ON THE ENERGY IMAGE DENSITY CONJECTURE OF
BOULEAU AND HIRSCH
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ABSTRACT. We affirmatively resolve the energy image density conjecture of
Bouleau and Hirsch (1986). Beyond the original framework of Dirichlet struc-
tures, we establish the energy image density property in several related set-
tings. In particular, we formulate a version of the property that encompasses
strongly local, regular Dirichlet forms, Sobolev spaces defined via upper gradi-
ents, and self-similar energies on fractals, thereby unifying these under a single
framework. As applications, we prove the finiteness of the martingale dimen-
sion for diffusions satisfying sub-Gaussian heat kernel bounds, and we obtain
a new proof of a conjecture of Cheeger concerning the Hausdorff dimension
of the images of differentiability charts in PI spaces. The proof of the energy
image density property is based on a structure theorem for measures and nor-
mal currents in R™ due to De Philippis—Rindler, together with the notions of
decomposability bundles due to Alberti-Marchese and cone null sets due to
Alberti—Csornyei—Preiss and Bate.

1. INTRODUCTION

1.1. Background and Overview. The goal of this work is a proof of the energy
image density (EID) conjecture of Bouleau and Hirsch |19} p. 251]. This conjecture
arises as a natural generalization of a fundamental result in Malliavin calculus:
the non-degeneracy (invertibility) of the Malliavin matrix associated with an R"-
valued random variable implies the absolute continuity of its law with respect to
Lebesgue measure. This result forms a key step in Malliavin’s proof of Hérmander’s
hypoellipticity theorem [21,41}/52,|65]72]. The Malliavin matrix admits a natural
generalization to local Dirichlet forms which leads to the energy image density
conjecture of Bouleau and Hirsch. Roughly speaking, this conjecture asserts that
the invertibility of a generalized Malliavin matrix of a random variable implies the
absolute continuity of the law of that random variable.

For a precise statement of this conjecture, we recall the relevant definitions below.

Definition 1.1. A Dirichlet structure (X, X, u, €, F) is a probability space (X, X, u)
along with a quadratic form (£, F) on L?(X, 1) that satisfies the following proper-
ties.
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(i) (densely defined, non-negative definite, quadratic form) £ : F x F — R is
bilinear, where F is a dense subspace of L?(X,u) and E(f, f) = 0 for all
feF.

(ii) (closed form) (€, F) is a closed form; that is, F is a Hilbert space equipped
with the inner product

El(fag) = S(fag)+<f7g>L2(,u,)7 for all f,ge‘/’.'.

(iii) (Markovian property) f € F implies that f =0v(fal)e Fand €(f, f) <
)

(iv) 1 € F and £(1,1) = 0, where 1 is the constant function on X that is
identically one.

(v) (existence of carré du champ operator) For all f € F n L*(m), there exists
y(f, f) € L*(m) such that for all h € F n L*(m), we have

Eh.1) = 580 £2) = [ 1(7. ) d

(vi) (strong locality) For all f,g € F and a € R such that (f + a)g = 0 implies
E(f.9) =0.

By |21}, Proposition 1.4.1.3], for any Dirichlet structure (X, X, u, £, F) there exists
a unique positive symmetric and continuous bilinear form « : F x F — L(p) (called
the carré du champ operator) such that

(12) JE(fh,9)+ 3E(gh, f) — 5E(h, fo) = / hy(f.g) s, for all f,g,€ F n L*,

For a function f = (f1,..., fn) € F", we define the carré du champ matrix v(f) as
the n x n matrix

(13) V() = Wi F)] iy € RTZT

The carré du champ matrix is the natural generalization of the Malliavin ma-
trix to the setting of strongly local Dirichlet forms. In the special case of the
Ornstein—Uhlenbeck Dirichlet form on Wiener space, this carré du champ matrix
coincides with the classical Malliavin matrix. We refer to [21, Definition I1.2.3.3]
and [72, p. 92] for the definitions of the Ornstein—Uhlenbeck Dirichlet form on
Wiener space and Malliavin matrix respectively. Hence the energy image density
property in Definition and Conjecture below can be viewed as a sweeping
generalization of Malliavin’s criterion for absolute continuity of the law of a ran-
dom variable on Wiener space using non-degeneracy of the Malliavin matrix under
minimal regularity assumption [65, Theorem 5.5].

Next, we recall the energy image density property introduced by Bouleau and
Hirsch.

Definition 1.4. Let (X, X, u,&, F) be a Dirichlet structure with the associated
carré du champ operator v : F x F — L'(u). We say that the Dirichlet structure
(X, X, n, E, F) satisfies the energy image density property, if for any n e N, f e F",
we have

(1.5) S (Lgdet(v())>03 - 1) € Ly,

where L,, is the Lebesgue measure on R".
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Let us briefly explain the condition det(v(f)) > 0 in (L.5)). Consider the Dirich-
let form for Brownian motion of R™ given by £(g,g) = [ [Vg|(x)?*dx for all g€ F =
W12(R"™), where Vg denotes the distributional gradient of g. Let f : R® — R"™ be
a smooth function whose components are in the Sobolev space W12(R"). In this
case, Y(fi, f;) = Vfi - Vf; and hence the condition det(y(f))(z) > 0 is equivalent
to the statement that the differential D f of f at x is surjective, or equivalently, f
is a submersion at x. For an abstract Dirichlet form, this condition can be inter-
preted more generally as requiring that f ‘varies in all infinitesimal directions’ at
x. Intuitively, the invertibility of the carré du champ matrix ensures that f has
enough local variability so that its image is sufficiently ‘spread out’, a viewpoint
that directly motivates the energy image density condition in more abstract set-
tings. As we shall see in Definition this condition det(y(f)) > 0 can also be
interpreted as an infinitesimal version of linear independence of the components of

f; cf. Lemmas and
The Bouleau-Hirsch conjecture [19, p. 251] is stated as follows.

Conjecture 1.6 (EID conjecture). Every Dirichlet structure satisfies the energy im-
age density property.

Our main result is the positive answer to Bouleau-Hirsch conjecture.

Theorem 1.7. Let (X, X, u, E, F) be a Dirichlet structure with the associated carré
du champ operator v : F x F — LY(u). For anyn €N, ¢ € F*, we have

T (Lgae(y (o)) >0} - 1) € Ly,

where L,, is the Lebesque measure on R™, and v(¢) is the carré du champ matrix

as defined in (|1.3)).

We discuss some past works related to the energy image density property. As
evidence towards this conjecture, Bouleau and Hirsch obtained the energy image
density property for scalar-valued functions; that is, when n = 1 in (1.5) |16,
Corollaire 6], [19, Théoréme 4.1]. Furthermore, they verified Conjecture for
the Ornstein-Uhlenbeck Dirichlet form on Wiener space |20, Théoreme 9]. In this
context, the energy image density property is better known as the Bouleau-Hirsch
criterion for absolute continuity and is widely used in stochastic analysis [9,/104[23}
25|,73,,74,/78]. More recently, further evidence toward Conjecture was obtained
by Malicet and Poly in the general setting for all values of n € N: they showed
that if f € F™ n e N satisfies det(y(f)) > 0 p-almost surely, then the law of [ is a
Rajchman measure on R™ |64, Theorem 2.2].

Prior to this work, two main approaches have been used to establish the energy
image density property in higher dimensions n > 2. The first approach, originating
from Malliavin’s seminal paper [65], p. 196], involves showing that the distributional
derivative of the pushforward measure is a Radon measure |72, Lemma 2.1.1] or |21}
Lemma 1.7.2.2.1]. This approach relies on an integration by parts formula [72,
§2.1.2]. However, in order to generalize this integration by parts approach to the
setting of Dirichlet forms we need to assume additional smoothness assumptions
that the entries of the carré du champ matrix (or generalized Malliavin matrix)
belongs to the domain of the Dirichlet form and that the function belongs to the
domain of the generator |21, Theorem 1.7.2.2].

The second approach that is due to Bouleau and Hirsch relies on Federer’s co-area
formula. Its main advantage is that it requires minimal assumptions on regularity
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(compare |72, Theorem 2.1.2] with [72, Theorem 2.1.1]), which makes it partic-
ularly useful for applications to stochastic differential equations with less regular
coefficients |20, Section V]. However, implementing this co-area formula approach
requires significant additional structural assumptions on the Dirichlet form [21]
Theorem I1.5.2.2]. Nevertheless, this approach has been successfully extended to
a number of examples of interest [17,[18]/28,[80]. The results of Bouleau and De-
nis [17,/18] on EID property has applications to obtain regularity of solutions to
stochastic differential equations with jumps. More generally, all of the applications
of energy image density property mentioned above concern regularity of solutions to
stochastic differential equations (with the exception of [9] which concerns random
nodal volumes).

Even in the classical case of the Ornstein—Uhlenbeck Dirichlet structure on
Wiener space, Malliavin already pointed out that the only available method for
establishing the energy image density property proceeds via the co-area formula.
Indeed, in [66] p. 86], he writes “it should be emphasized that there does not exist
currently an alternative approach to the regularity of laws for R%-valued functionals
with one derivative.” This observation highlights the necessity of developing a new
approach to Conjecture as a co-area formula is not available in general.

1.2. Outline of the proofs. The crux of our proof is a deep structure theorem of
measures and normal currents in R™ developed by De Philippis and Rindler [32] that
gives a criterion for absolute continuity of measure in terms of linearly independent
normal currents as we recall below. The relevant terminology and notation related
to currents is recalled in

Theorem 1.8. [32, Corollary 1.12] Let Ty = Ty|T1|, ..., T = Ty||T0|| be one-
dimensional normal currents on R™ such that there exists a positive Radon measure
v on R™ with the following properties:

(i) v<||T;|| fori=1,...,n;

(i) For v-a.e. € R™, span{T}(x), ..., Ty(z)} = R™.
Then v <« L.

We provide two distinct proofs of Theorem [I.7] each invoking Theorem [I.§]in a
substantially different manner. The first proof (§4.2)) proceeds by a direct applica-
tion of the sufficient condition for absolute continuity stated in Theorem to the
pushforward measure in the statement of Conjecture Although this yields a
comparatively short argument, it depends essentially on the Hilbert space structure
of F. The other proof (§4.1)), while longer, is more robust and extends beyond the
classical framework of Dirichlet structures. Within this approach, we establish the
energy image density property in a unified setting encompassing strongly local, reg-
ular Dirichlet forms, Sobolev spaces defined via upper gradients, and self-similar
energies on fractals. As we explain in these generalizations are motivated
by further applications, including the finiteness of the martingale dimension and a
new proof of Cheeger’s conjecture concerning the Hausdorff dimension of images of
differentiability charts in PI spaces.

Let us first outline how to use Theorem directly to the measure v :=
f*(lt{det(,y(¢))>0} - 1) where f € F™ to obtain the energy image density property.
In order to apply Theorem we sketch a simple construction of normal currents
associated to Dirichlet structures. If f = (f1,...,fn) € F"” and g € F, then the
pushforward of the R"-valued measure (v(fi,g) - t)1<i<n under f : X — R™ is an
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R"-valued finite Borel measure on R™ and hence can be viewed as a current with
finite mass. If D(A) denotes the domain of the generator A associated with the
Dirichlet structure and if we assume in addition that g € D(A), then the current
described above happens to be a normal current in the sense of Federer and Flem-
ing. This is a simple consequence of the chain rule for Dirichlet forms (see Lemma
[L11). Tf f e 77, the currents T; = fu (v(fy, fi) - 1)i—y) for i = 1,..., n satisfy the
following properties (see Lemma :

fe (Lgdet(v(py>o0y - 1) < I Till, foralli=1,....n,
where ||T;|| denotes the mass measure of T; = T; - | T;||, and

span{fl(a:), e ,T_;L(CC)} = Rn, for f* (]l{det(w(f))>0} . [L)—&.C.

If f e D(A)", we can apply Theorem with the above normal currents {T; : 1 <
i < n} to obtain the energy image density property. For a general f e F", T;,1 <
1 < n need not be normal currents, and we proceed by an approximation argument
using the density of D(A) in the Hilbert space F. Readers interested solely in the
proof of Theorem [I.7] and not in the extensions or applications discussed above,
may proceed directly to as the material in §2] and §3]is not used therein.

The other approach is more closely related to the proof of the energy image
density property due to Bouleau and Hirsch in the scalar case (n = 1), which we
recall below in a slightly adapted form |21, Proof of Theorem 1.5.2.3]. Let f € F
and K < R be compact such that £1(K) = 0. Consider the sequence of 1-Lipschitz,
continuously differentiable functions gx : R — R defined by

gk(0) =0, gp(x):=1A (ndist(z,K)), forallzeR keN.
Then it is easy to see that g, converges to the identity map pointwise, and for any
f € F, grof converges weakly in the Hilbert space F to f. Thus by the weak lower
semicontinuity of energy measures together with the chain rule, we obtain
[ atpde<timint [ sgee fgne s
f7HEK) f~HK)

n—aL

—tmint [ G =
)
where the last equality follows from the fact that g;, = 0 on K. By the regularity
of the measure f4(v(f, f)- ), this establishes the energy image density property in
the scalar case. In the case n > 2, the same strategy applies, but the construction
of suitable approximations is significantly more delicate and relies on sophisticated
tools such as the notion of decomposability bundle due to Alberti and Marchese
[4], cone null sets due to Alberti, Csornyei, and Preiss [2,[3], a deep structure
theorem of singular measures and normal currents in R™ due to De Philippis and
Rindler mentioned above in the other approach [32], and a new approximation
result (Proposition . Our approximations are only Lipschitz instead of C*, so
we also develop a suitable substitute for chain rule for Lipschitz functions in R™
(see Proposition . This type of argument has recently been used to address
somewhat similar problems: by di Marino, Lu¢i¢, and Pasqualetto [33] for a question
of Fukushima on the closability of energy forms, and by Alberti, Bate, and Marchese
[1] for the closability of differential operators.
Next, we describe the ideas behind the construction of approximations used in
our weak lower semicontinuity approach. Let f € F™ with n > 2. Since v(f) is a
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nonnegative semidefinite matrix-valued function, positivity of the determinant can
be expressed as

Ax

{det(y() > 0} = [J{ inf AT5()A > £ Te(x(f)) > 0},

=1 A=t

where A € R" and Tr(-) denotes the trace. Thus it is enough to show that for any
6 > 0, the pushforward

vi= fo(lap) satisfies v « Ly,
with

A= { inf AT y(f)X = §Te(v(f)) > o}.

=1

Unlike the scalar case, the argument here proceeds by contradiction. Suppose
there exist § > 0 and f € F™ such that v is not absolutely continuous with respect
to L. Then one finds a compact set K < R™ with £,(K) = 0 but v(K) > 0.
In this case the restriction 1xr admits a decomposability bundle of dimension at
most n — 1, v-a.e. on K.

The decomposability bundle T.2M (), introduced by Alberti and Marchese [4],
assigns to each x € R™, a subspace of R™ capturing the directions in which every
Lipschitz function is v-a.e. differentiable. They proved the existence of this bundle,
and combined with the results of [32] one obtains the following key consequence:
for any € > 0, there exist a compact B ¢ K with v(B) > 0 and a unit vector
A = (A1,...,An) € R" such that every rectifiable curve o : [0,]] — R™ satisfies

(1.9) KX o' ()] < e’ (1), for £y-a.e. te o 1(B).

Heuristically, expresses that the set B is almost orthogonal to A in an in-
finitesimal sense, a property formalized through cone-null sets (see Definition
and Lemma . The existence of such B follows from the link between decom-
posability bundles and cone-null sets [4, Lemma 7.5], together with the result of
De Philippis-Rindler ensuring that dim T2 (z) < n — 1 for v-a.e. 2 € K (see

Propositions and [3.13)).

