UBC Mathematics 402(201)—Assignment 6
Due by PDF upload to Canvas no later than 23:59, Friday 6 March 2026

1. Consider the following problem:

(a) Find an abnormal extremal (Ao = 0).
(b) Prove that this extremal provides the problem’s unique global minimum.

(c) Show that there are no admissible extremals for which A\g = 1.
2. Consider the basic problem with fixed endpoints (a, A) and (b, B) and Lagrangian

L(t,z,v) = f(t)V 1+ v2 + g(t)x,

where f,g € C'[a,b] are given and f(t) > 0 for all ¢ € [a,b]. Prove that the basic problem has a
smooth global solution if and only if there exists a C? function G: [a,b] — R satisfying the three

conditions

b
G'(t) = g(t) Vi € (ab), (GO < f() Ve lat, B-a= [ f(tg(f)g(t)zdt‘

3. (Troutman 7.16.) Let L(z,v) = 322 + v*.
(a) Show that if x € PWS[a,b] obeys (WEL)-(WE2), then (#* — ) (¢* +2) = ¢ on [a,b], for
some constant c.
(b) Find all x € C? compatible with case ¢ = 0 of the ODE in part (a).

(c) Find an extremal for L defined on [—3,5] that satisfies z(—3) = —1, z(5) = 4. Explain why
this is a minimizer in the basic problem with these endpoints. [Hint: Extremals need not be ¢2.]

(d) Consider the basic problem with general endpoint constraints xz(a) = A, z(b) = B. Assume
b—a>2 <\/ |A| + |B|> Describe the minimizing arc, and show that the minimum A-value
is given by

8
V(4.B) = (1P + /).

4. Consider the basic problem with fixed 0 < a < b and L(t, z,v) = t*v? + 2Btzv + ya*:

b
min {A[m] :/ L(t,z(t),z(t)) dt : x(a) = A, x(b) = B} . (P)

x€PWS|[a,b]

(i) Show that whenever v — § > —1/4, there is a unique admissible extremal for any choices of
A and B. (One way to do this is just to find it. The case v — f = —1/4 will require special
treatment. )

(ii) Find and sketch the region in the (3, ~)-plane corresponding to parameter vectors that make
the function (x,v) — L(t,z,v) convex for all ¢ > 0.
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(iii) Explain why the basic problem above is essentially equivalent to the one obtained by replacing
the integrand with

L(t,z,v) = L(t,z,v) + « (x2 + thv) ,

for any real constant a.

(iv) Use a shrewd choice of @ = «a(f,) in (iii) to prove that if v — 3 > —1/4, problem (P) has
a unique global minimizer for any choices of A and B. Add this half-space to the sketch
initialized in part (ii).

Note: The idea illustrated in this problem, of adding a suitable auxiliary function to extend the

region where the given integrand is convex, will play a significant role in later theoretical develop-
ments.

. Two concentric wire circles (of possibly different radii A =1 and B) are dipped in a soap solution

and pulled a distance b apart, so that a surface of soap film is formed between them. If gravity is

neglected and b is not too large, symmetry implies that the film’s shape is the surface of revolution

for the graph of a positive-valued function z: [0, b] — R satisfying x(0) = A, x(b) = B.

(a) Assuming that this function is C* and minimizes the area of the resulting surface, show
that for some constant c,

cosh (¢ + tcosh(c))

cosh(c)

x(t) =

(Don’t solve for c.) This curve is called a catenary, and the resulting surface a catenoid.

(b) Suppose b = 1 in all that follows. The condition z(1) = B requires the constant ¢ above to
satisfy B = f(c), where
cosh (¢ + cosh(c))

cosh(c)

Find* two values for ¢ that yield extremal catenoids joining (0, A) = (0,1) to (b, B) = (1, 2).
(¢) Sketch® the graph of f and find its global minimum over R.

fle) =

(d) What can you say about the minimum-area problem with a right endpoint g = (1, B) for a
positive B strictly less than the number found in part (b)?

*(Use computer assistance as necessary. Report five significant digits for all computed constants.)
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