IX. Dynamic Programming and the Hamilton-Jacobi Theory
UBC M402 Lecture Notes (©2026 by Philip D. Loewen

A. The Hamiltonian 2026-04-01

Throughout this writeup, we consider a fixed open subset 2 of the (¢, x)-space R x R™
and a given Lagrangian L(t,z,v):  x R™ — R of class C'. We assume that for each
(t,z) in €, the function v — L(t,x,v) is strictly convex. Since L is smooth, this
is equivalent to the requirement that the vector-valued function v — L, (t,z,v) be
strictly monotonic. In particular, any extremal arc for L whose graph lies in the set
2 will be continuously differentiable by (WEL).

Associated with the Lagrangian L is the Hamiltonian, defined by taking the

Legendre-Fenchel transform of L with respect to the velocity variables:

H(t,x,p) :=sup{pev — L(t,x,v) : v € R"}. (1)

Since the function v — L(t, z,v) is strictly convex, the function being maximized
on the right side of (1) is strictly concave. If the maximum is attained at all, the
maximizing v must be unique, and characterized by a vanishing gradient. Let’s use
®(t,z,p) to denote the maximizer, so that

v=>®(t,x,p) < H(t,z,p) =pev— L(t,z,v) <= p= L,(t, z,v). (2)
Useful consequences of (2) include the identities
O(t,z, Ly(t,x,v)) = v,
Ly(t, 2, @, z,p)) = p, (3)
H(t,x,p) =pe ®(t,x,p) — L(t,z, P(t,z,p)).
If L has superlinear growth as |v| — oo, these hold for all (¢,z) in Q and v, p in R™.

If L has slow growth, they hold in suitable subsets. The calculations below apply on
the interior of these sets.

In favourable circumstances, the mapping ® will be differentiable. We may then
compute the partial derivatives of H using the last line in (3):

Ht(taxap) - pq)t - Lt - L’U(pt - _Lt(t7x7 ®(t7x7p)) (4)
Hx(t,x,p) = pq)x - L:r - LUCD:U = _Lm<t7xaq)(t7xvp)) (5)
Hp(taaj?p) = (I)—i_pq)p_LU(pp :@(t,.fl?,p) (6)

The identity ® = H,, in (6) is of particular importance: it frees us to replace ® by H,
throughout the discussion below. We must never lose sight of its meaning, however:
H,(t,z,p) = ®(t,z,p) returns the unique vector v attaining the maximum on the
right side of (1).

Calculation (6) allows us to rewrite the identities in (2) as
L(t,z,v)=pev—H(t,z,p) <= v=H,(t,z,p) <= 0=V, [pev—H(t,z,p)|.

Now it is easy to see that definition (1) produces a function H that is convex with
respect to the variable p, so the last condition here holds if and only if the vector
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2 PHILIP D. LOEWEN

p actually maximizes the function in square brackets. Thus the Lagrangian can be
recovered from the Hamiltonian by the Legendre-Fenchel transform as well:

L(t,x,v) = pseuﬂgb {pev—H(t,z,p)}. (7)

(“The Legendre-Fenchel transform is an involution: apply it twice and you get back

where you started.”)
2026-04-08

The correspondence between L and H developed above supports a new perspec-
tive on familiar results. The following result deals with the Euler-Lagrange equation,
whose equivalent formulation in part (c) is known as “the canonical equations of
Hamilton”.

Note that our standing hypothesis that v — L(t, z,v) is strictly convex on R"
for each fixed (¢,z) implies that every extremal for L is continuously differentiable

(h).

A.1. Theorem (Hamiltonian Necessary Conditions). Let T and p be C* func-
tions with values in R™. Then the following are equivalent:

() STu(t) = Lolt), and plt) = Lul);

(b) (B(1): p(1) = Vo L(, Z(1), Z(t));
() —p(t) = Ho(t,2(¢), p(t)), 2(t) = H (8, 2(1), p(1))-

When these statements hold, we also have

H (8 3(0),p(0)) = plt) o 5(0) — Lt 3(0),5(0)), or cquivalontly (8a)
v = Z(t) maximizes v — p(t) @ v — L(t,z(t),v) uniquely over v € R". (8b)

(b = ¢) From (2), the condition p(t) = L, (t,Z(t), Z(t)) is equivalent to Z(t) =
®(t,z(t),p(t)). Thus a simple application of (5) and (6) leads from (b) to (c).