The estimate ([1.9) satisfied by B allows us to construct a sequence of 1-Lipschitz
approximations g : R —» R k € N of g(y) := (A, y) such that

lim gx(y) = g(y) forallye R™, gx(0) =g¢(0) =0, forall keN,

k—o0
and
Lip,[g](y) <e€, forallkeN,ye B,

where Lip,[g] is the asymptotic Lipschitz constant (see (2.1) and §3.3). This es-
timate along with weak lower semicontinuity of energy measures and a version of
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chain rule for Lipschitz functions implies that

/f . (Z)\fl,Z)\ﬂ) du < hmlnf/ Y(gro fygr o f) du
-t n i=1

< lim inf Lip,[g 2 v(fi, fi)d
k—c f—l(B)mA( ;1

<€2/f ( DS £i) dp

-1 B)ﬁA i=1
On the other hand, the definition of A implies that

n)‘ii7n/\iid>5/ S iy fi)dup > 0.
AR 02 L A

The above two estimates lead to the desired contradiction if we choose €2 < 6.
The approximating functions gj, are constructed by an infimizing procedure, and
the convergence g — ¢ is shown with a compactness argument. A model for this
type of argument comes from the proof of Heinonen and Koskela for the equality
of modulus and capacity |44 Proposition 2.17]. Our argument adapts this proof to
give an approximation for functions; see Proposition A similar approach was
used by Cheeger [26], Sections 5,6,9], which inspired the methods in [15}/34/35].

1.3. Extensions and applications. A remarkable feature of the energy image
density property is its broad generality. We establish this property for all strongly
local, regular Dirichlet forms [27,[39] in Theorem and further extend it to
p-Dirichlet spaces and p-Dirichlet structures, which generalize regular strongly lo-
cal Dirichlet forms and Dirichlet structures, respectively. These spaces can be
viewed as analogues of the classical Sobolev space WP and have recently at-
tracted considerable attention in the analysis on metric spaces [26,45}/79] and on
fractals [24,/46,/58,|63L70] (see Example for details). We apply the energy image
density property for regular, strongly local Dirichlet forms to prove the finiteness of
the martingale dimension under sub-Gaussian heat kernel bounds, thereby verifying
a recent conjecture [69, Conjecture 3.12]. Moreover, the extension to p-Dirichlet
spaces yields a new proof of Cheeger’s conjecture on the Hausdorff dimension of im-
ages of charts in Lipschitz differentiability spaces [26, Conjecture 4.63], previously
resolved in [31]; see Proposition

The formulation of the energy image density property for regular Dirichlet forms
requires some care, since energy measures need not be absolutely continuous with
respect to the reference measure [47,53,/62,/63]; in this setting, the energy measure
of f is the analogue of v(f, f) p in Dirichlet structures. In this case, we define the
carré du champ matrix by taking Radon-Nikodym derivatives of energy measures
with respect to a minimal energy dominant measure (see Definition [2.49)). Such a
measure has the property that the energy measure of every function in the domain
of the Dirichlet form is absolutely continuous with respect to it, which allows us
to define a suitable analogue of the carré du champ matrix v, (f) for each f e F"
(see (2.50))).

The modified carré du champ matrix v, (f) is essential for characterizing and
analyzing martingale dimension. Martingale dimension originates from a result of
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Ventcel” [81], who showed that every square-integrable martingale additive func-
tional of Brownian motion in R™ can be represented as a sum of n stochastic in-
tegrals with respect to the coordinate martingales. More generally, the martingale
dimension of a Markov process is the smallest integer k£ such that every martingale
additive functional, under suitable integrability conditions, can be expressed as a
sum of k stochastic integrals with respect to a fixed family of k£ martingale additive
functionals [49, Definition 3.3]. The concept traces back to [30,/67], and, building
on Kusuoka’s ideas [62/63], Hino showed that martingale dimension is equivalently
given by the maximal rank of the modified carré du champ matrix [49, Theorem 3.4].
The martingale dimension can be interpreted as the dimension of the tangent space
of a measurable Riemannian structure associated to the Dirichlet form [51, The-
orem 3.4]. For strongly local Dirichlet forms whose heat kernel satisfies Gaussian
bounds, the martingale dimension coincides with the dimension of Cheeger’s mea-
surable cotangent bundle constructed in his work on the almost-everywhere differ-
entiability of Lipschitz functions on metric measure spaces [26], [69, Theorem 3.2].

We now explain how the energy image density property can be used to obtain
upper bounds on the martingale dimension. Suppose that the domain of the Dirich-
let form contains a dense set of a-Hélder continuous functions for some « € (0, 1],
and that the underlying space has finite Hausdorff dimension dg. This situation
occurs for diffusion processes with sub-Gaussian heat kernel bounds, where the ex-
istence of such a dense set follows from the Holder regularity of the heat kernel.
By the continuity of energy measures, it is enough to bound the rank of the carré
du champ matrix ~,(f) for functions f € F™ whose components lie in this dense
subset of a-Hoélder functions.

Since the image of the set {v,(f) > 0} under such an a-Holder map f can
increase Hausdorff dimension by at most a factor of a~!, the set f({v,(f) > 0})
has Hausdorff dimension at most dp/a. As a consequence of the energy image
density property, if the martingale dimension is at least n, then there exists f €
F™, a-Hélder continuous, such that f({v,(f) > 0}) supports a nonzero measure
absolutely continuous with respect to £,. In this case, the Hausdorff dimension
of f({7.(f) > 0}) equals n, and we thus obtain an upper bound dp/« for the
martingale dimension.

We note that the study of martingale dimension for diffusions satisfying sub-
Gaussian heat kernel bounds dates back to the seminal work of Barlow and Perkins,
who first raised the question for Brownian motion on the Sierpiriski gasket [13, Prob-
lem 10.6]. Although this problem was soon solved by Kusuoka [62}63], the martin-
gale dimension remains unknown for many examples, such as generalized Sierpinski
carpets. The best available estimates for martingale dimension are restricted to
self-similar spaces and Dirichlet forms (see, for example, [50, Theorem 3.5]). On
the other hand, there are several examples of diffusions satisfying sub-Gaussian
heat kernel bounds where the underlying space and Dirichlet form are not self-
similar [12,/42]. In such cases, even the finiteness of the martingale dimension was
not known prior to this work. We hope that the energy image density property can
lead to better understanding of martingale dimension as a number of questions still
remain open [69, §3.2].

As another application of the energy image density property, we include a short
new proof of Cheeger’s conjecture on the Hausdorff dimension of image of differen-
tiability charts in PI spaces (Proposition . Cheeger’s conjecture was resolved
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by a result of De Philippis, Marchese and Rindler |31, Theorem 4.1.1] that shows
that the image of reference measure under differentiability chart is absolutely con-
tinuous with respect to the Lebesgue measure. The setting of [31] is more general as
their result is for Lipschitz differentiability spaces of which PI spaces are a subclass.
Yet another application of our results is an answer to a question raised by Am-
brosio and Kirchheim [8, p. 15]. A result of Preiss ( [8, Theorem 3.3]) states
that for any finite measure p on R? that is not absolutely continuous with respect
to Lo, there exists a sequence of continuously differentiable, Lipschitz functions
gn : R?2 - R2 converging pointwise to the identity map with uniformly bounded
Lipschitz constant, and such that
lim det(Vgy) du < pu(R?).
n—o90 Jp2
We show that this theorem is true for R” for all n € N in Theorem [5.23l This result
along with the same argument in [8, Proof of Theorem 3.8] implies that any top-
dimensional Ambrosio—Kirchheim metric current on R™ has absolutely continuous

mass measure for any n € N, a result obtained earlier by different methods in [32,
Theorem 1.15] (see Corollary [5.31)).

1.4. Outline of the paper. The approach based on weak lower semicontinuity
and approximations mentioned in §1.2| applies to a broad class of examples. To
capture the generality of this approach, in §2| we introduce two abstract frameworks
of p-Dirichlet spaces and p-Dirichlet structures that generalize regular strongly lo-
cal Dirichlet forms and Dirichlet structures respectively to a non-linear setting.
We develop some basic notions such as capacity, quasicontinuous functions in this
framework (§2.4) along with the notion of p-independence (Definition that
is a generalization of the non-degeneracy condition on carré du champ matrix. In
§3] we develop the necessary preliminary results on decomposability bundles, cone
null sets and Lipschitz approximations for the approach based on lower semicon-
tinuity. In we present the two different proofs based on lower semicontinuity
( and on normal currents constructed from Dirichlet forms ( In we
discuss different applications of our results such as a finiteness theorem for martin-
gale dimension (, a new proof of Cheeger’s conjecture ( and an answer to
a problem raised by Ambrosio and Kirchheim regarding a generalization of a result
due to Preiss (§5.3).

Notation. For a subset A ¢ X, we write 1 4 for the indicator function of A. When
A =X, we abbreviate 1x as 1.

In any metric space (X, d), we denote by
B(z,7) ={ye X :d(z,y) <r} and B(x,r)={ye X :d(z,y) <r}
the open and closed balls of radius r > 0 centered at x € X.

The inner product in L*(X, ) is denoted by (-, -)r2(x ) or simply (-, -)1z2(,. For
z,y € R", we denote by |z| and {x,y) the Euclidean norm and inner product, re-
spectively. Unless specified otherwise, R™ is equipped with the Euclidean distance.

For a square matrix M, we denote by det(M) and Tr(M) its determinant and trace,
respectively.

If i is a measure and f is a measurable function, then fu (or f - ) denotes the
measure A — fA fdup. If p and v are two measures on the same space, we write
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u < vand p L v to indicate absolute continuity and singularity, respectively. We
write p < v if p(A) < v(A) for all measurable sets A. We denote the measure 1 4p
also as p|a.

If f: X > Y is a function and A ¢ X, then f|A : A — Y denotes the restriction
of f to A.

For a,b € R, we write a v b := max(a,b) and a A b := min(a,b).

2. BACKGROUND ON p-DIRICHLET SPACES

2.1. Lipschitz functions. If X is a metric space, we call f : X — R (L—)Lipschitz

if
@)~ fWl _
d(z,y)
for all z,y € X. The smallest constant L such that f is L—Lipschitz is the Lipschitz
constant of f and is denoted LIP[f]. For x € X the asymptotic Lipschitz constant
of f at x is denoted

(2.1) Lip, [f1(x) = lim LIP[f[50.r)]

We denote the vector space of R-valued Lipschitz functions on X by Lip(X).
Let f € Lip(R™) and S < R™ be a countable dense set. Then the function
x> LIP[f|B(s,r] is Borel measurable as

|f(p)_f|(q)|]lB(Z,7T) (x)]lB(qJ) (x)

v LPlpen] = sup
() (p,q)eSxS,p#q p—d

is a supremum of a countable family of Borel functions. Therefore Lip,(f)(z) =
lim, o LIP[f| B (z,r)] is also Borel measurable.
A map f is called (L—)bi-Lipschitz, if
L 1< M <L
d(x,y)
for all z,y € X.

2.2. p-Dirichlet spaces. Dirichlet structures are defined in Definition In this
section, we define a variant of this setting to p # 2 for locally compact spaces.

Definition 2.2. We call (X, d, p1, &y, Fp,I'p) alocal p-Dirichlet space if the following
hold:

(1) Locally compact space: (X,d,u) is a locally compact metric space
equipped with a Radon measure p.

(2) Completeness: The space F, is a subspace of LP(X,u) and &, : F, —
[0,00) is a non-negative function such that F, is a Banach space when
equipped with the norm || f||x, = (|[fl7, + E(F)V7.

(3) Homogeneity: For all f € F, there exists a finite non-negative Borel
measure I',(f) on X such that T')(f)(X) = &,(f) and for all A e R

Lp(Af) = IAPTR(f)-
(4) Sublinearity: For every f, g€ F, and every Borel set A c X,

(2.3) Tolf + g)(A)7 < TR(YA)T + Tplgh(A)

Sl
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(5) Chain rule: For all f € F,, g € Lip(R) with ¢g(0) = 0, we have go f € F,

and
(2.4) ATy 0 1 < LIP[gPdT .
(6) Locality: For every f € F, and open set A c X, if f|a = ¢ p-a.e., then
L (f)(A) =0.

(7) Weak lower semicontinuity: For every f € LP(X), and for any sequence
of functions (f;)ien in F,, such that f; — f € LP(X) with sup;ey Ep(fi) < o0,
then f € F, and

(2.5) Tp(F)(A) < lim inf Tp(fi)(A)
for every Borel set A c X.

Remark 2.6. (X,d,p,Ep, Fp,T'p) alocal p-Dirichlet space. We record some simple
consequences of the definition above.

(i) Suppose f,g € Fp, O < X be open such that (f — g)|O = c for some c € R,
then

(2.7) Lp(fH(A) = Tp(g)(4)
for all Borel sets A < O. This follows from sublinearity, homogeneity, along
with Iy (f — g)(A) < Tp(f — 9)(0) = 0.
(ii) If (fn)nen is a sequence converging to f € F,, in the Banach space (F), ||| 7, ),
by sublinearity and homogeneity properties, for any Borel set A, we have

(2.8) Tim Ty(fad(A) = Ty F(A).

Currently, there is no standard axiomatization for local p-Dirichlet spaces. In
fact, rather than an axiomitization, in each setting of interest a different set of
crucial properties has been verified for a given energy construction. Each, however,
has a restrictive assumption built into it, and the assumptions used in one setting
are incompatible with the other.

(1) For potential theory in metric measure spaces, one often uses an upper
gradient based approach [7}/26,45/79]. An illustrative example of this is
equipping R™ with the Lebesgue measure £,, and ¢;-metric for ¢ € [1, 0],
in which case the Sobolev space equals the usual Sobolev space, but the
energy of Sobolev functions is given by T),(f)(A) = [, [V £} dL,, where
s € [1,00] is the dual exponent from % + % = 1. This type of energy in
metric measure spaces is non-trivial only if the p-Modulus of all curves
in the space is positive, which fails to hold for many fractals of interest.
We verify that Sobolev spaces defined using upper gradients are p-Dirichlet
spaces in Lemma [5.13]

(2) Self-similar p-energies on self-similar fractals can be obtained via fixed-
point arguments and I'-limits of rescaled energies [58}|63]. A good example
of this is the p-energy constructed for a Sierpiriski gasket [24,46], and the
Sierpiriski carpet [70]. In these settings, one has all of the above properties,
and additionally one can obtain reflexivity, p-Clarkson’s inequalities and
generalized p-contraction properties, see e.g. [54,/55]. These contraction
properties fail to hold in infinite dimensional metric space settings and
many natural self-similar energies, such as the £;-energies mentioned in the
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previous bullet point. Also, in many settings self-similarity is too restrictive,
e.g. on boundaries of hyperbolic groups.
(3) Every regular, strongly local Dirichlet form can be viewed as a p-Dirichlet

space with p = 2 (see Lemma [2.48)).

It may be that fewer axioms would suffice. Our axioms in Definition [2.2] are de-
signed to encompass diverse frameworks such as regular strongly local Dirichlet
forms, Sobolev spaces and energies defined via upper gradients, and self-similar
p-energies on fractals. The aim is to provide a unified framework within which the
energy image density property can be established in these various settings, while
maintaining close analogies with the theory of analysis on metric spaces. Indeed,
this general framework gives a setting to resolve a generalized version of this conjec-
ture, and to prove an extension of Cheeger’s conjecture to independent collections
of functions, Proposition [5.21

The axioms here are obtained by essentially removing any self-similarity, uniform
convexity, generalized contraction, or reflexivity assumptions from the frameworks
in [544551/58(70], while replacing them with the chain rule and lower-semicontinuity.
These latter assumptions are satisfied in both of the frameworks above, but the first
ones are not in general satisfied in the upper gradient based approaches. Indeed,
here are a few examples of energies that satisfy our axioms but fail one or more of
these assumptions.

Ezxzample 2.9. (1) Equip the plane R? with the Lebesgue measure and ¢;-metric.
Then the upper gradient energy is given by

T, (fy(4) = /A max ([0, /1,10, FI}? Lo

This energy is self-similar but is not uniformly convex, and fails the con-
traction properties in [54], but the resulting Sobolev space is reflexive. The
usual p—Dirichlet energy on R2, corresponding with using the f5 metric is
uniformly convex and comparable to this energy. This corresponds to a
general renorming result for finite dimensional vector spaces. This example
is also a self-similar p-energy in the sense of |70] if restricted on [0, 1]?,
which is an attractor of four scaling maps by a facter 1/2. This shows that
without some infinitesimal assumptions, even self-similar p-energies may be
non-unique.

