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1 Introduction

The study of heat kernels and their estimates is at the interface of analysis, geometry and
probability. Let us start with some examples of heat kernel. The fundamental solution of
the heat equation on Rn

Btu � 1

2
∆u, (1.1)

is given by the classical Gauss–Weierstrass kernel

ptpx, yq � 1

p2πtqn{2 exp
�
� |x� y|2

2t

�
. (1.2)

That is, for any fixed x P Rn, the function pt, yq ÞÑ ptpx, yq solves the heat equation on
p0,8q�Rn and limtÓ0 ptpx, �q � δx, where δx is the Dirac mass at x in the sense of distribu-
tions. In particular, for any f P C8

c pRnq, the function upt, xq � ³
Rn ptpx, yqfpyq dy, pt, xq P

p0,8q � Rn solves the Cauchy problem for the heat equation (1.1) with initial condition
up0, xq � fpxq for all x P Rn.

The fundamental solution of the heat equation can alternately be viewed as the tran-
sition probability density of the standard Brownian motion as ptpx, �q is the density of
the multivariate normal random variable with mean x and covariance matrix tIn�n. Thus
the measure ptpx, yqdy is the law of the Brownian motion Bt starting at B0 � x. By
extension, we use the term heat kernel to refer to the transition kernel of a variety of
Markov processes.

It is known that the behavior heat kernel is closely related to the geometry of the
underlying space. A classical result in this direction is the Varadhan’s asymptotic formula
[Var] (see also [Nor, HR]). It states that the fundamental solution of the heat equation
Btu � 1

2
∆u on a Riemannian manifold satisfies

lim
tÓ0

2t log ptpx, yq � �dpx, yq2,

where ∆ is the Laplace-Beltrami operator and d denotes the Riemannian distance. Despite
the universal nature of Varadhan’s short time asymptotic mentioned above, the long time
behavior of the heat kernel of a manifold can be significantly different from the Euclidean
case. For instance, the heat kernel of the 3-dimensional hyperbolic space H3 is given by
[DM, Theorem 2.1]

ptpx, yq � 1

p2πtq3{2
dpx, yq

sinhpdpx, yqq exp
�
� t
2
� dpx, yq2

2t



.

In the expression (1.2) for the heat kernel, the term |x� y|2{t reflects that time scales
like the square of the distance (Brownian space-time scaling). There are Markov processes
with other space-time scaling behavior. We describe two such examples: jump processes
on Rn and diffusions on fractals.
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Let pYtq be the symmetric α-stable process (where α P p0, 2q) on Rn; that is, pYtq is a
Lévy process (stationary, independent increments) such that

Ereiξ�pYt�s�Ysqs � expp�t|ξ|αq, for all t, s ¥ 0 and ξ P Rn.

Then the law of pYtq admits a density (heat kernel) pt satisfying the following estimate:
there exists C P r1,8q such that

C�1min

�
t�n{α,

t

|x� y|n�α



¤ ptpx, yq ¤ Cmin

�
t�n{α,

t

|x� y|n�α



, for all t ¡ 0, x, y P Rn.

(1.3)
This formula suggest the space time scaling relation distanceα scales like time.

A rich family of heat kernels arise from diffusions on fractals. Barlow and Perkins con-
structed a diffusion process on the standard Sierpiński gasket [BP]. The law of this diffu-
sion process at any time t ¡ 0 admits a density with respect to the df -Hausdorff measure,
where df � log2 3 is the Hausdorff dimension of the Sierpiński gasket. Let dw � log2 5. The
transition density pt admits the following estimates: there exists C1, C2, C3, C4 P p0,8q
such that for any x, y in the Sierpiński gasket and any t P p0, 1q, we have

C3

tdf {dw
exp

���C4

�
|x� y|dw

t

�1{pdw�1q�
¤ ptpx, yq ¤ C1

tdf {dw
exp

���C2

�
|x� y|dw

t

�1{pdw�1q�

(1.4)

Bounds of the form (1.4) are called sub-Gaussian heat kernel estimates is now known to
hold on many fractals.

Here is the outline for this course. We will begin by covering fundamental aspects
of the theory of Dirichlet forms, a powerful framework for constructing and analyzing
symmetric Markov processes. We will then survey key results characterizing spaces that
satisfy heat kernel estimates analogous to (1.2), (1.3), and (1.4). We will illustrate these
results by applying them to a number of examples. One important class of examples
is the boundary trace process. Consider the reflected Brownian motion on the n � 1-
dimensional upper half space Rn � r0,8q. The boundary trace process is obtained by
removing the path of the reflection Brownian motion in the interior Rn � p0,8q in a
certain sense. A classical result of Spitzer states that the resulting process is a jump
process on the boundary BHn�1 � Rn and coincides with the symmetric 1-stable process
(Cauchy process). By modifying the reflected Brownian motion to a different reflected
diffusion process, Molchanov and Ostrowski [MO] discovered that any α-stable process
with α P p0, 2q can be obtained as trace of a diffusion process on the upper half space.
This was rediscovered in an analytic setting by Caffarelli and Silvestre [CS]. We will study
the behavior of boundary trace process for more general diffusions and domains.
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2 Dirichlet forms and symmetric Markov processes

We refer to the standard references [FOT, CF, BH91] for a comprehensive introduction
to the theory of Dirichlet forms.

2.1 Semigroup and resolvent

Definition 2.1 (semigroup of operators). Let H be a Hilbert space over R equipped with
inner product x�, �y and norm ∥�∥. We say that a family of linear operators tTt : H Ñ
H|t ¡ 0u is a semigroup if it satisfies

(1) Each Tt is a symmetric operator; that is, xTtpfq, gy � xf, Ttpgqy for all t ¡ 0 and
f, g P H.

(2) tTt : t ¡ 0u satisfy the semigroup property; Tt�s � TtTs for all t, s ¡ 0.

(3) Each Tt is a contraction operator, ∥Ttpuq∥ ¤ ∥u∥ for all t ¡ 0, u P H.

(4) (strongly continuous) For all u P H, we have limtÓ0 ∥Ttpuq � u∥ � 0.

It is more precise to call it a symmetric, strongly continuous, contraction semigroup.
We will use the abbreviated term semigroup.

A Markov process pYtqt¥0 on a space X defines an operator

Ptfpxq � ExrfpYtqs � ErfpYtq|Y0 � xs,
for all t ¡ 0, x P X and a suitable class of functions f . By the Markov property, for any
t, s ¡ 0, x P X and f : X Ñ R bounded, we have the semigroup property

Pt�sfpxq � ExrfpYt�sqs � Ex rExrfpYt�sq|Ftss � Ex rEYtrfpYsqss � ExrpPsfqpYtqs � PtpPspfqqpxq.
This estimate implies that the expected distance traveled by the diffusion process pBtq
satsifes the bound Er|Bt �B0|s � t1{dw for all t P p0, 1q. This should be compared with
the expected distance traveled by the Brownian motion on Rn which is comparable to

?
t.

Example 2.2. (i) The Brownian (or heat) semigroup is given by Pt : L
2pRnq Ñ L2pRnq

is

Ptfpxq :�
»
Rn

1

p2πtqn{2 exp
�
� |x� y|2

2t

�
fpyq dy, for all t ¡ 0, f P L2pRnq.

This corresponds to the standard Brownian motion on Rn.

(ii) Let γn denote the standard Gaussian measure on Rn; γnpdxq � p2πq�n{2e�|x|2{2 dx.
The Ornstein-Uhlenbeck process pXtqt¥0 on Rn is a Markov process that is associated
with the stochastic differential equation

dXt � �Xt dt�
?
2dBt,
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where pBtq is the standard Brownian motion on Rn. Alternately,

Xt � e�tX0 � e�tBe2t�1,

where pBtq is again the standard Brownian motion. Then the Ornstein-Uhlenbeck
semigroup is defined by Pt : L

2pRn, γnq Ñ L2pRn, γnq as

Ptfpxq :�
»
Rn

f
�
e�tx�

?
1� e�2ty

	
γnpdyq, for all f P L2pRn, γnq, t ¡ 0.

(iii) Let X � t1, . . . , nu and c : X �X Ñ r0,8q be such that cpx, yq � cpy, xq ¥ 0 for all
x, y P X. Let m : X Ñ r0,8q be

mpxq :�
¸
zPX

cpx, yq.

Let us assume that mpxq ¡ 0 for all x P X. This defines a discrete time Markov
chain pZnqnPNYt0u with transition probabilities given by

P px, yq :� cpx, yq
mpxq , for all x, y P X.

This defines a linear operator Q : L2pE,mq Ñ L2pE,mq given by

Qfpxq � ErfpZ1q|Z0 � xs �
¸
yPX

P px, yqfpyq.

By the Markov property, we have Qkfpxq � ErfpZkq|Z0 � xs for all k P NYt0u with
Q0 � I, where Qk denotes the k-fold composition of Q. A standard construction of a
continuous time process pYtq from the discrete time process pZnqnPNYt0u is obtained
by waiting at every state x P E for an exponential time Expp1q before jumping
to a state y with probability Qpx, yq. If pNptqqt¥0 denotes a Poisson process with
rate 1 (independent of pZnq) that determines the waiting times, we have that the
semigroup corresponding to process Yt :� ZNptq is given by

Ptfpxq � ErfpYtq|Y0 � xs �
8̧

k�0

PpNptq � kqErfpZkq|Z0 � xs �
8̧

k�0

e�t t
k

k!
Qkfpxq.

Then pPtqt¥0 is a semigroup on L2pX,mq.
Exercise 2.3. Verify that the examples above are a semigroup (in the sense of Definition
2.1).
Hint: In order to show strong continuity, it might help to look at Lemma 2.37.

As we will see, it is often easier to construct or analyze the Laplace transform of a
semigroup.
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Definition 2.4 (resolvent). A resolvent on H is a family of linear operators tGα : H Ñ
H|α ¡ 0u on H such that

(1) Each Gα is a symmetric operator; ; that is, xGαpfq, gy � xf,Gαpgqy for all t ¡ 0 and
f, g P H.

(2) tGα : α ¡ 0u satisfy the resolvent equation

Gα �Gβ � pα � βqGαGβ � 0, for all α, β ¡ 0. (2.1)

(3) (contraction property) For any u P H, α ¡ 0, we have ∥αGαu∥ ¤ ∥u∥.

(4) (strongly continuous) For any u P H, we have limαÑ8 ∥αGαpuq � u∥ � 0.

The resolvent can be viewed as the Laplace transform of the semigroup t ÞÑ Tt. To
describe this we need to define integrals of Hilbert space valued function.

Definition 2.5. Let I � R be an interval and pH, x�, �yq be a Hilbert space. We say that a
function f : I Ñ H is weakly measurable if for any v P H, the functions t ÞÑ xv, fptqy and
t ÞÑ ∥fptq∥ are measurable functions on I. If a weakly measurable function f : I Ñ H
satisfies

³
I
∥fptq∥ dt   8, we say that f is integrable. If f : I Ñ H is weakly measurable

and integrable, then by the Riesz-Fréchet representation theorem, there exists a unique
x P H such that

xv, xy �
»
I

xv, fptqy dt, for all v P H. (2.2)

We denote x as the integral
³
I
fptq dt P H.

The following basic properties of this integral are easily verified.

Exercise 2.6. Let I � R be an interval and pH, x�, �yq be a Hilbert space.

1. If f : I Ñ H is continuous, then f is weakly measurable.

2. If f : I Ñ H is weakly measurable and integrable, then we have the triangle
inequality ∥∥∥∥»

I

fptq dt
∥∥∥∥ ¤ »

I

∥fptq∥ dt.

3. Let H1 be a Hilbert space and let T : H Ñ H1 be a bounded linear map. If
f : I Ñ H is continuous and integrable, then T � f : I Ñ H1 is weakly measurable
and integrable. Furthermore, we have

T

�»
I

fptq dt


�
»
I

pT � fqptq dt.

Every semigroup defines a resolvent as its Laplace transform.
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Exercise 2.7. Consider a strongly continuous contraction semigroup tTt : t ¡ 0u on H.
For any α ¡ 0, u P H consider the integral

Gαpuq �
» 8

0

e�αtTtpuq dt.

Show that tGα : H Ñ H|α ¡ 0u defines a resolvent (in the sense of Definition 2.4).
Hint: The standard approach to showing the resolvent identity is to use

e�αt � e�βt � pβ � αq
» t

0

e�αpt�sqe�βs ds

in the integral for Gαpuq �Gβpuq and interchange the order of integration and use semi-
group property.

Here is another probabilistic approach to show the resolvent identity1: Assume α ¡ β
and consider two independent random variables ξβ and ξα�β with exponential distributions
with rate α. Then here is an outline of the probabilistic approach.

1. ξα :� ξβ ^ ξα�β is exponentially distributed with rate α.

2. ErTξαpuqs � αGαpuq,ErTξβpuqs � βGβpuq.

3. Ppξα � ξβq � 1� Ppξα   ξβq � β
α
.

4. Conditioned on the event tξα   ξβu, the distribution on ξβ � ξα is exponential with
parameter β (memoryless property).

5. Write

Tξβ � 1tξα�ξβuTξα � 1tξα ξβuTξα � Tξβ�ξα � 1tξα�ξβuTξα � 1tξα ξβuTξβ�ξα � Tξα ,

and take expectations on both sides to derive the resolvent identity.

Another way to rephrase the probabilistic approach is as follows. Let ξα and ξβ be
independent exponential random variables with rates α and β with α ¡ β and let Z be
an independent (of ξα, ξβ) Bernoulli random variable with PpZ � 1q � 1�PpZ � 0q � β

α
.

Then verify that the random variable

rξβ :� 1tZ�1uξα � 1tZ�0upξα � ξβq

is also exponentially distributed with parameter β. Writing

T
�ξβ
� 1tZ�1uTξα � 1tZ�0uTξα � Tξβ � 1tZ�1uTξα � 1tZ�0uTξβ � Tξα

and taking expectations as above yields the resolvent identity.

1Thanks to Ryoichiro Noda for sharing this argument due to David Croydon.
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2.2 Generators and background on self-adjoint operators

The generator provides an infinitesimal description of the semigroup. Let A : DpAq Ñ H
be a denseley defined operator on a Hilbert space H; that is, DpAq is a dense subspace of
H.

Definition 2.8 (Generator of a semigroup). Let tTt : H Ñ H|t ¡ 0u be a semigroup.
Then the generator A of the semigroup tTt : t ¡ 0u is the operator A : DpAq Ñ H is
defined as

Apuq :� lim
tÓ0

Ttpuq � u

t
, for all u P DpAq,

where the domain DpAq is

DpAq � tu P H : lim
tÓ0

Ttpuq � u

t
existsu.

Often the generator is easier to compute than the semigroup as we illustrate.

Example 2.9. We will slightly generalize Example 2.2-(iii). Let X � t1, . . . , nu and
c : X�X Ñ r0,8q be such that cpx, yq � cpy, xq ¥ 0 for all x, y P X. Let m : X Ñ r0,8q
be

mpxq :�
¸
yPX

cpx, yq.

Assume thatmpxq ¡ 0 for all x P X. This defines a discrete time Markov chain pZnqnPNYt0u
with transition probabilities given by

P px, yq :� cpx, yq
mpxq , for all x, y P X.

Let λ : X Ñ p0,8q be a function determining a continuous time process as follows: at each
state x P X, the process waits (independently of other waiting times and transitions) an
exponential time with parameter λpxq2 before jumping to a new state y with probability
P px, yq. Call this process pY λ

t qt¥0 on X. If λ � 1, the number of transitions (jumps) is
a Poisson process which helped in the computation of semigroup. Since λ need not be a
constant function, the computation of semigroup corresponding semigroup P λ

t : RX Ñ RX

is not as explicit as Example 2.2-(iii). Nevertheless, we can compute the generator by
observing that

P λ
t fpxq � ExrfpY λ

t qs � e�λpxqtfpxq �
¸
yPX

p1� e�λpxqtqP px, yqfpyq �Opt2q,

for all f P RX , t P p0, 1q, x P X. This implies

Lλfpxq � lim
tÓ0

P λ
t fpxq � fpxq

t
� �λpxqfpxq � λpxq

¸
yPX

P px, yqfpyq � �λpxqpI �Qqfpxq.

