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Abstract

We study heat kernel estimates for symmetric pure jump processes on general metric
measure spaces. Building on recent progress in the local setting due to S. Eriksson-Bique,
we develop a non-local version of the Whitney blending technique and use it to relate stable-
like heat kernel estimates to capacity upper bounds. Under two-sided stable-like bounds
on the jump kernel, we show that a capacity upper bound across annuli implies a cutoff
Sobolev inequality, and we obtain a characterization of stable-like heat kernel estimates in
terms of these conditions. As a consequence, we give an affirmative answer to a conjecture
of A. Grigor’yan, E. Hu, and J. Hu.

1 Introduction

The behavior of the heat kernel is intimately tied to the geometry of the underlying space. A
landmark result in this direction, independently due to Grigor’yan and Saloff-Coste, shows that
Gaussian heat kernel estimates and the parabolic Harnack inequality for Brownian motion on a
Riemannian manifold are characterized by two analytic–geometric properties: volume doubling
and the Poincaré inequality [Gri, Sal]. Over the past three decades, this characterization has
been extended to a variety of settings, including diffusions on local Dirichlet spaces [Stu], random
walks on graphs and metric spaces [Del, MS23], diffusions on fractal-like spaces [BB, BBK,
GHL15], jump processes [CKW21, CKW20a, GHH18, MS19], symmetric Markov processes with
both diffusion and jumps [CKW20b]. Similar characterizations of the elliptic Harnack inequality
(EHI) for diffusions have also been obtained [BM, BCM]. An important application of these
characterizations is the stability of heat kernel estimates and related analytic properties such as
elliptic and parabolic Harnack inequalities under perturbations of the space or the underlying
Dirichlet form and also to establish such properties in examples of interest.

On fractals and many fractal-like spaces, beyond volume doubling and the Poincaré inequal-
ity, the cutoff Sobolev inequality and its variants constitute a fundamental analytic tool.
Introduced by Barlow and Bass in the setting of random walks on graphs and subsequently ex-
tended to other settings, this inequality plays a central role in the characterization and stability
of heat kernel estimates and Harnack inequalities, such as:

(i) Parabolic Harnack inequality and two-sided sub-Gaussian heat kernel estimates for diffu-
sions [BB, Theorem 1.5], [BBK, Theorem 2.16] [GHL15, Theorem 1.2].
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(ii) Elliptic Harnack inequality for diffusions [BM, Theorem 5.15],[BCM, Theorem 7.9].

(iii) Sub-Gaussian heat kernel upper bounds for diffusions [AB, Theorem 1.12].

(iv) Two-sided stable-like heat kernel bounds for pure jump processes [CKW21, Theorem 1.13],
[GHH18, Theorem 1.12], [MS19, Theorem 1.5].

(v) Stable-like heat kernel upper bounds for pure jump processes [CKW21, Theorem 1.15],
and parabolic Harnack inequality for pure jump processes [CKW20a, Theorem 1.20].

(vi) Heat kernel bounds (two-sided and upper) and parabolic Harnack inequality for processes
with both diffusions and jumps [CKW20b, Theorems 1.13, 1.14 and 1.18].

Although the cutoff Sobolev inequality and their variants are a powerful tool for establishing
the stability results mentioned above, it is often difficult to verify in concrete examples. It
is therefore natural to seek simpler sufficient conditions, such as an upper bound on capacity
across annuli. This motivation underlies a conjecture of Grigor’yan, Hu, and Lau in setting (i)
above [GHL14, Conjecture 4.15], [GHL15, p. 1493, p. 1498], as well as a related conjecture of
Grigor’yan, E. Hu, and J. Hu in setting (iv) [GHH18, Conjecture 1.14]. Let us also mention
that cutoff Sobolev inequality has proven to be more generally useful beyond stability results
such as obtaining singularity of energy measures [KM20, Yan] and also for obtaining heat kernel
estimates for reflected diffusions [Mur24] and diffusions on Laakso-type spaces [Mur26].

Recently, the conjecture of Grigor’yan, Hu, and Lau was resolved in setting (i) (and hence
also in setting (ii)) by S. Eriksson-Bique in a breakthrough work introducing the technique of
Whitney blending [Eri]. In fact, the Whitney blending technique in [Eri] is implemented in the
more general framework of p-Dirichlet spaces introduced in [EM, §2.2], which allows for non-
linear energies but assumes locality of the energy. The purpose of this work is to develop the
Whitney blending technique in a non-local setting and to give an affirmative answer to [GHH18,
Conjecture 1.14] in setting (iv). More generally, one may optimistically conjecture that the
cutoff Sobolev inequality and its variants can be replaced by simpler capacity upper bounds in
all of the characterizations discussed above. We leave the resolution of analogous conjectures in
the remaining settings, such as (iii), (v), and (vi), as an interesting direction for future research.
We refer to [Ant, Mur23, Yan] for recent partial progress on the Grigor’yan–Hu–Lau conjecture
prior to its resolution in [Eri].

While Whitney covers have previously been used to obtain heat kernel bounds for diffusion
processes, most notably in the analysis of reflected and killed diffusions in [GS], their use in
deriving heat kernel bounds for jump processes is new. This constitutes a key methodological
novelty of the present work. Moreover, the Whitney blending approach in the nonlocal setting
requires substantially new ingredients not present in [Eri], including sharp two sided estimates
on the jump kernel and the use of truncated Dirichlet forms.

Our main results are as follows:

(A) Two-sided stable-like bounds on the jump kernel together with a capacity upper bound
imply a cutoff Sobolev inequality (Theorem 1.6).

(B) A characterization of stable-like heat kernel estimates in terms of the two-sided bounds on
the jump kernel and the capacity upper bound above (Theorem 1.7).

The result (B) provides an affirmative answer to [GHH18, Conjecture 1.14].
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1.1 Framework and results

Let pX, dq be a complete, locally compact, separable metric space, and let m be a positive
Radon measure on M with full support. We always assume that X contains at least two points.
Such a triple pX, d,mq is called a metric measure space. We set Bpx, rq :� ty P X | dpx, yq  
ru, Bpx, rq :� ty P X | dpx, yq ¤ ru, and V px, rq � mpBpx, rqq for x P X, r P p0,8q. We assume
that the measure m satisfies the following volume doubling property (VD): there exists CD ¡ 1
such that

V px, 2rq ¤ CDV px, rq, for any x P X, r P p0,8q. (VD)

We consider a symmetric Dirichlet form pE ,Fq on L2pX,mq. In other words, F is a dense
linear subspace of L2pX,mq, E : F � F Ñ R is symmetric, non-negative definite, bilinear form
that is closed (F is a Hilbert space under the inner product E1p�, �q � Ep�, �q � x�, �yL2pX,mq) and

Markovian (for any f P F , we have pf :� p0 _ fq ^ 1 P F and Ep pf, pfq ¤ Epf, fq). We assume
that pE ,Fq is regular ; that is, F X CcpXq is dense both in pF , E1q and in pCcpXq, } � }supq. We
assume that pE ,Fq is a pure jump type Dirichlet form; that is, there exists a symmetric positive
Radon measure on M �Mzdiag such that

Epf, fq �
»
M�Mzdiag

pfpxq � fpyqq2 Jpdx, dyq, for all f P F ,

where diag � tpx, xq | x P Xu denotes the diagonal. The Radon measure J is called the jump
measure; cf. [FOT, Theorem 3.2.1].

We assume that the measure m satisfies the following volume doubling property VD: there
exists CD ¡ 1 such that

V px, 2rq ¤ CDV px, rq, for any x P X, r P p0,8q. (VD)

Setting α � log2CD and iterating VD, we obtain the following well-known consequence

V px, sq ¤ C2
D

�
dpx, yq � s

r


α

V py, rq, for all x P X, 0   r   s   8. (1.1)

We recall the closely related reverse volume doubling property and a generalized version intro-
duced in [Mal, Definition 1.4].

Definition 1.1. We say that a metric measure space pX, d,mq satisfies the reverse volume
doubling property RVD if there exists β P p0,8q, C P p1,8q such that for all x P X, 0   r ¤
R   diampX, dq, we have

mpBpx,Rqq
mpBpx, rqqq ¥ C�1R

β

rβ
. (RVD)

For any x P X, define Dx :� infyPXztxu dpx, yq. We say that pX, d,mq satisfies the quasi reverse
volume doubling property QRVD if there exists β P p0,8q, C P p1,8q such that for all x P
X,Dx   r ¤ R   diampX, dq, we have

mpBpx,Rqq
mpBpx, rqqq ¥ C�1R

β

rβ
. (QRVD)
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Much of the existing work on stable-like heat kernel estimates assumes the reverse volume
doubling condition RVD. Since many natural examples, such as graphs with polynomial volume
growth, do not satisfy RVD but do satisfy QRVD, we work throughout in this more general
setting.

We say that ϕ : r0,8q Ñ r0,8q is a scale function if ϕ is a homeomorphism such that there
exist constants Cϕ ¥ 1, β2 ¥ β1 ¡ 0 such that

C�1
ϕ

�
R

r


β1

¤ ϕpRq
ϕprq ¤ Cϕ

�
R

r


β2

for all 0   r ¤ R. (1.2)

Definition 1.2. Let pX, d,mq be a metric measure space and let pE ,Fq be a pure jump Dirichlet
form on L2pX,mq with jump measure J . We say that the two-sided jump kernel bounds Jpϕq
hold if there exist a symmetric function J : X �X Ñ r0,8q and constants c, C ¡ 0 such that

Jpdx, dyq � Jpx, yqmpdxqmpdyq,

and
c

mpBpx, dpx, yqqqϕpdpx, yqq ¤ Jpx, yq ¤ C

mpBpx, dpx, yqqqϕpdpx, yqq , Jpϕq

for all x, y P X with x � y. The above upper and lower bounds on J will be denoted by Jpϕq¤
and Jpϕq¥, respectively.

