UBC Mathematics 402(201)—Assignment 8
Due by PDF upload to Canvas no later than 23:59, Friday 20 March 2026

1. Carefully sketch the nine lines in the first quadrant joining (0,«) to (1 — «,0), where a =
0.1,0.2,...,0.9. The picture suggests that the family of all such lines, with a taking values in
(0,1), forms an envelope: substantiate this by finding the envelope’s equation.

2. A decorative water fountain is installed at the point of R® with coordinates (z,,2) = (0,0, z),
zg > 0. It shoots out water jets in various directions, all with the same initial speed vy > 0.
Ignoring air resistance and evaporation, show that the set of possible trajectories for the water jets
fills out a paraboloid of revolution in the half-space z > 0. Find the equation of this figure. Show
that the paraboloid is an envelope for the set of trajectories. See the sketch below.

3. In a certain basic problem with initial point (0,0), every arc below is an extremal:
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(a) Find and sketch the regions of the (¢,z)-plane where ¢ > 0 that are reached by 0, 1, or 2
extremals from the given family. (Curves requested later can be added to this same sketch.)

(b) Find both extremals passing through the point (t,z) = (b,B) = (4,1). Add them to the
sketch started in part (a). Only one of these arcs can possibly provide a minimum in the
corresponding Basic Problem. Which one? Why?

(c) Show that the given family of extremals forms an envelope in the (¢, z)-plane.

4. Consider a Lagrangian L = L(z,v) independent of t. (Assume L € C®.) Suppose L has a constant
extremal Z(t) = ¢, for which L,,(c,0) > 0. Fix any point a. Prove:

(i) If Lyx(c,0) > 0 then there are no points conjugate to a (relative to ).
(ii) If Lyz(c,0) < 0 then there are points conjugate to a (relative to ).

In case (ii), give a formula for the location of the conjugate points in terms of L, a, and c.
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5. Consider the problem below, in which the integration interval [1, ] is fixed:

min {A[x] - /f <:1'c2 - 5;”;) %dt :2(1) = 0, 2(b) = o} .

For which values of b > 1, and which admissible extremals, does Jacobi’s necessary condition hold?

6. (Ruling out conjugate points by inspection.) Suppose the integrand L = L(¢,x,v) is of class Cc3,
and 7 is an extremal on [a, b] with no corner points. Prove that the simultaneous inequalities below
are enough to guarantee that the interval [a, b] contains no points conjugate to a relative to z:

Loo(t) >0, Luu(t)>0, and Ly(t)=0,  Vt€[a,b].

[Hint: Let y satisfy Jacobi’s equation with y(a) = 0, §(a) = 1. Study the sign of L., (t)j(t) for
t > a. Warm up on the special case where L = L(¢,v) is independent of x.]
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