(2) Let (X = [[;2,[0,27%],d1, 0 = [[;=,2°£L1) be the infinite product space
equipped with the f1-metric and product of re-scaled Lebesgue measures.
This space is compact and infinite dimensional, and one can show that in
this example, the associated upper gradient Sobolev space is not reflexive,
since it corresponds to the energy f — fX sup,ey |0 f|du, for f Lipschitz;
see the example in |6, Proposition 44]. As shown in [6], this space is not
reflexive. Therefore, it can also not be uniformly convex. Note that by
results in [36], an upper gradient based Sobolev space can fail to be reflex-
ive only if the space has infinite Hausdorfl dimension. Note that the chain
rule and lower-semicontinuity here follow from general results in analysis
on metric spaces, see e.g. [40, Section 2] and |7, Proof of Theorem 6.1]; in
comparing these and other references note that [7] establishes the equiv-
alence of different definitions of upper gradient based Sobolev spaces in a
metric measure space.
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The final condition of weak lower semicontinuity is named here with the reflexive
case in mind. Indeed, if the space F,, is reflexive, then one can show that a sequence
fi € Fp converges in the weak topology if and only if f; — f weakly in L,(X)
and sup;ey Eo(fi) < ©; see e.g. [22, Theorems 3.18 and 3.19]. While sometimes the
structure may not be reflexive, this terminology draws also parallels to the definition
of Weaver derivations in [82], the notion of convergence used in the density in energy
result in |7, Introduction, Definition 4.2 and Theorem 7.2], and the weak continuity
for metric currents [8]. We note that reflexivity of the Banach space (Fp,|-||F,)
is a sufficient condition for the weak lower semicontinuity of energy measure in
Definition The following statement and its proof is close to [54, Proposition
4.10] and shows that weak lower semicontinuity often follows from reflexivity.

Lemma 2.10. Let (X, d,p, &y, Fp,T'p) satisfy properties (1)-(6) in Definition [2.3
If the Banach space (Fp, ||| 7,) is reflexive, then (X,d,p, &y, Fp,I'p) satisfies the
lower semicontinuity property in Definition [2.2(7).

Proof. Let f € LP(X), and let (f;)ien be a sequence of functions in F, such that

fi = f e LP(X) with sup,en Ep(fi) < 0. Let A be a Borel subset of X. Pick a
subsequence (f;, )xen such that

(2.11) Jim Ty (fi, )(4) = liminf Ty (f)(4).

By passing to a further subsequence if necessary and by using reflexivity of (F, ||| 7,),
Kakutani’s theorem (see [22, Theorem 3.18]), we may assume that f;, converges
weakly in (Fp, ||-|7,) to f. By Mazur’s lemma (see [22, Exercise 3.4-(1)] or [54}
Lemma 3.14]), for each [ € N, there exists N(I) € N with N(I) > [, {oyx : | <
k < N(I)} < [0,1] such that ij:(lz) ap; =1foralleN, and g; := Zgz(i) ok fin

converges to f in the norm topology of (F, ||-||7,) as I — o0. Thus we have

DAY & Tim Ty (gry(a)

N(D)
< llgr} Z ak,le<f¢k>(A)1/p (by sublinearity and homogeneity)
7 k=l

= lim T, (fi )7 (by 300 ana = 1)

which along with (2.11)) implies (2.5]). O

Definition 2.12. A p-Dirichlet space (X, d, u1, Ep, Fp, I'p) is regular if we have that
Co(X) n F, is dense in F,, and dense in Cy(X) in the uniform norm, where Cy(X)
is the space of continuous functions on X with compact support.

The following lemma can be viewed as an improved version of the chain rule in
Definition 2.2}(5), where the global Lipschitz constant LIP[g] is replaced with the
asymptotic Lipschitz constant function Lip,[g]. We will later relax the continuity
assumption in Proposition [2.35}(2).

Lemma 2.13. Let (X, d, 1, Ep, Fp,I'p) be a regular p-Dirichlet space For every g €
Lip(R) with g(0) = 0 and every f € F, n C(X) we have go f € F, and
Iplg o f) < (Lipg[g] o £)P - Tp(f)-

Proof. Let g € X, and let € > 0. By chain rule, we already know go f € F,. Next,
since f is continuous, there exists a § > 0 such that f(B(xo,0)) < B(f(z0),€). Let
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gzo,é € Llp(Rn) be equal to g|f(B(x0,6)) on f(B(l‘o, 5)) and which is LIP[Q|B(f(zg),e)]'
Lipschitz. The existence of such a function g,, s € Lip(R™) follows from the Mc-
Schane’s extension theorem [43, Theorem 6.2]. Set guy.5 = Gwo,6 — Guo,6(0). We have

Gao,6 © f(x) —go f(z) = c:= §y,5(0) for z € B(xo,d), and thus by (2.7)
Lp{g 0 f)IB(wo,5) = ['p€Fro.6 © )| B(2,6)

LIP[g]B(f(x0),0)]F * Tplf)|B(w0.5)

LIP[9|B(f(x).20)]" - Tl B(20.6)-

The space X can be covered by such balls B(xg,d) and we get
I'pgo f) < LIP[g|p(f(x),2¢)] - Tl

and sending € — 0, the claim follows by the dominated convergence theorem. [

<
<

The following is an improved version of locality for continuous functions for
arbitrary Borel sets. The argument is similar to |26 Proposition 2.22].

Lemma 2.14. For every f € F, n C(X) and any Borel set A ¢ X, if fla = ¢,
then T',(f>(A) = 0.

Proof. Define for each k € N, a 1-Lipschitz functions gx,gr : R — R as gr(y) =
max(y —c— k™!, min(y — ¢+ k71, 0)) gr(y) := gr(y) — Gx(0), so that

LIP[gr] =1, ¢gx(0) =0 forall ke N, klim g(y) =y, forallyeR.
w0

Hence by chain rule, we have g o f € F, n C(X) for all k€ N and
(2.15) sup Ep(gk © f) < E(f).
keN

By lgk o f — f] < 2|f], limg— gk © f = f, and dominated convergence theorem we
have

(2.16) Jim [lgg o f = fllz» = 0.

Note that gx o f = gi(c) on the open set f~1((c — k=%, ¢+ k™1)), and hence by
locality

(2.17) Llgeo £ (f (e =k~ e+ k7)) = 0.
Hence by lower semicontinuity, and locality, we obtain
Tp(F)(A) < liminf Dylgr o £)(A) - (by ©15),[2.16) and 23))
<liminfUydgp o f)(f He—k et k™)) (AcfHe—klet k™)
=0 (by @I7).
O

The following estimate is a version of chain rule for vector valued continuous
functions. This is a very weak version of the generalized contraction property used
in [54L/55]. Unlike these properties, we show that this weaker contraction property
follows from the our axioms and does not depend on any auxiliary assumptions.
We will later relax the continuity assumption in Proposition M(Z’))
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Lemma 2.18. Let (X,d, p, &y, Fp,T'p) be a local p-Dirichlet space. For every g €
Lip(R™) with g(0) = 0 and every f = (f1,...,fn) € (Fp n Co(X))", we have
go feF, and

(2.19) T,(go f>< (1 v (P2 /2) LIP[g Z T, (fi).

Moreover for all f = (f1,...,fn) € (Fp 0 Co(X))", we have
(2.20) Tylgo /) < (1v il 272) (Lip,[g Z T fi)-

Proof. First, consider a linear function g(z) = Y. | A;z;, and note that | X[ =
LIP[g] for A = (A\;)}_;. In the following calculation, || A|, is the £,-norm on R™.
By Holder’s inequality and monotonicty of £,-norms, we have

(2.21)

n k k
T A (A) < IA T, 3 Tpd(4) < (1w n0=272) A5 ) Tycusd(4).

Thus, is true for linear functions. Second, we extend the claim
to piecewise linear functions. Such a function can be expressed using minima and
maxima of functions, and thus we consider these first. If u,v € Fp,a € [0,0),
then min(u,v + a) € F,. Indeed, min(u,v + a) = 2 — w and thus
min(u,v + a) € F, by applying the chain rule to the 1-Lipschitz function g(¢) =
[t — al — a and sublinearity. Furthermore

: 1 @ICH | u+tv, 1 |u vl L
PpCmin(u, v +a))(A)r <7 Fpl——)(A)7 + T NA)»
(2.3 1
TpCuy(A)7 + Tp(up(A)7.
By induction, for any k € N, for all wi,...,ux € Fp,a1,0a2,...,a; € [0,00) with
a; = 0, we have
(2.22) 1ré1212k(uZ +a;) € Fp.

Next, let g be a piecewise linear function with g(0) = 0, where a function g is
piecewise linear, if there is a partition to closed sets (A4;)%_; s.t. g|a, are affine linear
aj + g;, where (gj);?:1 are linear functions amd a; € R. Without loss of generality
assume that each A; has non-empty interior and 0 € A;. Any such function can
be expressed as ¢ = max;—i .. ny(minjes, a; + g;), where S; < {1,...,k} is some
collection of subsets for ¢ = 1,..., N; for a proof of this fact see e.g. [75, Theorem
4.1]. Let g; = minjeg, a; + g;. We can assume by re-indexing if necessary that
§1(0) = ¢(0) = 0 and a; > 0 for all j € 51, with at least one a; = 0. Then, by the
previous claim, we get g; o f — g;(0) € Fp, for all j =1,..., N. Next

g = max b;+g;—g;(0),
with b; = g;(0) < 0 and b; = 0. By negating the function u; in (2.22)), we get
go feFy.

Thus, by the previous claims and induction g(f1,. .., fn) € F, for every piecewise
linear function. Further, for every A;, we have that the difference g o f[s—1(4,) —
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gjo fly-1¢a,y is a constant. The set f~*(A;) is a closed set, and thus by locality in
Lemma the argument in Remark [2.6}(i), and (2:21]), we have

L9 0 Pla; = Tlgi o Dly-10ay < (1v n@=22) LIP[g]" 3 Tulfidl g1,
i=1

Since A; have non-empty interior, we have LIP[g;] < LIP[g]. Thus, the claim
follows now for all piecewise linear functions g since the sets f~*(4;) cover
the space.

Next, we approximate every Lipschitz function g by a sequence of piecewise linear
Lipschitz functions g; with LIP[g;] < LIP[g]. This can be shown in many ways,
and we adapt an argument from [68| Proposition 2.2 and Corollary 2.4], which uses
Lipschitz neural networks. Let S = {s; : i € N} be an enumeration of a countable

dense set in R™, and assume s; = 0. Let Sy = {s1,...,sx} and for ke N
1
hi(x) = maX{Ksi — 85, x| i #E G4, 5 = 1,...,k} )
[si = sl
The functions hj are piecewise linear and 1-Lipschitz and hg(s; — s;) = |s; — s

fori,j=1,... k. Let
gr(z) = min{g(s;) + LIP[g]hx(z —s;) : 5 =1,...,n}.

It is direct to see that each gy is LIP[g]-Lipschitz, and piecewise linear. Further
9kls, = gls,, and gx(0) = 0 follow from hi(s; —s;) = |s; — s for i,5 =1,... k.
From these and density of S it follows that gi(x) — g(x) for all z € R™. Now,
lgk o f(z)] < LIP[gx] X0, |fi(x)|, and thus g o f € LP(X) and by dominated
convergence gp o f — go f in LP(X). Further, by (2.19) for piecewise linear
functions, we obtain

Dygr o f) < (1 vn=272) LIP[g IR
i=1

Thus, the claim follows by sending k — 00 and the weak lower-semicontinuity (2.5]).
The proof of (2.20) from (2.19)) follows from locality and McSchane’s theorem
by using the same argument as in the proof of Lemma [2.13 [

Remark 2.23. In the case of strongly local Dirichlet forms (p = 2) if we assume in
addition that g € C*(R™) n Lip(R"), the estimate is an easy consequence of
chain rule for energy measures with g(0) = 0 |21, Corollary 1.6.1.3], |39, Theorem
3.2.2]. We sketch this for the case of Dirichlet structures as given in Definition
The chain rule [21, Corollary 1.6.1.3] implies that for any f € F™ and G €
CH(R™) n Lip(R") as above with G(0) = 0 then the associated carré du champ can
be expressed as

WG(f),G(f) = (VG o T A(f)VG o f), pae,

where (f) denotes the carré du champ matrix and VG denotes the gradient of G
as a column vector. It is easy to verify that (see the proof of Lemma [2.51)) v(f)
is a symmetric non-negative definite matrix almost everywhere. So the desired
conclusion follows from the fact that Lip,[G] = VG| for any G € C1(R") n
Lip(R™) along with the fact that maximal eigenvalue of a symmetric non-negative
definite matrix is less than or equal to its trace. However, for Lipschitz functions

that are not necessarily C!, the estimate (2.20) in Lemma seems new to the
(2.19

best of our knowledge even for Dirichlet forms. The estimate (2.19) for the case of
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Dirichlet forms follows from the same argument in |21}, Proof of Proposition 1.3.3.1];
see also |21, Exercise 1.3.5]. Very recently, a generalization of such contraction
properties have been comprehensively studied [54, Theorem A.2].

2.3. Independence. In this subsection, we introduce the notion of p-independence,
which may be viewed as an infinitesimal analogue of the linear independence of
energy measures. This concept serves as a natural generalization of the non-
degeneracy condition det(y(f)) # 0 appearing in the formulation of the energy

image density property as we verify in Lemmas and
We recall the notion of an lattice infimum which is also sometimes referred to as

essential infimum in the literature.

Definition 2.24. Let A be some o-finite Borel measure on (X, d) and let F be any
collection of measurable functions. Then

G=/N\/

feF

is a measurable function that satisfies the following properties.

(1) (G is a lower bound for F) For all f € F, we have G(z) < f(x) for A-a.e.
r e X, and

(2) (G is maximal among lower bounds) For any other function G(x) which
satisfies the condition in (1), we have G(z) < G(z) for A-a.e. z € X.

The lattice infimum depends on the reference measure, and we write

A
N7
feF
to emphasize the measure A. This is crucial for us, since we will be considering
spaces equipped with multiple, mutually singular measures. Moreover, it is imme-
diate from the second property in the definition that the lattice infimum /\j}E = f
is uniquely defined up to A-null sets.

With these, we can define a notion of independence. We denote the unit sphere
in R™ as S"71 := {A e R"||]\ = 1} c R™.

Definition 2.25. Amap ¢ = (¢1,...,¢,) : X > Rwith ¢, € F,foralli=1,...,n
is called p-independent in a measurable set A X, if

Ad’ n
/\ de<Zi:l i)

dh, >0 Ag-ae. in A

Aesn—1
where A = (Aq,...,A,) €S" P cR™ and Ay = > [)(¢;).

In this particular case, it is easier to describe the lattice infimum. Let S be any

countable dense subset of S*~!. Then,
A n n

/< de<Zi=1 Ai¢i> — inf drp<zz‘=1 )‘i¢i>

dAy Aes dAg '

[X]=1
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This can be seen from the fact that sublinearity yields that forall A = (..., A\,), A" =
(A1,..., L), we have

(W@) " (W(@> 1/

n 1/p
< ;1 i — A (W(m)) for Ag-a.e. v e X.

This implies that A — %W(m) is Lipschitz continuous on S for Ag-a.e.
x € X. This continuity allows one to verify the properties of an lattice infimum.

Deﬁnitionhas appeared in various guises in many works: |15/26/36|/48)49,69].
In different forms (via essentially a dual construction involving Weaver derivations),
it appears in [40,76,77]. Some similar ideas can also be seen in the early work of [82].
In the case of Dirichlet forms, the notion of p-independence is essentially equivalent
to the invertibility of the carré du champ matrix (see Lemmas and .

We record an elementary lemma for future use.

Lemma 2.26. A map ¢ = (¢1,...,0,) : X > R with ¢p; € F,, foralli =1,...,n
is p-independent in A < X if and only if there exist measurable sets A,, such that

(1) Ap(A\Up=y A1) =0,
(2) For each i € N, we have

L1a.-A n
7\¢ dUp 20521 Ai®5) S 1
dAg A

AeSn—t

where L4, - Ay is the measure given by the restriction of Ay to A;.