For the remainder of this work, we always assume that the jump measure J on X�Xz diagX
is of the form Jpdx, dyq � Jpx, yqmpdxqmpdyq where J : X � X Ñ r0,8q is a non-negative,
symmetric, measurable function. We define the energy measure Γpf, fq of a function f P F by

Γpf, fqpAq �
»
A

»
X
pfpxq � fpyqq2Jpx, yqmpdyqmpdxq. (1.3)

We also denote by Γpf, fq : X Ñ R, the dennsity of the measure Γpf, fq with respect to m given
by

Γpf, fqpxq :�
»
X
pfpxq � fpyqq2Jpx, yqmpdyq.

By an abuse of notation, we use the same symbol for both the measure and its density with
respect to m for J and Γ; the meaning will be clear from the context.

Definition 1.3. (i) Let U � V be open sets in X with U � U � V . A cutoff function for
U � V is a non-negative, bounded, measurable function ϕ such that ϕ � 1 on U , ϕ � 0 on
V c, and 0 ¤ ϕ ¤ 1 on X.

(ii) We say that the cutoff Sobolev inequality CSJpϕq holds if there exist constants a0 P
p0, 1s and C1, C2 P p0,8q such that for all 0   r ¤ R, x P X, and all f P F , there exists a
cutoff function ψ P F for Bpx,Rq � Bpx,R� rq such that»
Bpx,R�p1�a0qrq

f2 dΓpψ,ψq ¤ C1

»
U�U�

pfpxq�fpyqq2 Jpdx, dyq� C2

ϕprq
»
Bpx,R�p1�a0qrq

f2 dm,

CSJpϕq
where

U � Bpx,R� rqzBpx,Rq, U� � Bpx,R� p1� a0qrqzBpx,R� a0rq.
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(iii) We say that the capacity upper bound Cappϕq¤ holds if there exist constantsA1, A2, C1 P
p1,8q such that for all x P X and 0   r   diampX, dq{A2, there exists a cutoff function ψ
for Bpx, rq � Bpx,A1rq satisfying

Epψ,ψq ¤ C1
V px, rq
ϕprq .

Remark 1.4. Assuming Cappϕq¤, we may, without loss of generality, take A1 � 2. Indeed, this
can be achieved by covering Bpx, rq with a uniformly bounded number of balls of radius r{A1

whose centers lie in Bpx, rq, and then taking the maximum of the corresponding cutoff functions
associated with these smaller balls. For such a covering argument, see, for instance, [Mur24,
Lemma 6.2].

By [CKW21, Proposition 2.3-(5)], under VD, and Jpϕq¤ we have the implication

CSJpϕq ùñ Cappϕq¤. (1.4)

Given a Dirichlet form pE ,Fq, there is an associated Markov semigroup pPtqt¥0 on
L2pX,mq. Furthermore, by [FOT, Theorem 1.3.1 and Lemma 1.3.4] the Dirichlet form pE ,Fq is
given in terms of the semigroup by

F �
"
f P L2pX,mq : lim

tÓ0

1

t
xf � Ptf, fy   8

*
,

Epf, fq � lim
tÓ0

1

t
xf � Ptf, fy, for all f P F ,

where x�, �y denotes the L2pX,mq inner product. The heat kernel associated with the Markov
semigroup tPtu (if it exists) is a family of measurable functions ppt, �, �q : X � X ÞÑ r0,8q for
every t ¡ 0, such that

Ptfpxq �
»
ppt, x, yqfpyqmpdyq, for all f P L2pX,mq, t ¡ 0 and x P X,

ppt, x, yq � ppt, y, xq, for all x, y P X and t ¡ 0,

ppt� s, x, yq �
»
pps, x, yqppt, y, zqmpdyq, for all t, s ¡ 0 and x, y P X.

Definition 1.5. We say that pX, d,m, E ,Fq satisfies the stable-like heat kernel estimates
HKpϕq if there exist C1 P p1,8q and a heat kernel tptut¡0 of the semigroup corresponding to
the Dirichlet form pE ,Fq such that for each t P p0,8q,

ptpx, yq ¤ C1

�
1

m
�
Bpx, ϕ�1ptqq� ^ t

m
�
Bpx, dpx, yqq�ϕpdpx, yqq



(1.5)

and

ptpx, yq ¥ C�1
1

�
1

m
�
Bpx, ϕ�1ptqq� ^ t

m
�
Bpx, dpx, yqq�ϕpdpx, yqq



(1.6)

for m-a.e. x, y P X, where ϕ�1p�q denotes the inverse of the homeomorphism ϕp�q : r0,8q Ñ
r0,8q.

The following is the first main result of the work and provides a sufficient condition for cutoff
Sobolev inequality for pure jump process.
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Theorem 1.6. Let pX, d,mq be a metric measure space that satisfies VD. Let pE ,Fq be a pure
jump Dirichlet form on L2pX,mq that satisfies Jpϕq, and Cappϕq¤. Then pE ,Fq satisfies the
cutoff energy inequality CSJpϕq.

Theorem 1.6 along with known characterizations of stable-like heat kernel bounds imply an
affirmative answer to [GHH18, Conjecture 1.14] as we state below.

Theorem 1.7. Let pX, d,mq be a metric measure space that satisfies VD and QRVD. Let pE ,Fq
be a pure jump Dirichlet form on L2pX,mq. Then the following are equivalent:

(a) Jump kernel bound Jpϕq, and capacity upper bound Cappϕq¤.
(b) Stable-like heat kernel bound HKpϕq.
Remark 1.8. (a) Theorems 1.6 and 1.7 also hold for the more general notion of regular scale

function introduced in [BM, Definition 5.4]. These extensions follow from the present for-
mulation by a quasi-symmetric change of metric, as in [BM, Proof of Lemma 5.9].

(b) Theorem 1.6 implies that the cutoff Sobolev inequality appearing in the characterization of
stable-like heat kernel bounds in the discrete-time graph setting in [MS19, Theorem 1.5] can
be replaced by capacity upper bounds analogous to those in Theorem 1.7.

(c) We expect Theorem 1.7 to simplify the verification of stable-like heat kernel estimates in
concrete examples. For instance, the proof of stable-like heat kernel bounds for the bound-
ary trace of reflected diffusions in [KS, Theorem 5.14] relies on establishing exit time bounds
together with jump kernel estimates. In this case, proving capacity upper bounds is sub-
stantially simpler than proving exit time bounds.

1.2 Outline of the proof

Since Theorem 1.7 follows readily from Theorem 1.6 together with known results, we only outline
the proof of Theorem 1.6. The Whitney blending argument proceeds in three main steps:

1. We establish a cutoff Sobolev-type inequality in the case where the cutoff function is chosen
as the equilibrium potential for K � Ω, for functions that vanish either in a neighborhood
of K or in a neighborhood of Ωc (Lemma 2.6).

2. Given f P F , x0 P X, and r ¡ 0, we construct functions f1, f2 P F such that |f | ¤ |f1|�|f2|,
where f1 vanishes in a neighborhood of Bpx0, rq and f2 vanishes in a neighborhood of
Bpx0, 2rqc. This allows us to apply the cutoff Sobolev-type inequality from the previous
step to f1 and f2, yielding a cutoff Sobolev inequality for the equilibrium potential associ-
ated with Bpx0, rq � Bpx0, 2rq. A key difficulty is controlling the energies of f1 and f2 in
terms of the energy of f . This is accomplished using Whitney covers and constitutes the
most delicate part of the proof (see Lemma 2.9). The construction of f1, f2 also relies on
the explicit description of the domain of the Dirichlet form established in Proposition 2.1.

3. The previous step produces a non-local analogue of the simplified cutoff Sobolev inequality
introduced in [Mur24, Definition 6.1] (see Proposition 2.10). A self-improvement argument,
following [Mur24, Proof of Lemma 6.2], then yields the desired cutoff Sobolev inequality
(see §2.6).
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Notation. In the following, we will use the notation A À B for quantities A and B to indicate
the existence of an implicit constant C ¥ 1 depending on some inessential parameters such that
A ¤ CB. We write A � B, if A À B and B À A.

2 Proofs

2.1 Identification of the domain of the Dirichlet form

The Whitney blending technique involves the construction of a piecewise defined function (see
(2.46)). In order to verify that such a function belongs to the domain of the Dirichlet form,
it is necessary to have a concrete sufficient condition ensuring membership in the domain. In
the local setting, such a criterion is provided in [Eri, Lemma 4.9]. Here, we develop a non-local
analogue based on an explicit description of the domain.

Let pE ,Fq be a pure jump Dirichlet form on L2pX,mq with jump measure J . A natural
candidate for the domain F is the following subspace:

pF :�
"
f P L2pX,mq :

»
X�X

pfpxq � fpyqq2 Jpdx, dyq   8
*
. (2.1)

While it is immediate that F � pF , the converse inclusion requires proof. Several ideas used
in establishing the equality F � pF in following proposition will later reappear in the Whitney
blending argument in § 2.5. We also note that a considerably shorter proof of this result was
obtained earlier under the a priori stronger assumption of stable-like heat kernel estimates in
[KM25+, Theorem 2.40(d)].

Proposition 2.1. Let pX, d,mq be a metric measure space that satisfies VD. Let pE ,Fq be a
pure jump Dirichlet form that satisfies Jpϕq, and Cappϕq¤. Then we have F � pF .

We first establish some preliminary lemmas that are needed for the proof of Proposition 2.1.