(¢ = b) From (6), we get Z(t) = ( z(t),p(t)). That is, by (3), p(t) =
Ly (t, (), 2(t)). From (5), we have —p(t) = =Ly (t, 2(), 2(t)). /11/

Notice that the maximization statement in (8b) can be rewritten as the inequality
L(t,7(t),v) — L(t, (), 2(1)) — Lo (t) [v - 5‘5(75)] >0 VoeR"

This is precisely the necessary condition of Weierstrass for . (As we have seen in
class, this condition holds for every extremal under the convexity assumption we have
made on L.)

Finally, consider the second Weierstrass-Erdmann condition for . This states
that & [E - fvi\] — I,. Thanks to (4) and the definition p(t) = L, (t), condition (8a)
allows us to rewrite (WE2) as

d .
S H(E (1), p(t)) = He(t, 2(t), p(2)).
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IX. Dynamic Programming and the Hamilton-Jacobi Theory 3

In particular, for problems where the Lagrangian—and hence the Hamiltonian—has
no explicit time-dependence, the Hamiltonian will be constant along every extremal
trajectory.

A.2. Interpretations. For a point particle of mass m with generalized coordinate ¢,
moving freely under the influence of a potential function U = U(q), the Lagrangian
from Physics is independent of ¢:

L(t,q,v) = KE — PE = Imv® — U(q).
The Hamiltonian comes from setting p = L, = mv, so v = p/m and

H(t7Q7p) = pv — L(t,q,U)

In mechanics, p is the generalized momentum corresponding to coordinate ¢ and H,
which is constant along extremal trajectories, is the total energy of the moving par-

ticle. /]]/

A.3. Vector Coordinates. Everything above has a natural extension to situations
where the generalized coordinate ¢ is vector-valued. It suffices to interpret subscripts
as gradients with respect to the components of the indicated vector.

For example, if ¢ = (r,0) is the 2-component vector carrying the polar coordi-
nates of a point particle of mass m moving under the influence of gravity, we will
have

KE = Lm (i +120%) |

PE — _GMm
T
: M
KE - PE = 3m (72 +1%0%) + GMm
r

Introducing generic variable names v ~ 7 and w ~ 9, and adopting the vector inter-
pretation w = (u,w), we can define

GMm
L(t,q,w) = % (u2 +7’2w2) + m—

The new conjugate variable p = (p1, p2) must match the dimensionality of ¢ = (r, §),
and the definition will be a rearrangement of the vector identity

et = 1] 1)) ]

P2 mr-w
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Solving for u = p;/m and w = py/(mr?) leads to

H() :pow—L(t7Q>w)

[l )5 (G = Goe)) -5

i v p p3 GMm

m  mr2  2m  2mr2 r
_ ﬁ p3 ~_ GMm
2m  2mr? ro

As expected, this is a generic expression for KE+PE. Extremal trajectories must
satisfy the vector identities —p = Hy(---) and ¢ = H,(---), i.e.,

. 2
B[] ]
D2 Hy(---)
il-Laio)- L]
2] Hp ( . ) nffa

Here we can read the conservation of angular momentum principle in the form
of po = 0. The derivation of Kepler’s “equal areas in equal times” is also immediate:
since pa = 0, the quantity po must be constant along an extremal trajectory, and this
implies that 720 = p,/(2m) is constant, too. But we know that along a polar curve
specified by linking r and 6, the area-swept function A has dA/df = %7‘2. With the
dubious notation considered standard in Physics, and the Chain Rule, we infer

dA/dt = (dA/d)(d0/dt) = 12 = L2

o2m’

That is, dA/dt is constant. Kepler’s other laws can be derived from the system
of differential equations shown above, but it takes a little more work. This is a
traditional topic in other courses. /]]/

