterval [a, b] of (0, π) and integrate:

0 ≤
∫ b

a

L̃(t, x(t), ẋ(t)) dt

=

∫ b

a

L(t, x(t), ẋ(t)) dt+ G(t, x(t))

∣∣∣∣b
t=a

=

∫ b

a

L(t, x(t), ẋ(t)) dt− x(b)2 cot(b) + x(a)2 cot(a).

If both x(0) = 0 and x(π) = 0, both extra terms on the right converge to 0 as a→ 0+

and b→ π−. We conclude that x̂ = 0 is indeed a global minimizer:

Λ[x̂] = 0 ≤
∫ π

0

(
ẋ(t)2 − x(t)2

)
dt = Λ[x].

To justify the claim involving limits, look at the left endpoint. Multiplying by a/a
leads to the following equivalent presentation:

x(a)2 cot(a) =

[
x(a)

a

](
a

sin(a)

)
cos(a)x(a).

Each of the 4 terms in this expression converges as a → 0+: the bracketed expres-
sion approaches ẋ(0), the expression in parentheses approaches 1, the cosine term
approaches 1, and x(a) → 0. So indeed, x(a)2 cot(a) → 0 as a → 0+. The situation
as b→ π− is similar. ////

Reference. Loewen, Philip D., Second-order sufficiency criteria and local convexity
for equivalent problems in the calculus of variations, J. Math. Anal. Appl., 146(1990),
512–522.
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