Lemma 2.2. If the jump measure J of the pure-jump Dirichlet form pE ,Fq on L2pX,mq satisfies
Jpϕq, then there exists C ¡ 0 such that for all x, y P X and r1, r2 P p0, dpx, yq{4q, we have

1

V px, r1qV py, r2q
»
Bpx,r1q

»
Bpy,r2q

Jpz, wqmpdzqmpdwq ¤ CJpx, yq,

and
1

V py, r2q
»
Bpy,r2q

Jpx,wqmpdwq ¤ CJpx, yq.

Proof. Let x, y P X, r1, r2 P p0, dpx, yq{4q. Then by the triangle inequality,

dpx, yq{2 ¤ dpx, yq � r1 � r2 ¤ dpz, wq ¤ dpx, yq � r1 � r2 ¤ 2dpx, yq

for all z P Bpx, r1q, w P Bpy, r2q. Hence for all z P Bpx, r1q, w P Bpy, r2q, we have

Jpz, wq � 1

V pz, dpz, wqqϕpdpz, wqq
(1.1),(1.2)� 1

V px, dpx, yqqϕpdpx, yqq � Jpx, yq.
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We recall that an r-net N of X is a maximal r-separated subset of X; that is dpx, yq P
t0u Y rr,8q for all x, y P N and for any rN � N , there exists x, y P rN such that dpx, yq P p0, rq.
We record the following bounded overlap property for balls centered at an r-net. For any A ¡ 0,
there exists a constant C � CpAq, depending only on A and the constants in the volume doubling
property VD, such that for any r ¡ 0 and any r-net N ,¸

xPN

1Bpx,Arq ¤ C 1. (2.2)

The following construction of partition of unity indexed by a net is standard in the setting of
strongly local Dirichlet forms. However, the non-local case requires a slightly different argument,
and the verification that ψx P F is often omitted in the literature (see, for example, [Mur20,
Lemma 2.5] and the references therein). For this reason, we provide a detailed proof.

Lemma 2.3. There exist C, c ¡ 0 such that for any r ¡ 0 and for any r-net N , there exists a
collection of functions tψx : x P Nu satisfying the following properties:

(i)
°

xPN ψx � 1.

(ii) For each x P X, ψx P F X CpXq,

c1Bpx,rq ¤ ψx ¤ 1Bpx,2rq, and, Epψx, ψxq ¤ C
V px, rq
ϕprq . (2.3)

Proof. Let N be any r-net, where r ¡ 0. By Cappϕq¤, Remark 1.4, and the regularity of the
Dirichlet form, for each x P N , there exists rψx P F X CpXq be such that

rψx P F , 1Bpx,rq ¤ rψx ¤ 1Bpx,2rq, Ep rψx, rψxq À V px, rq
ϕprq .

We claim that the family tψx : x P Nu, defined by

ψx :�
rψx°

yPN
rψy

, for all x P N , (2.4)

satisfies the desired properties. By the maximality of the net and the bounded overlap property
(2.2), there exists c P p0, 1q such that

1 ¤
¸
xPN

rψx ¤ c�11. (2.5)

Using McSchane’s extension theorem [Hei, Theorem 6.2], we pick a
?
2-Lipschitz function T :

R2 Ñ R such that

T pa, bq �
#
a{b if a P r0, 1s, b P r1,8q,
0 if a � 0, b � 0.

Hence, combining (2.4) and (2.5) with the generalized contraction property of Dirichlet forms
([KS, Theorem A.2] or [BH, Exercise I.3.5, Proof of Proposition I.3.3.1]), we obtain that

ψx � T

��rψx,
¸

yPNXBpx,4rq

rψy

�
P F ,
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and

Epψx, ψxq ¤ 2

��Ep rψx, rψxq � E

�� ¸
yPNXBpx,4rq

rψy,
¸

yPNXBpx,4rq

rψy

�
�

¤ 2

��Ep rψx, rψxq �#pN XBpx, 4rqq
¸

yPNXBpx,4r

Ep rψy, rψyqq
�


(2.2),(2.3)

À
¸

yPNXBpx,4r

V py, rq
ϕprq

(1.1)

À V px, rq
ϕprq .

Proof of Proposition 2.1. Let x0 P X, r ¡ 0 and f P pF . Let N be any r-net, where r ¡ 0. Let
tψx : x P Nu denote the partion of unity satisfying the conclusion of Lemma 2.3. We define for
each n P N,

fr,np�q :�
¸

yPBpx0,nqXN

fBpy,rqψyp�q,

and set frp�q :�
°

yPN fBpy,rqψyp�q, Frp�q :�
°

yPN

∣∣fBpy,rq∣∣ψyp�q.
First, we note that by the bounded overlap property (2.2) and Lemma 2.3, we have»

|Fr|2 dm
(2.2)

À
» ¸

yPN

∣∣fBpy,rq∣∣2ψ2
y dm

(2.3)

À
¸
yPN

∣∣fBpy,rq∣∣2V py, 2rq VDÀ
¸
yPN

∣∣fBpy,rq∣∣2V py, rq
À

¸
yPN

»
Bpy,rq

f2 dm
(2.2)

À
»
f2 dm   8. (by Jensen’s inequality) (2.6)

Therefore by the dominated convergence theorem fr,n Ñ f in L2pX,mq. Since fr,n is a finite

linear combination of functions in F , we have that fr,n P F for all f P pF and n P N.
Next, let us estimate the energy Epfr,n, fr,nq. By the bounded overlap property (2.2), and

Cauchy-Schwarz inequality, we have for all x, y P X, r ¡ 0, f P pF and n P N,

pfr,npxq � fr,npyqq2 �
�� ¸

wPNXBpx0,nq

fBpw,rqpψwpxq � ψwpyqq
�
2

À
¸

wPNXBpx0,nq

f2Bpw,rqpψwpxq � ψwpyqq2. (2.7)

Therefore for all n P N, r ¡ 0 and f P pF , we have

Epfr,n, fr,nq �
»
pfr,npxq � fr,npyqq2 Jpdx, dyq

¤
¸

wPNXBpx0,nq

f2Bpw,rq

»
pψwpxq � ψwpyqq2 Jpdx, dyq ¤

¸
wPN

f2Bpw,rqEpψw, ψwq

(2.3)

À
¸
wPN

f2Bpw,rq

V pw, rq
ϕprq

(2.6)

À 1

ϕprq
»
X
f2 dm.
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In particular, lim infnÑ8 Epfr,n, fr,nq   8. Combining this with fr,n Ñ f in L2pX,mq and using
the fact that pE ,Fq is a closed form, we conclude that fr P F and

Epfr, frq ¤ lim inf
nÑ8

Epfr,n, fr,nq À 1

ϕprq
»
X
f2 dm   8. (2.8)

Here, the conclusions fr,n P F and (2.8) follow from the standard equivalence between closedness
of the quadratic form pE ,Fq on L2pX,mq and lower semicontinuity on L2pX,mq of the functional

g ÞÑ
#
Epg, gq, if g P F ,
8, otherwise,

see [Mos, p. 372, §1(c)].

Similar to the argument above showing that fr P F , to prove that f P F it suffices to show
that

lim
rÓ0

»
X
|f � fr|2 dm � 0. (2.9)

and
lim inf

rÓ0
Epfr, frq   8. (2.10)

Next, we show (2.9). To this end, note that for any r ¡ 0,

»
|f � fr|2 dm �

» ∣∣∣∣∣fpxq � ¸
yPN

fBpy,rqψypxq
∣∣∣∣∣
2

mpdxq �
» ∣∣∣∣∣¸

yPN

pfpxq � fBpy,rqqψypxq
∣∣∣∣∣
2

mpdxq

À
¸
yPN

» ∣∣pfpxq � fBpy,rqqψypxq
∣∣2mpdxq (by (2.2), (2.3), Cauchy–Schwarz)

À
¸
yPN

»
Bpy,2rq

∣∣pfpxq � fBpy,rqq
∣∣2mpdxq, (since ψy ¤ 1Bpy,2rq)

À
¸
yPN

1

V py, rq
» »

1Bpy,2rqpx1q1Bpy,rqpx2q|pfpx1q � fpx2qq|2mpdx1qmpdx2q

(by Jensen’s inequality)

À
¸
yPN

» »
1Bpy,2rqpx1q1Bpy,rqpx2q

|pfpx1q � fpx2qq|2
V px1, rq mpdx1qmpdx2q (by (1.1))

(2.11)

By the bounded overlap property (2.2), we have¸
yPN

1Bpy,2rqpx1q1Bpy,rqpx2q À 1Bpx2,3rqpx1q, for all x1, x2 P X. (2.12)

If dpx1, x2q   3r, then by (1.2), Jpϕq and (1.1), we have

1

V px1, rq À
1

V px1, dpx1, x2qq À ϕprq 1

V px1, dpx1, x2qqϕpdpx1, x2qq À ϕprqJpx1, x2q. (2.13)
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Combining (2.11), (2.12), and (2.13), we have»
|f � fr|2 dm

(2.11),(2.12)

À
» »

1Bpx1,3rqpx2q
|pfpx1q � fpx2qq|2

V px1, rq mpdx1qmpdx2q
(2.13)

À ϕprq
» »

|pfpx1q � fpx2qq|2Jpx1, x2qmpdx1qmpdx2q (2.14)

By f P pF , (2.14), and (1.2), we obtain (2.9).

Since the bound (2.8) is not enough to obtain (2.10), we need an improved bound on

Epfr, frq �
»
pfrpxq � frpyqq2 Jpdx, dyq.