A.4. Remarks. In situations where L; = 0, the assertion that H(q, p) = const. along
extremals can be interpreted geometrically. It asserts that any realistic trajectory
of the given system must be confined to a hypersurface of codimension 1 in the full
(¢, p)-space. Understanding how the system dynamics work just on this hypersurface
may save work and improve interpretability over the alternative of working in the
original configuration space. /]]/
) . . |v]?
A.5. Exercise. Consider, for fixed ¢ > 1, the function L(t,z,v) = e (Here we

use the Euclidean norm.) We write sgn(v) for the vector “signum” of v, namely

UT
, ifv#0,

sgn(v) = q ]
of, ifv=0.

This gives sgn(v)v = |v| for each v in R™, and psgn(p) = |p| for each p in (R™)*. We
may now compute Ly (¢, z,v) = |v|? " sgn(v). Thus (2) specifies that ®(¢,z,p) = v
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IX. Dynamic Programming and the Hamilton-Jacobi Theory 5

exactly when p = |v|?" " sgn(v), i.e., when |p| = |[v|9"" and sgn(p)” = sgn(v). These
relations give v = [p|*/ """ sgn(p), so
a/(q—1) q
- p p
H ) = ol sy - 2 = P
o(t,x,p) = p""*"" sen(p),
1 1
where ¢’ is the exponent conjugate to ¢, defined by — + — = 1. /]]/
qa g

B. Value Functions and the Hamilton-Jacobi Equation

Imagine a variational setup in which the final destination is a set S in (¢, x)-space,
and each final point (¢, x) in S has a known “cost”, ¢(t, z). The challenge is to choose
a path from a given starting point to S to minimize the sum of the cost to follow
the path (a standard integral, involving a given L) and the cost associated with the
endpoint. (We agree that the path ends at the first time when our trajectory makes
contact with S.)

We assume that there is an open set 2 C R x R™ with the property that for
every initial point (7,£) in €2, there is at least one piecewise smooth arc = and end
time b > 7 such that (t,z(t)) € Q for all ¢t € (,b), and (b, x(b)) € S.

For every feasible initial point (7,£) in R x R™, this leads to the variational
problem below:

b

W(r.€) = nf{(b,2(5)) + / L(t,z(t), i(t)) dt :@ € PWS[T, b,
:IJ(T) = f, P(Tv )
(t,2(t)) € QVt € (7,b),
(b,x(b)) € S}.

Here we call the number W(7,¢) the “minimum cost to go” from (7,£). This W is
the (optimal) value function. It will be convenient to let (7, &) denote the set of
minimizing arcs in problem P(7,¢).

The values of W on the target set are immediate:
W(t,z)=((t,x) whenever (t,z) € S. (9)

The principle of optimality implies the following property of W:

B.1. Lemma. For any arc x with associated interval [1,b], and graph in €, the
function w defined below is nondecreasing on [t b]:

b
w(t) := Wi(t,z(t)) —/t L(r,z(r),(r)) dr. (10)

Moreover, for any (1,€) in 2, every arc T in X(7,§) makes the corresponding W a
constant function.

Proof. Consider first any arc « with associated interval [a, b], and graph in Q2. Choose
any nondegenerate subinterval [t1, t2] of [a, b]. There is nothing special about z: if its
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behaviour on the interval [¢1,¢2] is not optimal, following z for that interval and then
optimizing from ¢, onward cannot be better than making the best move consistently
starting at ¢1. In symbols, this common sense reasoning amounts to

Wm@mng/ﬁmﬂmﬂmm+W@w@»

t1
b b

:/ Ldr—/ Ldr + W (tg, z(t2)).
t1 to

Rearranging this inequality gives w(t;) < w(t2). Since this reasoning works for
arbitrary a < t; < to < b, the function w is nondecreasing on [a, b].