2exponential random variable with parameter λ has mean λ�1, so larger λ means smaller wait times

9



Since P ism-symmetric, it is easy to see that Lλ is rm-symmetric with rmpxq � λpxq�1mpxq
as

x�Lλf, gyL2p rmq � xpI �Qqf, gyL2pmq � xf, pI �QqgyL2pmq � xf,�LλgyL2p rmq, (2.3)

for all f, g P L2pX, rmq. Using the symmetry of Lλ in L2pX, rmq, we can conclude that
pP λ

t q is also symmetric in L2pX, rmq (we will justify this in Proposition 2.21).

If the discrete time random walk on X is irreducible, then using limiting behavior of
discrete time Markov chains, one can interpret rm (normalized to be a probability measure)
as the asymptotic occupation time of a Markov chain; that is

lim
tÒ8

1

t

» t

0

1tYs�yu ds � rmpyq°
zPX rmpzq , Px-a.s. for all x, y P X.

Using the contraction property of the semigroup, we see that the generator is a non-
positive definite operator.

Lemma 2.10. DpAq defined above a subspace of H, A : DpAq Ñ H is a linear map, and
A is non-positive definite; that is,

xApuq, uy ¤ 0, for all u P DpAq.
Proof. The first two claims are easy consequence of the definition of A. If u P DpAq, then

xApuq, uy � lim
tÓ0

1

t
xTtpuq � u, uy.

By Schwarz’s inequality, for any u P H, t ¡ 0, we have xTtpuq�u, uy � xTtpuq, uy�∥u∥2 ¤
∥Ttpuq∥ ∥u∥� ∥u∥2 ¤ 0 (since T is a contraction).

Lemma 2.11. Let tGα : α ¡ 0u be a resolvent on H. Then for each α ¡ 0, Gα is injective
and non-negative definite.

Proof. Let β ¡ 0. Since Gβ is linear, it suffices to show that Gβ has a trivial kernel. Let
u P H be such that Gβpuq � 0. By the resolvent equation, for any β ¡ 0 we have

Gαpuq � Gβpuq � pβ � αqGαpGβpuqq � 0.

Hence by strong continuity u � limαÑ8 αGαpuq � 0. Hence Gβ is injective for each β ¡ 0.

To show that Gα is non-negative definite, we need to verify that xu,Gαuy ¥ 0 for all
u P H. To this end, fix u P H and define fpαq � xu,Gαuy. By the contraction property
of the semigroup

∥Gαpuq �Gβpuq∥ ¤ |α � β|α�1β�1 ∥u∥ .
Therefore, limβÑαGβpuq � Gαpuq. For α � β, by the resolvent equation and symmetry
of the resolvent operators, we have

fpβq � fpαq
β � α

� �xu,GαpGβpuqqy � �xGαpuq, Gβpuqy.
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Letting β Ñ α and using limβÑαGβpuq � Gαpuq, we obtain that α ÞÑ fpαq is differentiable
and

f 1pαq � � ∥Gαpuq∥2 ¤ 0.

By the strong continuity, we have limαÑ8 αfpαq � limαÑ8xu, αGαpuqy � ∥u∥2 P r0,8q.
Hence limαÑ8 fpαq � 0. Since f is non-increasing, we conclude fpαq � xu,Gαuy ¥ 0 for
all α P p0,8q.

By Exercise 2.7, every semigroup defines a resolvent as a Laplace transform. So one
might wonder if we can compute the generator of semigroup directly from the resolvent.
This motivates the following definition.

Definition 2.12 (Generator of a resolvent). Let tGα : α ¡ 0u be a resolvent on H. The
generator of tGα : α ¡ 0u is defined as the linear operator A : DpAq Ñ H defined by

DpAq � GαpHq, Apuq � αu�G�1
α puq, for any α ¡ 0, u P DpAq,

whereG�1
α : GαpHq Ñ H is the inverse ofGα (recall from Lemma 2.11 thatGα is injective).

The fact that the above operator is well-defined is an easy exercise in the use of
resolvent equation that we state below.

Exercise 2.13. Let tGα : α ¡ 0u be a resolvent on H.

(i) For any α, β ¡ 0, show that GαpHq � GβpHq.
(ii) For any α, β ¡ 0 and any u P GαpHq � GβpHq, show that αu � G�1

α puq � βu �
G�1

β pvq.

Hint: Use the resolvent equation (2.1).

Let H be a Hilbert space. Let T : DpT q Ñ H be a densely defined operator (DpT q �
H). Then define

DpT �q � tx P H|y ÞÑ xT pyq, xy is a bounded operator on DpT qu.
If x P H, then by Hahn-Banach theorem, there is a unique extension of the map y ÞÑ
xx,Apyqy to H. Hence by Riesz-Fréchet representation theorem, there exists (a unique)
T �pzq P H such that

xT pyq, xy � xy, T �pxqy, for all x P DpT �q.
It is easy to verify that T � : DpT �q Ñ H is a linear map. For an operator T : DpT q Ñ H,
let GpT q � tpu, T puqq : u P DpT qu � H � H denote the graph of T . We view H � H
is a Hilbert space with inner product xpx1, y1q, px2, y2qyH�H � xx1, x2y � xy1, y2y for all
px1, y1q, px2, y2q P H �H.

Definition 2.14. (i) We say an operator T : DpT q Ñ H is closed if GpT q is a closed
set (in H �H).
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(ii) We say a densely defined operator T : DpT q Ñ H is symmetric if for all x, y P DpT q,
we have

xT pxq, yy � xx, T pyqy.
Equivalently, T � is an extension of T (DpT �q � DpT q and T �pxq � T pxq for all
x P DpT q).

(iii) We say that an operator T : DpT q Ñ H is self-adjoint if T � T �.

For a subspace M of a Hilbert space H, by MK we denote the orthogonal complement
defined by

MK � tu P H : xu,my � 0 for all m PMu.
The following lemma expresses the graph of the adjoint T � in terms of the graph of T .

Lemma 2.15. Let T : DpT q Ñ H be a densely defined operator and let GpT q �
tpu, T puqq : u P Hu � H � H denote the graph of T . Let V : H � H Ñ H � H be
defined by V px, yq � py,�xq for all px, yq P H �H. Then GpT �q � V pGpT qqK.

Proof. px, yq P GpT �q if and only if

xT puq, xy � xu, yy, for all u P DpT q.

This can be rewritten as

xV pu, T puqq, px, yqyH�H � xpT puq,�uq, px, yqyH�H � xT puq, xy�xu, yy � 0, for all u P DpT q.

Clearly, every self-adjoint operator is symmetric and closed (by Lemma 2.15).

Corollary 2.16. Let T : DpT q Ñ H be an injective self-adjoint operator with range RpT q.
Then T�1 : RpT q Ñ H is a densely defined, self-adjoint operator.

Proof. Let us show that RpT q is dense. This is equivalent to showing that RpT qK � t0u.
Let y P RpT qK as RpT q � pRpT qKqK. Then py, 0q P V pGpT qqK � GpT �q � GpT q. Since T
is injective, y � 0.

Let V, S : H�H Ñ H�H be defined by V px, yq � py,�xq and Spx, yq � py, xq for all
px, yq P H�H. Then by Lemma 2.15 and the observation that V � S � �S � V , we have

GppT�1q�q � V
�
GpT�1q�K � V pSpGpT qqqK � SpV pGpT qqqK.

Since S : H�H Ñ H�H is a unitary (inner-product preserving) bijection with S2 � Id,
we have SpV pGpT qqqK � SpV pGpT qqKq and hence by Lemma 2.15, we have

GppT�1q�q � SpV pGpT qqKq � SpGpT �qq � SpGpT qq � GpT�1q.
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Exercise 2.17. Let pΩ, µq be a measure space and let H � L2pΩ, µq. Let λ : Ω Ñ R be
a measurable function (not necessarily bounded). Show that the multiplication operator
Mλ : DpMλq Ñ H with domain

DpMλq :� tf P L2pΩ, µq : λf P L2pΩ, µqu

defined by Mλpfq � fp�qλp�q is a densely defined, self-adjoint operator.

Theorem 2.18 (Spectral theorem). Let A be a self-adjoint operator on a Hilbert space
H. Then there is a measure space pΩ, µq and a unitary map U : L2pΩ, µq Ñ H and a
measurable function λ : ΩÑ R such that

U�1AU �Mλ, DpAq � tUpfq : f P DpMλqu,

where Mλ : DpMλq Ñ L2pΩ, µq is as defined in Exercise 2.17.

Furthermore, if A is non negative definite (respectively, non positive definite); that is,
xApuq, uy ¥ 0 (respectively, xApuq, uy ¤ 0) for all u P DpAq, then λpxq ¥ 0 (respectively,
λpxq ¤ 0) for µ-almost every x P Ω.

Definition 2.19 (Functional calculus). Let A be a non-positive self-adjoint operator on
a Hilbert space H and let U : L2pΩ, µq Ñ H and λ : ΩÑ R be as given in Theorem 2.18.
Then for any Borel function f : p�8, 0s Ñ R, we define fpAq : DpfpAqq Ñ H denote the
operator defined by

U�1fpAqU �Mfpλp�qq, DpfpAqq � tUpgq : g P DpMfpλp�qqqu

It is easy to verify that fpAq is a self-adjoint operator on H. Note that if f is bounded,
then fpAq is a bounded operator with DpfpAqq � H. If f is non-negative (respectively,
non-positive), then fpAq is a non-negative definite (respectively, non-positive definite)
operator.

Proposition 2.20. Let tTt : t ¡ 0u be a a strongly continuous contraction semigroup
tTt : t ¡ 0u on H and let us denote the associated resolvent by tGα : α ¡ 0u defined as

Gαpuq :�
» 8

0

e�αtTtpuq dt, for all u P H, α ¡ 0. (2.4)

Let As amd Ar denote the generators of the semigroup tTt : t ¡ 0u and the resolvent
tGα : α ¡ 0u respectively. Then As � Ar and is a non-positive definite self-adjoint
operator.

Proof. Let u P DpArq. Then u � Gαpvq for some v P H and

1

t

�
e�αtTtpuq � u

� � 1

t

�
e�αtTt

�» 8

0

e�αsTspvq ds


�
» 8

0

e�αsTspvq ds



� 1

t

��» 8

t

e�αsTspvq ds


�
» 8

0

e�αsTspvq ds
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� �1

t

�» t

0

e�αsTspvq ds



tÑ0ÝÝÑ �v.

This implies u P DpAsq since

Aspuq � lim
tÓ0

Ttpuq � u

t
� lim

tÓ0
e�αtTtpuq � u

t
� lim

tÓ0
Ttpuqp1� e�αtq

t
(2.5)

� �v � αu � αu�G�1
α puq � Arpuq. (2.6)

This show that Ar is an restriction of As.

It remains to show that DpAsq � DpArq. To this end, let u P DpAsq. Then by the
calculation in (2.5)

v :� � lim
tÓ0

1

t

�
e�αtTtpuq � u

� � �Aspuq � αu.

Define w :� u�Gαv. We have

lim
tÓ0

1

t

�
e�αtTtpwq � w

� � lim
tÓ0

1

t

�
e�αtTtpuq � u

�� lim
tÓ0

1

t

�
e�αtTtpGαpvqq �Gαpvq

�
� �v � lim

tÓ0
1

t

�
�
» 8

t

e�αsTspvq ds�
» 8

0

e�αsTspvq ds


� �v � v � 0.

Therefore w P DpAsq and

0 � lim
tÓ0

1

t

�
e�αtTtpwq � w

� � Aspwq � αw.

Therefore
0 � αxw,wy � xAspwq, wy ¥ αxw,wy,

and hence w � 0, or equivalently, u � Gαpvq P DpArq.
By Corollary 2.16 G�1

α is a self-adjoint operator and hence Ar � α�G�1
α is self-adjoint.

By Lemma 2.10, Ar � As is a non-positive definite operator.

We now state a converse to Proposition 2.20. The resolvent and semigroup corre-
sponding to the generator can be defined using functional calculus (Definition 2.19).

Proposition 2.21. Let H be a Hilbert space and let A : DpAq Ñ H be a non-positive
definite, self-adjoint operator.

(a) Then tTt � expptAq|t ¡ 0u and tGα � pα � Aq�1|α ¡ 0u are a semigroup and
resolvent respectively. Furthermore, tGα : α ¡ 0u is the resolvent corresponding to
the semigroup tTt � expptAq|t ¡ 0u.

(b) The generators of the semigroup tTt ¡ 0|t ¡ 0u and the resolvent tGα|α ¡ 0u in (a)
coincide with A. Furthermore, there is a unique semigroup and a unique resolvent
whose generators are A.
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Proof. (a) Let U : L2pΩ, µq Ñ H be an unitary operator and λ : ΩÑ p�8, 0s be as given
in the spectral theorem (Theorem 2.18). Then we have

U�1TtU �Mexpptλp�qq, U�1GαU �Mpα�λp�qq�1 , for all t ¡ 0, α ¡ 0.

The symmetry of Tt follows from symmetry of Mexpptλq. For all f, g P H, t ¡ 0 we
have

xTtpfq, gy �
»
Ω

MexpptλqpU�1pfqqU�1pgq dµ �
»
Ω

expptλqU�1pfqU�1pgq dµ

�
»
Ω

U�1pfqMexpptλqpU�1pgqq dµ � xf, Ttpgqy.

The proof of the semigroup property is similar as for all t, s ¡ 0

TtTs � UMexpptλqU�1UMexppsλqU�1 � UMexpptλqMexppsλqU�1 � UMexpppt�sqλqU�1 � Tt�s.

To show strong continuity, note that for any f P H and using the fact that λ ¤ 0
m-a.e., we have |pexpptλq � 1qU�1pfq| ¤ U�1pfq m-a.e. for all t ¡ 0. Hence by
dominated convergence theorem, we have

lim
tÓ0

∥Ttpfq � f∥2 � lim
tÓ0

»
Ω

∣∣pexpptλq � 1qU�1pfq∣∣2 dµ � 0, for all f P H.

The proof that tGα � UMpα�λp�qq�1U�1|α ¡ 0u defines a resolvent is similar and left
as an exercise.

To verify that tGα : α ¡ 0u is the resolvent corresponding to the semigroup tTt �
expptAq|t ¡ 0u, for any f P H, we have» 8

0

e�αtTtpfq dt �
» 8

0

U
�
e�αtMexpptλqpU�1pfqq� dt � U

�» 8

0

e�αtMexpptλqpU�1pfqq dt



� U

�» 8

0

expp�αt� λtqU�1pfq dt


� U

�
Mpα�λp�qq�1pU�1pfqq� � Gαpfq.

(b) For any f P L2pΩ, µq, we have the pointwise limit

lim
tÓ0

Mexpptλp�qqpfq � f

t
� lim

tÓ0
pexpptλp�q � 1qpfp�q

t
�Mλpfq,

and that since λ ¤ 0 m-a.e., we have∣∣∣∣expptλp�qq � 1

t

∣∣∣∣ � 1� expptλp�qq
t

Ò λp�q,m-a.e. as t Ó 0.

So by the dominated convergence theorem,

lim
tÓ0

Mexpptλp�qqpfq � f

t
� lim

tÓ0
pexpptλp�q � 1qpfp�q

t
�Mλpfq,
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in L2pΩ, µq if and only if f P DpMλq � tf P L2pΩ, µq : λf P L2pΩ, µqu. This implies
that the generator of the semigroup tTt � UMexpptλp�qqU�1 : t ¡ 0u is A � UMλU

�1.
Since the generators of a semigroup and the corresponding resolvent coincide (by
Proposition 2.20), we have that A is the generator of the resolvent tGα : α ¡ 0u.
By the injectivity of Laplace transform, it suffices to show that the resolvent is
uniquely determined by the generator. Suppose tGα : α ¡ 0u and tG1

α : α ¡ 0u
are two resolvent with generator A, for any f P H, α ¡ 0, w :� Gαpfq � G1

αpfq
satisfies

pα � Aqpwq � pα � AqpGαpfq �G1
αpfqq � f � f � 0.

Since �A is non-negative definite, we have

0 � xpα � Aqpwq, wy ¥ αxw,wy ¥ 0,

and hence w � 0. Since f P H is arbitrary, Gα � G1
α.

Exercise 2.22. Show that tGα � UMpα�λp�qq�1U�1|α ¡ 0u defined in the proof above is
a resolvent.

In the next exercise, we outline a direct proof of the uniqueness of the semigroup
with a given generator (without relying on the injectivity of Laplace transform and the
corresponding uniqueness result for the resolvent).

Exercise 2.23. Let H be a Hilbert space and let A : DpAq Ñ H be a non-positive
definite, self-adjoint operator. Let tTt : t ¡ 0u be a semigroup with generator A.