We estimate the above integral by considering two cases, according to whether dpx, yq   18r.
To this end, we need two estimates on pfrpxq � frpyqq2. The first estimate is obtained by the
same argument as in (2.7), yielding the following estimate for all x, y P X, r ¡ 0, f P rF , and
K P R:

pfrpxq � frpyqq2 �
� ¸

wPN

pfBpw,rq �Kqpψwpxq � ψwpyqq
�2

À
¸
wPN

pfBpw,rq �Kq2pψwpxq � ψwpyqq2. (2.15)

The second estimate for pfrpxq� frpyqq2 follows from the Cauchy–Schwarz inequality and (2.3),
yielding

pfrpxq � frpyqq2 �
� ¸

w1,w2PN

�
fBpw1,rq � fBpw2,rq

�
ψw1pxqψw2pyq

�2

¤ #pN XBpx, 2rqq �#pN XBpy, 2rqq
¸

w1PNXBpx,2rq,
w2PNXBpy,2rq

�
fBpw1,rq � fBpw2,rq

�2
(2.2)

À
¸

w1PNXBpx,2rq,
w2PNXBpy,2rq

�
fBpw1,rq � fBpw2,rq

�2

À
»
Bpx,3rq

»
Bpy,3rq

pfpz1q � fpz2qq2
V pz1, rqV pz2, rq mpdz1qmpdz2q, (2.16)

where the last line follows from by (1.1), Jensen’s inequality and Bpw1, rq � Bpx, 3rq, Bpw2, rq �
Bpy, 3rq for all w1 P N X Bpx, 2rq, w2 P N X Bpy, 2rq. Note that, if dpx, yq ¥ 18r, then for any
z1 P Bpx, 3rq, z2 P Bpy, 3rq, we have

1

4
dpz1, z2q ¥ 1

4
pdpx, yq � 6rq ¥ 3r,

and hence by Lemma 2.2 and (1.1), we have

1

V pz1, rqV pz2, rq
»
Bpz1,3rq

»
Bpz2,3rq

Jpw1, w2qmpdw1qmpdw2q À CJpz1, z2q. (2.17)
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Using the estimate (2.16) and interchanging the order of integration via Fubini’s theorem, we
obtain» »

pfrpxq � frpyqq21tdpx,yq¥18ruJpx, yqmpdxqmpdyq
(2.16)

À
» » »

Bpz2,3rq

»
Bpz1,3rq

1tdpx,yq¥18ru
pfpz1q � fpz2qq2
V pz1, rqV pz2, rq Jpx, yqmpdxqmpdyqmpdz1qmpdz2q

(2.17)

À
» »

pfpz1q � fpz2qq2Jpz1, z2qmpdz1qmpdz2q. (2.18)

To estimate the integral under dpx, yq   18r, we use that

1Bpx,18rqpyq ¤
¸
wPN

1Bpw,rqpxq1Bpw,19rqpyq ¤
¸
wPN

1Bpw,19rqpxq1Bpw,19rqpyq,

for all x, y P X such that dpx, yq   18r. Furthermore, for such x, y P X, using (2.3), we observe
that

ψwpxq � ψwpyq � 0, for all w P N XBpx, 20rqc.
Combining the two displays above, and choosing K � fBpx,rq in (2.15), we obtain that for all
x, y P X with dpx, yq   18r,

pfrpxq � frpyqq2 ¤
¸

wPNXBpx,20rqXBpy,20rq

pfBpw,rq � fBpx,rqq2pψwpxq � ψwpyqq2. (2.19)

By Jensen’s inequality and (1.1), for any w P N and any x P Bpw, 20rq, we have∣∣fBpw,rq � fBpx,rq
∣∣2

À 1

mpBpw, rqq2
»
Bpw,21rq

»
Bpw,21rq

pfpz1q � fpz2qq2mpdz1qmpdz2q
(1.2)

À ϕprq
mpBpw, rqq

»
Bpw,21rq

»
Bpw,21rq

pfpz1q � fpz2qq2
V pz1, dpz1, z2qqϕpdpz1, z2qq mpdz1qmpdz2q

À ϕprq
mpBpw, rqq

»
Bpw,21rq

»
Bpw,21rq

pfpz1q � fpz2qq2Jpz1, z2qmpdz1qmpdz2q (2.20)

Hence by (2.19), (2.20), we obtain» »
pfrpxq � frpyqq21tdpx,yq 18ruJpx, yqmpdxqmpdyq

¤
¸
wPN

ϕprq
mpBpw, rqq

»
Bpw,21rq

»
Bpw,21rq

pfpz1q � fpz2qq2Jpz1, z2qmpdz1qmpdz2qEpψw, ψwq

(2.3)

À
¸
wPN

»
Bpw,21rq

»
Bpw,21rq

pfpz1q � fpz2qq2Jpz1, z2qmpdz1qmpdz2q

À
»
X

»
X
pfpz1q � fpz2qq2Jpz1, z2qmpdz1qmpdz2q (by (2.2)). (2.21)

Combining (2.18) and (2.21), we obtain (2.10) which concludes the proof that f P F and hence
F � pF .
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2.2 Truncated Dirichlet form

A useful and well-known technique for handling difficulties arising from non-local Dirichlet forms
is to truncate the jump kernel so that it behaves more like a local Dirichlet form. For a proba-
bilistic interpretation of the resulting decomposition of the jump kernel in terms of the Meyer
decomposition, we refer the reader to [BGK, § 3].

Let pE ,Fq be a pure jump Dirichlet form with jump measure Jpdx, dyq � Jpx, yqmpdxqmpdyq.
For ρ ¡ 0, we define the ρ-truncated Dirichlet form pEpρq,Fq by

Epρqpf, gq :�
»
pfpxq � fpyqqpgpxq � gpyqq J pρqpdx, dyq, f, g P F , (2.22)

where
J pρqpx, yq :� 1tdpx,yq¤ρuJpx, yq, J pρqpdx, dyq :� 1tdpx,yq¤ρuJpdx, dyq. (2.23)

By [CKW21, Lemma 2.1 and (2.3)] and Jpϕq¤, there exists a constant C ¡ 0 such that for
all ρ ¡ 0 and all f P F ,

0 ¤ Epf, fq � Epρqpf, fq ¤ C

ϕpρq
»
X
f2 dm. (2.24)

Denote the corresponding energy measure by Γpρqpf, fqpdxq � Γpρqpf, fqpxqmpdxq, where

Γpρqpf, fqpxq :�
»
X
pfpyq � fpxqq2 J pρqpx, yqmpdyq.

By [CKW21, Lemma 2.1], there exists C ¡ 0 such that for any f P F X L8pX,mq,

0 ¤ Γpf, fqpxq � Γpρqpf, fqpxq ¤ C

ϕpρq ∥f∥
2
8 , for m-a.e. x P X. (2.25)

Similarly, by [CKW21, Lemma 2.1], there exists C ¡ 0 such that for any x P X and r ¡ 0,»
Bpx,rqc

Jpx, yqmpdyq ¤ C

ϕprq . (2.26)

2.3 Estimates on the equilibrium potential

In this subsection, we establish a cutoff Sobolev-type inequality for functions with zero boundary
values; see Lemma 2.6. The cutoff function is chosen to be an equilibrium potential.

Let pE ,Fq be a regular Dirichlet form on L2pX,mq, where pX, d,mq is a metric measure
space. The 1-capacity of a set A � X is defined by

Cap1pAq :� inf
 
E1pf, fq

�� f P F , f ¥ 1 m-a.e. on a neighborhood of A
(
, (2.27)

where E1 :� E � x�, �yL2pX,mq as defined before. A subset N of X is said to be E-polar if
Cap1pNq � 0. If Cap1pAq ¡ 0, then A � X is said to be non-E-polar or non-polar. For A � X
and a statement Spxq on x P A, we say that S holds E-quasi-everywhere on A (E-q.e. on A
for short), or Spxq holds for E-quasi-every x P A (E-q.e. x P A for short), if Spxq holds for
any x P AzN for some E-polar N � X. When A � X, we often write just “E-q.e.” instead of
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“E-q.e. on X”. A non-decreasing sequence tFkukPN of closed subsets of X is called an E-nest
if limkÑ8Cap1pKzFkq � 0 for any compact subset K of X. A function f : DzN Ñ r�8,8s,
defined E-q.e. on an open subset D of X for some E-polar N � X, is said to be E-quasi-
continuous on D if there exists an E-nest tFkukPN such that Fk X N � H and f |DXFk

is an
R-valued continuous function on D X Fk for any k P N (again, when D � X, we often omit “on
X”). For each f P Fe, an E-quasi-continuous m-version rf of f exists by [FOT, Theorem 2.1.7]
and is unique E-q.e. by [FOT, Lemma 2.1.4].

Let A � Ω � X, where Ω is a precompact open subset such that Ωc is non-polar. By [FOT,
the 0-order version of Theorem 2.1.5-(i),(ii)], we have

CappA,Ωcq � inf
 
Epf, fq �� f P F , rf ¥ 1 E-q.e. on A, rf � 0 E-q.e. on Ωc

(
(2.28)

and there exists a unique function eA,Ω P F , called the equilibrium potential of A in Ω, that
attains the infimum in (2.28) and satisfies

reA,Ω � 1 E-q.e. on A and reA,Ω � 0 E-q.e. on Ωc. (2.29)

The following Lemma is a non-local analogue of [Eri, Lemma 3.1] and provides estimates of
energy measure of equilibrium potential. The proof of the analogous lemma in [Eri] relies on
strong locality.

Lemma 2.4. Let pE ,Fq be a regular, pure jump Dirichlet form on L2pX,mq with jump measure
Jpdx, dyq � Jpx, yqmpdxqmpdyq. Let ψ be the equilibrium potential for K � Ω, where Ω is a
non-polar, precompact open subset and K is compact. Let g P F XCpXq be such that 0 ¤ g ¤ 1
and g � 1 for some A � X. Suppose if one of the following conditions hold:

(a) g � 0 on some neighborhood of Ωc, or

(b) g � 0 on some neighborhood of K.

