
UBC Mathematics 402(201)—Assignment 7
Due by PDF upload to Canvas no later than 23:59, Friday 13 March 2026

1. (Troutman 3.11.) Consider the Lagrangian L(t, x, v) =

√
1 + v2

t
.

(a) Find the minimizing arc in the Basic Problem where x(1) =
√

8 and x(2) =
√

5.

(b) Find the minimizing arc in the modified problem where x(1) =
√

8 and x(2) is unconstrained.

2. (Troutman 3.13.) Consider the Basic Problem for L(x, v) = x+
√

1 + v2.

(a) Show that every extremal for L is an arc of a circle with radius 1.

(b) Show that every extremal for L is optimal relative to its endpoints.

(c) Find a minimizer for the Basic Problem with x(0) = 1 and x(1/
√

2) = 1/
√

2.

(d) Give a complete description of the set of points (b, B) in the (t, x)-plane for which the Basic
Problem with x(0) = 1 and x(b) = B has an admissible extremal in PWS[0, b]. (Assume
b > 0.)

3. The problem of Zenodoros is to find the three-dimensional solid of greatest volume enclosed by
a surface of prescribed total area A. Here we take A = 4π and restrict our attention to solids
obtained by revolving a positive-valued C1 curve y = y(x) around the x-axis.

(a) Derive the mathematical problem below; note that its unknowns include the right endpoint of
the planning interval, which we have not yet discussed:

max
b>0, y

{∫ b

0

y(x)2 dx : y(0) = 0, y(b) = 0, y(x) > 0∀x ∈ (0, b),

A = 2π

∫ b

0

y(x) ds(x) = 2π

∫ b

0

y(x)

√
1 +

(
dy

dx

)2

dx
}
.

(b) Let ds =
√
dx2 + dy2 denote the infinitesimal element of arc length along a given (x, y)-curve.

Use Euler’s substitution t =

∫
y ds to transform the problem in part (a) into the following

instance of the Basic Problem:

max


∫ 2

0

y(t)

√
1−

(
y(t)

dy

dt

)2

dt : y(0) = 0, y(2) = 0, y(t) > 0 ∀t ∈ (0, 2)

 .

(c) Make the substitution z = y2/2 and reduce the problem to one of minimizing

Λ[z] = −
∫ 2

0

√
z(t)(1− ż(t)2) dt

subject to z ∈ C1[0, 2], z(t) > 0 ∀t ∈ (0, 2), and z(0) = 0 = z(2).

(d) Find (with justification) a true minimizer for the problem in part (c). Describe the corre-
sponding solid of revolution in the original geometric problem.
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4. Consider the variational integrand L(t, x, v) = x
√

1 + v2, for which a two-parameter family of
extremals was found on an earlier assignment:

x(t;α, β) =
cosh (α+ βt)

β
, α, β ∈ R.

(a) Find Jacobi’s differential equation for L, relative to the extremal x̂(t) = x(t; α̂, β̂).

(b) Find two linearly independent solutions for the differential equation found in part (a).

(c) Consider the basic problem involving L, with initial point (a,A) = (0, 1) and terminal point
(b, B). Prove that if B = cosh b, the admissible extremal x̂(t) = cosh t gives rise to no conjugate
points in [0, b), regardless of the value of b > 0.

(d) For the problem in (c), the choice β = coshα gives a one-parameter family of extremals
x(t;α) satisfying the initial condition. Using the computer, or otherwise, show that there are
two distinct extremals passing through the terminal point (b, B) = (1, 1), and sketch these
two extremals. Use conjugate point theory to conclude that one of them is not a minimizer.
(Which one?) [Report all numerical results to five significant digits.]
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