(i) Show that for any x P DpAq, t ¡ 0, we have Ttpxq P DpAq and
d

dt
pTtpxqq � ApTtpxqq � TtpApxqq.

(ii) Using (i), show that if tTt : t ¡ 0u and trTt : t ¡ 0u are two semigroups with generator
A, then for any x P DpAq the function Ex : p0,8q Ñ r0,8q defined by

Exptq �
∥∥∥Ttpxq � rTtpxq∥∥∥2

, for all t ¡ 0

satisfies

d

dt
Exptq � 2xTtpxq � rTtpxq, ApTtpxq � rTtpxqqy ¤ 0, for all t ¡ 0

and limtÓ0Exptq � 0.

(iii) Conclude from (ii) that Ttpxq � rTtpxq for all x P H and t ¡ 0.

The following exercise can be viewed as an inverse Laplace transform formula for the
semigroup corresponding to a resolvent.
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Exercise 2.24. Let tGα : α ¡ 0u be a resolvent on H. Show that for all t ¡ 0, f P H

Ttpfq � lim
αÑ8

e�tα
8̧

n�0

ptαqn
n!

pαGαqnpfq (2.7)

defines a semigroup and that tGα : α ¡ 0u is the resolvent corresponding to the semigroup
tTt : t ¡ 0u. Hint: Use the proof of Proposition 2.21 to express Gα � UMpα�λp�qq�1U�1

and show that Tt � UMexpptλp�qqU�1.

2.3 Closed quadratic forms

Definition 2.25. Let H be a Hilbert space with the inner product x�, �y. A quadratic
form E : F � F Ñ R is a dense subspace of F (called the domain of the quadratic form)
of H such that it satsfies the following properties:

(i) (bi-linearity) For all a1, a2 P R and f1, f2, g P F , we have Epa1f1 � a2f2, gq �
a1Epf1, gq � a2Epf2, gq.

(ii) (symmetry) Epf, gq � Epg, fq for all f, g P H.

(iii) (non-negative definite) Epf, fq ¥ 0 for all f P F .

We say that a quadratic form is said to closed if F is a Hilbert space equipped with the
inner product E1 : F � F Ñ R

E1pf, gq � Epf, gq � xf, gy, for all f, g P F .

Familiar properties of inner product such as Schwarz inequality and triangle inequality
hold for (non-negative definite) quadratic forms with identical proofs.

Exercise 2.26. Let E : F � F Ñ R be a quadratic form on a Hilbert space H. Show
that for all f, g P F , we have the Schwarz inequality

|Epu, vq| ¤ Epu, uq1{2Epv, vq1{2

and the triangle inequality

Epf � g, f � gq1{2 ¤ Epf, fq1{2 � Epg, gq1{2.

There is a one-to-one correspondence between closed quadratic forms and non-positive
definite self-adjoint operators A.

Theorem 2.27. Let A be a non-positive definite, self-adjoint operator on H. Then pE ,Fq
is a closed quadratic form, where

Epf, gq � x
?
�Apfq,

?
�Apgqy, f, g P F :� Dp?�Aq. (2.8)

Conversely, any closed quadratic form on H arises from a non-positive definite, self-
adjoint operator on H as given in (2.8).
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Proof. Since pF , E1q is an inner product space, we need to verify completeness. Note that?�A is a non-negative definite, self-adjoint operator. Let pfnqnPN be a Cauchy sequence in
pF , E1q. This implies that pfn,

?�ApfnqqnPN is a Cauchy sequence in H�H that belongs
to the graph Gp?�Aq. Since the graph of every self-adjoint operator is closed (by Lemma
2.15), we conclude that there exists f P F such that limnÑ8 E1pf �fn, f �fnq � 0. Hence
pF , E1q is Hilbert space.

Define Eαpf, gq :� Epf, gq � αxf, gy for all f, g P F . Let tGα � pα � Aq�1 : α ¡ 0u
denote the resolvent generated by A. Using the spectral theorem, it is easy to verify that

GαpHq � F , EαpGαpfq, gq � xf, gy, for all f P H, g P F . (2.9)

Conversely, let pE ,Fq be a closed quadratic form. Since pF , Eαq is a Hilbert space for
each α ¡ 0 and for any u P H, the function v ÞÑ xu, vy where v P F is a bounded linear
functional in the Hilbert space pF , Eαq. Hence by Riesz-Fréchet representation theorem,
there exists (a unique) Gαpuq in F such that

EαpGαpuq, vq � xu, vy, for all u P H, v P F and α ¡ 0. (2.10)

We claim that tGα : α ¡ 0u is a resolvent. For the symmetry of Gα note that for each
u, v P H, we have

xGαpuq, vy (2.10)� EαpGαpuq, Gαpvqq (2.10)� xu,Gαpvqy.

To obtain the resolvent equation, note that for any u P H, v P F , we have

EαpGβpuq � pα � βqGαGβpuq, vq � EαpGβpuq, vq � pα� βqEαpGαpGβpuqq, vq
(2.10)� EαpGβpuq, vq � pα� βqxGβpuq, vy � EβpGβpuq, vq
(2.10)� xu, vy (2.10)� EαpGαpuq, vq.

Since pF , Eαq is a Hilbert space, we obtain the resolvent equation

Gαpuq � Gβpuq � pα � βqGαGβpuq, for all u P H.

For each α ¡ 0, αGα is a contraction since

∥pαGαqpuq∥ ∥Gαpuq∥ � αxGαpuq, Gαpuqy ¤ EαpGαpuq, Gαpuqq � xu,Gαpuqy ¤ ∥u∥ ∥Gαpuq∥ ,

for all u P H. For strong continuity, we use the contraction property to obtain

α ∥αGαpuq � u∥2 ¤ EαpαGαpuq � u, αGαpuq � uy (2.10)� α2xGαpuq, uy � Epu, uq � αxu, uy
¤ α ∥αGαpuq∥ ∥u∥� α ∥u∥2 � Epu, uq ¤ Epu, uq, for all u P F .

Hence
lim
αÑ8

∥αGαpuq � u∥ � 0, for all u P F .
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Since F is dense in H, for any u P H, there exists a sequence punqnPN in F such that
limnÑ8 ∥un � u∥ � 0. Now since αGα is a contraction, we have

∥αGαpuq � u∥ ¤ ∥pαGαqpu� unq∥�∥αGαpunq � un∥�∥un � u∥ ¤ 2 ∥u� un∥�∥αGαpunq � un∥ .

Let αÑ 8 and then nÑ 8 to obtain

lim sup
αÑ8

∥αGαpuq � u∥ ¤ 2 ∥u� un∥
nÑ8ÝÝÝÑ 0.

This concludes the proof of strong continuity and hence tGα : α ¡ 0u is a resolvent.

Let A be the generator of the resolvent pE 1,F 1q closed quadratic form corresponding to
the non-positive self-adjoint operator A as defined in (2.8). By (2.9), we have GαpHq � F 1

and hence

E 1pGαpuq, Gαpvqq (2.9)� xGαpuq, vy (2.10)� EαpGαpuq, Gαpvqq, for all u, v P H.

Hence E 1 and E coincide on GαpHq � GαpHq. By (2.10), GαpHq is dense in the Hilbert
space pF , Eαq. Similarly, by (2.9), GαpHq is dense in the Hilbert space pF 1, E 1αq. Since
both pE ,Fq and pE 1,F 1q are closed quadratic forms that coincide on a dense set, they
are equal. Hence the correspondence given in (2.8) is a bijection between non-positive
definite, self-adjoint operators and closed quadratic forms.

The quadratic form corresponding to the generator of a semigroup and resolvent can
be described directly as outlined below.

Exercise 2.28. Let A be a non-positive definite, self-adjoint operator on H that is the
generator of a semigroup tPt � expptAq : t ¡ 0u and resolvent tGα � pα�Aq�1 : α ¡ 0u.
Let pE ,Fq denote the closed quadratic form corresponding to A as given by Theorem
2.27. Using the spectral theorem, show the following

(a) For any f P H, the function

t ÞÑ 1

t
xpI � Ptqf, fy

is non-increasing and non-negative function on p0,8q. Furthermore the quadratic
form pE ,Fq is given by

F �
"
f P H| lim

tÓ0
1

t
xpI � Ptqf, fy   8

*
,

and

Epf, fq � lim
tÓ0

1

t
xpI � Ptqf, fy, for all f P F .

(b) For any f P H, the function

α ÞÑ αxpI � αGαqf, fy
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is non-decreasing and non-negative function on p0,8q. Furthermore the quadratic
form pE ,Fq is given by

F �
"
f P H| lim

αÒ8
αxpI � αGαqf, fy   8

*
,

and
Epf, fq � lim

αÒ8
αxpI � αGαqf, fy, for all f P F .

To summarize, there is a one-to-one correspondence between

(a) Closed non-negative definite quadratic forms (Definition 2.25)

(b) Non-positive definite self-adjoint operators (Definition 2.14)

(c) Semigroups (Definition 2.1)

(d) Resolvents (Definition 2.4).

The following exercise outlines an argument for the computation of Dirichlet form for the
Brownian motion. It assumes familiarity with Fourier transform of tempered distributions.

Exercise 2.29. Let m denote the Lebesgue measure and let Pt : L
2pRn,mq Ñ L2pRn,mq

denote the Brownian semigroup

Ptfpxq :�
»
Rn

1

p2πtqn{2 exp
�
� |x� y|2

2t

�
fpyq dy, for all t ¡ 0, f P L2pRnq.

Show using Exercise 2.28-(a) that the corresponding Dirichlet form is given by F � tf P
L2pRnq : Bf

Bxi
P L2pRnq, for all i � 1, . . . , nu, Epf, fq � 1

2

³
Rn |∇f |2 dm for all f P F , where

∇f �
�
Bf
Bxi

	n

i�1
is the distributional gradient of f .

Hint: The following facts about Fourier transform and distributional derivatives are
relevant. Fourier Transform of a function of a function f P L2pRnq is given by

f̂pkq �
»
Rn

fpxqe�ik�xdnx, for all k P Rn

Inverse Fourier Transform of f̂ P L2pRnq is

fpxq � 1

p2πqn
»
Rn

f̂pkqeik�xdnk, for all x P Rn

The Parseval’s Formula states»
Rn

|fpxq|2dnx � 1

p2πqn
»
Rn

|f̂pkq|2dnk, for all f P L2pRn.)

20



The Gaussian probability density function g with zero mean and covariance matrix tI
(where I is the identity matrix)

gpxq � 1

p2πtqn{2 e
� |x|2

2t

has Fourier transform given by

ĝpkq � e�
t|k|2

2 .

Fourier trasform of convolution is the product of Fourier transform {f1 � f2 � pf1 pf2 for all
f1, f2 P L2pRnq. Fourier transform of the distributional derivative of f P L2pRnq is

yBf
Bxi pkq :� �ki pfpkq, for all k � pk1, . . . , knq P Rn and i � 1, . . . , n.

2.4 Beurling-Deny criterion and Markov operators

We introduce the definition of Dirichlet form, a notion due to Beurling and Deny [BD].

Definition 2.30. Let pX,M,mq be a σ-finite measure space. A Dirichlet form on
L2pX,mq is a quadratic form (in the sense of Definition 2.25; that is, bi-linear, sym-
metric, non-negative definite, closed, densely defined) E : F � F Ñ R on L2pX,mq such
that it satisfies the Markov property : for all u P F , we have ru :� p0 _ uq ^ 1 P F and
Epru, ruq ¤ Epu, uq.

At this point the terminology Markov property might seem strange. As we will later
justify (see Theorem 2.36), the Markov property of quadratic form is equivalent to the
Markovian property of the corresponding semigroup (or resolvent).

Definition 2.31. We say that a bounded linear map T : L2pX,mq Ñ L2pX,mq is
Markovian if for any f P L2pX,mq such that 0 ¤ f ¤ 1 m-almost everywhere, we
have 0 ¤ T pfq ¤ 1 m-a.e.

Exercise 2.32. Let T : L2pX,mq Ñ L2pX,mq be a bounded linear operator. Then show
that the following are equivalent.

(a) For any f P L2pX,mq such that 0 ¤ f ¤ 1 m-almost everywhere, we have 0 ¤ T pfq ¤
1 m-a.e.

(b) For any f P L2pX,mq such that f ¤ 1 m-almost everywhere, we have T pfq ¤ 1 m-a.e.

The following exercise gives a description of all Dirichlet forms on a finite set. This
special case of the Beurling-Deny decomposition of regular Dirichlet forms admits an
elementary proof as outlined below. We use 1A to denote the indicator of a set A.

Exercise 2.33. Let X � t1, . . . ,mu, where n P N and let m be a measure on X with
mptiuq ¡ 0 for all i P X. Let E : F � F Ñ R be a Dirichlet form on L2pX,mq.
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(i) Prove that F � L2pX,mq.
(ii) Show that for any i, j P X with i � j, we have

Ep1tiu,1tjuq ¤ 0.

Hint: Consider f � 1tiu � ϵ1tju for ϵ ¥ 0.

(iii) Show that for any i P X, we have Ep1tiu,1Xq ¥ 0. Hint: Consider f � 1X � ϵ1tiu
for ϵ ¥ 0.

(iv) Using (ii) and (iii), show that there exists cij ¥ 0, for all 1 ¤ i   j ¤ n and kpiq ¥ 0
for all i P X such that

Epf, fq �
¸

1¤i j¤n

cijpfpiq � fpjqq2 �
ņ

i�1

kpiqfpiq2, for all f P F � RX .

The next exercise illustrates the existence of closed, non-negative definite, symmetric
quadratic forms which do not satisfy the Markovian property.

Exercise 2.34. Let X � t1, 2u be equipped with the counting measure m and let pE ,Fq
define a symmetric, bi-linear form on L2pX,mq given by F � L2pX,mq,

Epf, fq � pfp1q � fp2qq2 � fp1q2 � λ
2̧

i�1

fpiq2,

where λ P R is a parameter, f P F . For f, g P F , we define Epf, gq by polarization.

(a) Show that pE ,Fq is a non-negative definite, closed, quadratic form on L2pX,mq if and
only if λ ¥ �1

2
p3�?

5q.
(b) Show that pE ,Fq is a Markovian, non-negative definite, closed, quadratic form on

L2pX,mq if and only if λ ¥ 0.

(c) Conclude that there exist (contraction, strongly continuous) semigroups that do not
satisfy the Markovian property3.

Lemma 2.35. Let P : L2pX,mq Ñ L2pX,mq be a bounded, linear, m-symmetric, Marko-
vian operator and let F : RÑ R be a 1-Lipschitz function (that is, |F paq � F pbq| ¤ |a� b|
for all a, b P R) such that F p0q � 0.

(i) Then for any n P N, for all pairwise disjoint sets A1, . . . , An such that mpAiq   8
for all i � 1, . . . , n, and for all a1, . . . , an P R, writing f � °n

i�1 ai1Ai
, we have

xpI � P qf, fyL2pX,mq �
ņ

i�1

µia
2
i �

1

2

¸
1¤i j¤n

αi,jpai � ajq2, (2.11)

3Thanks to Renan Gross for asking a question that inspired this exercise and for helpful discussions.

22



where

αi,j :� x1Ai
, P1Aj

yL2pX,mq ¥ 0, µi � mpAiq �
ņ

k�1

αi,k ¥ 0, for all 1 ¤ i, j ¤ n.

(2.12)

(ii) For any g P L2pX,mq, then rg :� F pgq satisfies

xpI � P qrg, rgyL2pX,mq ¤ xpI � P qg, gyL2pX,mq. (2.13)

Proof. (i) Note that by the m-symmetry of P , we have αi,j � x1Ai
, P1Aj

yL2pX,mq �
xP1Ai

,1Aj
yL2pX,mq � αj,i for all 1 ¤ i, j ¤ n. By linearity of P and the symmetry

αi,j � αj,i, we have

xpI � P qf, fyL2pX,mq �
ņ

i�1

ņ

j�1

aiajxpI � P q1Ai
,1Aj

yL2pX,mq

�
ņ

i�1

a2impAiq �
ņ

i�1

ņ

j�1

aiajαi,j

�
ņ

i�1

µia
2
i �

ņ

i�1

ņ

j�1

�
a2iαi,j � aiajαi,j

�
�

ņ

i�1

µia
2
i �

1

2

ņ

i�1

ņ

j�1

�
a2iαi,j � a2jαi,j � 2aiajαi,j

�
�

ņ

i�1

µia
2
i �

1

2

¸
1¤i j¤n

αi,jpai � ajq2.