Proof. This is quite direct from the definition. Indeed, let G : X — R be the
lattice infimum in the definition of independence and let A; = G~!(1/i, ). Then,
the lemma follows by the definition of an lattice infimum. O

2.4. Capacities and quasicontinuous functions. It is well known that, in the
theory of Dirichlet forms and Sobolev spaces, every function admits a quasicontin-
uous representative possessing enhanced continuity properties [39, Theorem 2.1.2],
[37, Theorem 4.19]. We show that an analogous statement holds for p-Dirichlet
spaces and use these quasicontinuous representatives to formulate the energy im-
age density property in this framework (Theorem .

For a local p-Dirichlet space (X, d, i, &y, Fp,T'p), and a subset A < X, we define
the capacity of A as

Cap(A) = inf{|| f||}, + E(f) : f € Fp, f =1 in a neighborhood of A},

with the usual convention that inf & = o0.

It is immediate from the definition that Cap(A) < Cap(B) whenever A ¢ B. We
also need the following countable sub-additivity of capacities. For Dirichlet forms,
stronger countable sub-additivity properties are known but the following version is
sufficient for our purposes |39, Theorem 2.1.1].
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Lemma 2.27. Let (X,d,p, &y, Fp,I'p) be a p-Dirichlet space, where p € (1,00).
Then for any sequence of subsets (An)nen of X, we have

[’'s} 1/p 0
(2.28) Cap (U An> < 2=1)/p Z Cap(An)l/p.

n=1 n=1

Proof. Without loss of generality, we may assume that Zle Cap(A,)V? < c0. Let
e > 0 be arbitrary. For each k € N, let fi € 7, be such that f, =1 p-a.e. on Oy,
where Oy is an open set containing A and

(2:29) (Lfll5 + Ep(fi)")P < Cap(A) VP + 27

By replacing fj with |fg| and using chain rule (2.4), we may assume that f; > 0
for all k€ N. By (2.22)), for any n € N, we have maxi<i<n fi € Fp and

1<igsn

n x>

(2.30) & (max f)V? < Y &,(f) < Y (Cap(An)l/p + sze) < .
i=1 k=1

Since

oe)
(2.31)  |[max fi|z» < 1S fillee < D31 xllee < Z (Cap )P +2*k6> < o,

keN k=1 k=1
maxgen fr € LP. We note that maxi<r<n fr converges in LP to f := maxgen f
since
e}
_ < < Z n—w
IIf 1glg§nfk\\Lp < ||k1§g§1 fellze < ) +1ka||LP —0.
=n

Thus by (2.30) and , we deduce that f = maxpey fi € Fpp and

(2.32) E,(f)HP -’ liminf &,( max f;,)P i Ep(fr)P.
k=1

n—o0 1<k<€n

Note that f = maxpen fr € F), satisfies f = 1 p-a.e. on the neighborhood UrenOs
of UrenAy and hence

1/p
Cap <U Ak> < (IFIZ, + E NP < Ifllr + Ep ()7
keN

< 3 (Wl + & GYP)  (oy @3, @39)

k=1

<20=V N (| flln, + Ep ()7

k=1

< 2p=1)/p Z (Cap (Ar) Up 4 o=k )

8

Letting € | 0, we obtain (2.28]). O

Together with the notion of p-independence introduced in Definition [2.25] we
introduce the following notion of quasicontinuous functions, which will be needed
for the formulation of the energy image density property for regular p-Dirichlet
spaces.
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Definition 2.33. A (pointwise defined) function f : X — R is called quasicontin-
uous, if for every e > 0 there exists an open set O < X with Cap(O) < e and f|x\0
is continuous.

We prove the existence and uniqueness of quasicontinuous representatives for
functions in the p-Dirichlet space, extending the corresponding result known for
regular Dirichlet forms [39, Theorem 2.1.3, Lemma 2.1.4].

Proposition 2.34. If (X,d, u, &y, Fp,I'p) is a regular local p-Dirichlet space, then
the following hold

(1)

(2)

Proof.

Existence: Every f € F, has a quasicontinuous representative: there exists
a function f : X — R which is quasicontinuous and f = f a.e. Moreover,
f : X — R can be chosen such that there ezists a sequence (fp)nen of
functions in Fp n Co(X) and a decreasing sequence of open sets (B, )nen
such that
Cap(B,)'? <27,
and
fr(z) — f(z)| < 2™ for allk = n and x € BE.

Uniqueness: If f,g € F, are quasicontinuous and f = g a.e., then
Cap({f # g}) = 0.

(1) The first follows by a standard argument, e.g. [39, Theorem 2.1.3]
or |79, Theorem 3.7]. Since Cy(X) n F, is dense in the Banach space
(Fp, Il 7,), we can find a sequence f; € F,, n Co(X) with f; — f in F, and
Hfl — fj”J:p <4~ min(i,j)72. Let A; = {LC : |f7, — fi+1| > 27i71}7 so that

Cap(A)Y? < 277\ f; = fipallr, <2772

Let By = UZL:N A;. The set By is open since A; is open for all i € N. By
Lemma [2:27] we have

ool ool
Cap(By)'? < 2=D/P % Cap(4,)/P <2 ) 27773 <27V,
n=N n=N
For # ¢ By we have |f; — fiz1] < 27971 for all i > N, and thus f;(z)
converges uniformly outside By and we have

o0
fo(z) — lim fn(x)‘ < 3 Ifi(@) = frra(@) <27V, forallwe Bg andn > N.
n—w
k=N

Let f(x) be this pointwise limit, which is defined outside Nx_; By. Clearly,
(=, Bn) = 0, and thus f(z) is a representative of f. Since f; are
continuous, then f is also continuous outside By by uniform convergence
outside of this set. Thus, f is a quasicontinuous representative of f.

It suffices to consider the case g = 0 by replacing f with f — g. Fix § > 0.
Let A = {z : |[f(z) > ¢}. We will show that Cap(A) = 0, from which the
claim follows by exhausting the set where f # 0 by sets of this form and by
using Lemma Fix € > 0 and let O, be the open set such that f|x\o, is
continuous and Cap(O.) < e. Fix an open set U = {x € X\O, : |f(x)| > §}
which is relatively open in X\O,. Thus, V = U u O, is open. Let h,
be the function such that he > 1 on O, and with ||h||F, < e. Define
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he = max(he, | f|/0) = 27 (he +|f1/6 —Ihe — | f]/4])- By an argument similar
to the proof of (2.22)), we obtain |he |7, <eand he =1 for all z € V. Since
V is open and V o A, we conclude Cap(A) <e for every € > 0, and the
claim follows. O

Parts (1) and (2) of the following result are well-known for regular Dirichlet
forms. We refer to [39, Lemma 3.2.4], [21, Corollary 1.7.1.2] respectively for Dirichlet
forms. Part (3) is new to the best of our knowledge and will play an important role
in the proof of the energy image density property.

Proposition 2.35. Let (X, d, u, &y, Fp,I'p) be a regular p-Dirichlet space. If f € F,
s quasicontinuous and let A X be Borel measurable, then the following hold:

(1) If Cap(A) = 0, then T',{(f)(A) =
(2) If g € Lip(R) with g(0) =0, then go f € F, and

Fp<9 o f) < (Lip,[g] o )" - Fp<f>~

(3) If g € Lip(R™) with g(0) =0, and f = (f1,..., fn) with f; € F, and f; are
quasicontinuous, then

(2.36) Tygo < (1vn®=22) (Lip,[g Z T f.

Proof. (1) By density and sub-additivity, for the first claim it suffices to assume
that f € F, n Cy(X). By chain rule f; := max(f,0), /- = max(—f,0)
belong to F,. Since f = f, — f_, by and homogeneity, it suffices to
consider the case f € F, n Co(X) with f > 0. Thus there exists M € (0, c0)
such that 0 < f = |f] < M.

Let ¢ > 0 be arbitrary. Choose an open set Oy such that A < Oy
and a non-negative function hy € F, such that hy > 1 p-a.e. on O and
Hth]:p < 27k/M. Define

fi =min(f + Mhy, M).

By the chain rule and sub-linearity, we have

237)  TUE) 2 TS+ ME) B D) + 2MTh(B)y
for all Borel sets £ c X. Moreover,
lf = ful = fu = f < Mhy, p-almost everywhere,
and thus
If = fillee < M| [hgllpe < M|hy||l7, < 27F,

fe = fin LP(X). Since 0 < f < M and hg = 1 p-a.e. on Ok, we have
fr = M on Oy, and hence by locality we have

(2.38) Ip{f)(Or) =0, forall keN.
Since fr — f in LP(X), we obtain
Ly f)(A) < liminf Ty(fi)(A) - (by @3) and [|f = fillr — 0)

<liminf T (fi)(Op) = 0.
—L
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(2) Let € > 0 be arbitrary. It suffices to prove the bound

(2.39) g0 < (TPl p0,0) Tolh

and then let € — 0 and use dominated convergence theorem. By part (1),
Proposition and by modifying f on a set of capacity zero we may that
there exists a sequence (fy,)nen € C(X) N F, and a decreasing sequence of
open sets (Byp)nen such that f; converge pointwise to f outside ﬂle By,
Ep(fu —f) = 0ask — o, Cap(B,) <27" and

(2.40) If(z) — fe(z) <28, for all n€ B, k,n € N such that k > n.
Note that
(2.41)
10 p
lgofi—gofllr < LIP(g)|| fi—fllLr — 0, Suggp(QOfi) < LIP(g) Sulggp(fi) < .
€ 1€

Thus for any n € N such that 2!~ < ¢ and any Borel set A ¢ X, we have

Do 0 P(A) < HminfTylg o fid(A) (by @AT) and (@3))
<liminf /A Lip, 9(f(2))" T, fid(da)  (by Lemma B13)

k—oC

(2.42) lim inf s (LIP(9|B ’ (I)ye)))” T, fu)(dx) + LIP[g]PT o fid(By).

By sublinearity, for any k£ € N we have

243 sup PO - D] S (- ) £
By , we have
(2.44) lim Ty(fi)(By) = Dol fH(Ba)-

Since the measures I'y(fi), k € N have uniformly bounded mass, the es-

timate (2.43) implies that [[p(f) — T'p{fx)] A2%, 0, where [v| denotes the
total variation measure of a signed measure v. Hence for any Borel set
A c X, we have

[ LIPllats0F T ) — [ LIPGla(yo 0l TP
A A

(2.45) < /X LIP[g]? ['p<f> — Tpl fidl(da) 2255 0.

Hence by (2.42)), (2.44) and (2.45)), n € N such that 2! ™" < ¢ and any Borel
set A < X, we have

Tya© D) < P TB) + [ (1Pl g,) i)

Sending n — o and € — 0 yields the claim by the first part and since I',(f)
is a Borel regular finite measure.

(3) The proof is identical to that of part (2), by approximation using a sequence
of functions in (F, n Cy(X))™ except that we use Lemma instead of
Lemma 213 O
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2.5. Regular Dirichlet forms. We recall the notion of regular Dirichlet form and
explain that it is a 2-Dirichlet space in the sense of Definition We also study
the relationship between the notion of p-independence and the invertibility of a
Malliavin-type matrix.

Throughout this subsection (§2.5), we assume that (X,d) is a complete and
locally compact separable metric space equipped with a Radon measure p with full
support. Let (€, F) be a symmetric Dirichlet form on L?(X, u1); that is, F is a dense
linear subspace of L2(X, i), and € : F x F — R is a non-negative definite symmetric
bilinear form which is closed (F is a Hilbert space under the inner product &; :=
E+ <, Dr2(w) and Markovian (f* Ale Fand E(f* A1, f* A1) <E(f, f) for any
f € F). Recall that (£, F) is called regular if F n C;(X) is dense both in (F, &)
and in (Ce(X), |- [sup), and that (£, F) is called strongly local if £(f, g) = 0 for any
f,g € F with supp,,[f], supp,,[g] compact and supp,,[f —alx] nsupp,[g] = & for
some a € R. Here C.(X) denotes the space of R-valued continuous functions on X
with compact support, and for a Borel measurable function f : X — [—o0, 0] or an
p-equivalence class f of such functions, supp,, [ f] denotes the support of the measure
|f]du, i.e., the smallest closed subset F' of X with fX\F |f]dp = 0, which exists

since X has a countable open base for its topology; note that supp, [f] coincides
with the closure of X\f~1(0) in X if f is continuous. The pair (X,d,u, &, F) of
a metric measure space (X, d, 1) and a strongly local, regular symmetric Dirichlet
form (€, F) on L?(X,u) is termed a metric measure Dirichlet space, or an MMD
space in abbreviation. We refer to [39] for details of the theory of symmetric
Dirichlet forms.

We recall the definition of energy measure. Note that fg € F for any f,g €
F n L*(X,p) by [39, Theorem 1.4.2-(ii)] and that {(—n) v (f An)}*; € F and
lim, o (—n) v (f An) = f in norm in (F, &) by |39, Theorem 1.4.2-(iii)].
Definition 2.46. Let (X,d,u,E,F) be an MMD space. The energy measure
T'(f, f) of f € F associated with (X, d, i, &, F) is defined, first for f € Fn L*(X, u)
as the unique ([0, co]-valued) Borel measure on X such that

@41 [ gdr(n) = £ f) = (g forall ge F e Cu(X),

and then by I'(f, f)(A) :=limy,o. T ((=n) v (f A n),(=n) v (f A n))(A) for each
Borel subset A of X for general f € F. The signed measure T'(f,g) for f,g € F is
defined by polarization.

We verify that every MMD space can be viewed as a regular, local, p-Dirichlet
space in the sense of Definition [2.2] with p = 2.

Lemma 2.48. Let (X,d,u,E, F) be an MMD space. Let Fo = F and E : Fo —
[0,00) be defined by E2(f) := E(f,f) for all f € Fu. Let 'y : Fo —» M(X)
denote the energy measure Ta(f) := T(f, f) as given in Definition [2.46 Then
(X,d, p,E, F2,T2) is a regular, local 2-Dirichlet space in the sense of Definition

22

Proof. The first three properties in Definition [2.2| immediately follow from the def-
initions. The sublinearity property follows from Cauchy-Schwarz inequality for
energy measures [49, (2.2)].

In order to show chain rule, consider g € Lip(R) with ¢g(0) = 0. By homogeneity
property, we may assume that LIP[g] = 1. In this case, the chain rule in Definition
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follows from the definition of energy measure, and |21, Proposition 1.4.1.1,
Theorem 1.3.3.3].

The locality property in Definition follows immediately from [39, Corollary
3.2.1]. Finally, the lower semicontinuity property follows from Lemma as every
Hilbert space is reflexive. O

Unlike the case of Dirichlet structures, the energy measure need not be absolutely
continuous with respect to the reference measure p. In fact, for Dirichlet forms
corresponding to diffusion processes on many fractals, the energy measures are
singular to the reference measure [47,53,(62,63]. Therefore, in order to define a
suitable analogue of the carré du champ matrix in , we recall the notion of a
minimal energy dominant measure.

Definition 2.49 ( [49, Definition 2.1]). Let (X, d, u, &, F) be an MMD space and
let T'(+,-) denote the corresponding energy measure. A o-finite Borel measure v on
X is called a minimal energy-dominant measure of (£, F) if the following two
conditions are satisfied:

(i) (Domination) For every f € F, we have I'(f, f) < v.

(ii) (Minimality) If another o-finite Borel measure v/ on X satisfies condition

(i) with v replaced by v/, then v « /.

The existence of minimal energy dominant measure is due to Nakao [71, Lemma
2.2] (see also [49, Lemma 2.3 and Proposition 2.7]). It is immediate that any two
minimal energy dominant measures are mutually absolutely continuous.

Given a minimal energy dominant measure v on an MMD space (X, d, u, &, F)
and ¢ = (é1,...,¢,) € F", we define the carré du champ matrix 7, (¢) with respect
to v as the n x n matrix given by

(2.50) Yo (@) (z) = [W(gj)]mmsn

, forallze X.

We show that the notion of p-linearly independence (cf. Definition [2.25) is
equivalent to the invertibility of the carré du champ matrix. This allows us to show
the equivalence between the classical formulation on energy image density property

and our formulation using p-independence.

