Math 105 Assignment 7 Solutions

1. Compute
Uy + Uy if u(z,y) = ln(a:2 + 7).

Solution: First we use the chain rule to compute
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Next we use the quotient rule to find the second partials:

0 2z (22 4+y?) -2 -2z -2z  2(y* —2?)
Uze = Oz 12 + y? - (22 + y2)2 - (22 + y2)?2
o 2 (#* +¢*)-2-2y-2y  2(z® —3?)
Uyy = 8_yx2 T2 - (22 + 32)? - (22 + 42)2

20y — 2?)  2(2? —y?)
Thus we have u,, + uy, = @ 1 g2)2 + (22 + y2)? =0
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2. An ant sits on an overturned bowl shaped like the hemisphere

z2=+1—2x2—9>

If it starts crawling directly above the curve v = y = e, t > % find the
rate at which it will be gaining or losing height when it passes the point
(%, %, \/LE) Is it going uphill or downhill at that point?

Solution: We have the z-coordinate for the point on the hemisphere
lying above the curve x = y = e~! as a curve in the parameter t: z =
V1—2e2t,

The rate of change of the z-coordinate is then

26—215
Z(t) = ——
V1—2e2
The point (3, 3, \/Li) occurs along the curve when ¢ = —In(3).
Plugging this in,
1 25 1
Z(—=In(2)) = 4 - —
() == 5

Since the rate of change of the z-coordinate is positive, the ant is going
uphill at this point.



3. Consider the production function of an enterprise

fla,y) = 6021yt

which gives the numer of units of goods produced when utilizing = units of
labor and y units of capital. The enterprise currently employs 81 units of
labor and invests 16 units of capital.

(a)

If the capital is held fixed at its current value, and the amount of labor
increased by one unit, find the approximate change in the quantity of
goods produced. This quantity is known as the marginal productivity
of labor.

Solution: The marginal productivity of labor is the partial derivative
of the production function with respect to x. We have a% flz,y) =
45z Tyt

At the point (81, 16), the marginal productivity of labor is

0 1 !
—f(81,16) =45-817 -1612 = 30
(9xf( 16) ) )

Similarly, holding the amount of labor fixed at its current value, deter-
mine the approximate increase in productivity generated by an increase
in capital by one unit. This is called the marginal productivity of capi-
tal.

Solution: The marginal productivity of capital is the partial deriva-
tive of the production function with respect to y. We have a% flz,y) =
152y,

At the point (81, 16), the marginal productivity of capital is

é?—f(81,16):: 15817 - 167%/* = 50.625
Y