Since 0 ¤ P1Aj
¤ 1 m-a.e. by the Markovian property of P , we have αi,j �

x1Ai
, P1Aj

yL2pX,mq ¥ 0. Since A1, . . . , An are pairwise disjoint, by the Markovian
property of P , we have

ņ

k�1

P p1Ak
q � P

�
ņ

k�1

1Ak

�
¤ 1, m-a.e.

Hence

ņ

k�1

αi,k � x1Ai
,

ņ

k�1

P p1Ak
qy ¤

»
X

1Ai
dm � mpAiq, for all 1 ¤ i ¤ n,

or equivalently µi ¥ 0 for all 1 ¤ i ¤ n.

(ii) If g is a simple function as given in (i), then the desired estimate (2.13) follows from
(2.11) and (2.12). In general, for any g P L2pX,mq, there exists a sequence of simple

function pgnqnPN such that gn
nÑ8ÝÝÝÑ g pointwise, |gn| Ò |g| pointwise, and gn

nÑ8ÝÝÝÑ
g in L2pX,mq. Since |F paq| ¤ |a| for all a P R, by the dominated convergence
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theorem rgn :� F pgnq nÑ8ÝÝÝÑ rg :� F pgq in L2pX,mq. Hence by the continuity of P ,

P p rgnq nÑ8ÝÝÝÑ Prg in L2pX,mq hence by using (2.13) for simple functions (since rgn are
also simple functions) we obtain

xpI � P qrg, rgyL2pX,mq � lim
nÑ8

xpI � P q rgn, rgnyL2pX,mq

(2.11),(2.12)¤ lim
nÑ8

xpI � P qgn, gnyL2pX,mq � lim
nÑ8

xpI � P qg, gyL2pX,mq.

Let pX,B,mq be a σ-finite measure space.

Theorem 2.36. Let E : F � F Ñ R be a closed quadratic form on L2pX,mq. Let
tTt : t ¡ 0u, tGα : α ¡ 0u and A : DpAq Ñ L2pX,mq denote the associated semigroup,
resolvent and generator associated with E respectively. Then the following are equivalent:

(a) Tt is a Markovian operator for each t ¡ 0.

(b) αGα is a Markovian operator for each t ¡ 0.

(c) For all f P DpAq, we have xApfq, pf � 1q�y ¤ 0.

(d) For all u P F , we have ru :� p0_ uq ^ 1 P F and Epru, ruq ¤ Epu, uq.

Proof. The implications (a) ùñ (b) and (b) ùñ (a) follow easily from (2.4) and (2.7).

Next, let us show that (d) ùñ (b). Let u P F such that 0 ¤ u ¤ 1 m-a.e. and α ¡ 0.
We consider the function Ψu : F Ñ R defined by

Ψpwq :� Epw,wq � αxw � α�1u,w � α�1uy.

For all w P F , we have

Ψpwq �ΨpGαpuqq � Eαpw,wq � 2xw, uy � α�1xu, uy
� EαpGαpuq, Gαpuqq � 2xGαpuq, uy � α�1xu, uy

� Eαpw,wq � 2xw, uy � EαpGαpuq, Gαpuqq
� Eαpw,wq � 2EαpGαpuq, wq � EαpGαpuq, Gαpuqq
� EαpGαpuq � w,Gαpuq � wq,

and hence
Ψpwq ¤ ΨpGαpuqq if and only if w � Gαpuq. (2.14)

Now, define v � α�1 pp0_ pαGαpuqqq ^ 1q � p0 _ Gαpuqq ^ α�1. So by (d), we have
v P F and

Epv, vq ¤ α�2EpαGαpuq, αGαpuqq � EpGαpuq, Gαpuqq. (2.15)
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Since upxq P r0, 1s for m-a.e., we have for m-a.e. x P X,∣∣vpxq � α�1upxq∣∣ � ∣∣�p0_Gαpuqpxqq ^ α�1
�� α�1upxq∣∣ ¤ ∣∣Gαpuqpxq � α�1upxq∣∣.

(2.16)
By (2.15), (2.16), we have Ψpvq ¤ ΨpGαpuqq and hence by (2.16), we conclude that
v � p0_Gαpuqq ^ α�1 � Gαpuq. Thus αGα is a Markovian operator.

The implications (a) ùñ (d) and (b) ùñ (d) follows from Lemma 2.35 (by setting
F ptq � p0_ tq ^ 1 in Lemma 2.35-(ii)) and Exercise 2.28.

Next, let us show (b) ùñ (c). By using Lemma 2.35 (by setting F ptq � t ^ 1) and
Exercise 2.28(b), we obtain that for all f P F , f ^ 1 P F and Epf ^ 1, f ^ 1q ¤ Epf, fq.
In particular for f P DpAq, we have f ^ 1 � f � pf � 1q� and hence Epf � pf � 1q�, f �
pf � 1q�q ¤ Epf, fq or equivalently,

2xApfq, pf � 1q�y � �2Epf, pf � 1q�q ¤ �Eppf � 1q�, pf � 1q�q ¤ 0.

It remains to show (c) ùñ (b). By Exercise 2.32, it suffices to show that if f P L2pX,mq
satisfies f ¤ 1 m-a.e., then αGαpfq ¤ 1 for all α ¡ 0. Fix α ¡ 0 and f as above and set
g :� αGαpfq so that g P DpAq and

αg � Apgq � αf. (2.17)

By (2.17) and (c) xApgq, pg � 1q�y ¤ 0, we obtain xg, pg � 1q�y ¤ xf, pg � 1q�y, or
equivalently, »

tg¥1u
pg � fqpg � 1q�y ¤ 0. �

»
X

pg � fqpg � 1q�y ¥ 0.

Since f ¤ 1 m-a.e., the above inequality implies that g � αGαpfq ¤ 1 m-a.e.

In order to show the existence of heat kernel, it is useful to consider the Markovian
semigroup pTtq on L2pX,mq also as an operator on L1pX,mq. By Markov property, we
have |Ttpfq| ¤ Ttp|f |q m-a.e. for any f P L1pX,mq X L2pX,mq (since Tt is positiv-
ity preserving). Let An be a sequence of increasing measurable sets with YnAn � X
and mpAnq   8 for all n. By using Markov property and symmetry of Tt, for all
f P L1pX,mq X L2pX,mq, we have

∥Ttpfq∥1 � lim
nÑ8

»
1An|Ttpfq| dm ¤ lim

nÑ8

»
1AnTtp|f |q dm � lim

nÑ8

»
Ttp1Anq|f | dm ¤

»
|f | dm.

Hence by the density of L1pX,mq X L2pX,mq in L1pX,mq, Tt uniquely extends as a
contraction on L1; that is

∥Ptpfq∥1 ¤ ∥f∥1 , for all f P L1pX,mq. (2.18)

By the Riesz-Thorin interpolation theorem, Tt extends as a contraction to LppX,mq for
all p P r1, 2s. By considering the (Banach space) adjoint of Tt : L

ppX,mq Ñ LppX,mq for
p P r1, 2q, we obtain a contraction operator Tt : L

qpX,mq Ñ LqpX,mq for all q P p2,8s.
Since we only need the case p � 1 or p � 2 we don’t provide further details on the
Riesz-Thorin interpolation theorem or the duality argument.

The following lemma provides a convenient sufficient condition for the strong conti-
nuity property of a semigroup.
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Lemma 2.37. Let H � L2pX,mq be a Hilbert space over R, where m is a measure on X.
Consider a family of linear operators tTt : L2pX,mq Ñ L2pX,mq|t ¡ 0u such that each
Tt is a Markovian, contraction operator. Furthermore if L � L1pX,mq X L8pX,mq is a
dense subspace of L2pX,mq such that for any f P L, we have

lim
tÓ0

Ttpfqpxq � fpxq for m-a.e. x P X. (2.19)

Then for any u P L2pX,mq, we have limtÓ0 ∥Ttpuq � u∥2 � 0.

Proof. Since Tt is a contraction, we have

∥Ttpfq � f∥22 � ∥Ttpfq∥22�∥f∥22�2xf, Ttpfqy ¤ 2 ∥f∥22�2xf, Ttpfqy, for all f P L2pX,mq.
(2.20)

If f P L, by (2.19) and the dominated convergence theorem (dominating function is
∥f∥8 f P L1pX,mq by the Markovian property of Tt; by Exercise 2.32 we have ∥Ttpfq∥8 ¤
∥f∥8) we have

lim
tÓ0
xf, Ttpfqy � ∥f∥22 . (2.21)

Hence by (2.20) and (2.21) we have limtÓ0 ∥Ttpfq � f∥2 � 0 for all f P L. By the density
of L in L2pX,mq and the contraction property of Tt, we have limtÓ0 ∥Ttpfq � f∥2 � 0 for
all f P L2pX,mq

2.5 Regular Dirichlet forms and Fukushima’s theorem

The theory of Dirichlet forms is useful to construct and analyze Markov processes. We
have already seen the construction of a Markovian semigroup from the Dirichlet form.
There are two issues with defining a Markov process on X from a Markovian semigroup
on L2pX,mq. The first issue is that it is possible for Tt1pxq   1, which implies that the
semigroup at time t correponding to the process started at x has a probability strictly less
than one to belong in the state space X (sub-probability measure). This issue is handled
by adding an absorbing state (called the cemetery state ∆) and thus defining a transition
probability measure on X∆ :� X Y t∆u. The second issue is that functions in L2pX,mq
are not pointwise defined. So the resulting process is well-defined up to modification on
‘small’ sets.

Definition 2.38. Let pX,M,mq be a σ-finite metric measure space, and let pE ,Fq be
a Dirichlet form on L2pX,mq. We say the Dirichlet form pE ,Fq be a Dirichlet form on
L2pX,mq is regular, if it satisfies the following properties:

(a) X is a locally compact separable metrizable topological space X, with M the associ-
ated Borel σ-field, a Radon measure m on X with full support ( a Borel measure m on
X which is finite on any compact subset of X and strictly positive on any non-empty
open subset of X).

(b) The vector space F X CcpXq is dense both in pF , E1q and in pCcpXq, ∥�∥8q.
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A fundamental theorem of Fukushima the assumption of the regularity of the Dirich-
let form allows us to construct a m-symmetric Markov process on X whose semigroup
coincides with the semigroup of the Dirichlet form. Assume for the moment that the semi-
group corresponding to a Dirichlet form is defined over a space of pointwise well-defined
functions. Then the Markov property along with Riesz–Markov–Kakutani representation
theorem would then imply the existence of a sub-probability measure on X which can be
made into a transition probability on X Y ∆, where ∆ is an absorbing cemetery state.
Fukushima observed that the assumption of regularity ensures that every function in the
domain of the form can be modified to continuous outside a small set (quasi-continuous).
This allows us to overcome the difficulty of functions in L2 being not pointwise well-
defined.

Theorem 2.39 (Fukushima’s theorem). [FOT, Theorem 7.2.1] Let pE ,Fq be a regular
Dirichlet form on L2pX,mq. Let B denote the Borel σ-field on X. Let X Y t∆u de-
note the one-point compactification of X and let B∆ � B Y tB Y ∆|B P Bu. For each
x P X Y t∆u, there is a X∆ :� X Y t∆u-valued stochastic process pΩ, pFtqt¥0, tYt : t P
r0,8su, tPxuxPXYt∆uq that satisfies the following properties:

1. pFtqt¥0 is a right continuous filtration on Ω and pYtq is pFtqt¥0-adapted; that is Yt :
pΩ,Ftq Ñ pX Y∆,B∆q is measurable for each t ¥ 0.

2. For each E P B∆ and t ¡ 0, the function x ÞÑ PxpYt P Eq is measurable on pXY∆,B∆q.
3. (Markov property) For each x P X, t, s ¥ 0 and E P B we have

PxpYt�s P E|Ftq � PYtpYs P Eq.

4. (cemetery is absorbing) Y8pωq � ∆ for all ω P Ω, P∆pYt � ∆q � 1 for all t ¥ 0. More
generally, PxpYtpωq � ∆q � 1 for all t ¥ ζpωq, where ζpωq denotes the lifetime of the
process

ζpωq :� inftt ¥ 0 : Ytpωq � ∆u.
5. (normal process) For each x P X, we have PxpY0 � xq � 1.

6. (càdlàg paths) t ÞÑ Ytpωq is right continuous on r0,8q and has left limits on p0,8q.
7. (time shift operators) For each t ¥ 0, there exists a time shift operator θt : Ω Ñ Ω

such that Ys � θt � Yt�s.

8. (strong Markov property) For any probability measure µ on pXYt∆u,B∆q and for any
pFtq-stopping time T , and for all s ¥ 0, we have

Pµ pYT�s P E|FT q � PYT
pYs P Eq, for all E P B∆.

9. The process is quasi-left continuous on p0,8q: for any sequence of pFtqt¥0 stopping
times Tn Ò T and any probability measure µ on pX Y t∆u,B∆q, we have

Pµ

�
lim
nÑ8

YTn � YT , T   8
	
� PµpT   8q.
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The semigroup pP Y
t q corresponding to the process pYtq defined by P Y

t fpxq � ExrfpYtq1tt ζus
coincides with the semigroup corresponding to the Dirichlet form pE ,Fq on L2pX,mq (the
term 1tt ζu is usually dropped with the convention that every function f on X is extended
to X Y t∆u by setting fp∆q � 0).

The Markov process in Fukushima’s theorem is not quite unique because the semigroup
associated to a Dirichlet form is not well-defined pointwise. However, it is essentially
unique outside a very small set as shown in [FOT, Theorem 4.2.8]. We describe the
uniqueness below.

Let X Y t∆u-valued stochastic process pΩ, pFtqt¥0, tYt : t P r0,8su, tPxuxPXYt∆uq be a
stochastic process as above. We say that subset N of X is properly exceptional for the
Markov process tYt : t P r0,8su if N is a Borel set with mpN q � 0 and

Px ptω P Ω|Ytpωq P X∆zN , Yt�pωq P X∆zN u, for all t ¥ 0q � 1, for all x P XzN .

The process constructed in Fukushima’s theorem is unique in the following sense. Suppose
tYt : t ¥ 0u and trYt : t ¥ 0u be two Markov processes that satisfy the conclusion of
Theorem 2.39, then there is a common properly exceptional set N for both tYt : t ¥ 0u
and trYt : t ¥ 0u such that for all x P XzN , for all t ¥ 0 and E P B, we have

PxpYt P Eq � rPxprYt P Eq.
Let us recall the definition of quasi-continuous functions. First, we define the 1-capacity

Cap1pAq of A � X with respect to pX,m, E ,Fq by
Cap1pAq :� inf

 
E1pf, fq

�� f P F , f ¥ 1 m-a.e. on a neighborhood of A
(
, (2.22)

where E1 :� E � x�, �yL2pX,mq as defined before. A subset N of X is said to be E-polar if
Cap1pN q � 0. For A � X and a statement Spxq on x P A, we say that S holds E-quasi-
everywhere on A (E-q.e. on A for short), or Spxq holds for E-quasi-every x P A (E-q.e.
x P A for short), if Spxq holds for any x P AzN for some E-polar N � X.

Polar sets and properly exceptional are defined using the Dirichlet form pE ,Fq and the
corresponding Markov process pYtqt¥0 respectively. These two notions are closely related
as follows: any properly exceptional set N � X for pYtqt¥0 is E-polar, c any E-polar subset
of X is included in some properly exceptional set N for pYtqt¥0.

Definition 2.40 (Quasi-continuous function). Let pE ,Fq is a regular Dirichlet form on
L2pX,mq. Let f P L2pX,mq. A quasi-continuous version of f is a (pointwise defined)

function rf : X Ñ R, rf � f m-a.e. and for ϵ ¡ 0 there exists an open set G of X such

that Cap1pGq   ϵ and rf ���
XzG

.

A crucial ingredient in the proof of Theorem 2.39 is the existence of quasicontinuous
modification of functions in F [FOT, Theorem 2.1.3].

Theorem 2.41. Let pE ,Fq be a regular Dirichlet form on L2pX,mq. Then every function

f P F admits a quasi-continuous modification rf : X Ñ R such that f � rf m-a.e.
Furthermore any two quasi-continuous modifications are equal quasi-everywhere.
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We will use the notation rf to denote the quasi-continuous modification of a function
f P F .

