Homework 7 Solutions

13. ¥ oz, y) =k /2 + 4% = kr,

m= [[,o(z,y)dA = [T [ kr-rdrdf

=k J57d0 [ 7 dr = k(m) [57°], = Gk,

M, = [f,wp(e.v)dA = 7 [2(r con0) (kr) rdrdd = k [ cosbds [+ dr
[this is to be expected as the region and density

=k [Sina]z [i},-i]‘: = k(ﬂ) (%} =0 function are symmetric about the y-axis]

Mo = [[, uplz,y)dA = [T [2(rsin@)(kr) rdrdd =k [ sin@df [} dr
=k [—{‘059]3 [}—1}1'4]‘12 =k(14+1) (IT*:‘:] — 16,

2

Hence (Z,7) = ((]_ M) = (0,

* Twk/3 14w /-
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Homework 7 Solutions

33. (a) If (P, A) is the probability that an individual at A will be infected by an individual at P, and & d A is the number of
mfected mdividuals m an element of area d.A, then f(P, A)k dA 1s the number of mfections that should result from
exposure of the individual at A to infected people in the element of area d.4. Integration over D gives the number of
mfections of the person at .4 due to all the infected people in D. In rectangular coordinates (with the origin at the city’s
center), the exposure of a person at A is

= [[ kfpayaa=r [[ 2= d(P 20-dPA) .y V(= 20)? + (y — %0)* de dy
/1, /. A

() If A = (0, 0), then

E=I;ff [1—%\/x2+y2]dxdy
e

-3
—.Lf f 1—— rdrdf =2 k[

=27k(50 — ) = Brk = 209k

r=20cos @

5
W,

For A at the edge of the city, 1t 1s convenient to use a polar coordinate system centered at .A. Then the polar equation for

10

the circular boundary of the city becomes = 20 cos § instead of » = 10, and the distance from A to a pomt P m the city
1s again r (see the fipure). So

o f2 20 cos 8 r xf2 }_2 ?_3 r=20coz @
E=kf f (1——]rdrd6‘=k/ [——— 8
—m/2J0 20 —xf2 2 60 r=0

=k [713, (200 cos® 6 — 2% cos” §) df =200k [7/7, [3 + 3 cos 26 — 2 (1 —sin” 6) cos 8] d¥

=2(]0&[%9-!—%&1129—%sin9+%v%sin39]i’;gﬂ =200k[§+0—-3+3+5+0—-3+3]
= 200k(Z — £) = 136k

Therefore the risk of infection 1s much lower at the edge of the city than in the middle, so it 1s better fo live at the edge.

14. E is the solid above the region shown in the zy-plane and below the plane z = x + y.

Thus

®

fjfE zydV = fﬂ f"r J'w'H" rydz dyde = fulf;f xy(x + y) dydx

= Jo [ @y + 2 dyda = [} [ + 3ey? V20T do

1.6/2 1.6 _ 1.7
—fﬂ 3T +3z 3 3;::]659:

Page 2




Homework 7 Solutions

3 £/ 9—=2 B—y 3 ,/ﬁ 3 y=\/ﬁ
2. 1-"=f f f dzdydx=f f (5—y—1)dyde = [4y—§y’] dx
—3d_yfo—z2 J1 W Y oy _3 y=—1/9—z?

) L . - cubetitat
= ffs 89— x2dx = 8[5 V9 —z? 4+ % sin~? (3)]3_3 {:mgﬁﬁabk Om]
=8[2sin""(1) — 2sin~'(—1)] =36(% — (—3)) =36x

Alternatively, use polar coordinates to evaluate the double integral:

z
3 pyfo—a? 2w 3 \ yt+z=3
(4—y}dyd:r:=f f (4 —rsinf)rdrdd
jia/;,fg_mz 0 0 K +yr=9-4

= [77 [2r® — 17sin6]Z; a8

= [J7(18 — 9sin6) df z=1f~\:;f-_.
2 X ¥

— 189+9c055] — 36
0

40. m = IDIﬂ_“’ ui_m_y ydzdyde = f;ful_m [(1 —xly— yz] dy dx
= [i0—af -i(1—2f]de=21[(1—2)fde=%
My =fn1 ul_z ﬂl_x_y xydz dydx =fn1 ul_z [(:r — )y —xyg] dy dx
=J'1'1 [%x(] —x]e—%x(l—x)g]dz= %fﬂl (x—3x2+3x3—x4)dx=%(%—I-I-%—%J = %

