
UBC Mathematics 402(201)—Assignment 10
Due by PDF upload to Canvas no later than 23:59, Friday 03 April 2026

1. In each situation below, find all admissible extremals. Classify each one as a weak local optimum,
a strong local optimum, or a global optimum, replacing “optimum” by “maximum” or “minimum”
as appropriate. Justify your classification; make the strongest assertion you can.

(a)

∫ π/4

0

[
4x(t)2 − ẋ(t)2 + 8x(t)

]
dt subject to x(0) = −1, x(π/4) = 0,

(b)

∫ 1

0

[
ẋ(t)2 + x(t)2 + 2e2tx(t)

]
dt subject to x(0) = 1/3, x(1) = e2/3.

(c)

∫ 2

−1

ẋ(t)
(
1 + t2ẋ(t)

)
dt subject to x(−1) = 1, x(2) = 1.

2. Consider the free-right-endpoint problem

min
b>a, x

{∫ b

a

f(t, x(t))
√

1 + ẋ2(t) dt : x(a) = A, x(b) = g(b)

}
,

where f > 0 and g are given C1 functions. Use the transversality condition to show that any local
solution to this problem must meet the graph of g orthogonally.

3. Consider the set of piecewise smooth functions x(t) > 0 starting from the point x(0) = 1 and
terminating at their first contact time b > 0 with the straight line x = t− 5. Find the only arc in
this set that could possibly minimize ∫ b

0

√
1 + ẋ(t)2

x(t)
dt.

4. Consider the set of piecewise smooth functions starting from the point x(1) = 9/8 and terminating
at their first contact time b > 1 with the curve x = 2 + (t − 1)2. In this set there is only one arc
that can possibly minimize ∫ b

1

ẋ(t)2

t3
dt.

Find this arc. (Clue: The equation determining the final time may look daunting, but a search for
integer solutions will not be disappointing.)

5. Consider the problem of minimizing

Λ[x; b] =

∫ b

0

√
x(1 + ẋ2) dt

among all arcs x satisfying x(0) = 1 and x(b) = 4 − b.

(a) Reduce the search for optimal arcs and intervals to a contest between two competitors.

(b) Determine the better competitor in part (a).

(This Lagrangian also appeared in HW04 Q1. You may quote findings from the solution given there.)
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