Remark 2.42. The assumption of local compactness in the definition of regular Dirich-
let forms does not allow for some infinite dimensional examples. There is a fruitful gen-
eralization of regular Dirichlet form that allows for such examples called quasi-regular
Dirichlet forms. We refer to [AM, CF] for more on this theory. The theory of quasi-
regular Dirichlet forms allows to handle many infinite-dimensional spaces of interest; see
[DeS, HKK, Suz, Stu25] for some recent examples.

We discuss conditions on a regular Dirichlet form that ensure continuity of the sample
paths of the associated Markov process. For a function f P L2pX,mq, we denote the
support of the measure f �m as suppmpfq.
Definition 2.43. Let pE ,Fq be a regular Dirichlet form on L2pX,mq. We say that
a Dirichlet form pE ,Fq is strongly local Epf, gq � 0 for any f, g P F with suppmrf s,
suppmrgs compact and suppmrf � a1Xs X suppmrgs � H for some a P R.
We say that a Dirichlet form pE ,Fq is local Epf, gq � 0 for any f, g P F with suppmrf s,
suppmrgs compact and suppmrf s X suppmrgs � H for some a P R.

By [FOT, Theorem 4.5.3], for a process pYtq associated with a strongly local Dirichlet
form, we have for q.e. x P X,

Px

�r0,8q Q t ÞÑ Yt P X∆ is continuous
� � 1.

For a local Dirichlet form, the corresponding process is allowed to have a discontinuity at
its lifetime (that is, a jump to cemetery state). By [FOT, Theorem 4.5.3], for a process
pYtq associated with a local Dirichlet form, we have for q.e. x P X,

Px

�r0, ζq Q t ÞÑ Yt P X is continuous
� � 1.

Every regular Dirichlet form can be canonically decomposed into three parts: strongly-
local part (diffusion), jumping part (jumping between two points in X) and killing part
(junp from a point in X to the cemetery state ∆). This is called the Beurling-Deny
decomposition. We state this first before discussing the probabilistic meaning.

Theorem 2.44 (Beurling-Deny decomposition). For a regular Dirichlet fpr pE ,Fq on
L2pX,mq there exists a unique triple pE pcq, J, κq of a strongly local non-negative definite
symmetric bilinear form E pcq : F�F Ñ R, a symmetric Radon measure J on X�Xz diagX
and a Radon measure κ on X, such that JppX �N1qXX2

odq � 0 � κpN1q for any E-polar
N1 P BpXq and

Epu, vq � E pcqpu, vq� 1

2

»
X�XzdiagX

prupxq� rupyqqprvpxq�rvpyqq Jpdx dyq�»
X

rupxqrvpxqκpdxq
for any u, v P F , where ru, rv denote E-quasi-continuous versions of u, v respectively and
diagX � X � X denotes the diagonal subset. We call E pcq, J, κ the strongly local part,
the jumping measure and the killing measure, respectively, of the Dirichlet form pE ,Fq
on L2pX,mq.
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We remark that the condition JppX �N1q XX2
odq � 0 � κpN1q for any E-polar N1 P

BpXq ensures that the above integrals are well-defined as quasi-continuous modifications
are well-defined up to quasi-everywhere equivalence. It might be possible for κ to be
singular to m and J be singular to m �m and hence use of quasi-continuous versions is
needed in general.

For a probabilistic description of jumping and killing measures, let us make a simpli-
fying assumption that 1A P F and is quasi-continuous for all Borel sets A P BpXq (for
example, a finite set as the state space). In this case, for any pair of disjoint Borel sets
A,B P BpXq we have

JpA�Bq � �Ep1A,1Bq � � lim
tÓ0

t�1xpI�Ttqp1Aq,1Bq � lim
tÓ0

t�1xTtp1Aq,1By � lim
tÓ0

t�1x1A, Ttp1Bqy

which has the probabilistic interpretation as jump intensity of the associated process pYtq
as

JpA�Bq � lim
tÓ0

t�1

»
A

PxpYt P Bqmpdxq.

Similarly for any Borel set A P BpXq, we have

κpAq � Ep1A,1Xq � Ep1A,1Xq � lim
tÓ0

t�1x1A, pI � Ttq1Xy,

which has the probabilistic interpretation as the killing (jump intensity to the cemetery
state ∆) of the associated process pYtq as

κpAq � lim
tÓ0

t�1

»
A

PxpYt � ∆qmpdxq.

The strongly local part of the Beurling-Deny decomposition is somewhat mysterious and
is not as explicit as the jumping and killing parts.

Example 2.45. Let m denote the Lebesgue measure on R2 and let A � R2 denote the
straight line from p0, 0q to p0, 1q. Let pE ,Fq denote the Dirichlet form corresponding to the
two-dimensional Brownian motion given by F � W 1,2pR2q, and Epf, fq � 1

2

³
R2 |∇f |2 dm

for all f P F (see Exercise 2.29). Then Cap1pAq ¡ 0 � mpAq. This shows that there are
non-E-polar sets with measure zero (see Exercise 3.10 for another example). On the other
hand by the inequality, Cap1pAq ¥ mpAq, every set of 1-capacity zero has measure zero.

2.6 Irreducibility, recurrence and transience

Familiar probabilistic notions such as irreducibility, recurrence and transience can be
defined at the level of Dirichlet forms.

Let pE ,Fq be a Dirichlet form on L2pX,mq and let pPtqt¡0 denote the corresponding
semigroup.

Definition 2.46. We say that a measurable set A � X is E-invariant, if it satisfies

Ptp1Afq � 1APtpfq, m-a.e. on X for any f P L2pX,mq and any t P p0,8q.
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Equivalently, 1Au P F for any u P F and

Epu, uq � Ep1Au,1Auq � Ep1Acu,1Acuq.
We say that a Dirichlet form pE ,Fq is irreducible if mpAqmpXzAq � 0 for any E-invariant
set A.

In order to define recurrence and transience, we recall the definition of extended Dirich-
let space.

Definition 2.47 (Extended Dirichlet space). We define the extended Dirichlet space Fe

of a Dirichlet form pE ,Fq on L2pX,mq as the space of m-equivalence classes of func-
tions f : X Ñ R such that limnÑ8 fn � f m-a.e. on X for some tfnunPN � F with
limk^lÑ8 Epfk � fl, fk � flq � 0. Then the limit Epf, fq :� limnÑ8 Epfn, fnq P R exists
and is independent of a choice (why?) of such tfnunPN for each f P Fe, so that E is
canonically extended to Fe � Fe.

We say that a Markovian semigroup pPtqt¥0 is transient if for any f P L1pX,mq X
L8pX,mq with f ¥ 0-m-a.e., we have

Gf :� lim
TÑ8

» T

0

Ptpfq dm   8, m-a.e.

We say that a Dirichlet form pE ,Fq on L2pX,mq is transient if there exists a f P
L1pX,mq X L8pX,mq such that f is strictly positive m-a.e., and satisfying»

X

|u|f dm ¤
a
Epu, uq, for all u P F .

The following theorem gives equivalent definitions of transience [FOT, Theorems 1.5.3
and 1.6.2].

Theorem 2.48. Let pE ,Fq be a Dirichlet form on L2pX,mq and let pPtqt¡0 denote the
corresponding semigroup. The following are equivalent:

1. The semigroup pPtqt¡0 is transient.

2. The Dirichlet form pE ,Fq is transient.
3. pFe, Eq is a Hilbert space.

We say that a m-symmetric Markov semigroup pPtqt¥0 is recurrent, if for all non-
negative f P L1pX,mq, we have

Gf :� lim
TÑ8

» T

0

Ptf dt P t0,8u m-a.e. on X.

We say that a Dirichlet form pE ,Fq on L2pX,mq is recurrent if 1X P Fe and Ep1X ,1Xq �
0. Analogous to Theorem 2.48, we have the following result [FOT, Theorem 1.6.3].
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Theorem 2.49. Let pE ,Fq be a Dirichlet form on L2pX,mq and let pPtqt¡0 denote the
corresponding semigroup. The following are equivalent:

1. The semigroup pPtqt¡0 is recurrent.

2. The Dirichlet form pE ,Fq is recurrent.

The following exercise concerns the Dirichlet form for n-dimensional Bessel process.

Exercise 2.50. Let n P p0,8q. Consider the measure mpdxq � xn�1 dx on X � p0,8q.
Let F denote the set of all functions f : X Ñ R such that f is absolutely continuous on
X and satisfies»

p0,8q

�
|f 1pxq|2 � |fpxq|2

	
mpdxq �

»
p0,8q

�
|f 1pxq|2 � |fpxq|2

	
xn�1 dx   8.

Then pE ,Fq is a Dirichlet form on L2pX,mq, where

Epf, fq �
»
X

f 1pxqg1pxqmpdxq, for all f, g P F .

1. Show that pE ,Fq is irreducible.
2. Show that pE ,Fq is recurrent if n P p0, 2s and is transient if n P p2,8q.

Hint: For the case n P p2,8q, the following inequality is useful to obtain

|fpxq � fpyq|2 ¤ pn� 2q�1px2�n � y2�nqEpf, fq, for all f P F , x, y P I with x   y.

Let pYtq denote the Markov process associated with a regular Dirichlet form pE ,Fq on
L2pX,mq. For a Borel set B � X, we denote by TB, the hitting time of set B defined as

TB :� inftt ¡ 0|Yt P Bu.

If pE ,Fq is irreducible, then for all non E-polar Borel set B � X, and for q.e. x P X, we
have [CF, Theorem 3.5.6-(i)]

PxpTB   8q ¡ 0.

If pE ,Fq is transient, then the path wanders to infinity whenever the lifetime is infinite;
that is, (see [CF, Theorem 3.5.2])

Pxpζ � 8, lim
tÑ8

Xt � ∆q � Pxpζ � 8q, for q.e. x P X.

On the other hand, by [CF, Theorem 3.5.6-(ii)] if pE ,Fq is recurrent and irreducible, then
the process visits any non-E-polar Borel set B � X infinitely often, that is,

Px pTB � θn   8 for all n P Nq � 1, for q.e. x P X.
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3 Heat kernel

Definition 3.1. Let pE ,Fq be a regular Dirichlet form on L2pX,mq with associated
semigroup pPtqt¡0. A family tptut¡0 of r0,8s-valued Borel measurable functions on X�X
is called the heat kernel, if pt is an integral kernel of the operator Pt for any t P p0,8q,
that is, for any t P p0,8q and any f P L2pX,mq,

Ptfpxq �
»
X

ptpx, yqfpyq dmpyq for m-a.e. x P X.

3.1 Existence of heat kernel via ultracontractivity

In general, a heat kernel need not exist (consider the semigroup consisting of identity
maps). From a probabilistic perspective, if the heat kernel exists, ptpx, yqmpdyq can be
viewed as the law of the corresponding Markov process started at x at time t. So the
existence of heat kernel can be viewed as the absolute continuity (with respect to the
reference measure m) of the law of a Markov process.

The following very general result is useful to show the existence of a heat kernel (see
[DS, Theorem 6, VI.8.6]).

Proposition 3.2. Suppose pX,M,mq be a σ-finite, separable measure space and let
T : L1pX,mq Ñ L8pX,mq be a bounded linear operator. Then there exists a jointly mea-
surable function K : X�X Ñ R such that K P L8pX�X,m�mq with ∥K∥8 � ∥T∥1Ñ8
and

Tfpxq �
»
X

Kpx, yqfpyqmpdyq, m-a.e. for each f P L1pX,mq.

A linear operator that is bounded from L1 to L8 as above is said to be ultracontractive.
Ultracontractivity of semigroup offers a way to show the existence of heat kernel.

Proposition 3.3. Let pE ,Fq be a regular Dirichlet form on L2pX,mq and let tPt : t ¡ 0u
denote the associated semigroup. Assume that there exists C1 ¥ 0, C2 ¡ 0 and n ¥ 1 such
that we have the Nash inequality

∥f∥1�n{2
2 ¤ ∥f∥1

�
C1 ∥f∥22 � C2Epf, fq

�n{4
, for all f P L1pX,mq X F . (3.1)

Then the semigroup tPt : t ¡ 0u admits a heat kernel tptp�, �qu such that

ess sup
x,yPX

ptpx, yq ¤ max

�
2C1,

nC2

t


n{2
.

Proof. First we show the estimate

∥Ptpfq∥2 ¤ max

�
2C1,

nC2

2t


n{4
∥f∥1 , for all t ¡ 0 and f P L1pX,mq. (3.2)
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By the density of L1 XL2 in L1 and linearity of Pt, it suffices to consider f P L1pX,mq X
L2pX,mq with ∥f∥1 � 1. By the spectral theorem, we note that Ptpfq P DpAq for all
t ¡ 0, where A is the generator and

d

dt
∥Ptpfq∥2 � 2x d

dt
Ptpfq, Ptpfqy � 2xAPtpfq, Ptpfqy � �2EpPtpfq, Ptpfqq.

Setting Ψptq :� ∥Ptpfq∥22 by the above equality and (3.1), we obtain

Ψptq1�2{n � ∥Ptpfq∥2�4{n
2

(3.1)¤ ∥Ptpfq∥4{n1

�
C1 ∥Ptpfq∥22 � C2 ∥EpPtpfq, Ptpfqq∥

�
(2.18)¤ C1Ψptq � 2�1C2Ψ

1ptq.

If Ψptq ¥ p2C1qn{2, then Ψptq1�2{n � C1Ψptq ¥ ΨptqpΨptq2{n � C1q ¥ 2�1Ψptq1�2{n. This
leads to the differential inequality,

Ψptq1�2{n ¤ �C2Ψ
1ptq

for all t ¡ 0 such that Ψptq ¥ p2C1qn{2 (recall that Ψ is non-increasing). This can be
written as

d

dt

�
Ψptq�2{n� � � 2

n
Ψptq�p1�2{nqΨ1ptq ¥ 2

nC2

which implies (3.2).

Now by duality of Lp spaces and symmetry of Pt, we have ∥Pt∥1Ñ2 � ∥Pt∥2Ñ8. To
see this, note that

∥Pt∥2Ñ8 � sup
fPL2,∥f∥2�1

∥Ptpfq∥8 � sup
fPL1XL8,∥f∥2�1

∥Ptpfq∥8

� sup
fPL1XL8,∥f∥2�1,

gPL1,∥g∥1�1

»
X

gPf pfq dm � sup
fPL1XL8,∥f∥2�1,

gPL1XL8,∥g∥1�1

xPtpfq, gy

� sup
fPL1XL8,∥f∥2�1,

gPL1XL8,∥g∥1�1

xf, Ptpgqy � sup
gPL1XL8,∥g∥1�1

∥Ptpgq∥2 � ∥Pt∥1Ñ2 .

Now by the semigroup property and submultiplicativity of operator norms, we have

∥Pt∥1Ñ8 ¤ ∥∥Pt{2
∥∥
1Ñ2

∥∥Pt{2
∥∥
2Ñ8 � ∥∥Pt{2

∥∥2

1Ñ2

(3.2)¤ max

�
2C1,

nC2

t


n{2
.

The existence of heat kernel and the upper bound follows from Proposition 3.2

We remark that conversely the existence of such heat kernel bounds imply the Nash
inequality assumed [Cou, CKS].
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Example 3.4. J. Nash obtained the following inequality on Rn: there exists C ¡ 0 such
that

∥f∥1�n{2
2 ¤ C ∥f∥1

�»
Rn

|∇fpxq|2 dx

n{4

, for all f P L1pRnq XW 1,2pRnq. (3.3)

Therefore Proposition 3.3, gives the upper bound ptpx, yq À t�n{2 for all x, y P Rn for
the heat kernel for Brownian motion on Rn. The advantage of this method is that it is
robust to perturbations. Consider a measurable symmetric positive definite matrix valued
function A : Rn Ñ Rn�n such that there exists Λ P r1,8q

Λ�1 ∥ξ∥2 ¤ ξtApxqξ ¤ Λ ∥ξ∥2 , for all x, ξ P Rn.

Then the Dirichlet form Epf, fq � ³
Rnp∇fpxqqtApxq∇pfq dx on W 1,2pRnq correspond-

ing to uniformly elliptic operator divpApxq∇p�qq also satisfies the above Nash inequality
(since Epf, fq � ³

Rn |∇fpxq|2 dx) and hence the same upper bound. From a probabilistic
viewpoint the diffusion generated by a uniformly elliptic operator can be viewed as a per-
turbation of the Brownian motion that allows for different speeds of diffusion at different
points in the space and also allows for anisotropic (tendency for the diffusion process to
prefer certain direction over others) behavior.