Then Γpψ,ψqpAq ¤ 2Γpg, gqpAq.

Proof. Let us first assume condition (a). By a quasi-continuous modification if necessary, we
assume that ψ is quasi-continuous. Define u :� ψ _ g. Then by [FOT, Therem 1.4.2-(i)] and
(2.29), u P F , u � 0 q.e. on Ωc and u � 1 q.e. on K. Hence by the energy minimizing property
of ψ, we have»

X�X
pupxq � upyqq2 Jpdx, dyq � Epu, uq ¥ Epψ,ψq �

»
X�X

pψpxq � ψpyqq2 Jpdx, dyq. (2.30)

Note that

pupxq � upyqq2 � 0, for all x, y P A;
pupxq � upyqq2 ¤ pgpxq � gpyqq2 for all px, yq P pA�Acq Y pAc �Aq;
pupxq � upyqq2 ¤ pψpxq � ψpyqq2 � pgpxq � gpyqq2 for all x, y P Ac.

(2.31)

Combining (2.30) and (2.31), and using the symmetry of J , we have»
X�X

pψpxq � ψpyqq2 Jpdx, dyq
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¤ 2

»
A�Ac

pgpxq � gpyqq2 Jpdx, dyq �
»
Ac�Ac

�pψpxq � ψpyqq2 � pgpxq � gpyqq2� Jpdx, dyq
which can be rearranged to

2

»
A�Ac

pψpxq � ψpyqq2 Jpdx, dyq �
»
Ac�Ac

pψpxq � ψpyqq2 Jpdx, dyq

¤ 2

»
A�Ac

pgpxq � gpyqq2 Jpdx, dyq �
»
Ac�Ac

pgpxq � gpyqq2 Jpdx, dyq

Therefore»
A
Γpψ,ψqpdxq �

»
A�pAYAcq

pψpxq � ψpyqq2 Jpdx, dyq

¤ 2

»
A�Ac

pgpxq � gpyqq2 Jpdx, dyq �
»
Ac�Ac

pgpxq � gpyqq2 Jpdx, dyq

¤ 2

»
A
Γpg, gqpdxq.

The proof in case (b) is similar, replacing u with v :� ψ ^ p1� gq in the above argument. Note
that v � T pψ, gq where T : R2 Ñ R is the 1-Lipschitz function defined by T pa, bq :� minpa, 1�bq.
Since T p0, 0q � 0 by the generalized contraction property [KS, Theorem A.2], [BH, Exercise I.3.5,
Proof of Proposition I.3.3.1], we have v P F . Hence the above argument in case (a) applies, once
we observe that

pvpxq � vpyqq2 � 0, for all x, y P A;
pvpxq � vpyqq2 ¤ pgpxq � gpyqq2 for all px, yq P pA�Acq Y pAc �Aq;
pvpxq � vpyqq2 ¤ pψpxq � ψpyqq2 � pgpxq � gpyqq2 for all x, y P Ac.

The following lemma is a variant of [BCLS, Lemma 6.1].

Lemma 2.5. Let pE ,Fq be a regular, pure jump Dirichlet form on L2pX,mq with jump measure
Jpdx, dyq � Jpx, yqmpdxqmpdyq. Let f P F be a non-negative function. For any k P Z, define

fk :� p0_ pf � 2kqq ^ 2k. (2.32)

Then ¸
kPZ

Γpfk, fkqpxq ¤ Γpf, fqpxq. (2.33)

Proof. Since fpxq, fpyq ¥ 0, we note that for any x, y P X,¸
kPZ

|fkpxq � fkpyq| � |fpxq � fpyq|.

The estimate between ℓ1 and ℓ2 norms is¸
kPZ

pfkpxq � fkpyqq2 ¤ pfpxq � fpyqq2,
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and therefore ¸
kPZ

Γpfk, fkqpxq �
» ¸

kPZ
pfkpxq � fkpyqq2Jpx, yqmpdyq

¤
»
pfpxq � fpyqq2Jpx, yqmpdyq � Γpf, fqpxq.

The following result is a version of cutoff Sobolev inequality for functions with somewhat
restrictive boundary conditions. This restriction on the boundary condition will be later removed
by the Whitney blending argument developed in Lemma 2.9.

Lemma 2.6. Let pE ,Fq be a regular, pure jump Dirichlet form on L2pX,mq with jump measure
Jpdx, dyq � Jpx, yqmpdxqmpdyq. Let ψ be the equilibrium potential for K � Ω, where Ω is a
non-polar, precompact open subset and K is compact. Let f P F XCpXq be one of the following
conditions hold:

(a) f � 0 on some neighborhood of Ωc, or

(b) f � 0 on some neighborhood of K.

Then for any U � X, »
U
f2 dΓpψ,ψq ¤ 48Γpf, fqpUq. (2.34)

Proof. By replacing f by |f | P F and noting that Γp|f |, |f |q ¤ Γpf, fq, we assume that f is
non-negative without loss of generality [FOT, Theorem 1.4.1(e)].

For each k P Z, we define fk as given in (2.32), and set gk :� 2�kfk, so that

gk � 1 on Ak :� tx P U : fpxq ¥ 2k�1u. (2.35)

Note that
fpxq2 ¥

¸
kPZ

4k1Ak
pxq ¥ fpxq2{12, for all x P U ,

and hence »
U
f2 dΓpψ,ψq ¤ 12 � 4k

¸
kPZ

Γpψ,ψqpAkq. (2.36)

By applying Lemma 2.4 to g � gk and A � Ak using (2.35), we obtain

Γpψ,ψqpAkq ¤ 2Γpgk, gkqpAkq ¤ 2 � 4�kΓpfk, fkqpAkq ¤ 2 � 4�kΓpfk, fkqpUq (2.37)

Hence by (2.36), (2.37), and Lemma 2.5, we obtain»
U
f2 dΓpψ,ψq ¤ 48

¸
kPZ

Γpfk, fkqpUq ¤ 48Γpf, fqpUq.
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2.4 Whitney cover

We recall the notion of a ϵ-Whitney cover from [GS, Definition 3.16]. For a proper open set
U � X, we denote by

δU pxq :� distpx,U cq � inf
yPUc

dpx, yq.

Definition 2.7. Let ϵ P p0, 1{2q and U � X be open. We say a collection of balls R :�
tBpxi, riq : xi P U, ri ¡ 0, i P Iu is an ϵ-Whitney cover if it satisfies the following properties:

(i) The collection of sets tBpxi, riq, i P Iu are pairwise disjoint.

(ii) The radii ri satisfy

ri � ϵ

1� ϵ
δU pxiq, for all i P I.

(iii)
�

iPI Bpxi,Kεriq � U , where Kϵ � 2p1� ϵq P p2, 3q.

Note that since Kϵ   3 by (iii), we have¤
iPI

BU pxi, 3riq � U.

The existence of a Whitney cover follows by applying Zorn’s lemma to select a maximal
collection of balls satisfying properties (i) and (ii) in Definition 2.7. By [Mur24, Proposition
3.2-(d)], we have for any open set U � X, and for any ϵ P p0, 1{2q, there exists C ¡ 0 depending
only on ϵ and the constants in VD such that for any ϵ-Whitney cover tBpxi, riq : i P Iu, we have¸

iPI

1Bpxi,ri{ϵq ¤ C1U . (2.38)

We also record the following consequence of triangle inequality for future use. Let tBpxi, riq :
i P Iu be an ϵ-Whitney cover of an open set U � X, where ϵ P p0, 1{2q. Then for any λ ¡ 0, for
all i P I and for all z P Bpxi, λriq, we have�

1� λϵ

1� ϵ



δU pxiq   δU pzq  

�
1� λϵ

1� ϵ



δU pxiq. (2.39)

The proof for the case λ � 3 in [Mur24, Proposition 3.2-(b)] readily generalizes to yield (2.39).

The following existence of partition of unity follows from the same argument as the proof of
Lemma 2.3, where the desired bounded overlap property follows from (2.38).

Lemma 2.8. Let pX, d,mq be a metric measure space and let pE ,Fq be a regular Dirichlet form
that satisfies Cappϕq¤ and let m be a doubling measure. There exists ϵ0 P p0, 1{6q, C1, c1 ¡ 0
such that for any open set U � X be open and for any ϵ-Whitney cover tBi � Bpxi, riq : i P Iu
of U where 0   ϵ   ϵ0, there exists a partition on unity tψBi : i P Iu of V such that the following
properties hold:

(a) (partition of unity)
°

iPI ψBi � 1U .

(b) (controlled energy) For each i P I, we have ψBi P F X CpXq and

c11Bpxi,3riq ¤ ψBi ¤ 1Bpxi,6riq, EpψBi , ψBiq ¤ C1
V pxi, riq
ϕpriq . (2.40)
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2.5 Whitney blending

The following Whitney blending result is a non-local analogue of [Eri, Lemma 1.6] and is the
key ingredient behind our main result.

Lemma 2.9. For any η P p0, 1q, there exists C depending only on the constants in Jpϕq, VD,
and η such that, for any x0 P X, 0   r   diampX, dq{4 and for any f, g P F XCpXq and for any
A P r2,8q, there exists h P F X CpXq such that h � f on Bpx0, rq, h � g on Bpx0, p1 � ηqrqc
and»
Bpx0,Arq�Bpx0,Arq

phpxq � hpyqq2q Jpdx, dyq (2.41)

¤ C

»
Bpx0,Arq�Bpx0,Arq

ppfpxq � fpyqq2 � pgpxq � gpyqq2q Jpdx, dyq � C

ϕprq
»
Bpx0,Arq

pf � gq2 dm.

