MATHEMATICS 200 April 2004 Final Exam Solutions
1) Find the distance from the point (1,2,3) to the plane that passes through the points (0,1, 1), (1,—1,3)
and (2,0, —1).

Solution. The two vectors
a=(1,-1,3)-(0,1,1) =(1,-2,2)

b= (270a 71) - (07 1, 1) = (2a -1, *2)

both lie inside the plane. So the vector

is perpendicular to the plane. The vector
d= (17273) - (07 17 1) = (17 172)
joins the point to the plane. So, if 0 is the angle between d and c, the distance is

|d|0089=%=%=

2) Two sides and the enclosed angle of a triangle are measured to be 3+.1m, 4+.1m and 90+1° respectively.
The length of the third side is then computed using the cosine law C? = A% + B? — 2AB cosf. What is
the approximate maximum error in the computed value of C'?7
Solution. Let C(A, B,0) = /A2 + B2 — 2ABcosf. Then 0(3,4, g) = 5. Differentiating C? = A2 +
B? — 2ABcosf gives

202%(14,370):214—230089 — 103%(3747% 6
209S(A, B,0) = 2B —2Acos = 1095(3,4,%) =8
Hence the approximate maximum error in the computed value of C' is
AC| ~ |55 (3,4, 5)AA + 95 (3,4, 5) AB + 55(3,4, 3) Ad]
< (0.6)(0.1) 4 (0.8)(0.1) + (2.4) 155

7 +0.14 < 0.182]

3) A meteor strikes the ground in the heartland of Canada. Using satellite photographs, a model

— _ 100
z = f(‘ray) - _w2+2w+4y2+11

of the resulting crater is made and a plan is drawn up to convert the site into a tourist attraction. A

car park is to be built at (4,5) and a hiking trail is to be made. The trail is to start at the car park and

take the steepest route to the bottom of the crater.

(a) Sketch a map of the proposed site clearly marking the car park, a few level curves for the function
f and the trail.

(b) In which direction does the trail leave the car park?

Solution. (a) Since

O 100 __ 100
- 2 4+2x+4y2+11 (z+1)2+4y2+10
the bottom of the crater is at = —1, y = 0 (where the denominator is a minimum) and the contours

(level curves) are ellipses having equations (x + 1)? + 4y?> = C. In the sketch below, the filled dot

1



represents the bottom of the crater and the open dot represents the car park. The contours sketched are
(from inside out) z = —7.5, —5,—2.5, —1. Note that the trail crosses the contour lines at right angles.

(b) The trail is to be parallel to

Vz

= (a:2+29:+4y2+11)2

Y

100 (22 +2,8y)

At the car park Vz(4,5) || (10,40) || (1,4). To move towards the bottom of the crater, we should leave

in the direction [—(1,4)].

4) Consider the function

flz,y) =22° — 6zy + y* + 4y

(a) Find and classify all of the critical points of f(x,y).
(b) Find the maximum and minimum values of f(x,y) in the triangle with vertices (1,0), (0,1) and

(1,1).
Solution. (a)

=223 —6zy +y* +4y

fr = 62% — 6y

fy=—-6x+2y+4 f,, =2

The critical points are the solutions of

[

f:r:O fy:
y=2° y—3x+2=0
y=a> 22-3x4+2=0

y=2> xz=1or2
So, there are two critical points: (1,1), (2,4).

Y (1,1)

critica. 1

p;ntl frxfyy - fzzy f:z::v type (0’ )

(1,1) | 12x2—(-6)2<0 saddle point

—(—6)2 i
(2,4) | 24x2—(-6)*>0 | 24 local min (1,0)
x

(b) There are no critical points in the interior of the allowed region, so both the maximum and the

minimum occur only on the boundary. The boundary consists of the line segments (i) t = 1,0 <y <1,

(iy=1,0<z<land (lii)y=1-2,0<z<1.

First, we look at the part of the boundary with # = 1. There f = y? —2y+2. As g—y(y2 —2y+2) =2y—2
vanishes only at y = 1, the max and min of y? — 2y + 2 for 0 < y < 1 must occur either at y = 0,

where f =2, or at y = 1, where f = 1.



Next, we look at the part of the boundary with y = 1. There f = 22% — 62 + 5. As %(2&03 —6z+5) =
622 — 6, the max and min of 223 — 62 + 5 for 0 < # < 1 must occur either at z = 0, where f = 5,
or at x =1, where f = 1.

Next, we look at the part of the boundary with y = 1—x. There f = 223 —6z(1—2)+(1—2)?+4(1—z) =
20% + 722 — 122+ 5. As (223 + 72? — 122 + 5) = 622 + 14z — 12 = 2(3z — 2)(z + 3), the max and
min of 223 + 722 — 122 4+ 5 for 0 < 2 < 1 must occur either at £ = 0, where f = 5, or at = = 1,
where f =2, or at x = Z, where f =2(£) — 6(2)(3) + & + 3 = 163613436 _ 19

All together, we have the following candidates for max and min

point | (1,0)|(1,1)|(0,1) | (%,

value of f| 2 1 5 %

)

W=

The largest and smallest values of f in this table are [min= 22, max= 5|.
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5 Let S be the surface
ry—2c+yz+ai+yP+253=7

(a) Find the tangent plane and normal line to the surface S at the point (0,2, 1).
(b) The equation defining S implicitly defines z as a function of z and y for (z,y, z) near (0,2,1). Find

expressions for 2% and ‘3—;. Evaluate g—z at (x,y,2) = (0,2,1).
2
(¢) Find an expression for gxgy.