Lemma 2.51. Let (X,d, u,E, F) be an MMD space, also viewed as a reqular, local
2-Dirichlet space (X, d, p,E, Fa,T2) as given in Lemma . LetneN, and ¢ =
(P1,...,0n) € F™. Let v be a minimal energy dominant measure for (X,d, u, &, F)
and let A be a Borel subset of X. Then the following are equivalent:

(a) det(v,(¢)) > 0 for Liry(y, (¢))>0} * V-a-e. A.

(b) ¢ is 2-linearly independent on A.
Furthermore, ¢ is 2-linearly independent on the set I := {x € X|det(v,(¢)(x)) >
0} and the measures 11, - v and 1, - Ay are mutually absolutely continuous.

Proof. Note that for any A = (A1,...,A,) € R™, by the bilinearity of energy mea-
sure, we have

dD(X0 Nidbi, iy Xidi)
dv
where A is regarded as a column vector. This implies that

(2.53) v({ze X (o)(z) ¢S, }) =0,

(2.52) 0< =AM, (H) A, v-ae,
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where S, denotes the set of symmetric and positive semidefinite n x n-matrices.
Also note that
dAy

2.54 — =Tr ,

(2:54) =~ el (9)
where Tr(M) denotes the trace of a square matrix M. By (2.54)), the measure Ay is
mutually absolutely continuous with respect to the measure 1(ty(+,(¢))>0) - ¥, and
hence

A 2 E n L yu (¢)(x))>0} "V
L Z*M — om0 1 T
/\ d/\ /\ II()U((ZS)) A ’Yl/(f)A (2' 7 ‘ . )

(2.55) = Tr(7,(¢)) " o1 (1 (9))

where o1 (M) denotes the smallest eigenvalue of M € S;f.

Note that for any M € S;F', we have det(M) > 0 if and only if o1 (M) > 0. Hence
(a) implies that o1 (7,(¢)(x)) > 0 for Lyry(4, (¢))>0} - ¥-a.e. x € A. This along with
shows the equivalence between (a) and (b).

The claim that ¢ is 2-linearly independent on Iy follows immediately from the

implication (a) = (b) as det(v,(¢)) > 0 on I,.

Note that
(2.56) {MeS >0|det(M) >0} c{MeS >0 Tr(M) >0}
Hence and implies that
(2.57) Ly, -v =11, Lime(, (g))>0) - -

Since the measure 1yry(4,(4))>0} - ¥ is mutually absolutely continuous to Ay =
Tr(7,(¢)) - v, we conclude by (2.57) that 17, - v is mutually absolutely continuous
with respect to 1z, “Ag. O

2.6. p-Dirichlet structures. The framework of p-Dirichlet spaces from Definition
does not cover the Dirichlet structures of Definition since the latter assumes
no topology on the underlying space. We therefore introduce a parallel framework
for Dirichlet structures without a topological assumption; with this framework the
proof of the energy image density property for Dirichlet structures proceeds almost
identically to the p-Dirichlet-space case.

Definition 2.58. Let p € (1,00). We say that (X, X, u, &y, Fp,T'p) is a p-Dirichlet
structure if it satisfies the following properties:
(1) Probability space: (X, X, u) is a probability space and F, is a subspace
of LP(X, u) such that 1y € Fp.
(2) Completeness: &, is a semi-norm on F, such that F,, is a Banach space
when equipped with the norm | f|| 7, = (|| f[|7, + E ()P

(3) Homogeneity: For all f € F, there exists a finite non-negative Borel
measure I',(f) on X such that I',}(f)(X) = &,(f) and for all Ae R

LpAf) = [APTRCE).
(4) Absolute continuity of energy measure: For all f € F,, we have

Lpf) <« .
(5) Sublinearity: For every f,g € F, and A c X,

Tolf + g)(A)7 < TR(FY(A)T + Tplgh(A)

Sl
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(6) Chain rule: For all f € F,, g € Lip(R) with g(0) = 0, we have go f € F,

and
I'pdgo f) < ((Lip,[g] o f)(2))" Tp(f)-

Note that the measure ((Lip,[g] o f)(x))” Tp,(f) is well-defined due to the
absolute continuity of energy measure; that is, this measure does not depend
on the choice of f from the u-a.e. equivalence class.

(7) Locality: For every f € F, and any measurable set A € X, if fl4 = ¢
pa.e., then I'p(f)(A4) = 0. In particular, I',{1 x) is the zero measure.

(8) Weak lower semicontinuity: For every f € LP(X), and for any sequence
of functions (f;)ien € Fp such that f, - f € LP(X) with sup;ey Ep(fi) < o0,
then f € F, and

L,((A) < liminf T, CF(4)
for every measurable set A c X.

Remark 2.59. Note that the chain rule in Definition [2.58]is stronger than the cor-
responding assumption in the case of p-Dirichlet space (Definition 2.2}(5)). The
chain rule in Definition is essentially same as the conclusions in Lemma
and Proposition m@) without any restrictions such as continuity and quasi-
continuity. This is made possible thanks to the absolute continuity assumption.

Similarly, the version of locality in Definition holds for all measurable sets,
unlike the corresponding property in Definition which has the additional re-
striction that the set A is open.

We verify that the above definition contains Dirichlet structure in the sense of
Definition [T

Lemma 2.60. Let (X, X, u, F,E) be a Dirichlet structure (in the sense of Defi-
nition with carré du champ v : F x F — LY(X, ) as characterized by ,
Let Fo :=F, E(f) := E(f, f) for all f € Fo and To{f) := ~(f, f) - u denote the
corresponding energy measure. Then (X, X, u, s, Fa,T'9) is a 2-Dirichlet structure
in the sense of Definition [2.58

Proof. Properties (1), (2), and (4) of Definition are immediate. The homo-
geneity property follows from the bilinearity of ~ |21, Proposition 1.4.1.3]. The
sublinearity property follows from Cauchy-Schwarz inequality for energy measure
similar to the proof of Lemma [2.48

The chain rule in Definition for Lipschitz functions follows from |21, Corol-
lary 1.7.1.2, Theorem 1.7.1.1.], Radamacher’s theorem on almost everywhere differ-
entiability of Lipschitz functions, and using the fact that for any g € Lip(R), we
have |g(x)]" < Lip,[g](z) for £i-a.e. x € R, where ¢’ is the derivative of g £-a.e.

The locality property (Definition 2.58}(7)) follows from [21, Theorem 1.7.1.1].
Finally, the weak lower semicontinuity (Definition (8)) follows from the same
argument as given in [54, Proposition 4.10] or Lemma O

Since the chain rule and locality property for p-Dirichlet structures is valid for
all functions in F, and for all measurable sets, the same argument in the proof of
Lemma yields the following version of Proposition [2.35}(3).

Proposition 2.61. Let (X, d,u, &y, Fp,T'p) be a p-Dirichlet structure and let n € N.
For every g € Lip(R™) with g(0) = 0 and every f = (f1,...,fn) € F we have
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gofeF, and
n
(2.62) Tylgo < (1vn®272) (Lip,[g] o /)P - 3 Tp(fo.
1=1

The same argument in the proof of Lemma yields the following analogous re-
sult for p-Dirichlet structures, where the definition of p-independence for p-Dirichlet
structures is as given in Definition [2:25]

Lemma 2.63. Let (X, X, u,F,E) be a Dirichlet structure (in the sense of Def-
inition with carré du champ v : F x F — LY(u). Consider this also as a
2-Dirichlet structure (X, X, u,E2, Fa,'2) in the sense of Definition as given
by Lemma . Letne N, ¢ = (¢1,...,0n) € F and let y(¢) denote the associ-
ated carré du champ matriz as defined in . Then the following are equivalent:

(a) det(y(#)) > 0 for Lipe(y(p))>03 * p-a.e. A.

(b) ¢ is 2-linearly independent on A.
Furthermore, ¢ is 2-linearly independent on the set Iy := {x € X|det(v(¢)(x)) > 0}
and the measures 11, - v and 1y, - Ay are mutually absolutely continuous.

2.7. Energy image density properties in different frameworks. Next, we
formulate our results concerning the energy image density property in different
frameworks: regular p-Dirichlet spaces, MMD spaces (regular, strongly local Dirich-
let forms), and p-Dirichlet structures. We will prove these in §4] after developing
relevant tools in §3

The following theorem establishes energy image density property for p-Dirichlet
spaces.

Theorem 2.64. Assume that (X, d, u, &y, Fp,T'p) is a regular local p-Dirichlet space
and let n € N. If ¢ = (¢p1,...,¢n) : X = R, n € N is such that each ¢; € Fp is
quasicontinuous for i =1,...,n, and if ¢ is p-independent on a Borel set A c X,
then

b.(La-Ay) < Ly,
where Ay = Zle Lpdi)-

Note that since we do not assume that the energy measure is absolutely con-
tinuous with respect to u, we need to use quasicontinuous representatives in the
formulation as the measure ¢, (1 4-Agy) is well—deﬁnedﬂ due to Propositions M(Q)
and [2.35}(1).

The energy image density property for MMD spaces is stated below with a more
classical formulation using invertibility of carré du champ matrix as defined above.

Theorem 2.65. Let (X, d,u,E,F) be an MMD space, and let n € N. Let v be a
minimal energy dominant measure for (X,d,u,E,F). Let ¢ = (¢p1,...,¢n) : X —
R™,n € N is such that each ¢; € Fp is quasicontinuous fori =1,...,n and let v,(¢)
denote the associated carré du champ matrix with respect to v as defined in ,
Then

Pu(Lgdet (v, ())>0} * ¥) € L,

where Ay = Y, Ty and (), ; = D202

IThat is, it is independent of the choice of quasicontinuous representatives.
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The justification for the use of quasicontinuous representatives is similar to the
remarks following Theorem [2.64] as Theorem [2.65| can be viewed as a special case
due to Lemma 2511

Finally, we state the energy image density property for p-Dirichlet structures.

Theorem 2.66. Assume that (X, X, pn, &y, Fp,I'p) is a p-Dirichlet structure and
letneN. If ¢ = (¢1,...,¢n) : X = R",n €N is such that each ¢; € F,, and if ¢
is a p-independent function on a measurable set A ¢ X, then

0p(La-Ay) < Ly,
where Ay = Zle Tpleiy.

The affirmative answer to Bouleau—Hirsch conjecture follows from Theorem [2.66

and Lemmas 2.601 2.63

3. BACKGROUND ON ANALYSIS OF MEASURES IN R"”

3.1. Curves, line integrals and upper gradients. We recall some basic notions
concerning curves, line integrals and upper gradients and refer the reader to [45]
Chapters 5 and 6] for a comprehensive introduction. A curve in R™ is a continuous
map 7 : I — R", where I c R is a compact interval. Given a curve v : I — R",
the length of v (denoted by L(7)) is the supremum

k
L(y) :=sup Y h(t:) —y(ti-1)],
i=1

where k varies over N, and the numbers ¢; vary over all finite sequences of the form
min(l) = tg < t1... <ty = max(I). A rectifiable curve is a curve whose length
is finite. For a rectifiable curve ~ : I — R", there is an associated length function
sy : 1 — [0, L(v)] defined by

sy(t) =1L (’y|[mm(T))t]> , foralltel.

It is known that for any rectifiable curve v : I — R", s, is continuous and
non-decreasing. Furthermore, there is a unique 1-Lipschitz continuous map 7, :
[0, L(y)] = R™ such that

Y = s O 8y
The curve ~, is called the arc length parametrization of . It immediately follows
from the definition that

L (73|[u,v]) =v—u, forany0<u<wv<L(y).

By Radamacher’s theorem the derivative «.(t) exists for £i-a.e. t € [0, L(7)] and
satisfies

w —1, for Lr-ae. te[0,L(7)].

Given a rectifiable curve v : I — R™ and a non-negative Borel function g : R* —
[0, 0], the line integral of g over v is defined as

/ygds; /OL(W)Q(vs(t))dt,

where v, : [0, L(y)] = R" is the arc length parametrization of 4. Next, we recall
the notion of an upper gradient due to |44} §2.9].
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Definition 3.1. We say that a Borel function g : R™ — [0, 0] is an upper gradient
of f:R™ > R if
@) - Fo) < [ gds,
v
for all rectifiable curves v : [a,b] — R".

3.2. Decomposability bundle and cone null sets. We recall the definition of
decomposability bundle of Alberti and Marchese [4]. Let Gr(R") = J])_, Gr(d, n)
where Gr(d,n) denotes the Grasmannian space of all d-dimensional subspaces of
R™. The space Gr(R") is a finite disjoint union of smooth manifolds, and inherits
from this a natural topology.

Definition 3.2. Let u be a finite Borel measure on R™. Then the decomposability
bundle is a Borel map Tlf‘M : R® — Gr(R") such that the following statements
hold:
(i) Every Lipschitz function f € Lip(R™) is differentiable at py-a.e. x € R™ with
respect to the linear subspace T, lf‘M , that is, there exists a linear function
df M . TAM () — R, such that

flx+h) = f(x) +df2M(h) +o(|h]) for he TfM(x).

(ii) The previous statement is sharp: there exists a Lipschitz function f €
Lip(R™) such that for y-a.e. z € R™ and every v ¢ T;fM (z) the derivative of
f at x in the direction v does not exist. More precisely, for p-a.e. x € R”,

we have
lign iglf flz+ tq;) — f(@) < lim sup fla+ tq;) — f(x), for all v ¢ TfM(x)
g t—0

The definition above is different from the one in [4, §2.6] but is equivalent due
to |4, Theorem 1.1]. It is immediate that the two defining properties determine Tlf‘M
uniquely up to p-almost everywhere equivalence. For every finite Radon measure
1 on R™ a decomposability bundle T:‘M exists by |4, Lemma 2.4]. If n > 2, the
decomposability bundle has a canonical pointwise well-defined version described in
terms of directions of normal currents [4, Theorem 6.4, §6.1].

The following proposition, which follows from [32, Corollary 1.12, Lemma 3.1]
and [4, Proposition 2.9] is key to our approach; see also [4, Theorem 6.4, §1.5].

Proposition 3.3. If u be a finite singular measure on R™, then it has a decompos-
ability bundle T:‘M and dim(TfM(x)) <n-—1 for p-a.e. xeR™.

Proof. Suppose to the contrary that A is Borel set such that pu(A4) > 0 and
T:‘M (z) = R™ for all z € A. Then by strong locality principle for decompos-
ability bundle in [4, Proposition 2.9-(i)], the restriction g4 := 14 -y of p on A
satisfies

TfAM(m) = TlfM(ac) =R", for pa-a.e. z € R™

By [32, Lemma 3.1 and Corollary 1.12], we conclude that ps « L,, which contra-
dicts our assumptions pu L £,, and pa(A) = u(A) > 0. O

We will apply Proposition [3.3] in the proof of Theorem [2.64] via contradiction.
A key insight for us is that the existence of a lower dimensional decomposability
bundle implies the existence of certain approximations. This argument uses the
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notion of cone null sets whose definition we recall below [4, §4.11]. Let v € R™ be
a unit vector in R™ and 6 € (0,7/2). The cone about v with angle 6 is denoted
C(v,0) = {w e R" : {v,w) = cos(d)wl}.
The topological interior of the cone is denoted C°, and —C denotes the opposite
cone C(—w,0).
For the definition of cone null sets below, it is helpful to recall that for any
Lipschitz curve ~ : I — R", the derivative

s—t,sel s—t ’

exists for Li-a.e. t € I due to Radamacher’s theorem.

Definition 3.4. If C = C(v,6) is a cone with v € S 1,6 € (0,7/2) and K < R"
is a compact set, then K < R" is called C-cone null, if for every Lipschitz curve
v : I — R™ such that I ¢ R is a compact interval, v'(t) € C for Li-a.e. t € I we
have H' (image(v) n K) = 0.

The following lemma is useful for the computation of upper gradient on cone
null sets.

Lemma 3.5. Let K ¢ R™ be compact C-cone null set, where C = C(v,0) c R™ v e
S"=1 0 € (0,7/2) is a cone. Let vy : 1 — R™ be a Lipschitz curve. Then

v(t) ¢ C°u (=C)°, for Li-a.e. t ey H(K).

