Math 105 Assignment 4 Solutions

1. (10 points) Evaluate
218
(49 — 2%)2

Solution: The denominator suggests a trigonometric substitution involving the sin function.
Perform the substitution x = 7sin(f), dz = 7 cos(f) to get

I - — (7sin(9))"® 7 cos _ [ (Tsin(8)"® o
/(49—x2)2)21d _/(49—(7sin(9))2)221 7 cos(6)dd /( -+ - 7cos(0)do

49 cos?(6))=
:/ (7sin(6))*®
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W - Tcos(6)dld = /tan (@) - 5 sec”(0)do

We can take care of this last expression using the substitution u = tan(0), du = sec?()dz to get

i 18 2 _i/ 8, 1 u_19 1 tan'®(6)
5 tan () sec (9)du-49 udu C
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To substitute our original variable x = 7sin(#) back in, we need to change this to an expression
in terms of sin. Rewriting,

1 tan'®(0 1 90 1 n1%(p 1 19
_.an <)_|_C:_.7SL()_|_C:_. Sl () 19+C:—~x—19—|—0
49 19 931 7cos™(0) 931 (1/49 — 49sin%()) 2 931 (49 — 22)%
Our end result is then

218 1 19

—ldx = T 19 + C
(49 — 22)% 931 (49 —a2)%



2. (15 points) Evaluate
23— 4
—d
/ x2—2x —3 v
Solution: We use partial fractions to simplify the integrand.

Since the degree of the numerator 23 — 4 is not strictly less than the degree of the denomina-
tor 2 — 2z — 3, we need to do long division first.

Divide the leading term of the numerator, , by the leading term of the denominator, 2. The
result of this is x, so we subtract x(z* — 2z — 3) from the numerator.

(23 —4) —w(2? =22 —3) =222+ 30x — 4

Repeating this with 222 4+ 3z — 4, the result of dividing the leading term 22% by z? is 2, so we
subtract 2(z* — 2z — 3).

(222 +3x—4) —2(2®> =22 —3) =Tr+ 2,50 ' —4 = (z + 2)(2* — 22 — 3) + (Tx + 2).

This means our integral is
3 —4 Tr 4+ 2
= dr= )4+ ————— | d
/x2—2x—3x /(($+ >+x2—2x—3> ‘

Tr42 dax

g s First note that the denominator factors

We use partial fractions to take care of [
as 12 —2r —3=(z—3)(x +1)

Tx+2
r2—22—3

To do this, we want numbers A, B with = + x%l.

A

-3
Clearing denominators gives 7Tz +2 = (z —3)(z+1)-2. + (m—3)($+1)% =(z—-3)A+(z+1)B =
(A+ B)x+ (A —-3B)

The coefficient of x on the left is 7 and the coefficient of  on the right is A + B, so we get
the equation 7= A + B.

The constant term on the left is 2, and the constant term on the right is 34 — 2B, so we get
the equation 2 = A — 3B.

Adding three times the first equation to the second gives 23 =3-7+2=3A+ A+ 3B — 3B =4A,
so A= 24—3, and plugging back into the original equation, we get B = %.



Now we have

1 2 : 2
/m—+d:c:/< i+ 4 )dxzzgln(x—i%)jtgln(x—l)—i—c

2 —2x —3 r—3 z-1

For our original integral, we now have

3 —4 Tr+2 1 23 )
_ 9 T dr=Zx%242 —In(x — —In(z —1
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3. (15 points) Consider the integral
1
I:/ V1 —a2dx.
0

(a) Find I (use geometry). (b) Find an approximation of I using Midpoint rule and Trapezoid rule
with n = 4. (c¢) For both Midpoint and Trapezoid rules, calculate the absolute error between the
estimate and the true value.

Solution: (a) From 0 to 1, the function traces a quarter circle of radius 1. The area under-
neath is therefore a quarter of the area of a circle with radius one, so I = 7.

(b) First we need to partition the interval into n = 4 parts. The partition has grid points
1

ro=0,21 = }L,xg = 5,73 = %,m = 1. The width of the intervals is Ax = %.

Midpoint Rule: The midpoints of the intervals [z5_1, zx] for k = 1,2,3,4 are m; = %, My = %, ms =

5 _ T
SUCE

Evaluating the function f(x) = v/1 — 22 at these points, we have f(m;) = @, f(mg) = @, f(mg) =
5, iy = 45

The midpoint rule approximation is

M(n)=Yf (“%W) Ax =" f(mp)Az = }1(\/53 + \/55 - ‘/5’_9 + \/ﬁ) ~ 0.795982
k=1 k=1

8
- N . M@0
The absolute error is |Z — M(n)’ ~ 0.010583, and the relative error is ~——————— ~ 0.013475.
4
Trapezoid Rule: Evaluating the function f at the grid points, f(z¢) = f(0) = 1, f(z1) = f(3) =

VB f(ws) = f(3) =L, fzs) = F(3) = ¥, faa) = f(1) = 0.

The trapezoid rule approximation is

1

_f@) | fla) 1 V15 V3 VT 0
T(n) == +;f(:ck)+ S =g T g T g 0748027

T T(n)

The absolute error is |§ — T(n)‘ ~ 0.036471, and the relative error is |Z ~ 0.046437.