Proof. As explained in [Eri, Proof of Lemma 1.6], it suffices to consider the case g � 0 by
replacing f with rf � f � g and g with rg � 0. Then by considering the function rh with rh � rf
on Bpx0, rq, rh � 0 on Bpx0, p1� ηqrqc with satisfying the estimate»

Bpx0,Arq�Bpx0,Arq
prhpxq � rhpyqq2 Jpdx, dyq

À
»
Bpx0,Arq�Bpx0,Arq

p rfpxq � rfpyqq2 Jpdx, dyq � 1

ϕprq
»
Bpx0,Arq

pf � gq2 dm,

and using the estimate

p rfpxq � rfpyqq2 ¤ 2
�pfpxq � fpyqq2 � pgpxq � gpyqq2� ,

pprh� gqpxq � prh� gqpyqq2 ¤ 2
�
prhpxq � rhpyqq2 � pgpxq � gpyqq2

	
, for all x, y P X,

we obtain the desired conclusion for the function h � rh � g. Thus we assume without loss of
generality that g � 0.

Let U � Bpx0, p1 � ηqrqzBpx0, rq and let tBi � Bpxi, riq : i P Iu denote a ϵ-Whitney cover
of U , where ϵ is such that

0   ϵ   η

36
, (2.42)

and such that

A1 :� 7ϵ

1� 5ϵ
  1

8
, A2 :� A1

1�A1
  1

4
, A3 :� 6A2

p1� 4A2qp1�A2q   1, (2.43)

and

A4 :� 1� 4ϵ

1� ϵ
A3 � 3ϵ

1� ϵ
, A5 :� A4 � p1�A4q6ϵp1� 5ϵq

p1� ϵq2 ¤ 1

1� ϵ
. (2.44)

For instance, ϵ � η{100 satisfies all of the above requirements.

Define rI � ti P I : Bpxi, 6riq XBpx0, p1� pη{2qqrq � Hu.
Let tψBi : i P Iu denote the partition of unity as given in Lemma 2.8.
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Note that the choice of ϵ ensures that if i P rI, then Bpxi, 6riq � Bpx, p1 � pη{2qr � 6riqq �
Bpx0, p1� p2η{3qqrq, so that

1
Bpx0,p1�pη{2qqrqzBpx0,rq

¤
¸
iPrI

ψBi ¤ 1
Bpx0,p1�p2η{3qqrqzBpx0,rq

. (2.45)

The desired function h is defined by

hpxq :�
#
fpxq if x P Bpx0, rq,°

iPrI fBiψBipxq if x R Bpx0, rq.
(2.46)

satisfies h � f on Bpx0, rq and h � 0 on Bpx, p1� p2η{3qqrqc.
Next, we verify that h P F using Proposition 2.1. To this end, let us first check that

h P L2pX,mq. Using the bounded overlap property (2.38) and Jensen’s inequality, we have»
h2 dm À

»
Bpx0,rq

f2 dm�
¸
iPrI

»
|fBi |

2
1Bpxi,6riq dm (by (2.38), (2.40), Cauchy-Schwarz)

À
»
Bpx0,rq

f2 dm�
¸
iPrI

»
|fBi |

2mpBiq

À
»
Bpx0,rq

f2 dm�
¸
iPrI

»
Bi

f2 dm ¤
»
Bpx0,p1�ηqrq

f2 dm   8 (by Jensen’s inequality).

(2.47)

Next we show that » »
phpxq � hpyqq2Jpx, yqmpdxqmpdyq   8. (2.48)

Let K � Bpx0, rq, F � Bpx0, p1 � ηqrqc. Using the symmetry of J , in order to estimate the
integral (2.48), we divide into five cases based depending on if x, y belong to K,U , or F .
Case 1: x, y P K. In this case, since h � f on K, we have»

K

»
K
phpxq � hpyqq2Jpx, yqmpdxqmpdyq �

»
K

»
K
pfpxq � fpyqq2Jpx, yqmpdxqmpdyq. (2.49)

Case 2: x, y P F . Since h � 0 in F , we have»
F

»
F
phpxq � hpyqq2Jpx, yqmpdxqmpdyq � 0. (2.50)

Case 3: x, y P U . This case is similar to the proof of Proposition 2.1 (in particular, the
argument to establish (2.10)) and is divided into two subcases depending on whether or not
dpx, yq ¥ A3pδU pxq ^ δU pyqq, where A3 is given by (2.43).

For any x P U , we denote rIpxq :� ti P rI : ψBipxq � 0u.
By (2.38) and (2.40), supxPU rIpxq À 1. Using this, (2.40) and the Cauchy-Schwarz inequality,
we have

phpxq � hpyqq2 �
�� ¸

iPrIpxq,jPrIpyq

pfBi � fBj qψBipxqψBj pyq
�
2
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À
¸

iPrIpxq,jPrIpyq

pfBi � fBj q21Bpxi,6riqpxq1Bpxj ,6rjqpyq. (2.51)

Note that by (2.39), for any x P U, i P rIpxq, we have

Bi � Bpx, 7riq � B

�
x,

7ϵδU pxiq
1� ϵ



� B px,A1δU pxqq , where A1 is as given in (2.43). (2.52)

Hence by Jensen’s inequality, (2.51) and (2.52), we have for all x, y P U

phpxq�hpyqq2 À
»
Bpy,A1δU pyqq

»
Bpx,A1δU pxqq

pfpzq � pfpwqq2
V pz,A2δU pzqqqV pw,A2δU pwqqq mpdzqmpdwq. (2.53)

Note that for any x P U and for any z P Bpx,A1δU pxqq, by triangle inequality

p1�A1qδU pxq ¤ δU pzq ¤ p1�A1qδU pxq, 1Bpx,A1δU pxqqpzq ¤ 1Bpz,A2δU pzqqpxq (2.54)

If dpz, wq   4A2pδU pzq_δU pwqq, x P Bpz,A2δU pzqq, w P Bpz,A2δU pzqq, then by triangle inequal-
ity

dpx, yq   6A2pδU pzq _ δU pwqq ¤ 6A2

1� 4A2
pδU pzq ^ δU pwqq ¤ 6A2

p1� 4A2qp1�A2qpδU pxq ^ δU pyqq.

Hence by the choice of A3 in (2.43), for all x, y P U, z P Bpx,A1δU pxqq, w P Bpy,A1δU pyqq such
that dpx, yq ¥ A3pδU pxq ^ δU pyqq, we have

A2pδU pzq _ δU pwqq ¤ dpz, wq{4. (2.55)

Hence for any x, y P U such that Thus by (2.53) and Lemma 2.2, we have»
U

»
U
phpxq � hpyqq21tdpx,yq¥A3pδU pxq^δU pyqquJpx, yqmpdxqmpdyq
(2.53),(2.54),(2.55)

À
»
U

»
U
pfpzq � pfpwqq21tdpz,wq¥4A2pδU pzq_δU pwqqu 

Bpw,A2δU pwqq

 
Bpz,A2δU pzqq

Jpx, yqmpdxqmpdyqmpdzqmpdwq

À
»
U

»
U
pfpzq � pfpwqq21tdpz,wq¥4A2pδU pzq_δU pwqquJpz, wqmpdzqmpdwq, (2.56)

where the last line above follows from Lemma 2.2.

Note that if x P Bpxi, 3riq for some i, we have

δU pxq ¤ 3ri � δU pxiq � 1� 4ϵ

1� ϵ
δU pxiq,

and hence for x P Bpxi, 3riq, y P U such that dpx, yq   A3δU pxq, we have dpxi, yq ¤ A4δU pxiq,
where A4 is as defined in (2.44). Since

�
iPI Bpxi, 3riq � U , by (2.44) and (2.38), for all x, y P U ,

we have
1tdpx,yq A3pδU pxq^δU ppyqqu ¤

¸
iPI

1Bpxi,A4δU pxiqqpxq1Bpxi,A4δU pxiqqpyq. (2.57)
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Hence »
U

»
U
phpxq � hpyqq21tdpx,yq A3pδU pxq^δU pyqquJpx, yqmpdxqmpdyq
(2.57)

À
¸
iPI

»
Bpxi,A4δU pxiqq

»
Bpxi,A4δU pxiqq

phpxq � phpyqq2Jpx, yqmpdxqmpdyq (2.58)

For each i P I, x, y P Bpxi, A4δU pxiqq and any j P rIpxq, we have

δU pxjq
(2.39)
¤ 1� 5ϵ

1� ϵ
δU pxq ¤ 1� 5ϵ

1� ϵ
p1�A4q δU pxiq

and using the definition of A5 in (2.44) along with triangle inequality, we have

Bj � Bpxj , rjq � Bpxi, A4δU pxiq � 6rjq � Bpxi, A5δU pxiqq.

Define I1 :� ti P I : Bpxi, A4δU pxiqq � Bpx0, 1� η{2qrqu, so that i P I1, x P Bpxi, A4δU pxiqq and
j P I with x P Bpxj , 6rjq implies j P rI.