Proof. By considering the reversal of the curve 7, it is enough to show that ~/(t) ¢
C° for Li-a.e.t € y71(K); that is, £1(S) = 0, where
S ={tel|y(t) e K, v(t) exists and ~/(t) € C°}.
Assume to the contrary that £1(S) > 0. Let € € (0,£1(5)). By Cl-approximation
of Lipschitz functions (see [61, Theorem 5.1.12] or [37, Theorem 6.11]), there exists
a C' function 5 : R — R” such that
L1 ({telly(t) #7@) or v'(t) #¥ (1)}) <e.

Hence the set

(3.6) §i={te SP(t) =(t) e K.7'(t) =+ (t) € C°}
satisfies £1(S) = £1(S) — € > 0. Hence there is a compact set F c R such that
(3.7) Li(F)>0, and FcS.

Since yis C L for each t € F, there is a bounded open interval U; R such that t € U,
and U; < (3')71(C°). By compactness of F, there exists k € Nand {t1,...,t,} c F
such that

k
(33) v > F
=1

Let ¥; : U, — R™ denote the restriction of § to the closure Uy, for each i = 1,... k.
Each curve 9; satisfies ¥/(t) € C° for all t € Uy, for all i = 1,...,k. Combining this
with the fact that K is C-cone null and the area formula [37, Theorem 3.8], we
have

L1 ({teU,A(t)e K}) =0, foralli=1,... k.
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Hence by (3.8]) we have

(3.9) L1 ({te FIF(t)e K}) = 0.
Note that (3.9) along with (3.6) and (3.7) gives the desired contradiction since
J(t)e K for allt € F. O

By the fundamental theorem of calculus and triangle inequality, for any C*
function f: R™ — R, the function [V f| is always an upper gradient. The following
lemma gives a smaller upper gradient on cone null sets.

Lemma 3.10. Let K < R" be a compact C(v,80)-cone null set and f € C*(R"),
for some v e S*1 and 6 € (0,7/2). Then,

9= IVfllgmg + sup KV f,w)
weSn—1\(C L(—C°))
is an upper gradient for f, where C = C(v,0) such that

(a) g is lower semicontinuous;

(b) For any closed ball B such that B° D K, there exists a non-decreasing se-
quence of continuous functions gi : R™ — [0,00) such that limy_,q, gr(x) =
g(x) for all x € R™ and gi(x) = g(z) for all x € R"\B, k € N.

Proof. Let v : [0, L] — R™ be any rectifiable curve with arc length parametrization.

Note that
(3.11) [f(7(0)) = f(v(L)) = ‘/ o) (t)dt| < / (f o) ()] dt.

By the chain rule, we have (f o )'(t) = (Vf(7(¢)),7(t)). Since y'(t)] = 1 for
Li-a.e. t € [0,L], by Lemma [3.5 we have
(3.12) I(f 0o9)' ()] =<V F(v(1), 7' (1)) < g(v(t)), for Li-a.e. t€ [0, L].

We conclude that g is an upper gradient for f using and (3.12)).

The lower semicontinuity of g is immediate. By Balre s theorem there exists
a non-decreasing sequence of continuous functions g : R” — [0,00) such that
limg_o, gi(z) = g(x) for all x € R™; for instance, we can choose

k() = hﬁf (9(y) + klz —4|), for all z € R™.
ye n

Let B be a closed ball such that K < B°. Choose a compact set K < R" such
that K « K° ¢ K < B°. By Urysohn’s lemma, there exists a continuous function
¥ : R™ — [0,1] such that ) =0 on K and 1 =1 on R™\B. Since g is continuous
on R™\K and % = 0 in a neighborhood of K, we have ¢g € C(R™). Hence the
sequence of functions

gr(2) 1= Y(x)g(x) + (1 — ¥ (2))gk(x), for all z € R"
satisfies the desired properties. ([l

The following proposition is a consequence of results in [4]. It implies that
every measure whose decomposability bundle has dimension at most n — 1 can
be covered, up to a null set, by a countable collection of compact cone-null sets
with cone angles arbitrarily close to 7/2. Since the proof uses spherical metric on
S*~1, we recall its definition below. The spherical metric on S"~! is defined by
(v, wy = cos (dgn-1(v,w)) and dgn—1(v,w) € [0,7] for all v,w € S* 1. Note that
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for any v € S""1,0 € (0,7/2), the cone C(v,6) can be described in terms of the
spherical metric as

C(v,0) ={weR" w=0,orw#0 and dgn—1 (v,w/jw|) <0 }.

Proposition 3.13. If u is a non-zero finite Borel measure on R™ with an at most
(n — 1)-dimensional decomposability bundle T,f‘M R — Ug;& Gr(n,d), then for
every e € (0,m/2) there exist a unit vector w € S*~% and a compact C(w,7/2 — €)-
cone null set K < R™ such that p(K) > 0.

Proof. Let N = {w; : i € I} be an e-net of S"~!, with respect to the spherical
metric; that is, N is a maximal subset such that any pair of distinct points in IV
have distance at least €. For each w; € N, let

E, ={xeR": TJ‘M(x) N C(w;, /2 —€) = {0}}.
We claim that
(3.14) R" = JE:.

iel
To this end, let 2 € R™. Since dim(7*(x)) < n — 1, there exists w € §"7*
TlfM ()%, where V* denotes the orthogonal complement of a subspace V. By
the maximality of N, there exists ¢ € I such that dgn-1(w,w;) < e. By triangle
inequality for the spherical metric, we have

C(w;,m/2 —€) N T:‘M(x) c C(w,n/2 — € + dgn-1(w, w;)) N T:‘M(:p) = {0},

where the last equality follows from the fact that dgn—1(w,w;) < € and w €
TAM ()t A S"~1. This completes the proof of (3.14).

Since p is non-zero, there is an index i € I such that u(E;) > 0. Now, by [4,
Lemma 7.5], there exists a Borel set F; ¢ E; such that F; is C'(w;,7/2 — €)-cone
null, and p(E;\F;) = 0. The claim follows then by the inner regularity of p. O

In fact, the proof of the previous proposition shows a bit more than we need:
There exist compact sets K; and cones C; = C(w;, 7/2 —€),i € N such that

(1) K; are C;-cone null for each i € N and
(2) The sets K; cover R™ up to a p-null set; that is,

3.3. Approximation of Lipschitz functions. We state a new approximation
theorem, which is a refinement of an earlier one from [34135]; see therein for a more
detailed comparison with other methods used in other works. Inspiration for this
approximation comes from [26] and the proof here is modeled after a well-known
equality proof of capacity and modulus in [44, Proof of Proposition 2.17]; see also
the arguments in [56]. The scheme is somewhat similar to a different approximation
method from |14, Lemma 6.3], which is based on [2}/3]; see in particular the general
metric space result in |15, Theorem 1.6.] which applies to disconnected spaces.
Similar ideas have also appeared in [4L[5](77].

We say that a sequence of functions f; € Lip(R™) converges weak-= to f € Lip(R"™)
if f; = f pointwise and sup,.y LIP[f;] < . Note that if f; converges weak-# to
f € Lip(R™), then f; converges uniformly on compact subsets of R™ to f. The
terminology weak-# convergence comes from the fact that the space of Lipschitz
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functions is a dual space, and the topology mentioned above coincides with the
weak-* topology induced by its predual, the Arens—Eells space [83], Corollary 3.4].

The following weak-# approximation of Lipschitz functions plays a crucial role
in our proof of the energy image density conjecture.

Proposition 3.15. Assume that f € Lip(R™), LIP[f] > 0 and that g : R® —
(0, LIP[f]] is a strictly positive lower semicontinuous function which is an upper
gradient for f, satisfying glg=\p(0,ry = LIP[f] for some R > 0. Let (g;);2, be an in-
creasing sequence of continuous functions with g; — g pointwise and gihRn\B(O,R) =
LIP[f] for all i € N. Then there exists a sequence f; of LIP[f]-Lipschitz functions
fi € Lip(R™) that converge weak-+ to f and for which

Lipa[fi] < gi(m)7
for alli e N and for all z € R™.

Proof. Since g is lower semi-continuous, there is a 6 > 0 such that g|m > 4.
Thus, we see from pointwise convergence, the increasing property and compactness
that for all large enough 7 € N, we have g;(x) > § for all x € B(0, R). For such
i € N, we have in fact that g;(z) > § for all x € R™ by the assumption that
gilrm\B(o,r) = LIP[f]. Up to reindexing, we may assume that g;(x) > 0 for all
xe€R™and i e N.

Now, define for any = € R™,i € N,

(3.16) fi(w) s= min( (o). int £2(0)) + [ gids),

¥
where the infimum is taken over all rectifiable curves « : [0,1] — R™ with v(1) =
and v(0) € B(0, R). The rest of the proof shows that this construction works.

We first argue that f; is a well-defined and finite Lipschitz function for each ¢ € N.
Let z € R™ be fixed. We have the upper bound f;(z) < f(z) by construction. Since
the infimum in is obtained by curves with v(0) € B(0, R), we have

filz) 2 min(f(z), inf f(y)).

yeB(0,R)

In particular f; : R — R.

Next, we estimate the difference |f;(z) — fi(y)| for z,y € R. Let o : [0,1] —
R™ o(t) = (1 — t)x + ty be a straight line segment from x to y. If v is any curve
with y(1) = =, then the (reparametrization of the) concatenation o * vy satisfies
o * (1) = y. Moreover, we have

mwsfw*«mwg/ gids

ox7y

<ﬂﬂm+lﬁ@+ém@

(3.17) <56 + [ fids + LIP[f]fe o]
v
Taking an infimum over all v with v(1) = z, we get

£ <int () + [ gids + LIP[flfe o],

.
since also

fily) < f(y) < f(z) + LIP[f]|z —yl,
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we get fi(y) < fi(x) + LIP[f]|x — y| by combining the previous two inequalities.
Switching the role of x and y yields that f; is LIP[f]-Lipschitz.

Next, the bound Lip,[f;](z) < gi(z) is obvious for = ¢ B(0, R). Let now z,y € B
where B is any ball in R™ contained in B(0,R). Then, 0 ¢ B < B(0,R) by
convexity and we can improve the calculation in by replacing LIP[f] with
Sup.c 6i(2) to give

[fi@) = fiw)] < [sup gi ()] — ]

Thus, LIP[fi|5] < sup,cp |9:(2)]. By using this together with the continuity of g;
for B = B(z,r) and sending r — 0 we see Lip,[f:](z) < ¢i(x).

We are left to show that f;(z) — f(x) for every z € R". Fix an z € R™ and
suppose for the sake of contradiction that this is not the case. The integrands g;
in are increasing in ¢, and thus one sees that f;(z) < f;(x) for every ¢ < j.
Thus, the limit lim;_,. f;(x) exists. Recall that f;(z) < f(x) for every i € N, and
by our contrapositive, there must be some 7 > 0 so that f;(z) < f(x) — n for all
1€ N.

By the definition of f;, there exists a sequence (7;);en of rectifiable curves for
which

(3.18) f(7i(0)) +/ gids < f(x) —n, where v;(1) =z for all i e N
Vi

and 7;(0) € B(0, R). The case f;(x) = f(x) is precluded, since f;(z) < f(x).
Recall that g;(z) > § for all z € R™. Therefore, we have

Sten(r) < [ gids < flx) =1~ F(3u(0) < £(@) - () = M <
vi zZ€ s

Thus, the lengths of 7; are uniformly bounded. Since 7;(1) = z, these curves are also
all contained in a compact subset of R™. By Arzela-Ascoli, after a reparametriza-
tion, and passing to a subsequence, we may assume that +; converge uniformly to
some curve 7.

By the lower-semicontinuity of line integrals, see e.g. |56, Proposition 4] or [29,
Lemma 4.2], for every j € N, we have

/gjds <liminf/ g;ds
¥ T Sy

< lim inf/ gids (since g; > g; for all i > j)
10 i

<liminf f(7(1)) = f(%:(0)) =0 (by B.18))
= f(v(1)) = f(~(0)) —n.

By monotone convergence, we may send j — o0 to get
[ ads = 1 [ gids <15:W) - FOO)] -
Y I=L Sy

which is a contradiction to g being an upper gradient. Thus, it must have been
that f;(z) — f(x), and the claim follows. O
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4. PROOFS OF ENERGY IMAGE DENSITY PROPERTIES
4.1. Lower semicontinuity based approach.

Proof of Theorem[2.6]} By passing to a subset of A using Lemma [2.26] we can
assume that there exists a § > 0 such that
AT, i)
4.1 T PNdi=1 TR/ > 4.
(4.1) A i

Consider the Lebesgue decomposition of ¢, (14 - Ay) with respect to £,, as

(b*(]lAAzi)) = s + la,
where pgs L L, and g € L£,,. We aim to show that yus = 0. Assume to the contrary
that ps # 0. Then since ug is a Radon measure, there exists a compact set B ¢ R”
such that pg(B) > 0, i.e. Ay(An ¢~ (B)) >0, and L,(B) = 0.

We have £,,(B) = 0, and thus by Proposition 3.3 the measure v = 15 ¢, (14-Ag)
has a (n — 1)-dimensional decomposability bundle T}, : R" — UZ;& Gr(n,d). Let
e € (0,7/2) be such that
(4.2) § > C(n,p) >0, where C(n,p) =1 v nP=2/2,

Since v is non-zero, by Proposition there exist unit vector A = (A\1,...,\,) €
S™~1 and a compact cone null set F' such that F is C(X\, /2 — €)-cone null set and
v(F) > 0. Since v = 1 ¢, (14 - Ay), by replacing F' with F' n B if necessary, we
may assume that F c B. Let K = An¢ '(F) c An¢ '(B). Since v(F) > 0 and
v=1p¢,(L1a-Ay), we have
(4.3) Ay (An g™ (F)) = Ay (K) > 0.
Since F is C(\, /2 — €)-cone null, then by applying Lemma to the function
fy) :={\ y), we obtain that

9(y) = sin(e)1r(y) + Lrmr(y)
is an upper gradient for f and there exists a non-decreasing sequence of continuous
functions (g;)jen such that lim; -, g;(y) = g(y) for all y € R™ and g;(y) = g(y) for
all j € N and for all y € R"\B(0, R), where R > 0 is such that B(0, R) o F. Hence,
by Proposition there exists a sequence, there exists a sequence of 1-Lipschitz
functions (f;);jeny weak#-converging to f for which

Lip,[fi1(y) < 9(y) < €lp(y) + Lpmp(y), forallyeR™ jeN.

Thus,
(4.4) (Lip,[fj] 0 ¢)(z) <e, forallze ¢ '(F)and jeN.

By replacing f;(y) by f;(y) — f;(0) if necessary, we may assume that f;(0) = 0 for
all j e N.

Since |[fo¢—f;j o ¢| < LIP[f — f;lldl < 2X1_, |¢s| € LP, by dominated conver-
gence theorem, we have

(4.5) lim|[fop—fjod|rr =0, forall keN.
J—0

By Proposition M(i’)) and using LIP[f;] < LIP[f] = 1, we have

(4.6) sup £, (f; 0 8) < C(n,p) 3 E(64) < oo

jeN i1
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By lower semicontinuity (2.5)), chain rule (Proposition [2.35}(3)) and recalling
that K € An ¢~ (F)c An ¢ '(B), we obtain

Ip(f 0 9)(K) < Timinf T(f; 0 6)(K) - (by @3), (), @)
< liminf C(n, p) /K Lip[f;1(6(2))Ao(dz) (by (Z36))

jo0

(4.7) < C(n,p)Ag(K), (by (4.4))

On the other hand, by (4.1) and K < A, we have

(4.8) Lp(f 0 $)(K) = 6A4(K).

Combining (4.3), (4.7), (4.8) and (4.2)), we obtain the desired contradiction. O

The remaining cases of the energy image density property follow by the same
argument, with only minor adjustments related to accounting for slightly different
assumptions.

Proof of Theorem [2.66, The proof is identical to the proof of Theorem [2.64] except

that we use Proposition instead of Proposition [2.35}(3). O
Proof of Theorem[2.65. This follows from Theorem [2.:64] Lemma[2.48] and Lemma
2511 O
Proof of Theorem[1.7. This follows from Theorem Lemma [2.60, and Lemma
263 O

4.2. Alternate proof of Bouleau—Hirsch conjecture using normal currents.
We recall some basic notions concerning currents in R™ and refer to [38,/61] for a
detailed exposition.