Let us quickly sketch the proof of Nash for the case when f P C8pRnq is smooth and

well-behaved at infinity [Nas]. The Fourier transform pfpξq � ³
Rn fpxqe�ix�ξ dx satisfies the

Parseval’s identity p2πq�n{2
∥∥∥ pf∥∥∥

2
� ∥f∥2 and the elementary bound

∥∥∥ pf∥∥∥
8
¤ ∥f∥1. Again

by Parseval’s identity and the Fourier transform of derivative formula, we have»
Rn

|∇fpxq|2 dx � p2πq�n

»
Rn

|ξ|2
∣∣∣ pfpξq∣∣∣2 dξ.

Denoting ωn as the volume of unit ball in Rn, we have

∥f∥22 � p2πq�n

»
Rn

∣∣∣ pfpξq∣∣∣2 dξ
¤ p2πq�n

»
t|ξ| Ruu

∥∥∥ pf∥∥∥2

8
dξ � p2πq�nR�2

»
t|ξ|¥Ruu

|ξ|2
∣∣∣ pfpξq∣∣∣2 dξ

¤ p2πq�n ∥f∥21 ωnR
n �R�2

»
Rn

|∇fpxq|2 dx.

Minimizing the above expression as a function of R, we obtain the Nash inequality when f
is smooth and well-behaved at infinity. The general case follows from the same argument
by viewing f as a tempered distribution.

Remark 3.5. The Nash inequality (3.3) for the case n ¥ 3 is a simple consequence of
Hölder inequality

∥f∥2 ¤ ∥f∥n{pn�2q
2n{pn�2q ∥f∥

2{pn�2q
1 .

and the Sobolev inequality

∥f∥2n{pn�2q À ∥∇f∥2 , for all f P W 1,2pRnq.
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Remarkably, one can obtain Sobolev inequality from the Nash inequality using an ele-
mentary ‘truncation argument’ [BCLS].

We describe an example due to C. Berg (1976) who showed that it is possible for the
heat kernel to exist for certain times but fail to exist for other times [Berg].

Example 3.6. Consider the one-dimensional torus T :� R{p2πZq (more popularly known
as the circle) equipped with the normalized Haar measure m (normalized to be a proba-
bility measure). The image of Brownian motion on R under the quotient is defined to be
the Brownian motion on R. It is easy to see that the heat kernel ptpx, yq :� gtpx� yq for
all x, y P T is given by

gtpxq :�
c

2π

t

¸
kPZ

exp

�
�px� 2πkq2

2t



, for all x P T, t ¡ 0.

Let pBtq denote the Brownian motion on t ¡ 0 defined as the projection of 1-dimensional
Brownian motion under the quotient map RÑ R{p2πZq. Now for a sequence pa1, a2, . . . , q
of positive real numbers consider the process Yt :� pB1

ta1
, B2

ta2
, . . .q on the infinite dimen-

sional torus T8 � ±8
k�1 T, where B1, B2, . . . are independent Brownian motions on T.

The n-th component is faster than the usual Brownian motion by a factor an (assuming
an ¡ 1). Let m8 denote the Haar (probability) measure on T8 (product of infinitely
many copies of m). Let µt denote the law of Yt stated at 0; that is,

µtpdxq :�
8¹

n�1

gantpxq �mpdxq.

By Kakutani’s dichotomy theorem ([Kak]), µt is mutually absolutely continuous with
respect to m8 if and only if ¹

nPN

»
T

?
gant dm ¡ 0,

and µt K m8 if and only if ¹
nPN

»
T

?
gant dm � 0.

After some estimates, this leads to the condition that µt is absolutely continuous with
respect to m8 if and only if

8̧

n�1

e�tan   8.

For example if an :� 1
α
logpn� 1q for all n P N where α ¡ 0, then µt K m8 if and only if

t ¤ α and is absolutely continuous with respect to m8 for all t ¡ α.

The dichotomy between singularity and absolute continuity is conjectured to hold
even when the Brownian motion in individual components are dependent; that is, when
the diagonal covariance matrix of the underlying Gaussian is replaced with arbitrary
covariance. We refer to [Sal10, Problem 4] for details and a precise statement.
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3.2 Brownian motion on the Sierpiński gasket

Let V0 � tq1, q2, q3u, where

q1 :�
�
1

2
,

?
3

2



, q2 :� p0, 0q, q3 :� p1, 0q.

Let S :� t1, 2, 3u and set fj : R2 Ñ R2 as fjpxq :� 1
2
px � qjq for all j P S. Define

inductively for m P N
Vm �

¤
jPS

fjpVm�1q.

By an induction argument, Vm � Vm�1 for all m P N Y t0u. Set V� �
�8

m�0 Vm and let
K � V� denote the closure of V� in R2. Since V� �

�
jPS fjpV �q, we have

K �
¤
jPS

fjpKq.

We set Fj � fj
��
K

for all j P S. We define words of lengths with alphabet S as Wm �
Sm � w1 . . . wm : w1, . . . , wm P S for all m P N Y t0u (with W0 � tHu consisting of the
empty word). For m P N Y t0u, w � w1 . . . wm P Wm and Fw :� Fw1 � � � � � Fwm (with
FH � I) and x0 :� q1.

The approach behind constructing a Dirichlet form on K is to construct a limit of
a sequence of Dirichlet forms on Vm as m Ñ 8. Equivalently, from a probabilistic
perspective, the diffusion on Sierpiński gasket is constructed as a limit of random walks
on a sequence of graph approximations. For x, y P Vm, we say that x

m� y if and only if
x � y and x, y P FwpV0q for some w P Wm.

We define quadratic forms Epmq, E pmq : Vm � Vm Ñ R for all u, v P RVm

Epmqpu, vq � 1

2

¸
x,yPVm,

x
m�y

pupxq � upyqpvpxq � vpyqqq, E pmqpu, vq �
�
5

3


m

Epmqpu, vq. (3.4)

The reason for the re-scaling factor
�
5
3

�m
is due to the following fact. For any m P

NY t0u, u P RVm there exists a unique extension Hm.m�1puq P RVm�1 of u such that

Epm�1qpHm.m�1puq, Hm.m�1puqq � min
vPRVm�1 ,
v|Vm�u

Epm�1qpv, vq � 3

5
Epmqpu, uq. (3.5)

The analysis can be reduced to the case m � 0. Suppose pupq1q, upq2q, upq3qq � pa, b, cq P
R3. For j, k P S with j � k, we set qkj � Fkpqjq, so that FkpKq X FjpKq � tqjku. Let
v P RV1 be an extension of u with px, y, zq :� pvpq23q, vpq31q, vpq12qq, then
Ep1qpv, vq � py�zq2�pa�yq2�pa�zq2�pb�xq2�px�zq2�pz�bq2�px�cq2�pc�yq2�py�xq2.
We need to minimize this expression as a function of x, y, z. This leads to

4x � b� z � y � c, 4y � c� x� z � a, 4z � a� y � x� b,
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or equivalently,

x � a� 2b� 2c

5
, y � 2a� b� 2c

5
, z � 2a� 2b� c

5
.

For v chosen as above, it is easy to compute that Ep1qpv, vq � 3
5
Ep0qpu, uq. This completes

the proof of (3.5).

By (3.5), for any u P RV� , the sequence
�
E pmqpu��

Vm
, u
��
Vm
q
	
mPNYt0u

is non-decreasing

and hence limmÑ8 E pmqpu��
Vm
, u
��
Vm
q P r0,8s exists. Define

F� :� tu P RV� | lim
mÑ8

E pmqpu��
Vm
, u
��
Vm
q   8u, E p�qpu, uq � lim

mÑ8
E pmqpu��

Vm
, u
��
Vm
q,

for all u P F�. It is easy to see that F� is a subspace of RV� since E p�qpau, auq � a2E p�qpu, uq
for all a P R, u P RV� , and E p�qpu � vq1{2 ¤ E p�qpu, uq1{2 � E p�qpv, vq1{2 for all u, v P F�
(see Exercise 2.26). By bi-linearity we have that limmÑ8 E pmqpu��

Vm
, u
��
Vm
q P R exists for

all u, v P F�.

The following self-similarity follows easily from the definition of the energies.

Exercise 3.7. For any u P RV� , we have

E pm�1qpu��
Vm�1

, u
��
Vm�1

q � 5

3

¸
jPS

E pmqpu � Fj

��
Vm
, u � Fj

��
Vm
q, (3.6)

and hence

F� � tu P RV� : u � Fj P F� for all j P Su, E p�qpu, uq � 5

3

¸
jPS

E p�qpu � Fj, u � Fjq. (3.7)

More generally, for any m P N, we have

F� � tu P RV� : u�Fτ P F� for all τ P Wmu, E p�qpu, uq �
�
5

3


m ¸
τPWm

E p�qpu�Fτ , u�Fτ q.
(3.8)

Proposition 3.8. For all x, y P V� and u P F�, we have

|upxq � upyq|2 ¤ 400|x� y|αE p�qpu, uq (3.9)

where |�| denotes the Euclidean distance in R2 and α � log2p5{3q. In particular, every
u P F� is uniformly continuous in V� and hence admits a unique continuous extension to
its closure K � V�.

Proof. Note that the graph corresponding to V1 with edges given by
1� has diameter 2.

Hence for any y, z P V1 there exists q P V1 such that one of hte following hold: y � z � q

or y
1� q � z or y

1� q
1� z. In all these cases, for any v P RV1 we have

|vpyq � vpzq| ¤ |vpyq � vpqq|� |vpqq � vpzq| ¤
?
2
�
|vpyq � vpqq|2 � |vpqq � vpzq|2�1{2
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¤
?
2Ep1qpv, vq (3.4)�

a
6{5E p1qpv, vq. (3.10)

Now let u P F�, x P V� be arbitrary. Then there exists m P N, w � w1 . . . wm P Wm, j P S
such that x � Fwpqjq. Set for 1 ¤ k ¤ m, xk � Fw1...wk�1

pqjq (with FH � I for j � 0).
Then for all k � 1, . . . ,m we have

|upxk�1q � upxkqq| �
∣∣∣u � Fw1...wk�1

pF�1
w1...wk�1

pxk�1qq � u � Fw1...wk�1
pF�1

w1...wk�1
pxkqq

∣∣∣
(3.10)¤

a
6{5E p1qpu � Fw1...wk�1

��
V1
, u � Fw1...wk�1

��
V1
q1{2 ¤

a
6{5E p�qpu � Fw, u � Fwq

¤
c

6

5

�
3

5


pk�1q{2��
5

3


pk�1q ¸
τPWk�1

E p�qpu � Fτ , u � Fτ q
�1{2

(3.8)�
c

6

5

�
3

5


pk�1q{2
E p�qpu, uq1{2. (3.11)

Hence we obtain

|upqjq � upxq| ¤
m̧

k�1

|upxk�1q � upxkqq|
(3.11)¤

m̧

k�1

c
6

5

�
3

5


pk�1q{2
E p�qpu, uq1{2

¤
8̧

k�1

c
6

5

�
3

5


pk�1q{2
E p�qpu, uq1{2 ¤ 5E p�qpu, uq1{2. (3.12)

Thus for any x, y P V� and any u P F�, we have

|upxq � upyq| ¤ |upxq � upq1q|� |upyq � upq1q|
(3.12)¤ 10E p�qpu, uq1{2. (3.13)

Since for any w P Wm,m P NY t0u, FwpKq is a subset of an equilateral triangle with side
length 2�m, for any w, v P Wm with FwpKq X FvpKq � H, we have

|x� y| ¤ 2�m � 2�m � 2�m�1, for all x P FvpKq, y P FwpKq. (3.14)

Let x, y P K be arbitrary with x � y. Let n :� nx,y � maxtm P N Y t0u :
there exist v, w P Wm with x P FvpV�q, y P FwpV�q, FvpKq X FwpKq � Hu. Let q P FvpKqX
FwpKq � V�, where v, w P Wn with x P FvpV�q, y P FwpV�q as above. Then

|upxq � upyq| ¤ |upxq � upqq|� |upyq � upqq| � ∣∣u � FvpF�1
v pxqq � u � FwpF�1

w pyqq∣∣
(3.13)¤ 10

�
E p�qpu � Fv, u � Fvq1{2 � E p�qpu � Fw, u � Fwq1{2

�
¤ 10

?
2
�
E p�qpu � Fv, u � Fvq � E p�qpu � Fw, u � Fwq

�1{2
v�w¤ 10

?
2

�
3

5


n{2��
5

3


n ¸
τPWn

E p�qpu � Fτ

��
V�
, u � Fτ

��
V�
q
�1{2

(3.8)� 10
?
2

�
3

5


n{2
E p�qpu, uq1{2. (3.15)
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Let i, j P S be such that x P FvipKq, y P FwjpKq, where vi, wj P Wn�1 denotes
concatenation of words. By the maximality on n, FvipKq X FwjpKq � H and hence

|x� y| ¥
?
3
2
2�n�1 (draw a picture to see the possibilities). Hence from (3.15), we esti-

mate

|upxq � upyq|2 ¤ p200q�2�αnE p�qpu, uq ¤ 200

�
4?
3


α

|x� y|αE p�qpu, uq ¤ 400|x� y|αE p�qpu, uq.

Let F � CpKq be defined as

F :� tu P CpKq : lim
mÑ8

E pmqpu��
Vm
, u
��
Vm
q   8u � tu P CpKq : u��

V�
P F�u.

The standard Dirichlet form on Sierpińksi gasket E : F � F Ñ R is defined as

Epu, vq :� lim
mÑ8

E pmqpu��
Vm
, v
��
Vm
q, for all u, v P F .

The following properties of pE ,Fq follow easily from the construction. From (3.7), we
have the self-similarity property

F � tu P CpKq : u � Fj P F for all j P Su, Epu, uq � 5

3

¸
jPS

Epu � Fj, u � Fjq. (3.16)

By Proposition 3.8 and the density of V� in K, we have

|upxq � upyq|2 ¤ 400|x� y|αEpu, uq, for all u P F , (3.17)

where α � log2p5{3q. In particular, by (3.17), we have

R1K � ta1K |a P Ru � tu P F |Epu, uq � 0u.

For any 1-Lipschitz function F : R Ñ R and for any u P F , we have F � u P F and
EpF � u, F � uq ¤ Epu, uq. In particular, for any u P F , we have ru :� u� ^ 1 P F and
Epru, ruq ¤ Epu, uq. The subspace F is closed under pointwise multiplication (that is, an
algebra). More precisely, we have for all u, v P F , we have uv P F and (denoting by ∥�∥8,
the sup norm)

Epuv, uvq ¤ 2 ∥u∥28 Epv, vq � 2 ∥v∥28 Epu, uq. (3.18)

The estimate (3.18) follows from showing an analogous estimate for E pmq for all m P N
using the elementary inequality

ppuvqpxq � puvqpyqq2 ¤ 2upxq2pvpxq � vpyqq2 � 2vpyq2pupxq � upyqq2, for all x, y P K.

Next, we show that F is dense subspace of the Banach space pCpKq, ∥�∥8q. Since F is
an algebra, by the Stone-Weierstrass theorem (cf. [?, Corollary 4.50]), it suffices to show
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that F separates points and that for any x P K, there exists v P F such that vpxq � 0.
There it suffices to show the following: for any non-empty finite subset V � K, we have

tu��
V
: u P Fu � RV .

Since the inclusion tu��
V
: u P Fu � RV is trivial, it suffices to show that tu��

V
: u P Fu �

RV . To this end, it suffices to consider V with #V ¥ 2 as R1K � F . Let g P RV be
arbitrary. Choose m P N such that 21�m   minx,yPV,

x�y
|x� y|. Then for any x, y P V with

x � y and for any v, w P Wm with x P FvpKq, y P FwpKq, we have

FvpKq X FwpKq � H. (3.19)

For each x P V , pick wx P Wm such that x P FwxpKq. Define h P RVm such that for all
x P V and for all z P Vm X FwxpKq, we have hpzq � gpxq, and h is arbitrarily defined
at other vertices (such a function h exists due to (3.19)). There exists u P F such that
u
��
Vn
� Hn�1,n � � �Hm.m�1h. It is easy to see that u

��
Fwx pKq � gpxq for all x P V and hence

u
��
V
� g. This concludes the proof that in the Banach space pCpKq, ∥�∥8q, we have

F∥�∥8 � CpKq. (3.20)

We summarize the construction of Dirichlet form for Brownian motion on the Sierpiński
gasket below.

