Math 121: Homework 1 solutions
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2. The formula Y*_; i* = n?(n + 1)2/4 holds for n = 1, since it says 1 = 1 in this case.
Now assume that it holds for n = k > 1; that is, Zile i> = k?(k +1)?/4. Then for
n=k+1, we have

k+1 k
Y i = Y P+ (k+1)
i=1 i=1
k2 (k+1)>2 k+1)>2
L S5 LY
2
= WD g
4
Thus the formula also holds for n = k + 1. By induction, it holds for all positive

integers n.
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Figure 1: 3a

3. (a) The required area is (see the figure 3a)
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(b) The height of the region at position x is 0 — (x> — 2x) = 2x — x2. The base is an
interval of length 2, so we approximate using n rectangles of width 2/n. The
shaded area is
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Figure 2: 3b
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Let m; and M be, respectively, the minimum and maximum values of f(x) on the
interval [x;_1,%;], for 1 <i < n. Then
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If m} and M; are the minimum and maximum values of f(x) on [x;_1,x'], and if m}

and M are the corresponding values for [x', x;], then
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Therefore we have
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mj(xj — xj_1) < mj(x’ —xj_q1) +mj (x; —x'),

M;(x; — xj-1) > Mi(x" — xj_1) + M (x; — x'),

Hence L(f,P) < L(f,P’) and U(f,P) > U(f,P"). If P” is any refinement of P we
can add the new points in P” to those in P one at a time, and thus obtain

L(f,P) < L(f,P"), U(f,P) = U(f,P").
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3x2—x
0 [x—1f
= area(Ay) —area(Az)

1+3 1 7
= T(z) - 5(1)(1) =5

dx

[ ()~ ke
— /ab(f(x))zdx—2k/abf(x)dx+k2/abdx
- /ab(f(x))zdx—Zk(b—a)f+k2(b—a)
= -k PP+ [ ()P~ (- a) ()

This is minimum if k = f .