Solution. (a) A normal vector to the surface at (0,2,1) is

V(xy—2x—|—yz+x2—|—y2—|—z3—7)| :(y—2+2x,x+z+2y,y+3z2)|

(0,2,1) (0,2,1)
= (0,5,5)
So the tangent plane is
0(x—0)+5(y—2)+5(z—1)=0or
The vector parametric equations for the normal line are
[r(t) = (0,2,1) +4(0,5,5)]
(b) Differentiating
2 .2 3 _
2y — 20+ y2(o,y) + 2t +y? + 2w, y)t =7
gives
Yy =2+ yza(@,y) + 20+ 32(2,9) 2(r,y) =0 = zlny) = Faiage
T4 2(2,y) Fyzy(,y) + 2+ 32(2,9) %2 (2,9) =0 = zy(z,y) = - LY

In particular, at (0,2, 1), |2,(0,2) = —1{.

(c) Differentiating z, with respect to y gives

2—2x—
Zay (2, y) = 7y+3ztc,y)2 o [y+32(:c7y1)12]2 (1 + Gz(x,y)zy(os,y))
_ 1 2—2x—y z+2y+z(x,y)
= ~ mrear (- 6@ ) ST )

As an alternate solution, we could also differentiate z, with respect to x. This gives

iz, (z, +2y+2(x,
Zya(w,y) = — e,y P 62 (2, y) 20 (2, y)

_ 1 2—2z— z4-2y+2(z,y) 2—2x—
T y3z(zy)? (1 + y+32($x,5)2) + [y+3z(z,y)?]? 62(z,y) y+3Z(Zx,zj])2




6 Find the points on the ellipse 222 + 4y 4+ 5y? = 30 which are closest to and farthest from the origin.

Solution. Let (x,%) be a point on 222 + 4xy + 5y = 30. We wish to maximize and minimize 2% + 3>
subject to 222 + 4y + 5y? = 30. Define L(x,y, ) = 22 + 3% — A\(222 + 4ay + 5y® — 30). Then

0=L, =2z — A4z + 4y) = (1-2Nz—-2)\y =0 (1)
0= Ly, =2y — A4z + 10y) = 2 z+(1-5\)y=0 (2)
0= Ly =22+ 4zy + 5y> — 30

Note that A cannot be zero because if it is, (1) forces z = 0 and (2) forces y = 0, but (0,0) is not on the

ellipse. So equation (1) gives y = )\ A 2. Subbing this into equation (2) gives —2\z + Mm =0.
To get a nonzero (z,y) we need

—on 4 UMY — g 0= —4A2 4 (1-50)(1—20) =632 —7TA+ 1= (6A—1)(A — 1)

So A must be either 1 or §. Subbing these into either (1) or (2) gives

- =0 = z=-2y = 8> —8y> +5y> =30 =y ==+V6

2r—iy=0 = y=2r = 227 +82%+200° =30 =z ==1

The farthest points are [+£+v/6(—2,1)|. The nearest points are | (1, 2)|.

7) Consider the integral
1ot
/ / eV dy da
0 Jx
(a) Sketch the domain of integration.

(b) Evaluate the integral by reversing the order of integration.

A =
A =

= =

Solution. (a) The domain of integration is sketched in

)
1

S
I
— <

1.’L‘

(b) Reversing the order of integration gives

/dy/ dxe“"/y—/ dy ye“/y /dyye—l

-1

N




8) A solid is bounded below by the cone z = /322 + 3y2 and above by the sphere 2% + % + 22 = 9. It has
density p(zr,y,z) = 22 + 3>,

(a) Express the mass m of the solid as a triple integral in cylindrical coordinates.

(b) Express the mass m of the solid as a triple integral in spherical coordinates.

(c¢) Evaluate m.

Solution. (a) In cylindrical coordinates, the density of is p = 22 + y? = r2, the bottom of the solid is

at z = /322 4+ 3y2 = /37 and the top of the solid is at z = \/9 — 22 — 42 = v/9 — 2. The top and
bottom meet when v3r =9 —12 <= 3r> =9 —1? <= 4r? =9 <= r =2, The mass is

27 3/2 9— r2
m = / d9/ dr r/

(b) In spherical coordinates, the density of is p = 22 + y?> = R? sin® ¢, the bottom of the solid is at

=+3r < Rcosg = V3Rsing <= tangp = % <= ¢ = % and the top of the solid is at

22 + 9% + 22 = R? = 9. The mass is z

27 w/6 3
m = / d@/ d(p/ dR (R2 sin <p) (R2 sin? <p)
0 0 0

(c¢) Making the change of variables s = cos ¢, ds = —sin ¢ dy,

27 w/6 3
m:/ d@/ dgp/ dR R4sin<p(1—0032 <p) r
0 0 0

5 2 6 )
= % ; dG/O dy sincp(l—cos gp)

s 2 V3/2
=-% d@/ ds (1 — %)
0 1

2

==% ) d0[s—%]
0

224+r2=9

z2=1+/3r

[ E}

[\SI[9N)

V3/2

5 1

1= - £+ ]

~[rE 13- 2

As an alternate solution, we can also evaluate the integral of part (a).
2 3/2 Vo—r?
m = / d@/ dr r/ dz r?
2 3/2
:/ d9/ dTTg(\/Q—T2—\/§T)
0 0
3/2
:27r/ drr3(\/9—r2—\/§r)
0

The second term

3/2
—27T/ dr V3r* = —27¢ \[ 5/2 = —27V3 2 5X25
0

For the first term, we substitute s =9 — 2, ds = —2rdr.
3/2 27/4 3/2 2 .5/2127/4
/0 /9 —7"2—27r/ s5)V/s = —m[65%2 — 25°/2]
= —n[E8 2><34—ﬁ\f+23"’}
Adding

m=2n%[(§-1) - V3G +§ - §)) = [rE 3 - )

[\v]




