Practice Final 1 Solutions

4. Since (z +y + z)"/(2® + y* + z?) is a rational function with domain {(z, y, z) | (x,y, z) # (0,0,0)}, f is continuous on

R? if and only i.f( %in}u . }f{x, y, z) = £(0,0,0) = 0. Recall that (a + b)* < 2a® + 2b” and a double application
®.y.z)—(0,0,0

of this inequality to (z + y + z)° gives (z + y + z)* < 42® + 4y + 227 < 4(2® +¢* + 2*). Now for each r,
(z+y+2)7| = ﬂx_l_y_i_zlz)rf’z _ [(m+y+z}2]’” < [4(3:2_’_3’2_'_22)]7'!2 =2r($2 _i_yz_l_zz}rfz
for (xJ y: z) % (G? 0‘.‘ 0)- 'I‘hlls

(z+y+2)

_letyta)| @y 427
$2+y2 +22

x2+y2+z2 - _.r2+y2_|_z2

|f(my,z}—0| = =21"($2_’_y2+32}[r;’2)—1

for (x,y, z) # (0,0,0). Thus if (r/2) — 1 > 0, thatis r > 2, then 2"(z® +¢* + 2z3)"/?~1 - 0as (z,y,2z) — (0,0,0)

andsc( ]}m}uu }(x+y+z}’/[m2+y2 + 2%) = 0. Hence for r > 2, f is continuous on R Now if r < 2, then as
=y,z)—(0,0,0

(x,y,z) — (0,0,0) along the z-axis, f(z,0,0) = z"/z* = =" > forxz # 0. Sowhenr = 2, f(z,y,2) — 1 #0as
(z,%,z) — (0,0,0) along the z-axis and when r < 2 the it of f(=, y, z) as (=, v, z) — (0, 0, 0) along the z-axis doesn’t

exist and thus can’t be zero. Hence for < 2 f isn’t continuous at (0, 0, 0) and thus is not continuous on R*.
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8. The tangent plane to the surface zy*2* = 1, at the point (zo, yo, z0) is
¥o 75 (x — o) + 2xoyozg (¥ — vo) + 2xovgzo(z — 20) =0 = (yﬁzﬁjx + (Q.ruyuz;f]y - {2xuy§zujz = Szoypzt = 5.
Using the formula derived in Example 13.5.8 [ET 12.5.8], we find that the distance from (0, 0, 0) to this tangent plane 1s

|50 z0 |

V@223 + Rzoye2d)? + Rzoydze)®

D(‘Tﬂa Yo, Zu_} =
When D is a maximum, D? is a maximum and V.D? = 0. Dropping the subscripts, let

Now use the fact that for points on the surface zy*2* = 1 we have z*> = =

25(zxyz)”
f(_‘r_’y,z}zﬂz— xyz

T oy222 442222 4 Ag2y?’

25x 25742

tO E‘.‘T == DZ - —
get f(z,y) P

NowVD?*=0 = f,=0andf,=0.

1 4
-+ —:: + da?y?
x oy

50xy” (y° +4a” + 42°y*) — (8z + 122%¢%)(252"y") _ 0

=
(v® +4x? + 4234%)?

fa=0 =

2yt (y® +42® +40%y%) — (de +627y)2’y" =0 = 2y —22*° =0 = x*(1-22%%%) =0 =
1 = 2y*2? (since = = 0, y = 0 both give a minimum distance of 0). Also f; =0 =

50z%y(y® + 4x® + 427y*) — (2y + 1627y%)252%y*
(y® + 4=? + 4=%y*)?

=0 = 4dz'y—42"y" =0 = zz'y(l—-xy*)=0 =
1 = zy*. Now substituting z = 1/y* into 1 = 2y°2°, weget1 =2y 1% = y=22¥1" = p—27%° =

2 1 1 _ alfE _ L ol/10
P == s =2 S e

Therefore the tangent planes that are farthest from the origin are at the four points (272/% +21/1% +21/1%) These points all
give a maximum since the minimum distance occurs when g = 0 or yo = 0 in which case D = 0. The equations are

(2'/521/%)z + [(2)(27/%)(2'/ )2\l £ [(2)(2/2) @) 2/ )z =5 = (27%)a+ (2% )y x (2%1%)z =5.