Proposition 3.9. Let m be a Radon probability measure on the Sierpiński gasket K with
full support. Then pE ,Fq is a strongly local, regular, Dirichlet form on L2pK,mq.
Proof. Since CpKq is dense in L2pK,mq, by (3.20), we have that F is a dense subspace of
L2pK,mq. The bi-linearity, symmetry, non-negative definiteness and Markov property of
pE ,Fq follow from the corresponding properties for E pmq. Next, let us verify that pE ,Fq
is closed. To this end, let pfnqnPN be an E1-Cauchy sequence. By (3.9), for all x, y P K
and for all g P F , we have (denoting every g P F by its continuous version)

|gpxq|2 ¤ 2p|gpyq|2 � 400Epg, gqq
By averaging over y with respect to m, we have

|gpxq|2 ¤ 2p
»
K

|gpyq|2 dm� 400Epg, gqq ¤ 800E1pg, gq, for all x P K, g P F . (3.21)

By (3.21) for each x P K, pfnpxqqnPN is a Cauchy sequence and hence limnÑ8 fnpxq � fpxq
exists. Let ϵ ¡ 0 and n P N be arbitrary. Then exists N P N such that for all k, l P N
with k ^ l ¥ N , we have

E pnq
�
pfk � flq

��
Vn
, pfk � flq

��
Vn

	
¤ Epfk�fl, fk�flq ¤ E1pfk�fl, fk�flq ¤ ϵ, for all n P N.

By letting l Ñ 8 and using the pointwise convergence of fl to f , we obtain

sup
nPN

E pnq
�
pfk � fq��

Vn
, pfk � fq��

Vn

	
¤ ϵ.
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Hence f P F and limkÑ8 Epfk � f, fk � fq � 0.

It remains to show that fk converges to f in L2pK,mq. By (3.21) and supnPN E1pfn, fnq  
8, we have

sup
nPN

sup
xPK

|fnpxq|   8.

Combining this with (3.9) and supnPN E1pfn, fnq   8, we have that the sequence pfnqnPN is
uniformly boundeded and equicontinuous. Hence by the Arzela-Ascoli theorem, pfnqnÑ8
converges to f in the sup norm and hence fn

kÑ8ÝÝÝÝÝÑ
L2pK,mq

f . Therefore pE1,Fq is a Hilbert

space. The regularity of pE ,Fq follows from (3.20) and F � CpKq.
Let us verify the strong locality property. Let f, g P F and a P R be such that

suppmpf � a1Kq X suppmpgq � H. Then there exists n P N such that

distpsuppmpf � a1Kq, suppmpgqq � inf
xPsuppmpf�a1Kq,

yPsuppmpgq
|x� y| ¡ 2�n.

Therefore for all w P Wn, we have either FwpKq X suppmpf � a1Kq � H or FwpKq X
suppmpgq � H (or possibly both). Thus by the self-similarity property (3.16) we have

Epf, gq �
¸

wPWn

�
5

3


n

Epf � Fw, g � Fwq � 0.

Exercise 3.10. Let pE ,Fq denote the Dirichlet form on L2pK,mq in Proposition 3.9.
Show that the only E-polar subset of K is the empty set. Hint: Use (3.17).

Our next goal is to obtain the existence of heat kenrel for Brownian motion on the
Sierpinski gasket. To this end, we need the following general notion of energy measures.
The energy measure of a function f can be viewed as the generalization of the measure
A ÞÑ ³

A
|∇fpxq|2 dx.

Definition 3.11 (Energy measure; [FOT, (3.2.13), (3.2.14) and (3.2.15)]). Let pE ,Fq be
a strongly local, regular, Dirichlet form on L2pX,mq. The E-energy measure Γpf, fq of
f P F is defined, first for f P F XL8pX,mq as the unique (r0,8s-valued) Radon measure
on X such that»

X

g dΓpf, fq � Epf, fgq � 1

2
Epf 2, gq for all g P F X CcpXq, (3.22)

next by Γpf, fqpAq :� limnÑ8 Γ
�p�nq _ pf ^ nq, p�nq _ pf ^ nq�pAq for each A P BpXq

for f P F . For f, g P F , we define the (signed) energy measure Γpf, gq by polarization as

Γpf, gqpAq � 1

4
pΓpf � g, f � gqpAq � Γpf � g, f � gqpAqq .
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The energy measure of the whole space is the Dirichlet energy, that is, Epf, fq �
Γpf, fqpXq for all f P F . By [FOT, (3.2.13) and (3.2.14)], we have the triangle inequality
for energy measure∣∣∣aΓpf, fqpBq �

a
Γpg, gqpBq

∣∣∣2 ¤ Γpf � g, f � gqpBq ¤ Epf � g, f � gq, (3.23)

for all Borel sets B and for all f, g P F .

The self-similarity property of energy (3.16) along with the definition of energy mea-
sure leads to the self-similarity of the corresponding energy measures.

Exercise 3.12. Show that for the Dirichlet form pE ,Fq on L2pK,mq in Proposition 3.9,
the corresponding energy measure satisfies

Γpf, fq �
�
5

3


m ¸
wPWm

pFwq�pΓpf � Fw, f � Fwqq, for all m P N, and f P F . (3.24)

On the Sierpiński gasket, let Bpx, rq denote the open ball centered at x P K with
radius r ¡ 0 with respect to the Euclidean metric. We show the following Poincaré
inequality on the Sierpiński gasket.

Proposition 3.13. Let pE ,Fq be the Dirichlet form on L2pK,mq in Proposition 3.9. Set
dw � log 5{ log 2. There exists C ¡ 0, A ¥ 1 such that for all x P K, 0   r ¤ 1, f P F , we
have »

Bpx,rq

∣∣fpyq � fBpx,rq
∣∣2mpdyq ¤ Crdw

»
Bpx,Arq

dΓpf, fq, (3.25)

where fBpx,rq � 1
mpBpx,rqq

³
Bpx,rq fpzqmpdzq.

Proof. Since mpFwpKqq � 3�m and diampFwpKqq � 2�m for all w P Wm,m P N, there
exists C1 ¡ 0 such that

C�1
1 rdf ¤ mpBpx, rqq ¤ C1r

df , for all x P K, 0   r ¤ 1. (3.26)

Therefore for all x P K, 0   r ¤ 1, f P F ,»
Bpx,rq

∣∣fpyq � fBpx,rq
∣∣2mpdyq ¤ C1r

df sup
y,zPBpx,rq

|fpyq � fpzq|2. (3.27)

Fix any y, z P Bpx, rq and f P F . Let n P N Y t0u be largest integer such that there
exist v, w P Wn such that y P FvpKq, z P FwpKq and FvpKq X FwpKq � H. Let q P
FvpKq XFwpKq , v � w. Similar to the proof of Proposition 3.8 (see (3.11)), we estimate

|fpyq � fpzq|2 ¤ 2
�
|fpyq � fpqq|2 � |fpzq � fpqq|2�

(3.9)¤ 800 pEpf � Fv, f � Fvq � Epf � Fw, f � Fwqq
(3.24)¤ 800

�
3

5


n

Γpf, fq pFvpKq Y FwpKqq (3.28)
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As explained in the proof of Proposition 3.8,
?
3
2
2�n�1 ¤ |y � z|   2r and hence by (3.27)

and (3.28), we obtain the desired Poincaré inequality (3.25) with A � 1� 8?
3
as

FvpKq Y FwpKq � Bpx, r � 2�nq � Bpx, p1� 8{
?
3qrq.

For a function f P L1pK,mq and r ¡ 0, by fr : K Ñ R we denote the function

frpxq :�
 
Bpx,rq

f dm � 1

mpBpx, rqq
»
Bpx,rq

f dm, for all x P K.

The following estimate is called the pseudo-Poincaré inequality. The difference from
Poincaré inequality is that the integrals involved are global.

Lemma 3.14. There exists C ¡ 0 such that for all f P F , r ¡ 0, we have»
K

|fpxq � frpxq|2mpdxq ¤ CrdwEpf, fq,

where dw :� log2 5.

Proof. It suffices to assume 0   r   1 as the case r ¥ 1 follows from Proposition 3.13.
By Jensen’s inequality and the volume estimate (3.26), we have»

K

|fpxq � frpxq|2mpdxq À
»
K

 
Bpx,rq

|fpxq � fpyq|2mpdyqmpdxq

À r�df

»
K

»
K

|fpxq � fpyq|21tdpx,yq¤rumpdyqmpdxq (3.29)

Let N denote a r-net (a maximal r-separated subset; any two distinct points in N are
at least distance r apart and any set that strictly contains N is not r-separated). The
maximality of N implies that¸

nPN
1Bpn,rq ¥ 1K ,

¸
nPN

1Bpn,2rqpxq1Bpn,2rqpyq ¥ 1tdpx,yq¤ru, for all x, y P K.

The balls Bpn, 2Arq, where A is the constant in (3.25) do not overlap too much in the
sense that

°
nPN 1Bpn,2Arq À 1K (due to the volume estimate (3.26); see also Exercise

3.15). Hence by (3.29), for all f P F , we have»
K

|fpxq � frpxq|2mpdxq À
»
K

 
Bpx,rq

|fpxq � fpyq|2mpdyqmpdxq

À r�df

»
K

»
K

|fpxq � fpyq|21tdpx,yq¤rumpdyqmpdxq

À r�df
¸
nPN

»
Bpn,2rq

»
Bpn,2rq

|fpxq � fpyq|2mpdyqmpdxq
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À
¸
nPN

»
Bpn,2rq

∣∣fpxq � fBpn,2rq
∣∣2mpdxq

(3.25)

À rdw
¸
nPN

»
K

1Bpn,2Arq dΓpf, fq À rdwEpf, fq. (3.30)

The following exercise outlines a proof of the bounded overlap estimate used above.

Exercise 3.15. Let 0   r   R and let N be a an r-separated subset of Rn (that is;
dpx, yq ¥ r for any pair of distinct points x, y P N). Show that there exists C (independent
of r, R) such that for all x P Rn, we have¸

yPN
1Bpy,Rqpxq ¤ C

�
R

r


n

.

Hint: Consider the set of all y P N such that dpx, yq ¤ R and observe that

Bpx,R � rq �
¤

yPN,dpx,yq¤R

Bpy, rq

and use the additivity of Lebesgue measure.

We obtain a Nash inequality for the Brownian motion on the Sierpiński gasket.

Proposition 3.16. There exists C1, C2 P p0,8q such that

∥f∥1�n{2
2 ¤ ∥f∥1

�
C1 ∥f∥22 � C2 ∥Epf, fq∥

�n{4
, for all f P L1pK,mq X F ,

where n � 2df{dw � 2 log 5{ log 3.
Proof. Let 0 ¤ r ¤ 1 and f P L1pK,mq X F . Then by Lemma 3.14,

∥f∥2 ¤ ∥f � fr∥2 � ∥fr∥2 À rdw{2Epf, fq1{2 � ∥fr∥2 . (3.31)

By Cauchy-Schwarz inequality, for all f P L1pX,mq, r P p0, 1s, we have

∥fr∥22 ¤ ∥fr∥8 ∥fr∥1 À r�df ∥f∥1 ∥fr∥1 .

By Jensen’s inequality, we have

∥fr∥1 ¤
»
frpxqmpdxq À r�df

»
K

»
K

fpyq1tdpx,yq rumpdyqmpdxq �
»
K

fpyqmpdyq ¤ ∥f∥1 .

Combining the above tow estimates, we obtain

∥fr∥2 À r�df {2 ∥f∥1 , for all f P L1pK,mq and r P p0, 1s.
Thus by (3.31), we obtain

∥f∥2 ¤ ∥f � fr∥2�∥fr∥2 À rdw{2Epf, fq1{2�r�df {2 ∥f∥1 , for all f P F X L1pK,mq and r P p0, 1s.
Optimizing over r P p0, 1s yields the desired estimate.
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Hence the using the Nash inequality above, we obtain the existence of heat kernel and
an upper bound using Proposition 3.3.

Proposition 3.17. Let m denote the self-similar measure on the Sierpiński gasket K
such that mpFwpKqq � 3�k for all k P N and w PWk. Then the Dirichlet form pE ,Fq on
L2pK,mq admits a heat kernel. There exists C ¡ 0 such that

ptpx, yq ¤ C

tdf {dw
, for all t P p0, 1s, x, y P K, where df � log2p3q, dw � log2p5q.

As mentioned earlier in (1.4) sharp two-sided bounds on the heat kernel was obtained
by Barlow and Perkins and is referred to as sub-Gaussian heat kernel bounds [BP].

The argument for obtaining heat kernel bound using Nash inequality is versatile and
also applies to jump processes such as the symmetric α-stable process as outlined in the
exercise below.

Exercise 3.18. Let α P p0, 2q and consider the Dirichlet form pE ,Fq on L2pRn,mq, where
m is the Lebesgue measure and

F �
"
f P L2pRn,mq|

»
Rn

»
Rn

pfpxq � fpyqq2
|x� y|n�α dx dy   8

*
, Epf, fq :�

»
Rn

»
Rn

pfpxq � fpyqq2
|x� y|n�α dx dy,

for all f P F . Then show that the following psedo-Poincare inequality holds: there exists
C1 ¡ 0 such that»

Rn

|fpxq � frpxq|2mpdxq ¤ C1r
αEpf, fq, for all f P F ,

where frpxq :� �
Bpx,rq f dm. Using this and adapting the proof of Nash inequality in

Proposition 3.16, show that there exist a heat kernel ptp�, �q for all t ¡ 0 and C2 ¡ 0 such
that

ptpx, yq ¤ C2

tn{α
, for all t ¡ 0, x, y P X.

Next, we give an explanation for the exponential term in the expression of the heat
kernel of the Sierpiński gasket

ptpx, yq � C1

tdf {dw
exp

�
�C2

�
dpx, yqdw

t


1{pdw�1q�
, for all x, y P K, t P p0, 1q.

Usually in order to obtain heat kernel lower bounds, first one obtains the following near
diagonal bound: there exists c ¡ 0 such that

ptpx, yq Á 1

tdf {dw
1tdpx,yq¤ct1{dw u, for all x, y P K, t P p0, 1q.

In order to obtain the full heat kernel lower bound, we choose n P N a sequence of points

x � x0, x1, . . . , xn � y such that dpxi, xi�1q   cpt{nq1{dw
2

. Set Bi � Bpxi, cpt{nq1{dw4
q, so that

by the near diagonal lower bound, for any yi P Bi, yi�1 P Bi�1 we have

pt{npyi, yi�1q Á pt{nq�df {dw .
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Such points x0, x1, . . . , xn exist provided dpx, yq À n cpt{nq1{dw
2

or equivalently,

n Á
�
dpx, yqdw

t


1{pdw�1q
.

By the Chapman-Kolmogorov equation, we have the bound

ptpx, yq Á
»
B2

. . .

»
Bn�1

pt{npx, y1qpt{npy1, y2q . . . pt{npyn�1, yqmpdyn�1q . . . mpdy1q,

which implies
ptpx, yq Á pt{nq�df {dw expp�c0nq

for some c0 ¡ 0. By choosing n as small as possible (that is n �
�

dpx,yqdw
t

	1{pdw�1q
),

we obtain the desired lower bound. The proof of heat kernel upper also uses a similar
chaining argument.

The exact value of dw obtained for Sierpiński gasket is not the typical for diffusion
processes defined on fractals. For many ‘infinitely ramified’ fractals such as the Sierpiński
carpet, the value of dw is not known. In these cases, the existence of such an exponent
is shown using estimates on resistances of approximating graphs. We refer the reader to
[Bar98, Kig01] for more on diffusion on fractals.

3.3 General characterization of heat kernel bounds and Harnack
inequalities

While the Nash inequality gives sharp on-diagonal upper bounds (bounds ptpx, xq) in many
examples such as Brownian motion in Rn or the Sierpiński gasket and α-stable process,
it is not suited to handle situations where diffusion has very different heat kernel at
different points in the space. In particular, Proposition 3.2 may not apply as a semigroup
pPtq might admit a heat kernel without being ultracontractive (that is ∥Pt∥1Ñ8 � 8 for
all t ¡ 0) as illustrated below.