A k-dimensional current T in R™ is a continuous linear functional on the space
of smooth, compactly supported k-forms DF(R™). The boundary 0T of T is the
(k — 1)-current is defined by

(0T)(w) := T(dw), for all we DF1(R"),

where dw is the exterior derivative of w. The mass of T is defined as the supremum
of T(w), where w € D¥(R™) varies over all k-forms such that | < 1 everywhere. A
current 7' is said to be normal if both T" and its boundary 0T have finite mass.

We will only need the case £ = 0 and k£ = 1 for our purposes, and our currents
will often have finite mass. By Riesz theorem, a 0-dimensional current on R™ with
finite mass can be viewed as a finite (signed) measure on R”, while a 1-dimensional
current can be viewed as a R™-valued finite (signed) measure. Every 1-dimensional
current with finite mass 7" can be canonically written as

T:=T-|T],

where ||T| is a finite (non-negative) measure on R™ and T is a measurable vector
field such that |T') = 1, ||T[-almost everywhere.

Throughout we fix a Dirichlet structure (X,X,u,&,F) in the sense of
Definition [l

Definition 4.9. Let (X, X,u,&,F) be a Dirichlet structure. The generator A :
D(A) — L?(X, p) is the linear operator with domain

D(A) := {f € Flthere exists C' > 0 such that [£(f, )| < C||g||z2(y) for all g € F}.
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For any f € D(A), the element A(f) € L?(X, i) is defined by

E(f,9) = —CAf): 912w

We define the energy measure as I'(f,g) = ~v(f,g) - p for all f,g € F, where
v F x F— LY(X,p) is the associated carré du champ.

We define a family of 1-dimensional currents associated with respect to a Dirich-
let structure.

Definition 4.10. For a R™-valued function f = (f1,...,f,) € F" and g € F, we
define T 4 to be the one dimensional current on R™ associated with the R"™-valued
measure (f«(I'(fi,9)))1<i<n on R™; that is,

Tg<2hjdwj) 2 / J@) (i, 9)(d)

for any smooth, compactly supported 1—f0rm ¥ =1 hjdz;.

Recall that the boundary of a 1-dimensional current T" on R" is the 0-dimensional
current (or distribution) defined by

(S99, o (R"
=T <]Z::1 &Tjdmj)’ for all ¢ € CX(R™).

Note that if T is a 1-dimensional current with finite mass, then the boundary 07T is
the negative of the distributional divergence of the R™-valued measure correspond-
ing to T'.

The following lemma is a simple consequence of the chain rule for Dirichlet forms.

Lemma 4.11. For any n € N, f € F* and g € F, we have that Ty, is a 1-
dimensional current with finite mass. If in addition, g € D(A), then Tj4 is a
1-dimensional normal current whose boundary is

Tyq = —fx(A(g) - ).

Proof. Note that for all i+ = 1,...,n, I'(f;,g9) is a measure whose variation is
bounded by 27 YT'(f, f) + I'(gi, g)) by the Cauchy-Schwarz inequality [49 (2.2)].
Hence T 4 is an R™-valued Borel measure of finite variation and hence a 1-dimensional
current with finite mass.

Given a function ¢ : R — R, we define ¢g : R™ — R as ¢o(y) = ¢(y) — ¢(0).
We now compute the boundary of the current Ty 4. For all ¢ € CF(R™), 1 <14 < n,
we have

=2 (fj (f (@) (fi, 9)(dw)

do(f),g) (by |21, Corollary 1.6.1.3] or [39, Theorem 3.2.2])
o(f),g) (since 1 e F and £(1,9) =0.)
)"

In particular, if f € D(A)™, then

T14(0) = - [ Al au= [ o) fu(-A0) 0
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for all ¢ € CF(R™).
Since A(g) € L?(X, u) < L'(X, 1), we have that fy(—A(g) - i) is a finite Radon
measure. Hence T 4 is a normal current. g

Remark 4.12. The assumption 1 € F in Definition [L.I}(iv) is not crucial for the
conclusion that T 4 is a normal current. Without this assumption, we have

0Ty4(9) = E(¢o(f), 9) = . o) f+(=A(g) - 1)(dy) + ¢(0)(f«(A(g) - 1)) (R")

and hence 077, = —f«(A(g) - 1) + (f«(A(g) - 1))(R™)dg, where §y is the Dirac
measure at 0 € R"”. Thus T} 4 is a normal current.

In our normal current approach, our main tool is the following structure theo-
rem for finite families of normal currents by De Philippis and Rindler recalled in
Theorem [I.8] We recall that this result is also used in the other approach in the
Proof of Proposition

We verify the hypotheses (i), (ii) of Theorem in the Lemma below.

Lemma 4.13. For eachn €N, and f = (f1,..., fn) € F"*, we have
(4.14) Je (Lgaerv(ry)=03 - 1) < [T 11,

and

(4.15)
span{Ty 7, (v), ..., T 1. (y)} =R",  for fy (]l{det(,y(f))>0} : ,u)-almost every y € R™.

Proof. We note that I'(f;, f;) < I'(fi, fs) for all 4,5 = 1,...,n (by Cauchy-Schwarz
inequality [49, (2.2)]). Hence for each ¢ = 1,...,n, Ty, can be represented as

Trr, =Tr Tl

where T}y f; - R™ — R™ is given by

Tps, = (2 (df(F(ffD))/ (LelCut) | 40l 1)

dfs (U(f3, i) dfe (U(fi, £:))" 7 dfs (U(fi, f2))

and ||Ty,y, || is a non-negative measure on R™ defined by

(L:Ct) \ "

D A2 Ais Jj)) e (O 1)
(Z dfs( rf“fi))> ) Jo EU 1)
such that ||Tf,f1. (y)|| = 1 for ||T},y,|-almost every y € R™. Since fi (I'(fi, fi)) <
IT¢ 1,1, in order to show (4.14) it suffices to prove

(416) ]l{det( (=0} p# K F(fz, fz) for all 7 = 1,...,n

Let 1 < i < nandlet A € X besuch that T'(f;, f;)(A) = 0. Then~(f;, f;)(x) = 0, for
- almost every x € A and hence y(f;, fj)(z) = 0forall j =1,...,n and for p-almost
every x € A (by Cauchy-Schwarz inequality [49, (2.2)]). Therefore det(y(f))(z) =0
for p-almost every x € A, or equivalently (]l{det('y(f))>0} - u) (A) = 0. This concludes

the proof of (4.16]) and therefore (4.14)).
Note that if G € L}(X, ), then fi(G - p) < f«(p) and if

~ df«(G - )
“= i

T, :

then E,[Glo(f)] = Gof, p-almost surely,
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where o(f) = {f }(B) : B € B(R")} is the o-field generated by f. Note that G is
defined up to f(u)-almost everywhere equivalence, and E,[G|o(f)] is defined up
to p-almost everywhere equivalence. Therefore the matrix valued random variable
MY X — R™" defined as the conditional expectation given by

M =By (f)lo(f)]
satisfies
GO d)) o
e =M
By [21, Lemma V.1.1.6.2], we have

for all 4,5 € {1,...,n}.

" ({a: € X : det(M/ () = 0, det(v(f)(z)) # 0}) =0,

and hence det(ﬂf(z)) # 0 for T{qe(v(f))>0y * p-almost every x € X. Since M/
is p-almost surely symmetric non-negative definite matrix valued funtion, we have
that the matrix-valued function N¥ : R? — R™*" defined by

df (L (fi, f)) -
4.17 N/ = SRV DI foralld,je{l,...,n),
(1.17) - e jell,....n)
satisfies
(4.18) det(N/(y)) >0, for T+ (Lgaet(v(£))>0y * 1)-almost every y € R™.

Since the columns of N/ are parallel to {T; s, : 1 < i < n}, we conclude the proof

of (1) O

Alternate proof of Theorem[I.7] If we assume in addition that f € D(A)", where
A is the generator, then the desired result follows immediately by an application of
Theorem since the hypotheses of |32, Corollary 1.12] follow from Lemmas
and .13

For an arbitrary f = (f1,..., fn) € F", the one-dimensional currents Ty ¢, =
1,...,n need not be normal. So in order to apply |32, Corollary 1.12], we approx-
imate these currents T ,,7 = 1,...,n by a suitable seqence of one-dimensional

normal currents. By the density of the domain of the generator D(A) in the Hilbert
space (F, &) (using [39) (1.3.3) and Lemma 1.3.3-(iii)]), for each i = 1,...,n, there
exists a sequence (f; x)reny such that limy_,. f; x = f; in the norm topology of F.
By the continuity of carré du champ ~ : F x F — L'(u) [21, Proposition 1.4.1.3],
the sequence of measures I'(f;, fi 1) converges in variation to I'(f;, f;) as k — oo for
all 4,5 € {1,...,n}. Hence each entry in the sequence of matrix valued functions
NTkR™ — R"™ " defined by

dfx (LS, f)
df (1) ’

converges in L'(f4(n)) to the corresponding entry of the matrix valued function
N/ :R™ — R™ " as defined in (4.17).

By passing to a subsequence if necessary, we may assume that N/ converges
f«(p)-a.e. to Nf. By the continuity of the determinant and (#.18)), we have that
(4.19)

lim det(N7*(y)) = det(N/(y)) > 0 for fu(l{aet(y(f))>0} - 1)-almost every y € R".

k—x

Ni’;’k = for all 4,5 € {1,...,n},and ke N
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Note that for all 1 < j <n,keN

" 1/2
- &
Ty g0 = Tﬁfj,k”Tf,fj.k”v where ||Tf7fj,k|| = <Z (NZJ; )2> < fa ().

i=1
Hence for all £ € N, we have

(4.20) Lget(nrk)>0) * fx (ﬂ{dct(»y(f))>o} ‘M) < |\, p 4 lls
and by the same argument in the proof of Lemma
(4.21) span{Ty.f, . (), -, Tr.1..0 (y)} = R,

for Tiqer(nsryso0y - fx (]l{det(,y(f))>0} -u)—almost every y € R™. Thus by Theorem
[1.8 we obtain that

Lgee(n7#y>0y * fo (Lgaet(v())>0y - 1) & Ln, for all ke N.

Letting k& — oo and using (4.19), we obtain f, (]l{det('y(f))>0} -,u) & L, for all
feFm O

Remark 4.22. The argument using normal currents presented in the proof of The-
orem also provides an alternative proof of Theorem We briefly indicate
the necessary modifications.

Lemma[4.13]extends to the setting of MMD spaces with minor changes, the main
one being the replacement of p by a minimal energy dominant measure. The proof
of Lemma requires p to be finite, since the inclusion L?(X,u) ¢ LY(X,p) is
used there. As noted in Remark the assumption 1 € F is not needed. Hence,
the proof of Lemma [£.11] applies to MMD spaces as long as we additionally assume
that p is finite.

This restriction is not essential for Theorem [2:65 since we can reduce to the
finite-measure case by using the trace Dirichlet form (see [39, (6.2.4), Theorem 6.2.1]
for the definition of trace Dirichlet form). Since p is o-finite (recall that p is a
Radon measure on a locally compact, separable space), there exists a bounded
strictly positive function h : X — (0,00) such that hu is a probability measure.
Since h is bounded and strictly positive, it is straightforward to verify that the
trace Dirichlet form (£, F) on L2(X, hy) is an extension of (£, F), that is,

FoF , g =¢.
FxF
Therefore, it suffices to establish the energy image density property for the trace
Dirichlet form associated with the finite measure hpu.

5. APPLICATIONS

5.1. Martingale dimension. We recall the definition of martingale dimension
associated to a Dirichlet form. This notion was called as index by Hino [49) Defi-
nition 2.9-(ii)] and is equivalent to classical definition of martingale dimension due
to [49, Theorem 3.4].

Definition 5.1. [49, Definition 2.9] Let (X, d, u,&,F) be an MMD space. Let
[(-,-) denote the corresponding energy measure and let v be a minimal energy
dominant measure. The martingale dimension is the smallest number K € N u
{0, 00} such that for any n € N and for any f € F", we have

v — esssuprank(, (f)) < K.
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It is easy to verify that this definition does not depend on the choice of v.

Associated with a Dirichlet form is a strongly continuous contraction semi-
group (P,)=o; that is, a family of symmetric bounded linear operators P; : L?(X, u) —
L?(X, u) such that

Prysf = B(Pf), |Pfll2 < [Ifll2e HmllPef = fll2 =0,

for all t,s > 0, f € L?(X,p). In this case, we can express (£, F) in terms of the
semigroup as

(6:2) F={f e (X, i lim 1 (f — B < ool €5 5) =lim 1 = RS D

for all f € F, where {-,-) denotes the inner product in L?(X, ) [39, Theorem 1.3.1
and Lemmas 1.3.3 and 1.3.4].

Let (X,d,u,E,F) be an MMD space, and let {P;};~o denote its associated
Markov semigroup. A family {p;};>0 of non-negative Borel measurable functions
on X x X is called the heat kernel of (X, d, u,E, F), if p; is the integral kernel of
the operator P; for any ¢ > 0, that is, for any ¢ > 0 and for any f € L?(X, u),

P f(x) = /Xpt(:v,y)f(y) du(y) for p-almost all z € X.

Let W : [0,00) — [0,00) be a homeomorphism, such that for all 0 < r < R,
B1 B2
R U(R R
(5.3) cH{=) < ( )<0 =,
T U(r) T

for some constants 1 < 81 < 82 and C' > 1. Such a function ¥ is said to be a scale
function. For ¥ satisfying (5.3)), we define

(5.4) @(s) = sup (j —_ \Ifzr)) .

We say that (X, d,u) is doubling (or equivalently, u is a doubling measure on
(X,d)) if there exists C € (1, 0) such that

w(B(z,2r)) < Cu(B(z,7)), forallxe X,r > 0.

We say that (X,d, u, &, F) satisfies the sub-Gaussian heat kernel estimates
HKE(W), if there exist Cq,c1,ca,c3,0 € (0,00) and a heat kernel {p;}¢~o such that
for any t > 0,

(5.5)
Cl d((E? y)
pi(z,y) < m(B(x, \Il—l(t))) exp (—cltq) <02 . for p-a.e. z,y € X,
(5.6)
pi(z,y) = e for p-a.e. z,y € X with d(z,y) < U1(2),

m(B(m, \I/—l(t)))

where ® is as defined in and U1 : [0,00) — [0,00) denotes the inverse of the
homeomorphism V.

We obtain a finiteness result for martingale dimension, thereby verifying |69}
Conjecture 3.12].
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Theorem 5.7. Let (X,d,u,E,F) be an MMD space that satisfies sub-Gaussian
heat kernel bounds where U : [0,00) — [0,00) is a scale function and p is
a doubling measure on (X,d). Then the martingale dimension of (X,d,u,E,F) is
finite.

Proof. By (39, Lemma 1.5.4 and Theorem 1.4.2-(iii)], the set
G:={R(f): feL”(X,p) nF}

is dense in the Hilbert space (F, &), where P, is the semigroup associated with the
MMD space. By the Holder continuity of heat kernel (see |11, Theorem 3.1 and
Corollary 4.2]), there exists @ > 0 such that every function in G admits an a-Holder
continuous version.
We claim that the martingale dimension dy; satisfies
(5.8) dM < M’
@

where dg (X, d) is the Hausdorff dimension of (X, d). Consider any n € N and for
any continuous function f € G" such that v — esssuprank(,(f)) = n. Then the
measure fy(Lget(y,u(f))>0 V) is non-zero and by the energy image density property
(Theorem is absolutely continuous with respect to the Lebesgue measure L,,.
Hence the image f(X) has Hausdorff dimension n. By the a-Holder continuity of

f, we have
dy(X,d
n = di(f(x)) < 2D,
By the density of G in the Hilbert space (F, &) and [49, Lemma 2.5-(ii)], we obtain
(5-8)- U

A slight modification of the argument in Theorem also leads to a new proof
that the martingale dimension is bounded from above by the Hausdorff dimension
if the MMD space satisfies Gaussian heat kernel bounds [69, Corollary 3.3]. This
result was shown in [69] by proving an equality between martingale dimension and
Cheeger’s analytic dimension and using known estimate on the analytic dimen-
sion. The proof below uses the energy image density property for MMD spaces in
Theorem 2.651

Proposition 5.9. (Cf. [69, Corollary 3.3]) Let (X,d,u,E,F) be an MMD space
that satisfies Gaussian heat kernel bounds where ¥(r) = r? and p is a
doubling measure on (X,d). Then the martingale dimension of (X,d,u,E,F) is
less than or equal to the Hausdorff dimension of (X, d).