Mee = [y i7" fo 77y dedyde = [[ [T [(1 —2)y® — 7] dyde
= o -2 =30 -a))dr = 5 [0 -2)], = &

May = [} [ [ " Y yzdedyde = [} [i " [3y(l — 2 — y)*] dyd=
=31 LTl -2y =20 -2y + o] dydz =3 [j 30— 2)* - 301 —2)* +§(1 —2)*] &=
=& [ (0-2)de=-% 21 -2)], =%

Hence (£,7.%) = (3.2.1).
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50. (a) f(x.y. =) is a joint density function, so we know [[[Ls f(x.y.z)dV = 1. Here we have
s fla.y,2)dV = [Z_ [ [% flz,y.z)dzdyda = [7 [7 [;° Ce™ (05240244012 g gy dr
— O e [0 ay [ e s
= ctli,n,_.;lo fﬂt 062 1. tlinc;lo f;: e 02y dy t]i-‘g J": e~ 01z g

= C lim [-2¢7%%] lim [-5¢%%¥]; lim [-10e~%1*]}

t—oo Ui oo t—oo

= Ctl_i.nc}g [_Q(E—U.Et _ ])] E.‘TO [_5(8—0.2t - ]]] t”_{{.lc [_IU(E—U.H N 1:}]

=C-(—2)(0—1)-(-5)(0 —1)- (—10)(0 — 1) = 100C
Sowemusthave 100C =1 = C =L

(b) We have no restriction on Z, so

PX<LY <)y =1 [ _[% fle.y.2)dedyde = [} [i [ e (O5+H024012) g, gy g

.-"01 —ﬂﬁzdxfl —UZydyJ-‘m —EIIHd/

(2605, [-5e70%]

I
(=

|
gl
==
=

1. _0.1z
o lim [~10e™]0 [oypart (@]
= 135 (2—2e7"%)(5 — 5e7%2)(10) = (1 — e *F)(1 — e~ *%) =2 0.07132

@PX<1Y<1,Z<1)= J’ j f flz,y, z) dz dy de = fﬂ Jru j pe” (08E 02012 g gy da

1 1 _ o6z 1 _ o2y 1 __01= 5
—mfue d:r:fue dyfﬂe dz

W H LR

=(1—e"%)(1—e%)(1 —e ") ~ 0.006787
8. Since 2r% + 2% = 1l and v® = 2% + 3%, we have 2(x® + 4*) + 2% = 1 or 22 + 2y% + 2 = 1, an ellipsoid centered at the

:|: 1

originwtthintercepisa:::l:%,y: 752 =%L

22. In cylindrical coordinates E is the solid region within the cylinder » = 1 bounded above and below by the sphere r* + =% = 4,
so E = {(r._l?.,z} [0<8<2r0<r <], —y/4d—r2<z< \Id-—r”}.Thusthemlumeis

Iffy dav = [2" [} j\‘;’_: rdzdrdd = [ [ 2r JI—72drdo
1
= [ do [l VA= dr =2 [—%(4 - r”}m]u = 2n(8 —3°/?)
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39. The region E of integration is the region above the cone » = /x> + y* and below the sphere z* + y* + 2* = 2 in the first
octant. Because E is in the first octant we have 0 < < 7. The cone has equation ¢ = 7 (as in Example 4), s0 0 < ¢ < 7,
and 0 < p < /2. So the integral becomes

f;r“ Uﬂﬁfuﬁ (psin ¢ cos 8) (o sin ¢ sin 8) p” sin ¢ dp df do

= IUWH sin® ¢ do fuﬂlz sin # cos # df fnﬁ ptdp= (f;”“l (] — cos® 9) sin ¢ du‘)) [% sin® 5] z’iz [%pa] ;’E

2

= [feoo—cosa]g”* -3 (VE)' = [F - - (3-1)] 2 = 25
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