-~

Now suppose (7,&) € € is a point where some arc ¥ with domain [7, b] provides
the minimum defining W (7, ). Unlike the generic x above, this Z is special: at every
point along the curve it follows, the minimum cost to go is achieved by following
itself. (Reason: If that were false, branching away from Z to follow a better path
at some point would produce a better policy starting from (7, &)—contradicting the
optimality of Z.) So for any 7 <t; <tg < g,

~

o~

b . o~
W@bf@gy:/mmeﬁaﬁ+zwf@»

t1

to .
:/zﬁ@®ﬁ+Wm@WD
t1

~ ~

b b
/L@&@ﬁ—/L@ﬁ@#.

t1 to

= W(te, Z(t2)) +

Rearranging the result shows that w(ty) = w(t1); since 7 < t1 < tg < b are arbitrary,
the function @ must be constant, as claimed. /]]/

B.2. Corollary. Suppose W is differentiable at some point (t,z) in Q. Then

Wi(t,z) — H(t,z,—W,(t,x)) > 0. (11)
If, in addition, problem P(t,x) has a solution Z, then equality holds in (11), and
B(t) = Hy(t, 2(t), = Wa(t, 2(t))). (12)

Proof. Given a point (t,z) in €2, let y(-) be any arc linking (¢,z) to a point in the
target set S; write b for the right endpoint of the domain of y. Then pick an arbitrary
v in R™ and extend the definition of y to a short interval of the form [t — h,t) by
putting

y(r) =x+ (r — t)v, t—h<r<t.

By Lemma B.1, this produces a nondecreasing function
b
w(r) = Wryr) — [ LO.9(0).30) s, t-h<r<b

In particular, the left-sided derivative of w at » = ¢ must be nonnegative. Calculating
this derivative gives

0 < Wi(t,z) + Wo(t,x) ev+ L(t,xz,v), ie., —Wy(t,x)ev—L(t,x,v) < Wyt z).
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IX. Dynamic Programming and the Hamilton-Jacobi Theory 7

Since v is arbitrary, the inequality is preserved if we take the supremum over v on
both sides. This yields the inequality (11). (Recall the definition of the Hamiltonian

in (1).)
Now if y = & solves problem P(t,z) (with domain [t,g]), the function w defined

in (10) is constant on that interval, so its one-sided derivative as r — ¢+ must vanish.
Calculating this derivative just as above, and noting that Z(t) = x, gives

0 = Wi(t, ) + Wa(t,z) e Z(t) + L(t, ,Z(t)).
In conjunction with the inequality just established, this proves not only that equality
holds in (11), but also that the maximizing v in the definition of H (t,z, —W,(t,z))
is v = Z(t). This gives (12). /]]/
Corollary B.2 implies that when the value function W is smooth on €2, and an
optimal solution for P(r,§) exists for each (7,€) in ), we have
Wi(t,x) — H(t,x,—Wy(t,x)) =0, V(t,x) € Q. (13)

This identity is the famous Hamilton-Jacobi Equation. Together with the bound-
ary condition in line (9), it provides useful information about the function W.

Extremality. Let us suppose that (¢, z) # 0 for every (¢,z) in 2, and expand the
supremum-based definition of the Hamiltonian to deduce from (13) the inequality

0> —-Wi(t,z) + [(—W,(t,x)) ev — L(t,z,v)], Yo e R, Y(t,x) € Q.
If we focus on a particular point (¢, x) in  and let Z(-) € X(¢t, z), Corollary B.2 gives
0 = —Wi(t,Z(t) — Wa(t,2(1)) » Z(t) — L(t, 2(t), Z(1))-

Taken together, these two statements imply that the choice (z,v) = (Z(t), Z(t)) gives
a local maximum to the function

(z,v) = =Wy(t,x) — Wp(t,x) v — L(t, x,v).

In particular, the z- and v-partial derivatives of this function must both vanish at
(Z(t),2(t)): this gives

0= Wi (t,2(t) — Wau(t, 2(t)) ® B(t) = Lo (,2(1), (1)) (14)
0 = —W,(t,2(1)) — Ly (t,2(1), 2(1))- (15)
)

Here (15) reveals L, (t) = Wx( ), and in view of this (remember the Chain Rule),

(14) implies %L (t) = L,(t). Thus T satisfies the differentiated FEuler-Lagrange
equation at each time ¢ in its interval of definition.

