18.

lim

n2—2ﬁ+1_|.
1-n—-3n2







_(nh? (1-2.3---n)(1-2-3---n)
S @n)!  1-2-3---n-(n+1)-(N+2)---2n

27.

1 2 3 no_ (1"
" n+1 n+2 n+3 n4+n-—\2/)°
Thuslima, = 0.



31. Letay =3andan,1 =15+ 2a,forn =1, 2,3, .... Thenwehavea, = +/21 > 3 = a;.
If axr1 > ax for somek, then

a2 = /15 + 2ag41 > /154 2a = a1

Thus, {an} isincreasing by induction. Observe that
a1 <banday < 5. If ax < 5then

a1 = /15 + 2a, < /15 + 2(5) = v/25 = 5.

Therefore, ay < 5 for al n, by induction. Since {a,} is increasing and bounded above, it
converges. Letlima, = a. Then

a=+15+2a=a’°-2a—15=0=a=-3, ora=>.

Sincea > a;, we must havelima, = 5.



12. Let

- 1 S S S
n_l(2n—1)(2n+1)_1><3 3x5 5x7
1 1 1 1
Since = — — , the partial sumis
2n—D@n+1) 2 <2n—1 2n+1> P

w=30-3)+36-D-
+}< 1 1 )+}< 1 1 )
2\2n—-3 2n-1 2\2n—1 2n+1

1 1
- E(l_ 2n+1)'

Hence,

as 1 _ 1
Z = lims, = =.
@2n-1D(2n+1) 2

n=1



20. Sincel+2+3+---+n=
to 2 by the result of Example 3 of this section.

nn+1 : o 2 .
( ;_ ),theglven seriesis ) o2 ; ———— which converges

nn-+1)



21. The total distance is
2+2|2 3+2x 3 2+
X_ — .« o o
4 4
3 3 /3\?
=24+2x =1+ - -
+ x2|:+4+(4) + }

3
=2+ —3 = 14 metres.
1-=
4

Fig. 2-21



1
30. “If Y  an diverges andby} is bounded, thei} a, b, diverges” is FALSE. Let, = - and

which

1
by, = Tk Then) a, = coand 0< b, < 1/2. But) anb, = > T D
converges by Example 3.




31

“If a, > 0and)_ a, converges, theh aﬁ converges” is TRUE.

Since)  a, converges, therefore liay = 0.

Thus there existdl such that O< a5 < 1forn > N. Thus O< aﬁ <anforn> N.
n

n
If S =) afands, = ) a, then{S} is increasing and bounded above:
k=N k=N

o0
S << a<oo
k=1

o0 (o.¢]
Thus ) ~ af converges, and s _ aZ converges.



(="

27. a) “Y_ ap converges implies " (—1)"a, converges” is FALSEa, = is a coun-

terexample.

b) “>" an converges and_(—1)"a, converges implies_ a, converges absolutely” is
FALSE. The series of Exercise 25 is a counterexample.

c) “>_ a, converges absolutely impli€s (—1)"a, converges absolutely” is TRUE, be-
cause

|(=D)"an| = lan|.



220 (nh)2

41. Trying to apply the ratio test t{j 2 we obtain
_ 222(n+HH* @)l o A+ 2
- (2n + 2)! 220nh2 T 2n+2)2n+1)

Thus the ratio test provides no information. However,

22 [2n@2n—2)---6-4- 2]

@n!  2n@2n—-1)2n-2)---3-2-1
2n 2n—2 4 2 1
2n—1 2n—3 31

Since the terms exceed 1, the series diverges to infinity.



39.

2]

n
n+1

2

n
) converges by the root test of Exercise 31 since

. n \"n 1 1
G=n|lm 1 :n||m ﬁ:_
et 17 1y e



(2x+ 3"

23. Apply theratiotestto » i

(2x 4 3)"+1 n/34" | 2x+3  |x+ 3
(n+ Y3+ 2x4+3| 4 2

o =lim

. _ 3 T 1 .
The series converges absolutely if [x 4 > < 2, thatis, if —5 <X < > By the aternating

. . . 7 .
seriestest it converges conditionally at x = —5 It diverges el sewhere.



1 1\n .
24. Leta, = ﬁ(1+ ;) . Apply the ratio test

: 1 1\n+1 n 1\-n 1
. . . 1 1 1
if and only if [x + 1] < |X]|, thatis,—2 < — < 0 = X < —5 If x = —5 then
dan=>)" , which converges conditionally. Thus, the series conveagesolutely
n=1 E:l n 1
if X < —5 converges conditionally ik = —3 and diverges elsewhere. It is undefined at

x =0.



(2n)!x"

29. Applying the ratio test to) Py

= Z anx", we obtain
@n+2)@n+1)

= lim|x = |X].
p X1 X|

Thus > a,x" converges absolutely i1 < x < 1, and diverges ik > 1 orx < —1.

In Exercise 36 of Section 9.3 it was shown tlagt> —, so the given series definitely

diverges atx = 1 and may at most converge conditionallyxat= —1. To see whether it
does converge at1, we write, as in Exercise 36 of Section 9.3,

B (2n)! B I1x2x3x4x---x2n
2°n2 2x4x6x8x---x2n)2
B I1x3x5x---x@n-1
T 2%x4x6x---x(2n—2) x2n

1 3 2n—-3 2n-1

==-X-X

...X X
2 4 2n—2 2n
1 1 1 1
:(1_5) (1_1)”'(1_2n—2) (l_%>'

It is evident thata, decreases asincreases. To see whether lam = 0, take logarithms
and use the inequality (fA + X) < x:

1 1 1
nNan=In{1-=)+In{1->)+ - +In(1- =
nan n( 2>+n< 4>+ +n( Zn)

1 1 1

- 2 4 2n
1 1 1

=—[(1+=+ + —] —> —ocoasn - oo
2 2 n

Thus lima, = 0, and the given series converges conditionally at —1 by the alternating
series test.



