Math 105, Spring 2011
Midterm 1 Solutions

Question: Compute the following integral:

/ (e + 1)(ev + 2)d‘“j

Solution. The first step is to make the substitution
u=e" sothat du=e"dx.

Under this change of variable, the integral transforms as follows:

/ e / wdu

dx = :
(e* +1)(e* + 2) (u+1)(u+2)
Note that the integrand in the last integral is a rational function (ratio of two polynomials),
whose numerator is of lower degree than the denominator. Further the denominator is
a product of two simple linear factors, so we should simplify the integrand using partial
fractions. Accordingly, we write

u A B
(u+1)(u+2) u—l—l—IPu—i—27 o (ut2)+ Blut1)
where A and B are constants to be determined. Setting u = —1 and —2 respectively, we
obtain A = —1 and B = 2. Thus

e wdu
/<ew+1)<ew+2)d”:/(u+1)(u+2)
2

Question: Compute the following integral:

1
/ arctant dt
0

Solution. We apply integration by parts with « = arctant and v' = 1, so that v’ = (#*+1)7!
and v = t. This gives

tdt
(1) /arctantdt = uv — /vu’ = tarctant — / :
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In order to compute the last integral, we substitute u = 2 + 1, so that du = 2tdt and

tdt 1 fdu 1 1
2 =— [ —=-lhu=-In(t*+1 .
) /t2+1 5 | W T ahus gl +C

Combining (1) and (2) we obtain
t=1

1
1 1 1

/ arctant dt = [t arctant — — In(#* + 1)} =arctan(l) — —In2+ —In(1) = u

; 2 =0 2 2 4

Question: Find the net area and the total area between the graph of the function
f(r) = 2sinx and the r-axis on the interval [-7, 7.

Solution. The function f(x) = 2sinz is positive in (0,7) and negative in (—7/2,0). We
compute the signed areas of the positive and negative parts separately:

A+:/ 2sinzdr = —2cosx| =4,
0 x=0
0 x=0
A_:/ 2sinxdr = —2coszx = -2,
—r/2 r=—7/2

So the net area is A, + A_ =4 — 2 = 2, while the total areais A, — A_ =4+2=6.
O

Question: Give short answers to the following questions.

(a) Using Riemann sums, identify the following limit as a definite integral but
do not evaluate the integral:

"1 7k
lim E — COS (—) .
n—oo £~ 1 n

Solution 1. The sum above is a right Riemann sum with

1
k<n, sothat Ax=—
n

1

IN

T = —,

S|

Thus a = g =0 and b = x,, = 1. Further

o= 1 (£) = o (55 = st

so f(x) = cos(mx). Thus

"1 k b !
lim Z - cos (7> :/ f(x)dx :/ cos(mx) dx.
k=1 @

0
U

Solution 2. Alternatively, you could also have thought of the above sum as a right Rie-
mann sum with

km
= —, 1 <k <n in which case Ax =
n

2

,a=x0=0,b=ux,=m.
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In this case

for

This means that 1
f(z) = —cosx.
T

So, an alternative answer to the question is

~ 1 k ’ 1"
lim Z — COS <—> = / f(z)dx = —/ cos x d.
n—oo 1 n n a T 0

O
Find the following derivative in terms of f:
d 0
% cos(z2) f(t) o
Solution. By the fundamental theorem of calculus,
d 0 d cos(2?)
— t)dt = —— t) dt
dx cos(x?) f< ) dx 0 f( )
d
= —f (cos(z?)) o [cos(a?)]
= f(cos(z?))2z sin(z?).
OJ

Find the trapezoidal rule approximation of
2
/ 222 dx
-1

Solution. The interval [—1,2] has to be split into three equal pieces, so the endpoints of
the subintervals are

with n = 3.

ro=—-1, x1=0, x9=1, x3=2, hence Az =1.
Also,
f(xO) = 27 f(lj) = 07 f(‘rZ) = 27 f(x?)) =38.

By the trapezoidal rule formula:

T(3) = Az %f(xo) + f(z1) + flzg) + %f(:cg) =14+0+2+4="7.