Reflection. This derivation of DEL seems independent of earlier methods, and sim-
pler. Why? Two answers arise. First, here we assume that there exists a plentiful
supply of actual minimizers. Every extra assumption can be an asset when working
toward a proof. This one is by no means obvious, so using it without proof hides work
that needs to be done to build a complete theory. Second, we rely on smoothness of
the function W, without any robust mathematical reason to expect it. Again, simply
assuming that property instead of proving it provides a head start on the race to
the goal. In both cases (existence of minimizers and smoothness of W), it can take
serious theoretical work to fill these gaps.
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8 PHILIP D. LOEWEN

Fields and Embeddings. When the optimal cost-to-go W is sufficiently smooth,
line (12) confirms that defining ¢(t,z) = H,(t,z, —Wy(t,z)) gives a slope function
compatible with a field of extremals in €2. Our strict convexity assumption on the
function v — L(t, z,v) implies that £ > 0 everywhere, so our earlier results guarantee
that each extremal in this field is optimal relative to its endpoints. Different choices
of the target set S and endpoint cost ¢ typically lead to different functions W, each
generating its own specific field of (optimal) extremals. Examples are given below.

Finding the Value Function. The development so far uses the theoretical def-
inition of the function W to describe some of its properties, without ever clearly
describing how to calculate it. For this, it is useful to understand Cor. B.2 as the
forward statement, “If W (¢, x) denotes the minimum cost to go from (¢, x), then these
conditions hold,” and to look for something like a converse. So imagine dropping the
original definition of W and working with any function W for which inequality (11)
holds. Then for any arc x with graph in Q and any interval [a, b],

Wi(t,x(t)) > H(t,z(t), —W,(t, x(t)))
= sup {(~Wa(t.2(1))) o v — L(t,a(t).))
> _Wx(t>x(t)) d x(t) - L(t,:l,‘(t),jj(t))

ie.,

Lt, 2(t), #(t) > —~Wi(t, x(t)) — Wa(t, z(t)) e &(t) = —% [W(t,m(t))} . teab).

Integrating both sides gives
b

b
/ L(t,xz(t),2(t)) dt > — {W(t,x(t))} = W(a,z(a)) — W(b, z(b)).
a t=a
Now if  were some other arc whose domain includes [a, b], along which (11) holds
with equality along with (12), then every step in the derivation above would hold
with equality. In particular, if z(a) = Z(a), z(b) = Z(b), then

b .
/ L(t,2(t), (1)) dt = W (a,%(a)) — W(b,2(b))

b
= W (a,z(a)) — W(b,z(b)) g/ L(t, z(t), &(t)) dt.

That is, W would “verify” the optimality of Z, relative to its endpoints. In this
view of the world, one starts with a variational problem and an arc of interest Z and
searches for a function W that will serve as a “verification function” for the optimality
of . As noted above, there are typically many possible choices. In particular, any
function W that satisfies (13) will verify the optimality relative to its endpoints for
any arc with graph in Q along which the identity (12) holds.

Transversality. Suppose the target set S consists of all (¢, x) where g(t,x) = 0, and
a given function ¢ assigns a cost to each point in S. As above, both forward and
reverse interpretations are interesting.
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IX. Dynamic Programming and the Hamilton-Jacobi Theory 9

1. If W denotes the minimum cost-to-go in this problem, and 7 is optimal, then
defining p(t) = —W,(¢,2(t)) corresponds (as above) to p(t) = L,(t). Equality
in line (11) implies Wy(¢,Z(t)) = H(t,Z(t),p(t)). Knowing that the set of points
where W — ¢ = 0 is a subset of the surface where g = 0 implies that V(W — )
must be a scalar multiple of Vg at all points on that surface, and this implies
that

gel—p— L] =9a [H— 4]

This is the transversality condition we expect for solutions of the point-to-curve
problem that defines W.