Since
°

jPrI ψBj ¥ 1
Bpx0,p1�η{2qrqzBpx0,rq

, for any i P I1, and for all x, y P Bpxi, A4δU pxiqq, we
have

phpxq � hpyqq2 (2.45)�

����� ¸
jPrI,

Bj�Bpxi,A5δU pxiqq

pfBj � fBpxi,A5δU pxiqqqpψBj pxq � ψBj pyqq

����

2

(2.38)

À
¸
jPrI,

Bj�Bpxi,A5δU pxiqq

pfBj � fBpxi,A5δU pxiqqq2pψBj pxq � ψBj pyqq2. (2.59)

Since EpψBj , ψBj q À mpBjq
ϕprjq

, by the same argument in (2.20) and (2.21), we obtain using (2.59)

that ¸
iPI1

»
Bpxi,A4δU pxiqq

»
Bpxi,A4δU pxiqq

phpxq � phpyqq2Jpx, yqmpdxqmpdyq

À
¸
iPI1

»
Bpxi,A5δU pxiqq

»
Bpxi,A5δU pxiqq

pfpxq � fpyqq2Jpx, yqmpdxqmpdyq

À
»
U

»
U
pfpxq � fpyqq2Jpx, yqmpdxqmpdyq, (2.60)

where we use (2.44) and (2.38) in the last line. It remains to consider the case when i P IzI1.
In this case, if i P IzI1, x P Bpxi, A4δU pxiqq and j P rIpxq, then by the triangle inequality (2.39),
we have

δU pxjq ¡ 1� ϵ

1� 7ϵ
δU pxq ¡ p1� ϵqp1�A4q

1� 7ϵ
δU pxiq

(2.39),(2.45)¡ p1� ϵqp1�A4qη
3p1� 7ϵqp1�A4qr,

and hence
rj ¡ ar, where a :� ϵp1�A4qη

3p1�7ϵqp1�A4q
.
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Instead of (2.59), we use the estimate

phpxq � hpyqq2 �

����� ¸
jPrI,

Bj�Bpxi,A5δU pxiqq

fBj pψBj pxq � ψBj pyqq

����

2

(2.38)

À
¸
jPrI,

Bj�Bpxi,A5δU pxiqq

pfBj q2pψBj pxq � ψBj pyqq2. (2.61)

Thus we estimate¸
iPIzI1

»
Bpxi,A4δU pxiqq

»
Bpxi,A4δU pxiqq

phpxq � phpyqq2Jpx, yqmpdxqmpdyq

À
¸

jPI,rj¡ar

f2Bj
EpψBj , ψBj q À

1

ϕprq
¸

jPI,rj¡ar

»
Bj

f2 dm (by Jensen’s inequality and rj ¡ ar)

À 1

ϕprq
»
U
f2 dm. (2.62)

Combining (2.56), (2.58), (2.60) and (2.62), we obtain»
U

»
U
phpxq � hpyqq2Jpx, yqmpdxqmpdyq

À
»
U

»
U
pfpxq � fpyqq2Jpx, yqmpdxqmpdyq � 1

ϕprq
»
U
f2 dm. (2.63)

Case 4: x P K, y P U . We divide this into two sub-cases depending on whether or not
y P Bpx0, p1� pη{2qqrqzBpx0, rq. In this case, by (2.45)

phpxq � hpyqq2 � pfpxq �
¸
iPrI

fBiψBipyqq2 �
��¸

iPrI

pfpxq � fBiqψBipyq
�
2

À
¸
iPrI

pfpxq � fBiq2ψBipyq2 À
¸

iPrIpyq

pfpxq � fBiq2.

If i P rIpyq, then
Bi � Bpy, 7riq

(2.39)� B

�
y,

7ϵ

1� 5ϵ
δU pyq



� B py,A1δU pyqq .

Hence by Jensen’s inequality, the above two displays, and (2.38), we have

phpxq � hpyqq2 À
¸

iPrIpyq

pfpxq � fBiq2

À
»
Bpy,A1δU pyqq

pfpxq � fpzqq2
V py,A1δU pyqq mpdzq À

»
Bpy,A1δU pyqq

pfpxq � fpzqq2
V pz, 2A2δU pzqq mpdzq.

(2.64)
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If z P Bpy,A1δU pyqq, then Bpy,A1δU pyqq � Bpz, 2A1δU pyqq � Bpz, 2A2δU pzqq, and hence

1Bpy,A1δU pyqqpzq ¤ 1Bpz,2A2δU pzqqpyq. (2.65)

Hence»
K

»
Bpx0,p1�pη{2qqrqzBpx0,rq

phpxq � hpyqq2Jpx, yqmpdxqmpdyq
(2.64)

À
»
K

»
U

»
Bpy,A1δU pyqq

pfpxq � fpzqq2
V pz, 2A2δU pzqqJpx, yqmpdzqmpdyqmpdxq

(2.65)

À
»
K

»
U
pfpxq � fpzqq2

»
Bpz,2A2δU pzqq

Jpx, yq
V pz, 2A2δU pzqq mpdyqmpdzqmpdxq

À
»
K

»
U
pfpxq � fpzqq2Jpx, zqmpdzqmpdxq (by A2   1{8, δU pzq ¤ dpx, zq, Lemma 2.2).

(2.66)

If x P K, y P UzBpx0, p1� pη{2qqrq, then for any i P rIpyq, we have

δU pxiq ¥ 1� ϵ

1� 7ϵ
δU pyq

(2.45)
¥ p1� ϵqηr

3p1� 7ϵq , Bpxi, riq � Bpx0, p1� p2ηq{3qrqzBpx0, p1� pηq{3qrq

and hence

phpxq � hpyqq2 � pfpxq �
¸
iPrI

fBiψBipyqq2 À fpxq2 �
¸

iPrIpyq

f2Bi

À fpxq2 � 1

mpKq
»
Bpx0,p1�p2ηq{3qrqzBpx0,p1�pηq{3qrq

f2 dm. (2.67)

Since for any x P K, y P UzBpx0, p1� pη{2qqrq, we have Jpx, yq � 1
mpKqϕprq , we have»

K

»
Bpx0,p1�pη{2qqrqzBpx0,rq

phpxq � hpyqq2Jpx, yqmpdxqmpdyq
(2.67),(1.1)

À
»
K

»
U

fpxq2
mpKqϕprq mpdyqmpdxq �

1

ϕprq
»
Bpx0,p1�p2ηq{3qrqzBpx0,p1�pηq{3qrq

f2 dm

(1.1)

À 1

ϕprq
»
KYU

f2 dm. (2.68)

Combining (2.66) and (2.68), we obtain»
K

»
U
phpxq � hpyqq2Jpx, yqmpdxqmpdyq

À
»
K

»
U
pfpxq � fpzqq2Jpx, zqmpdzqmpdxq � 1

ϕprq
»
KYU

f2 dm. (2.69)

Case 5: x P K Y U, y P F . In this case, we have hpyq � 0 for all y P F and hpxq � 0 for all
x P UzBpx0, p1 � p2ηq{3qrq. Thus it suffices to consider x P Bpx0, p1 � p2ηq{3qrq and y P F ,
which implies dpx, yq ¥ ηr

3 . Hence we have»
KYU

»
F
phpxq � hpyqq2Jpx, yqmpdyqmpdxq
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�
»
KYU

»
F
hpxq2Jpx, yq1tdpx,yq¥ηr{3umpdyqmpdxq

¤
»
KYU

hpxq2
»
Bpx,ηr{3qc

Jpx, yqmpdyqmpdxq
(2.26),(1.2)

À 1

ϕprq
»
KYU

h2 dm
(2.47)

À 1

ϕprq
»
Bpx0,p1�ηqrq

f2 dm. (2.70)

Combining (2.49),(2.50),(2.63),(2.69), and (2.70), we obtain»
X

»
X
phpxq � hpyqq2Jpx, yqmpdyqmpdxq

À
»
Bpx0,p1�ηqrq

»
Bpx0,p1�ηqrq

pfpxq � fpyqq2Jpx, yqmpdyqmpdxq � 1

ϕprq
»
Bpx0,p1�ηqrq

f2 dm.

By Proposition 2.1 this implies that h P F and that (2.41) holds for the case g � 0.

It remains to show that h P CpXq. By the bounded overlap property (2.38), (2.40), and
the definition of h, it follows that the restriction of h on Bpx0, rq and on Bpx0, rq is continuous.
Therefore it suffices to show that h is continuous at each point of Bpx0, rqzBpx0, rq. This follows
from the fact that tψBju is a partition of unity satisfying (2.40) and [Mur24, Proposition 3.2-(c)]
using the same argument given in [Mur24, Proof of Lemma 5.9]. Indeed, by that argument, for
any ξ P Bpx0, rqzBpx0, rq, there exists s0 ¡ 0,K0 ¡ 1 such that for all s P p0, s0q, we have

sup
yPBpξ,sq

|hpyq � hpξq| ¤ sup
yPBpξ,K0sq

|fpzq � fpξq|.

By letting s Ó 0 and using the continuity of f , we obtain that h is continuous.

2.6 Self-improvement of a simplified cutoff Sobolev inequality

We prove the following version of cutoff Sobolev inequality using the Whitney blending result.
This result can be viewed as a proof of the non-local analogue of simplified cutoff Sobolev
inequality introduced in [Mur24, Definition 6.1] using the Whitney blending method of [Eri].

Proposition 2.10. Let pE ,Fq be a regular, pure jump Dirichlet form on L2pX,mq that satisfies
Jpϕq and Cappϕq¤, where ϕ : r0,8q Ñ r0,8q is a scale function. Then there exists C ¡ 0 such
that for any r, ρ ¡ 0, f P CpXq X F , the equilibrium potential ψ for Bpx, rq � Bpx, 2rq for the
truncated Dirichlet form pEpρq,Fq satisfies»

X
f2 dΓpρqpψ,ψq �

»
Bpx,2r�ρq

f2 dΓpρqpψ,ψq

¤ C

»
Bpx,2r�2ρq

»
Bpx,2r�2ρq

pfpyq � fpzqq2Jpy, zqmpdyqmpdzq

� C

ϕprq
»
Bpx,2rq

f2 dm (2.71)

Proof. If y R Bpx, 2r � ρq, we have ϕpyq � ϕpzq � 0 for m-a.e. z P Bpy, ρq, then
Γpρqpψ,ψqpBpx, 2r � ρqcq � 0.
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This implies the first equality in (2.40).