Proof. By |60, Theorem 2.2-(i)] and [53, Proposition 4.8], the set Lip (X)) n C.(X)
is dense in the Hilbert space (F, &) (see also |69, Proposition 2.16-(iii)] and [53|
Remark 4.6]). Thus the same argument in the proof of (5.8]) in Theorem applies
with a = 1. O

5.2. Cheeger’s conjecture. We introduce relevant background and recall Cheeger’s
conjecture. The pointwise Lipschitz constant of a function f : X — R is given by

Lip f(z) = limsup sup L =FON _ i o Y@ = FOIL
r=0  d(z,y)<r r ya, d(z,y)

We recall the definition of Sobolev space due to Cheeger [26, Definition 2.2].
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Definition 5.10. Let (X,d, ) be a metric measure space and p € (1,00). For
feLP(X, ), we define
[fllip := 1 fllLe(u +  inf Lminf|lgillze (),
(9i)ien 0w
where the infimum is taken over all sequences, (g;)ien such that there exists a

sequence, (f;)ien with f; L), f and such that g; is an upper gradient for f; for all
i € N. The Sobolev space Hi , := Hq ,(X,d, 1) is defined as {f € LP(X, p)||| fll1,p <
o0}.

It is known that H; , is a Banach space [26, Theorem 2.7]. We recall the notion
of minimal generalized upper gradient.

Definition 5.11. Let (X,d, ) be a metric measure space and p € (1,00). The

function g € LP(X, u) is a generalized upper gradient for f € LP(X,mu), if there

P(X,p) .0 LP(X,p)
»J?

. L . .
exist sequences, f; g, such that g; is an upper gradient for
fi, for all 1 € N.

We say that g is a minimal generalized upper gradient for f if g is a generalized

upper gradient such that
111t = I1flze ey + N9l e )

The existence of minimal generalized upper gradient and its uniqueness up to -
null sets follow from [26, Theorem 2.10]. We denote the unique minimal generalized
upper gradient for f € LP(X, u) by g5 € LP(X, p).

The following (1, p)-Poincaré inequality plays an important role in [26]. Let
p € [1,00). We say that a complete metric space (X,d, u) satisfies (1, p)-Poincaré
inequality if there exist C' € (0,00), A € [1,00) such that for any f € LP(X,u),z €

X,r > 0, we have
1/p
|f - fB(x,r)| d,U/ <Cr </ gp du) s
r) B(x,Ar)

(5.12) /B .

where g is any upper gradient for f and fp(,,) = u(B(z, r))~! fB(w ") fdu.
We verify that the Sobolev space Hi, can be viewed as a p-Dirichlet space in
the sense of Definition 221

)

Lemma 5.13. Let (X, d, ) be a complete metric measure space with a doubling
measure [ such that the Poincaré inequality (5.12)) holds for some p € (1,00). Let
Fp = Hip and define for all Borel sets A < X and for all f € Fp

&)= [ dhdu TP = [ gy

where gy is the minimal generalized upper gradient for f. Then (X, d, u,Ep, Fp,T'p)
is a regular p-Dirichlet space.

Proof. The fact that (X, d, ) is a locally compact follows from the fact that metric
balls are precompact due to the completeness of (X, d) and doubling property of
w43 Exercise 10.17]. The completeness follows from [26, Theorem 2.7]. The ho-
mogeneity immediately follows from homogeneity of the minimal generalized upper
gradient [26, p. 446], while the sublinearity follows from |26, (3.3)].

To obtain the chain rule, we note that for any ¢ € Lip(R) and for any f €
LP(X, ), if g is an upper gradient for f, then LIP(¢)g is an upper gradient for
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¢o f. This along with [26] (3.4)] implies that gyor < LIP(@)gy p-a.e., where goor, g5
denote the minimal generalized upper gradients of ¢o f and f respectively. Hence we
obtain chain rule. Alternately, the chain rule, sublinearity and homogeneity can be
obtained by corresponding properties for the minimal p-weak upper gradient given
in [45, (6.3.18) and (6.31.9)] and p-a.e. equivalence between minimal p-weak upper
gradient and minimal generalized upper gradient that follows from [45, Lemma
6.2.2 and Proof of Theorem 10.1.1].

The locality property follows from |60, Lemma 2.4] and the equivalence between
minimal p-weak upper gradient and minimal generalized upper gradient mentioned
above. The weak lower semicontinuity follows from reflexivity [26, Theorem 4.48]
and Lemma [2.10)

It remains to show regularity. The fact that Lip(X) n F, is dense in F,, follows
from [79, Theorem 4.1]; see also [26, Theorem 4.24, Remark 4.25]. We can approx-
imate functions in Lip(X) n F, by a sequence of functions in Lip(X) n Co(X) by
considering f¢,,, where

bn(z) :=n"'min (1, (2n — d(z, x0))4) .

It is easy to verify that f¢, converges in F, to f by using product rule for weak
upper gradients [45, Proposition 6.3.28]. Thus Lip(X) n Cy(X) is dense in F,,. O

Remark 5.14. Lemma holds also without the Poincaré inequality. The com-
pleteness, chain rule, sub-linearity and homogeneity follow by the same arguments,
which do not rely on the Poincaré inequality. The final claim about regularity fol-
lows from the density of C'(X) n F, in F,, which was established in [35, Theorem
1.6]. This can be upgraded to the density of functions with compact support by
the same argument as in the previous proof.

The following of differentiability on a metric space arises from Cheeger’s work.

Definition 5.15. Suppose f : X — R and ¢ = (¢1,...,0,) : X — R"™ are
Lipschitz functions on a metric space (X,d). Then f is differentiable with respect
to ¢ at xg € X if there is a unique a = (aq,...,a,) € R™ such that f and the linear
combination a - ¢ = Z?zl a;¢; agree to first order near xg:

i sup @) = £(20) = . 6(@) = Szl _

0.
T—To d($, xO)

Equivalently, Lip g(zo) = 0, where g(-) = f(-) — X" ; a;$i(-). The tuple a € R™ is
the derivative of f with respect to ¢ and will be denoted by 04 f (o).

Now that we have a notion of differentiability on a metric space, the analogue
of almost everywhere differentiability for a metric measure space is given by the
notion of a measurable differentiable structure defined below.

Definition 5.16. A chart of dimension n on a metric measure space (X, d, p) is a
pair (U, ¢) where:
(i) U < X is measurable, m(U) > 0, and ¢ : X — R™ is Lipschitz.
(ii) For every Lipschitz function f : X — R, there exists a measurable function
Opf : U — R™ such that f is differentiable with respect to ¢ at m-almost
every xo € U and with derivative dg4 f(20).
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A measurable differentiable structure on (X,d,u) is a countable collection
{(Uy, ¢a)} of charts with uniformly bounded dimension such that

m (X\U UQ) =0.
[0
Given these notions Cheeger’s theorem can be stated as follows.

Theorem 5.17. ( [26, Theorem 4.38]) Let (X,d, ) be a complete metric space
that satisfies the volume doubling property and a (1,p)-Poincaré inequality (5.12))
for some p € [1,00). Then there is a measurable differentiable structure on (X, d, )
such that the dimension of the charts are uniformly bounded above by a constant
that depends only on the constants involved in the assumptions.

Cheeger conjectured that if (U, ¢) is an n-dimensional chart then H"(¢(U)) > 0
[26, Conjecture 4.63]. This follows from a theorem of De Philippis—Marchese—
Rindler (31, Theorem 4.1.1], which yields

d«(lyp) < L.

Let us explain how we can obtain this result as a consequence of our energy image
density property.

Proposition 5.18. ( [31, Theorem 4.1.1]) Let (X,d, u) be a complete metric space
that satisfies the volume doubling property and a (1, p)-Poincaré inequality
for some p € (1,00). For any chart (U, $) of dimension n, we have ¢y (Lyp) < Ly,.
In particular, H"(¢p(U)) > 0.

Proof. By inner regularity of m, it suffices to assume that U is compact. Let xg €
X,r > 0 be such that U < B(xo,r) By using McSchane’s extension theorem [43,
Theorem 6.2], we can replace ¢ = (é1, ..., ¢n) With (;NS = (a, R g,;) such that gi;i €
Lip(X) n Cy(X) for all 1 <i < nand ¢; = ¢; on B(zo,r) and ¢; = 0 on B(zo, 2r)°.
Therefore, without loss of generality, we assume that ¢ € (Lip(X) nCo(X))" © F},
where (X, d, 1, &y, Fp,T'p) is the p-Dirichlet space defined in Lemma

By considering the constant function f = 0 and using the uniqueness of the
derivative 0y f = 0, there exists a measurable subset V' < U such that p(U\V) =0
and
(5.19) Lip <Z ai(bi) () #0, forallzeV,(ay,...,a,)€R™{(0,...,0)}.

i=1

Let S be a countable dense subset of R™. By the continuity of a — Lip({a, ¢))(z)
on R™ for each z € X (see |57, Sublemma 7.2.4]), we have

5.20 inf Li a;d; | (x) >0, forallxzeV.
G2y it Lip (2 ¢>> (@)
Let Ay := > I'{(¢;). Note that for any f € Lip(X) n Co(X), we have that
the minimal generalized upper gradient g; for f satisfies g¢ = Lip(f) p-a.e. (due
to |26, Theorem 6.1]). Hence we have

Ag

/\ dlp Q07 Mgy infa—(ay, . a,)es LiD (Misy aidi)” () 53} 0

Aesn—1 iy iy (Lip(¢:) ()
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Ag-a.e.in U. Hence ¢ is p-independent in U in the p-Dirichlet space (X, d, pt, &y, Fp, T'p).
By and [26, Theorem 6.1], 1Ay and 14 are mutually absolutely continu-
ous. Hence the desired conclusion follows from Theorem [2.64

Since 1y u is a non-zero measure the absolute continuity ¢4 (1lyp) « L, implies
that H™(¢(U)) > 0 since ¢ : X — R™ is Lipschitz. O

One can also obtain a slight strengthening with the same argument. We say
that ¢ = (¢1,...,¢n) € Lip(X)™ is independent on V if holds. Charts are
independent, but the converse does not hold. By noting that the proof above only
used the independence, we get the following result.

Proposition 5.21. Let (X, d, u) be a complete metric space that satisfies the vol-
ume doubling property and a (1, p)-Poincaré inequality for some p € (1,0).
For any ¢ = (¢1,...,¢n), which is independent on U, we have ¢ (lyp) € L,. In
particular, H™(¢(U)) > 0.

Remark 5.22. In [36] a map ¢ = (¢1,...,¢,) € F,, was defined as p-independent if

N %as >0,

la]=1
where ga ) is the minimal generalized upper gradient for {(a, ¢). By construction,

dl'(a, ¢y
dp
and one sees that ¢ is p-independent in the sense of [36] if and only if it p-
independent in the sense of Definition This observation yields Proposition
with a Cheeger chart replaced with a p-independent ¢ in the sense of [36], and
without the assumption of a Poincaré inequality. Indeed, this would yield a differ-
ent proof of [36, Theorem 1.11(c)]. Our definition of p-independence was inspired

by the one in [36], which in turn was based on the presentation in [59].

Ya,ey =

)

5.3. Metric currents and a theorem of Preiss. The following theorem is a
generalization of a result due to Preiss in two dimensions [8, Theorem 3.3] (Preiss
had the sharp constant 1 instead of 1/2 below). An elementary proof in the case
n = 1is given in [8, Remarks after Theorem 3.3]. This theorem answers a problem of
Ambrosio and Kirchheim as they ask if Preiss’ theorem is valid in higher dimension
[8, p. 15].

Theorem 5.23. Let p be a finite Borel measure on R™ and assume that p is not ab-
solutely continuous with respect to L,,. Then there exists a sequence of continuously
differentiable, \/2-Lipschitz function functions gy, : R™ — R™ converging pointwise
to the identity, and such that

(5.24) lim det(Vgi) dp < u(R™).

k—o0 R”

Proof. By Propositions and there exist a unit vector A € S*~!, compact
set K < R™ such that pu(K) > 0 and K is C(X, 7/3)-cone null. Without loss of
generality, we may assume that A = (1,0,...,0). By Lemma the function

f:R™ - R defined by f(y) := A\, y) =y for all y = (y1,...,yn) € R™ has upper
gradient

1
9(y) = lgmg + 5111(-
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Hence, by Proposition [3.15] there is a sequence of 1-Lipschitz functions fj : R —
R, k € N such that limy_, fx(y) = f(y) for all y € R™ and such that

1
Lip,[/k](y) < 9(y) = Lem + 51k, forallkeN,yeR™

For each k € N, compactness of K, there exists d; > 0 such that

2
(5.25) LIP (fk|§(y76k)) <3 forallyeK ke,
and

lim 6k =0.

k—w

Let p: R — [0,00) be a smooth function (mollifier) such that [,, p(y) dy = 1 and
p(y) =0 for all y € R™ with |y| = 1. Define

pe(y) =0, "p(y/0k),  Frly) := | Sy =2)pu() La(dz), forallyeR" ke N,

Then fk R™ — R is smooth. Since each fj is 1-Lipschitz, we have
Flw) = f) < b4, forall ke N,y eR™.

Furthermore, each ka satisfies
(5.26)

‘Vﬁ(y)‘ = Vfily — 2)pr(z) Ln(d2z) < esssup |V fi(w) < LIP (fk|§(y,6k)) )

weB(y,81)

for all y € R", k € N, where V f; denotes the Ly-a.e. Well defined gradient of fy.
Hence fk is 1-Lipschitz for all k € N. Combining (|5.25)) and ( -7 we obtain

R

~ 2
(5.27) ‘ka(y)‘ < SLk(y) + Lpnk(y), forallye R keN.
Consider the sequence of functions g : R™ — R"” defined by

(528) gk(y) = (ﬁ(y)vy%"'ayn)v for allyz (yla"'vyn)EankEN'
Since fk is 1-Lipschitz, for any y, z € R™ k € N, we have

lgx (v \/‘fk — (= +|y—2|2<\/§|y—2|

Thus each gj, is \/2-Lipschitz and contlnuously differentiable. Since limy . fr = f
pointwise, by (5.28)), we have that g, converges pointwise to the identity map. By
Hadamard’s inequality, we have

) 2
(5.29) |det(Vgr)( ‘ka ‘ ’ Y) + Tge(y), forall y e R™ ke N,

Since p(K) > 0, by (5.29) and passing to a subsequence if necessary, we obtain
(5.24). O

Remark 5.30. Theorem [5.23] provides a characterization of absolute continuity with
respect to Lebesge measure as the converse is known. By [8, Example 3.2], if u « £,
is a finite Borel measure, and if g, : R” — R", k € N is a sequence of C! functions
such that sup,ey LIP(gx) < 00 with g converging pointwise to identity, then

lim det(Vgg) dp = p(R™).

k—o Jpn
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Let M (R™) denote the set of k-dimensional metric currents in R™ as defined by
Ambrosio and Kirchheim [8, Definition 3.1]. Any T' € M (R") has an associated
finite Borel measure || 7| called the mass of T [8, Definition 2.6, Proposition 2.7].
By replacing the use of Preiss’ theorem mentioned above ( [8, Theroem 3.3]) with
Theorem in the proof of [8, Theorem 3.8], we obtain a different proof of the
following result of [32, Theorem 1.15].

Corollary 5.31. For any n € N and for any T € M, (R"), the mass ||T| is
absolutely continuous with respect to L.

Corollary [5.31] was previously shown by Ambrosio and Kirchheim for the case
n = 1,2 [8, Theorem 3.8] and by De Philippis and Rindler for all n € N using
Alberti representations.
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