2. Conversely, start with any smooth solution W for (13). Pick any g for which the
domain of W includes the set where g(t,z) = 0 and define ¢(t,z) = W(t,z) for
points on that surface. Every trajectory of @ = H(t,x, —W,(t,x)) that starts
in Q will provide a true minimum in the point-to-curve problem of driving its
initial point to S and achieving minimum cost.

B.3. Example. Let’s investigate the concrete version of our theory for the La-
grangian L(t,z,v) = %va - %kzxz. Here m > 0 and k£ > 0 are constants introduced
to make this setup look familiar to readers adept in Physics. To find H(t,z,p) =
sup,, {pv — L(t, z,v)}, we start with the critical-point equation 0 = p — L, = p — mw,

so that p = mwv (that’s familiar) and v = p/m, so that

2
p p 2 L, o L 5
H(t,x,p):p(a)—<%m<g> —%kx)zikx +%p.

The Hamilton-Jacobi PDE for the unknown function W = W (¢, z) becomes

1 1
- LL —H _H/l‘ :|/[/ — — 2__ _M/m 2‘

By inspection, this is satisfied by defining w = \/k/m and taking

mwz? cos wt

W(t,z) = —imwz? cot(wt) = —
(t,z) smwx= cot(wt) YT

In math class we often simplify by ignoring all the units and choosing £ = 2 and
2
m = 2. This gives w =1 and H = z? + & and

2

t
W(t,z) = —22cott = — = >
sint
Here W, = —2x cott leads to the slope function
1 cost
Ot ) = Hylt, 2, ~Walt, ) = 5 (= Wa) = o

Every arc of the form z(t) = M sint obeys @(t) = ¢(t,x(t)), so each of these arcs is
optimal relative to its endpoints in the domain Q = {(¢,z) : 0 <t <7, x € R}.

Endpoint Behaviour. Careful management of limits can be used to extend the
conclusions above to arcs whose endpoints lie on the boundary of 2. We have seen
this idea before, in Chapter 6. Let’s see it again, with W (t,z) = —22 cott from the
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10 PHiLiP D. LOEWEN

previous example. This function is undefined at ¢ = 7, but for every arc x defined on
an interval of the form [a, 7] with @ > 0 that happens to obey z(7) = 0, L’Hospital’s

Rule implies that
z(b)? 181 . 2x(b)i(b)

lim —— = lim ——~2 =0.
b—r— sinb b—n— cosb

It follows that W (b, z(b)) — 0 as b — 7. Using this fact allows us to take limits as
b — 7~ in the derivation above and infer that

/TF L(t,z(t),z(t)) dt > W(a,z(a)) — 0.

sint

2, direct

Meanwhile, if we take x(a) as given and consider the arc Z(t) = z(a)
calculation gives

/:i(w at — (ZEI“;)Q/ (cos”t —sin®t) di
— (m(“)y [sin(t) cos(t)r = W(a,z(a)).

sin a a

It follows that for every (t,x) with 0 < ¢ < m, the function W (¢,z) returns the
minimum cost to move from (¢, x) to the point (7,0).

B.4. Example. For the Lagrangian L(t,z,v) = v? 4+ 22, a sign change in the coeffi-
cient of 2 makes a big difference. Calculation gives

2
H(t,z,p) :p——xQ,

4
so the Hamilton-Jacobi PDE for the unknown function W = W (t, z) is
1
0=W,—H(t,xz,-W,) =W, — ng + 22

This is almost solvable by inspection: W (t,z) = x? does the job. Then W, = 2z
leads to the slope function

o(t,z) = Hy(t,x, - Wy(t,z)) = = (= W,) = —u.

N —

Every arc of the form z(t) = Me™! obeys @(t) = ¢(t,z(t)), so each of these arcs is
optimal relative to its endpoints in the domain Q = {(¢,z) : t € R, x € R}. That’s
lovely, and perhaps it plants the seed for some more thinking, but note that if the
problem is to link pairs of endpoints that don’t lie on the same decaying exponential
curve, a different solution will be required.
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