Now by using Lemma 2.9, we find two functions f1, f2 P F X CpXq and C1 ¡ 0 such that

f1
��
Bpx,3r{2q

� f
��
Bpx,3r{2q

, f1
��
Bpx,7r{4qc

� 0, f2
��
Bpx,3r{2qc

� f
��
Bpx,3r{2qc

, f2
��
Bpx,5r{4q

� 0,

(2.72)
and for i � 1, 2,»

Bpx,2r�2ρq

»
Bpx,2r�2ρq

pfipyq � fipzqq2Jpy, zqmpdyqmpdzq

¤ C1

�»
Bpx,2r�2ρq

»
Bpx,2r�2ρq

pfpyq � fpzqq2Jpy, zqmpdyqmpdzq �
³
Bpx,2rq f

2 dm

ϕprq

�
.

(2.73)

Note that (2.72) implies

|fpyq| ¤ maxp|f1pyq|, |f2pyq|q, for all y P X. (2.74)

By Lemma 2.6 and (2.74), we have»
X
f2 dΓpρqpψ,ψq �

»
Bpx,2r�ρq

f2 dΓpρqpψ,ψq
(2.74)
¤

»
Bpx,2r�ρq

p|f1|2 � |f2|2q dΓpρqpψ,ψq

(2.34)
¤ 48

2̧

i�1

Γpρqpfi, fiqpBpx, 2r � ρqq

¤ 48
2̧

i�1

»
Bpx,2r�ρq

»
Bpx,2r�2ρq

pfipyq � fipzqq2Jpy, zqmpdyqmpdzq. (2.75)

Combining (2.73) and (2.75), we obtain (2.71) with C � 48C1.

In view of Proposition 2.10, the argument below, completing the proof of Theorem 1.6, may
be regarded as a non-local analogue of [Mur24, Lemma 6.2]. As shown below, the truncated
Dirichlet form plays a crucial role in adapting the argument of [Mur24] to the non-local setting.

Proof of Theorem 1.6. Let x P X, 0   r   R be arbitrary. If Bpx,R� rq � X we simply choose
ψ � 1 as the cutoff function. In this case, we have Γpψ,ψq � 0.

It remains to consider the case Bpx,R � rq � X. In this case 2r   R � r ¤ diampX, dq
implies r   diampX, dq{2. Let A1, A2, C1 ¡ 1 denote the constants such that Cappϕq¤ holds.
Define

ρ :� r{44. (2.76)

Let N � tzi : i P Iu denote a maximal ρ-separated subset of X. For each i P I, let Bi �
Bpzi, ρq, B�i � Bpzi, 2ρq, B#

i � Bpzi, 4ρq. By Proposition 2.10, there exists C1 ¡ 0 such that for
any i P I and for alls f P F XCpXq, the equilibrium potential ψi for Bi � B�i corresponding to
the truncated Dirichlet form pEpρq,Fq satisfies»

X
f2 dΓpψi, ψiq ¤ C1

»
B#

i �B#
i

pfpyq � fpzqq2 Jpdy, dzq � C1

ϕpρq
»
B�i

f2 dm. (2.77)
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Define rI � I as rI :� ti P I : Bpzi, ρq XBpx,R� r{2q � Hu,
so that¤
iPrI

Bi � Bpx,R�r{2q,
¤
iPrI

B�i � Bpx,R�pr{2q�3ρq,
¤
iPrI

B#
i � Bpx,R�pr{2q�5ρq. (2.78)

Therefore the function
ψ :� max

iPrI
ψi

satisfies (by [FOT, Theorem 1.4.2](i),(ii) and triangle inequality)

ψ P F , 0 ¤ ψ ¤ 1, ψ � 1 on Bpx,R� r{2q, ψ � 0 on Bpx,R� r{2� 3ρqc,

and hence
Γpρqpψ,ψqpXq � ΓpρqpBpx,R� r{2� 4ρqzBpx,R� r{2� ρqq. (2.79)

Let pI :� ti P rI : B�i X pBpx,R� r{2� 5ρqzBpx,R� r{2� 2ρqq � Hu, so that

ψ � pψ, on Bpx,R� r{2� 5ρqzBpx,R� r{2� 2ρq,

so that the energy measure Γpρqpψ,ψq and Γpρqp pψ, pψq coincide on Bpx,R � r{2 � 4ρqzBpx,R �
r{2� ρq; that is,

Γpρqpψ,ψqpAq � Γpρqp pψ, pψqpAq, for all A � Bpx,R� r{2� 4ρqzBpx,R� r{2� ρq. (2.80)

Furthermore, by the triangle inequality and the choice of ρ in (2.76), we have¤
iPpI

B#
i � pBpx,R� r{2� 11ρqzBpx,R� r{2� 8ρq � Bpx,R� p3rq{4qzBpx,R� pr{4qq. (2.81)

For any n P N and for any a1, . . . , an, b1, . . . , bn P R, we have�
max
1¤i¤n

ai � max
1¤i¤n

bi


2

¤ max
1¤i¤n

pai � biq2 ¤
ņ

i�1

pai � biq2.

Hence by integrating the above pointwise bound, we have

Γpρqp pψ, pψq ¤¸
iPpI

Γpρqpψi, ψiq. (2.82)

By (2.25), (2.82), and (1.2), there exists C2 ¡ 0 such that for any A � X, we have

Γpψ,ψqpAq ¤ Γpρqpψ,ψqpAq � C2

ϕprqmpAq
(2.79)� Γpρqpψ,ψqpAX pBpx,R� r{2� 4ρqzBpx,R� r{2� ρqqq � C2

ϕprqmpAq
(2.80)� Γpρqp pψ, pψqpAX pBpx,R� r{2� 4ρqzBpx,R� r{2� ρqqq � C2

ϕprqmpAq
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(2.82)
¤

¸
iPpI

Γpρqpψi, ψiqpAX pBpx,R� r{2� 4ρqzBpx,R� r{2� ρqqq � C2

ϕprqmpAq

¤
¸
iPpI

Γpρqpψi, ψiqpAq � C2

ϕprqmpAq. (2.83)

Hence, for any function f P F X CpXq,»
Bpx,R�rq

f2 dΓpψ,ψq

¤ C2

ϕprq
»
Bpx,R�rq

f2 dm�
¸
iPpI

»
X
f2 dΓpρqpψi, ψiq (by (2.83))

¤ C2

ϕprq
»
Bpx,R�rq

f2 dm�
¸
iPpI

�
C1

»
B#

i �B#
i

pfpyq � fpzqq2 Jpdy, dzq � C1

ϕpρq
»
B�i

f2 dm

�
.

(2.84)

By (2.2), and (2.81), we have ¸
iPpI

1B�i
pyq À 1Bpx,R�rqpyq, (2.85)

and¸
iPpI

1
B#

i
pyq1

B#
i
pzq À 1V pyq1V pzq, where V :� Bpx,R� p3rq{4qzBpx,R� pr{4qq. (2.86)

Combining (2.84), (2.85), (2.86), and (1.2), for all f P F X CpXq, we have»
Bpx,R�rq

f2 dΓpψ,ψq À 1

ϕprq
»
Bpx,R�rq

f2 dm�
»
V

»
V
pfpyq � fpzqq2Jpy, zqmpdyqmpdzq.

By regularity of the Dirichlet form, the above estimate also holds for all f P F and hence CSJpϕq
holds.

2.7 Characterization of stable-like heat kernel estimate

Next, we complete the proof of Theorem 1.7 using Theorem 1.6. Indeed, if diampX, dq � 8 and
pX, d,mq satisfies the stronger RVD the equivalence is an immediate consequence of Theorem
1.6, (1.4) and [CKW21, Theorem 1.13]. In the general case, we need some additional ingredients
from [Mal, GHH23, GHH24, KM25+].

Proof of Theorem 1.7. The implication (b) ñ (a) is well known and follows from [Mal, Theo-
rem 1.20] together with (1.4) in the case diampX, dq � 8. When diampX, dq   8, the same
reasoning applies: the argument used to show (1) ñ (4) in [CKW21, Theorem 1.13], as well as
the construction and properties of the auxiliary space in [Mal, § 3], extend to the finite diameter
case with only minor modifications.

Next, we show (a) implies (b). By Theorem 1.6, the Dirichlet form pE ,Fq satisfies CSJpϕq and
Jpϕq. When diampX, dq � 8, the stable-like heat kernel estimate HKpϕq follows from obtaining
the a similar heat kernel estimate for the auxiliary space in [Mal, §3] using [Mal, eq. (4.13),
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Proposition 4.1] and [CKW21, Theorem 1.13]. The stable-like heat kernel estimate HKpϕq for
the auxiliary space then implies the desired heat kernel estimate for pE ,Fq using [Mal, eq. (4.6)
and (4.7), Proposition 4.1].

It remains to show (a) implies (b) when diampX, dq   8. By adapting the arguments in
[Mal] for the finite diameter case, and using the argument in the previous paragraph, it suffices
to further assume in addition that pX, d,mq satisfies the reverse volume doubling property
RVD.The proof of the implication (a) implies (b) in [CKW21, Theorem 1.13] relies crucially on
the infinite diameter assumption to obtain on-diagonal upper bounds as explained in [KM25+,
Remark 2.41]. In this case, the argument in [CKW21, §4.3] implies two-sided bounds on exit
time which in turn is sufficient to obtain HKpϕq by using the equivalence in [KM25+, Theorem
2.40]. The proof in [KM25+, Theorem 2.40] relies on results obtained in [GHH23, GHH24]. An
alternate approach to [KM25+, Theorem 2.40]. We refer to [CC, Remark 8.3] for a different
approach to [KM25+, Theorem 2.40].

Acknowledgments. I am grateful to Sylvester Eriksson-Bique for many illuminating discus-
sions on the Whitney blending technique and for sharing an early version of his manuscript
[Eri].
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