1+5" . 14+5" (n+1D)!
(%) n _ .
7. For) =0 ;X we haveR = lim o 155

is infinite; the centre of convergence is 0; the interval afvagence is the whole real line
(—00, 00).

= oo. Theradius of convergence



(o.¢]
(4x — D"
8. Wehave) — =
. n=1 ) n=
radius of convergenceis

n

4n n 1 n+1
R—lim* G+
nn 4n+1

4

Hence, the interval of convergenceis (—oo, o0).

00 n
4 1\n .
> (—) (x — Z) . The centre of convergenceisx = 3. The
1

::_L|im<n:1) N+ 1) =o0.



17. Letx+2=t,sox=t—2. Then

I N ( B )l
x2_(2—t)2_n2=(:)

on+2

o0 n
:Z(”+1)(X+2) (—4 < x < 0).
n=0

on+2 ’



19. Wehave

1- 2x2 (Z(Zx ) )



20. Lett=x4+1.Thenx=t—-1,and

23 _ 241 _ o2

o0 ongn
=e) = (for all t)
n=0
o0 n n
= Z w (for all x).

n=0



21, Lett=x—(7/4),s0Xx =t + (/4). Then
f (X) = sinX — cosx

:sin(t+%) —cos(t+z)

4
1. . .

— E[(smt + cost) — (cost —sint)]

J— ] f— —_ n

= +/2sint = «/énzzjo( 1) 2n 1+ D)

. (=" 77\ 2n+1
=2 ( X — = (for al x).
nZ::O(Zn—i—l)! ( 4)



1+x
(1-x)8

29. From Example?7, an x"—1 =
n=1

for —1 < x < 1. Puttingx = 1/, we get

Z(n+1)2 i k2 1+2 722+

"0 AT A @7



30.

From Example 5(a),

1

0
> nxt= a0 (-1 <x<1).
n=1

Differentiate with respect to x and then replace n by n + 1.

o0

2
nn — Hx"2 = . (-l<x<1
—~ (1—-x)3
> 2
Y (n+ pnx"t = T Cl<x<D.
n=1
Now let x = —1/2:
i(—l)”_ln(n +1) _ 16
— on-1 27

Finally, multiply by —1/2:

i(_l)nn(n——i_l)__g
—~ on 27



o n
31. Since Z(—l)”_l)% =In(1+ x) for —1 < X < 1, therefore

n=1




9 15 21 27

3 X X X X

34.

33036

X3
=2$in(?) (for dl x).

T3 x4 5ix16 7Ix64 o x2E



35 1+X2+X4+X6+
' 3! 5! 7!
1. X —e X
= —snhx = ——
) X o 2X
if x #0. Thesumislif x =0.
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42. We want to prove thaf (x) = Py (X) + En(X), wherePR, is thenth-order Taylor polynomial
for f aboutc and

1 X
En(X) = H/ (x — )" f ™Dty dt.
s Je

(&) The Fundamental Theorem of Calculus written in the form

X

fx)=1( +/ f'(t) dt = Po(x) + Eo(X)

c
is the casen = 0 of the above formula. We now apply integration by parts ® th
integral, setting
U= f'(t), dVv = dt,
du = f”(t)dt, V=—-XX-1).
(We have broken our usual rule about not including a consthimtegration with

V. In this case we have included the constamtin V in order to haveV/ vanish
whent = x.) We have

t=x X
f(x)=f)— f'tH(x—1) —{—/ x—t)f”()dt
t=c c

X

= f(c)+ f'(c)(x — 0 +/ (x —t)f”(t)dt
Cc

= P1(X) + E1(X).

We have now proved the case= 1 of the formula.

(b) We complete the proof for generalby mathematical induction. Suppose the
formula holds for some = k:

f(X) = P(X) + Ek(X)
X

= Pc(X) + k—1|/ (x — )X f kD (¢ dt.
. C

Again we integrate by parts. Let

U= fktD), dVv = (x — t)kdt,
du = f(k+2)(t) dt, V = -1 (X _ t)k+1.
k+1
We have :
f(k+1) (t)(x — t)k+1 =X
f = —| -
(X) = P(x) + K ( Kt 1 e
X _ t\k+1 § (k+2)
+/ (x — t)k+L §k+2) (g dt)
c k+ 1
f(k+1)(c) "
— Pk(X) + m(x — C)

1 X k+1 ¢ (k+2)
+7(k+1)!fc (x — LD (g gt



43.

If f(x)=In(1+ x), then
£/(X) = 1 £7(X) = — fW(X)—
=17% ()_(1+x)2’ A +x%
—3 (=) 1(n - 1!
4 — n _
f 9% = Tr0d fi = L
and

f(0) =0, f/(0)=1, f"(0)=-1, f”0) =2,
f@0) =-3, ..., fMO0) =" n-1
Therefore, the Taylor Formulais

-3l

f(x)=x+ 1x+2x+ X4+t
B 2! 3! 41

(=D i(n - 1!
n!

X" + En(X)

where 1
En(X) = —f (x — N f "D () dt
__/( _pn D AL
- (1—|—t)“+1
B X (X_t)n
=), arom
fO<t<x<l1thenl+t>1land
Xn+1 1

X
E < —tH)Ndt = < 0
In(X)I_/O(X ) n+1_n+1_>

asn — oo.
If —1 < x<t<0,then

= IX],
1+t

X—t| t-—X
1+t

t—x. .
because 10t increases from 0to —x = |Xx| ast increases from x to 0. Thus,

IX] | |n+1
[En(X)| < —f Ix|"dt = 0
asn — oo since |X| < 1. Therefore,
2 3 4 00 n
X X X X
fox)=x— —+ 2 2 4+ ...= _1n—1_’
(x) > + 3”7 + nE:1( ) N

for—1 < x < 1.



