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Consider a functional that depends not only on an arc x, but also on its interval of
definition [a, b]:

Λ[a, b;x] := `(1)(a, x(a)) + `(2)(b, x(b)) +

∫ b

a

L(t, x(t), ẋ(t)) dt.

One can imagine minimizing Λ over (interval, arc)-pairs of several sorts, ranging from
the highly constrained “point-to-point problem” where both the interval [a, b] and the
starting and final states x(a) and x(b) are assigned in advance (thus rendering `(1) and
`(2) irrelevant) to the completely free problem where both endpoints of the integration
interval and both endpoints of the arc x are open to choice. The following list of necessary
conditions covers all the possible cases.

Suppose the interval [a, b] and the arc x supply a strong local minimum for Λ.

(α) The left endpoint condition:

(i) If the problem statement prescribes both components of the starting point (a,A),
no further information is needed.

(ii) If the problem statement allows the starting point (a, x(a)) to move freely along
a smooth curve of the form g(1)(t, x) = 0, then one must have[

L− vLv − `(1)t

]
g(1)x =

[
Lv − `(1)x

]
g
(1)
t , at (t, x, v) = (a, x(a), ẋ(a+)). TC(a)

(iii) If the problem statement leaves both components of (a, x(a)) unrestricted, then
both bracketed expressions in TC(a) must equal zero.

(β) The right endpoint condition:

(i) If the problem statement prescribes both components of the final point (b, B), no
further information is needed.

(ii) If the problem statement allows the final point (b, x(b)) to move freely along a
smooth curve of the form g(2)(t, x) = 0, then one must have[

L− vLv + `
(2)
t

]
g(2)x =

[
Lv + `(2)x

]
g
(2)
t , at (t, x, v) = (b, x(b), ẋ(b−)). TC(b)

(iii) If the problem statement leaves both components of (b, x(b)) unrestricted, then
both bracketed expressions in TC(b) must equal zero.

(γ) The interval condition:
For any of the nine possible cases arising from combinations of the endpoint conditions
above, there must be constants c and k for which the strong local minimizer x satisfies
both equations below at every point t in (a, b) where ẋ is continuous:

Lv(t, x(t), ẋ(t)) = c+

∫ t

a

Lx(r, x(r), ẋ(r)) dr, (IEL)

L(t, x(t), ẋ(t))− Lv(t, x(t), ẋ(t))ẋ(t) = k +

∫ t

a

Lt(r, x(r), ẋ(r)) dr. (WE2)

In particular, both functions on the left can have only removable discontinuities.
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Transversality Derivations

Consider a COV problem with fixed initial point, and a right endpoint free to vary on
some smooth curve g(t, x) = 0 (sketch):

min
b>a,x(·)

{
Λ[x] := `(b, x(b)) +

∫ b

a

L(t, x(t), ẋ(t)) dt : x(a) = A, g(b, x(b)) = 0

}
.

(This fits the general pattern announced above, with the superscripts removed from g(2)

and `(2).) Introduce the functional Γ[x] = g(b, x(b)) to express this as

min
b>a,x(·)

{Λ[x] : x(a) = A, Γ[x] = 0} .

Both Λ and Γ have the same general form (endpoint function plus integral). Lagrange
multipliers still work (!): in the normal case, a minimizing arc x̂ with associated time

interval [a, b̂] will be extremal for

(Λ + λΓ) [x] = (`+ λg) (b, x(b)) +

∫ b

a

L(t, x, ẋ) dt.

Thus x̂ must satisfy (IEL) as usual, together with the natural boundary conditions for a
completely free right endpoint. These require

(L− Lv · v, Lv) = −∇ (`+ λg) at (t, x, v) =
(
b̂, x̂(̂b), ˙̂x(̂b−)

)
.

Writing out the two components in this equation, and rearranging lightly, gives

L− Lv · v + `t = −λgt, (1)

Lv + `x = −λgx. (2)

The right-hand sides in (1)–(2) can be reassembled into a scalar multiple of the vector
(gt, gx), which is perpendicular to the curve where g = 0 at the optimal endpoint. This
helps explain why the term “transversality condition” is appropriate for the memorable
form shown in TC(b) above. This comes from squeezing λ out of the presentation by
matching (1)× gx = −λgtgx = (2)× gt:

[L− Lv · v + `t] gx = [Lv + `x] gt at (t, x, v) =
(
b̂, x̂(̂b), ˙̂x(̂b−)

)
.

Special Cases. 1. Fixed final time t = b but free right endpoint: take g(t, x) = t − b.
Then gt = 1, gx = 0, and (TC) reduces to the familiar “natural boundary condition”

−Lv(b, x̂(b), ˙̂x(b−)) = `x(b, x̂(b)).

2. Prescribed final position x(b) = B to be attained at some time b > a: take g(t, x) =
x−B. Then gt = 0, gx = 1, and we find

− (L− Lv · v) = `t at (̂b, x̂(̂b), ˙̂x(̂b−)).

3. Similar setup, but with a fixed right endpoint and some choices to make concerning
the left endpoint: the derivation is very much llike the one above, but some sign
changes are required. The results are shown in the summary above.
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