
UBC Mathematics 402(201)—Assignment 11
Due by PDF upload to Canvas no later than 23:59, Friday 10 April 2026

1. In the general theory of convex functions, the value +∞ is allowed. Try this out: using the sensible
convention that λ(+∞) + (1− λ)(+∞) = +∞ for all λ ∈ [0, 1], prove that the function L defined
below is convex, and evaluate H(p) = sup {pv − L(v)}.

L(v) :=

{
v ln v, if v > 0,
0, if v = 0,
+∞, if v < 0.

Then do the same for L1(v) = ev and L2(v) =
√

1 + v2. (Note: Both H1(p) and H2(p) take on the
value +∞ for some range of p-values.)

2. Consider the problem of minimizing

∫ 3

τ

(ẋ(t)+kx(t))2 dt subject to x(τ) = ξ and x(3) = 0. Assume

τ < 3 and k 6= 0.

(a) Show that all extremals are C2 and find their general form.

(b) Find the problem’s unique global minimizer. (Prove these properties)

(c) Find the appropriate Hamiltonian function, H(t, x, p).

(d) Write down the Hamiltonian form of the Euler-Lagrange equations. Find the solution whose
x-component is the arc in part (b).

(e) Let W (τ, ξ) denote the value of the minimum in part (b). Find a formula for W , and verify
directly that W satisfies the Hamilton-Jacobi equation in the region of (t, x)-space where t < 3.

3. Choose an initial time a and an arc x ∈ PWS[a, π] to minimize

∫ π

a

(
ẋ(t)2 − x(t)2

)
dt subject to

the requirements that x(a) = a, x(π) = 0 and 0 ≤ a < π. Prove that your solution really gives the
global minimum. (The desired initial time a turns out to solve a nonlinear equation that requires
computer assistance to solve. Report the solution with five-digit accuracy.)

4. Consider the basic problem with L(x, v) = exv2. Find the general form of the extremals, and then
specialize to the case where the endpoints are (a,A) = (1, 0) and (b, B) = (2, log 4). Find the
unique admissible extremal and make the strongest statement you can justify about its optimality.
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