
UBC Mathematics 402(201)—Assignment 9
Due by PDF upload to Canvas no later than 23:59, Friday 27 March 2026

1. Consider the following instance of the basic problem, in which a > 0:

min
x∈PWS[a,b]

{∫ b

a

(
t2ẋ(t)2 + 2βtx(t)ẋ(t) + γx(t)2

)
dt : x(a) = A, x(b) = B

}
.

Prove: if γ − β < −1/4 and b > a exp
(
π/
√
β − γ − 1/4

)
, then this problem has no minimum.

(The result should hold for any A and B.)

2. Consider this instance of the Basic Problem:

min

{
Λ[x] :=

∫ 3

0

[
ẋ4(t)− 8ẋ2(t)

]
dt : x(0) = 0, x(3) = 5

}
.

(a) Describe all admissible extremals. (Hint: Some of them have corners.)

(b) Find an admissible extremal that provides a weak local minimum, but not a strong local
minimum. Justify these properties.

(c) Find two different extremals that are both global minimizers.

(d) Describe all admissible extremals for the problem with the modified end conditions x(0) = 0,
x(3) = 7. Show that each of these gives a global minimum.

3. Given an interval [a, b], a number A, and smooth functions `:R→ R, L: [a, b]×R×R→ R, consider
the free-endpoint problem

min
x∈PWS[a,b]

{
`(x(b)) +

∫ b

a

L(t, x(t), ẋ(t)) dt : x(a) = A

}
. (P )

Suppose an arc x̂ ∈ C1[a, b] provides a directional local minimum, and L̂vv(t) > 0 for each t ∈ [a, b].

(a) Formulate a suitable version of “the accessory problem” for (P ), relative to x̂. Expect a
quadratic problem with a free right endpoint. Explain why the constant arc y = 0 must solve
this problem.

(b) Derive the Euler-Lagrange equation and natural boundary condition for the accessory problem
found in part (a).

(c) Extend Jacobi’s necessary condition to this situation. That is, identify a behaviour of a
nontrivial solution to the equations in part (b) valid near t = b that is incompatible with
directional local minimality of x̂.

(d) For each constant R ≥ 0, there is a number β(R) > 0 such that the following free-endpoint
problem has no minimum when b > β(R).

min
x∈PWS[a,b]

{
Rx(b)2 +

∫ b

0

[
ẋ(t)2 − x(t)2

]
dt : x(0) = 402

}
.

Justify this statement, and find a nonconstant function β = β(R) that makes it true.

4. Let L(t, x, v) = v2 + 4xv + αx2 + 2tx, (a,A) = (0, 0), and (b, B) = (1, 1) in the basic problem.

(a) Find all real values of the parameter α for which an admissible extremal exists.

(b) For every such extremal, classify it as either Extremal, Weak Local Minimizer, Strong Local
Minimizer, or Global Minimizer. (Make the strongest statement you can justify.)
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