2' ¥ IHR:{(Ivy)Ini:’r:yEl}'meJyER:max{xzzyz}zxz ifx:jy:
and max {z*, 3 } = 3” if z < y. Therefore we divide R into two regions:

R=Ri1URy where B1 = {(z,y) |[0<2<1,0<y < z}and

> R:={(z,¥)|0<y <1,0<z <y} Nowmax {z°,3°} =2 for
(x,y) € R1, and max{:rg,yg} =y’ for(x,y) ER: =
LR e (=5 aydo = [fp == an = [[, e aat [f {4 aa

1
=I(;l ;ezz dyda:—i—ful Uye""': d:rdy:fnl:rezﬂdx—l— ful 3;;.‘-3!"3 dy = ezﬂ] —e—1
1]
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" [ [ f(t)dtdzdy = [[[_ f(t)dV, where
E={(tzy)|0<t<20<z<y0<y=<=z}
If we let D be the projection of E on the y#-plane then

D={(y,t)| 0<t <zt <y <z} Andwe see from the diagram

that B = {(t,z,9) [t <z <y t<y<z0<t<z} So
S fs f)ydtdzdy = [; [ [ f(t)dzdydt = [; [[7(y —t) F(t) dy] at
=Js (G —t)fO];27 dt = [§ 32" —ta — 3* + ] f(t) dt
= [ [32® —ta+ 287 f(t)dt = [ (32° — 2tz +1°) f(t) dt

=3 [ (@ —t)* f(t) dt

2 2
23. V2f=0meansthat%+g—‘2f = 0. Now if F = fy i — f=jand C 1s any closed path in D, then applying Green’s
x y

Theorem, we get
JoFdr= [, fyde— fody=[f, [ (~fz) = & (f)] dA = — [, (fex + Fun) dA = — [[,,0dA =0
Therefore the line integral is independent of path, by Theorem 1733 [ET 16.3.3].

24. (a) 2> +y® = cos® t +sin” t = 1, so C lies on the circular cylinder > + 3* = 1.
But also y = =z, so C lies on the plane y = = Thus C is the intersection of the
plane y = = and the cylinder =* + 3% = 1.

(b) Apply Stokes’ Theorem, [ F - dr = [[_curl F - dS:

i Jj k
curlF = | 8/8x d/8y 8/8z = (—2yesc’ z — (—2yese® 2),0,4ze® —4ze™) =0
e 227 + 2ycotz —ylesetz

Therefore [ F-dr = [[,0-dS =0.
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38. Let C” be the circle with center at the origin and radius « as in the figure.
Let D be the region bounded by C' and C’. Then D’s positively oriented
boundary is C' U (—C"). Hence by Green’s Theorem

fF a’r+fc'F dr—ff (E——)d.-’!=0,so

[ F-de=—[ _F-dr= [ F-dr=[["F(r(t)) r'(t)dt

207 sin® t + 2a% cas® ¢ sint + 2acost

(—asint) + —

fh |:2ascusst—|— 2a% cost sin® £ — 2asint
1]

= (acos t]] dt
a

2. By Green’s Theorem

(y° —y) de — 22" dy = 3( ZI _ 8y ) dA = (1 —6z" —3y")dA
L /1, 5=,

Notice that for 62* + 3y* > 1, the integrand 1s negative. The integral has maximum value if it 1s evaluated only in the region

where the integrand is positive, which is within the ellipse 6z* + 3y® = 1. So the simple closed curve that gives a maximum
value for the line intepral is the ellipse 62> + 3y = 1.

3. The given line integral 1 [_(bz — cy) dz + (cx — az) dy + (ay — bx) dz can be expressed as [ F - dr if we define the vector
field F by F(z,y,z) = Pi+ Qj+ Rk = (bz — cy) i+ 3(cx — az) j + +(ay — bx) k. Then define S to be the planar
mterior of C, so S 1s an oriented, smooth surface. Stokes’ Theoremsays [ F - dr = [[_curl F -dS = [[_ curl F - ndS.

Now

_ (28 _2Q\;, (8P _8R\. (8Q_oP
curl F = 5y 3z)1+(3z 31)J+(3x By)k

(% % a)i (lb+%b)j+(%c+%c)k=ai+bj+ck=n

socurlF-n=mn-n=|n|’ =1, hence [[ curl F - ndS = [[, dS which is simply the surface area of S. Thus,

[oF-dr=2 [_(bz— cy)dx + (cx — az) dy + (ay — bx) d= is the plane area enclosed by C.
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