Example 3.19. Consider the Dirichlet form pE ,Fq on L2pRn,mαq, where mαpdxq �
p1� |x|2qα{2, α P p�n,8q, n P N with n ¥ 2 with Dirichlet form given by

Epf, fq �
»
Rn

|∇fpxq|2mαpdxq,

for all f P F , where ∇f is the distributional gradient of f . Note that this includes
Brownian motion as a special case α � 0. The generator (integration by parts) can be
viewed as Brownian motion with a radial drift as it equals

Lαf � p1� |x|α{2q�2div pp1� |x|α{2q2fq � ∆f � αx �∇f
p1� |x|2q .
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This is called the weighted Laplacian as this operator is self-adjoint on L2pRn,mαq. Note
that integration by parts implies»

Rn

Lαpfqg dmα �
»
Rn

fLαpgq dmα � �
»
Rn

∇f �∇g dmα, for all f, g P C8
c pRnq.

In this case the measure mα satisfies the estimate

mαpBpx, rqq � rnp1� |x|� rqα.
Grigor’yan and Saloff-Coste [GS] obtain the following Gaussian heat kernel bounds: there
exist a heat kernel pt such that

ptpx, yq � C

mαpBpx,
?
tqq exp

�
�cdpx, yq

2

t



, for all t ¡ 0 and x, y P Rn,

which can be written as

ptpx, yq � exp p�cdpx, yq2{tq
tn{2p1� |x|�?

tqα , for all t ¡ 0 and x, y P Rn. (3.32)

If α P p�n, 0q, then by letting x � y Ñ 8 in the above estimate, we obtain

∥Pt∥1Ñ8 � ess sup
x,yPRn

ptpx, yq � 8.

This example shows that ultracontractivity is sufficient but not necessary for the existence
of heat kernel.

An important message from the above example is that the heat kernel can have differ-
ent behavior at different parts of the space (unlike the earlier examples). To handle such
behaviors at different parts of the space, instead of relying on global functional inequalities
such as the Nash inequality, we needs to develop methods that takes into account different
local behaviors. This is accomplished by using local versions of functional inequalities:
that is energies and norms are considered on balls rather on the whole space. In partic-
ular, the key tool to obtain (3.32) in [GS] is a Poincaré inequality on balls. We already
encounter such a Poincaré inequality on the Sierpiński gasket (see Proposition 3.13).

Next, we will survey the relationships between heat kernel estimates and Harnack
inequalities. An important influence in the study of heat kernel bounds was works of de
Giorgi, Nash and Moser [DeG, Nas, Mos61, Mos64] on Harnack inequality and Hölder
continuity estimates for solutions to elliptic and parabolic equations corresponding to
uniformly elliptic operators.

The classical elliptic Harnack inequality (1887) states that there exists C ¡ 1 such
that for any x P Rn, r ¡ 0, and any non-negative harmonic function h : Bpx, 2rq Ñ r0,8q
(that is, ∆h � 0 on Bpx, 2rq), we have

sup
Bpx,rq

h ¤ C inf
Bpx,rq

h.
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Here the constant C is independent of x, r and h. The usefulness of Harnack inequality is
due to its robustness; that is, it is stable under perturbations. The first evidence of such
a stability is due to Moser (1964) who showed that the elliptic Harnack inequality holds
if we replace Laplace operator with an uniformly elliptic operator (in divergence form) A

Afpxq �
ḑ

i,j�1

B
Bxi

�
aijpxq BfBxj

	
,

where paijpxq, x P Rdq is bounded, measurable and uniformly elliptic. This allowed Moser
to give a new proof of Hölder regularity of the associated solutions a result earlier obtained
by de Giorgi [DeG]. Using very different methods S. Y. Cheng and S. T. Yau [CY] obtained
elliptic Harnack inequality obtained ellitpic Harnack inequality for Riemannian manifolds
with non-negative Ricci curvature.

Since the kind of Hölder regularity obtained by Moser will be used later in our analysis
of boundary trace process, we recall Moser’s oscillation lemma. The idea of Moser is to
apply Harnack inequality to hp�q � infBpx,2rq h and supBpx,2rq h� hp�q to obtain

sup
Bpx,rq

h� inf
Bpx,2rq

h ¤ Cp inf
Bpx,rq

h� inf
Bpx,2rq

hq

and
sup

Bpx,2rq
h� inf

Bpx,rq
h ¤ Cp sup

Bpx,2rq
h� sup

Bpx,rq
hq.

Adding the above inequalities, and setting oscA h � supA h� infA h, we obtain

osc
Bpx,rq

h ¤ C � 1

C � 1
osc

Bpx,2rq
h.

The above estimate is called Moser’s oscillation lemma. By iterating the above estimate,
we obtain

|hpy1q � hpy2q| À
�
dpy1, y2q

r


α

∥h∥8 , for all y1, y2 P Bpx, rq,

where α � log2
�
C�1
C�1

�
. If h is harmonic and bounded in Rn by letting r Ñ 8 in the

above estimate, we obtain the Liouville property that every bounded harmonic function
is constant.

The parabolic version for the Harnack inequality for the heat equation is (indepen-
dently) due to Hadamard and Pini (1954). The parabolic Harnack inequality for non-
negative solutions of heat equation states that there exist C ¡ 1 such that for any
x P Rn, r ¡ 0 and a non-negative solution u : p0, r2q �Bpx, rq Ñ r0,8q, we have

sup
Q�

u ¤ C inf
Q�

u,

where Q� � pr2{4.r2{2q � Bpx.r{2q and Q� :� p3r2{4.r2q � Bpx.r{2q. Here the constant
C is independent of x, r, u. Note that the parabolic Harnack inequality implies the elliptic
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Harnack inequality as upt, xq � hpxq satisfies the heat equation for any harmonic function
h. Moser obtained the parabolic Harnack inequality for any uniformly elliptic operator
(in divergence form) as mentioned above for the elliptic case [Mos64]. Moser adapted the
above argument for Hölder continuity to obtain parabolic Hölder regularity that providing
a new proof of a result of Nash [Nas]. P. Li and S. T. Yau obtained parabolic Harnack
inequality for Riemannian manifolds with non-negative Ricci curvature [LY].

Since u � Ptf is a solution to the heat equation, where pPtq is the Brownian semigroup
(sped up by a factor of 2) we can think of parabolic Harnack inequality is a local version
of ultracontractivity. To see this, let f ¥ 0, f P L1 X L2 with ∥f∥1 � 1. Then for any
x P Rn, r ¡ 0,

sup
yPBpx,r{2q

P3r2{8fpyq ¤ C inf
pt,yqPQ�

Ptpfqpyq ¤ C
1

mpBpx, r{2qq
»
Bpx,r{2q

P7r2{8pfq dm ¤ C

mpBpx, r{2qq ,

where the last inequality follows from the fact the semigroup is contraction in L1. This
yields local ultracontractivity bound∥∥P3r2{8

∥∥
L1pRnqÑL8pBpx,r{2qq ¤

C

mpBpx, r{2qq ,

which implies

ess sup
yPBpx,r{2q,zPRn

p3r2{8py, zq ¤ C

mpBpx, r{2qq .

Such local ultracontractivity bounds are enough to obtain the existence of heat kernel
and provide sharp bounds in many cases such as Example 3.19. This suggests that the
parabolic Harnack inequality can be viewed as a local version of L�8 to L8 ultracontrac-
tivity estimate.

A metric measure Dirichlet space, or an MMD space pX, d,m, E ,Fq is a complete,
locally compact metric space pX, dq, equipped with a Radon measure m of full support
and a strongly local, regular symmetric Dirichlet form pE ,Fq on L2pX,mq.

We recall the definitions of harmonic function and caloric (solutions to ‘heat’ equation)
for a MMD space.

Definition 3.20. A function h P F is said to be E-harmonic on an open subset U of X,
if

Eph, fq � 0 for all f P F X CcpXq with suppmrf s � U . (3.33)

Let I be an open interval in R. We say that a function u : I Ñ L2pX,mq is weakly
differentiable at t0 P I if for any f P L2pX,mq the function t ÞÑ xuptq, fy is differentiable
at t0, where x�, �y denotes the inner product in L2pX,mq. If u is weakly differentiable at t0,
then by the uniform boundedness principle, there exists a (unique) function w P L2pX,mq
such that

lim
tÑt0

B
uptq � upt0q

t� t0
, f

F
� xw, fy, for all f P L2pX,mq.

We say that the function w is the weak derivative of the function u at t0 and write
w � u1pt0q.
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Let I be an open interval in R and let Ω be an open subset of X. A function u : I Ñ F
is said to be caloric in I �Ω if u is weakly differentiable in the space L2pΩq at any t P I,
and for any f P F X CcpΩq, and for any t P I,

xu1, fy � Epu, fq � 0. (3.34)

In order to describe the space-time scaling, the following notion is used. Let Ψ :
r0,8q Ñ r0,8q be a homeomorphism, such that for all 0   r ¤ R,

C�1

�
R

r


β1

¤ ΨpRq
Ψprq ¤ C

�
R

r


β2

, (3.35)

for some constants 1   β1   β2 and C ¡ 1. Such a function Ψ is said to be a scale
function. For example, the scale function in case of the Brownian motion on Rn is Ψprq �
r2 reflected by the space-time scaling in the parabolic Harnack inequality mentioned above.
We allow for quite general space-time scaling in the following definition.

Definition 3.21 (Harnack inequalities). We say that an MMD space pX, d,m, E ,Fq satis-
fies the elliptic Harnack inequality (abbreviated as EHI), if there exist C ¡ 1 and δ P p0, 1q
such that for all x P X, r ¡ 0 and for any h P F that is non-negative on Bpx, rq and
E-harmonic on Bpx, rq, we have

ess sup
Bpx,δrq

h ¤ C ess inf
Bpx,δrq

h. EHI

We say that an MMD space pX, d,m, E ,Fq satisfies the parabolic Harnack inequality with
space-time scaling Ψ (abbreviated as PHIpΨq), if there exist 0   C1   C2   C3   C4   8,
C5 ¡ 1 and δ P p0, 1q such that for all x P X, r ¡ 0 and for any non-negative bounded
caloric function u on the space-time cylinder Q � pa, a� C4Ψprqq �Bpx, rq, we have

ess sup
Q�

u ¤ C5 ess inf
Q�

u, PHIpΨq

where Q� � pa � C1Ψprq, a � C2Ψprqq � Bpx, δrq and Q� � pa � C3Ψprq, a � C4Ψprqq �
Bpx, δrq.

The measures we consider will often satisfy the following volume doubling and reverse
volume doubling properties.

Definition 3.22 (Volume doubling and Reverse volume doubling properties). Let pX, dq
be a metric space and let µ be a Borel measure on X.

(a) We say that µ satisfies the volume doubling property VD, or µ is a doubling measure
on pX, dq, or pX, d, µq is VD, if there exists CD P p1,8q such that

0   µpBpx, 2rqq ¤ CDµpBpx, rqq   8 for all x P X, r P p0,8q. VD
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(b) We say that µ satisfies the reverse volume doubling property RVD, or pX, d, µq is RVD,
if there exist C1, C2 P p1,8q, α P p0,8q such that

µpBpx,Rqq ¥ C�1
1

�
R

r


α

µpBpx, rqq RVD

for all x P X, 0   r ¤ R   diamdpXq{C2.

Exercise 3.23. (i) Show that if a metric space pX, dq is connected and ifm is a measure
that satisfies the volume doubling property, then it also satisfies the reverse volume
doubling property.

(ii) Consider the measure mα on Rn in Example 3.19. Then show that mα satisfies the
volume doubling property if and only if α ¡ �n.

Associated with a scale function Ψ satisfying (3.35), we define

Φpsq � sup
r¡0

�
s

r
� 1

Ψprq


. (3.36)

For example, if Ψprq � rβ for some β ¡ 1, then Φprq � rβ{pβ�1q. We define sub-Gaussian
heat kernel estimates with space-time scaling Ψ below.

Definition 3.24 (HKEpΨq). Let pX, d,m, E ,Fq be an MMD space, and let tPtut¡0 denote
its associated Markov semigroup. A family tptut¡0 of non-negative Borel measurable
functions on X �X is called the heat kernel of pX, d,m, E ,Fq, if pt is the integral kernel
of the operator Pt for any t ¡ 0, that is, for any t ¡ 0 and for any f P L2pX,mq,

Ptfpxq �
»
X

ptpx, yqfpyq dmpyq for m-almost all x P X.

We say that pX, d,m, E ,Fq satisfies the sub-Gaussian heat kernel estimates HKEpΨq,
if there exist C1, c1, c2, c3, δ P p0,8q and a heat kernel tptut¡0 such that for any t ¡ 0,

ptpx, yq ¤ C1

m
�
Bpx,Ψ�1ptqq� exp

�
�c1tΦ

�
c2
dpx, yq
t




for m-a.e. x, y P X, (3.37)

ptpx, yq ¥ c3

m
�
Bpx,Ψ�1ptqq� for m-a.e. x, y P X with dpx, yq ¤ δΨ�1ptq, (3.38)

where Φ is as defined in (3.36). If the underlying metric is close to a geodesic metric (see
Definition 3.25), then by the same argument sketched for Sierpiński gasket to obtain full
lower bound from near diagonal lower bound, we obtain a lower bound that matches the
upper bound in (3.37). We say that pX, d,m, E ,Fq satisfies the full sub-Gaussian heat
kernel estimates HKEfpΨq, if there exist C1, c1, c2, c3, C4, C5 ¡ 0 and a heat kernel
tptut¡0 such that for any t ¡ 0, we have (3.37) along with the lower bound

ptpx, yq ¥ c3

m
�
Bpx,Ψ�1ptqq� exp

�
�C4tΦ

�
C5
dpx, yq
t




for m-a.e. x, y P X. (3.39)
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We clarify what we mean by ‘close to a geodesic metric’ mentioned above. The argu-
ment presented for heat kernel lower bounds for Sierpinski gasket relies on the following
property of the underlying metric.

Definition 3.25. Let pX, dq be a metric space. We say that a sequence txiuNi�0 of points
in X is an ε-chain between points x, y P X if

x0 � x, xN � y, and dpxi, xi�1q   ε for all i � 0, 1, . . . , N � 1.

For any ε ¡ 0 and x, y P X, define

dεpx, yq � inf
txiu is ε-chain

N�1̧

i�0

dpxi, xi�1q,

where the infimum is taken over all ε-chains txiuNi�0 between x, y with arbitrary N .
We say that pX, dq satisfies the chain condition if there exists K P r1,8q such that

dϵpx, yq ¤ Kdpx, yq for all ϵ ¡ 0, x, y P X.

The following theorem provides a large class of examples of spaces satisfying sub-
Gaussian heat kernel bounds.

The sub-Gaussian heat kernel estimates are known to imply Poincaré inequality, ca-
pacity estimates, cutoff energy inequality and exit time bounds.

Definition 3.26. Let pX, d,m, E ,Fq be an MMD space, Ψ : r0,8q Ñ r0,8q be a scale
function, and let Γp�, �q denote the corresponding energy measure.

(a) We say that pX, d,m, E ,Fq satisfies the Poincaré inequality PIpΨq, if there exist
constants CP , AP ¥ 1 such that for all px, rq P X � p0,8q and all f P F ,»

Bpx,rq
pf � fBpx,rqq2 dm ¤ CPΨprq

»
Bpx,AP rq

dΓpf, fq, PIpΨq

where fBpx,rq :� mpBpx, rqq�1
³
Bpx,rq f dm.

(b) For open subsets U, V of X with U � V , we say that a function ϕ P F is a cutoff
function for U � V if 0 ¤ ϕ ¤ 1, ϕ � 1 on a neighbourhood of U and suppmrϕs � V .
Then we say that pX, d,m, E ,Fq satisfies the cutoff energy inequality CSpΨq, if
there exist CS ¡ 0, A1, A2, C1 ¡ 1 such that the following holds: for all x P X and
0   R   diampX, dq{A2, there exists a cutoff function ϕ P F for Bpx,Rq � Bpx,A1Rq
such that for all f P F ,»

Bpx,A1Rq
rf 2 dΓpϕ, ϕq ¤ C1

»
Bpx,A1Rq

dΓpf, fq � C1

ΨpRq
»
Bpx,A1Rq

f 2 dm; CSSpΨq

where rf is a quasi-continuous version of f P F .
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(c) For subsets A,B � X, we define

FpA,Bq :� tf P F : f � 1 on a neighborhood of A and f � 0 on a neighborhood of Bu ,

and the capacity CappA,Bq as

CappA,Bq � inf tEpf, fq : f P FpA,Bqu .

We say that an MMD space pX, d,m, E ,Fq satisfies the capacity bound cappΨq if there
exist C1, A1, A2 ¡ 1 such that for all R P p0, diampX, dq{A2q, x P X, we have

C�1
1

mpBpx,Rqq
ΨpRq ¤ CappBpx,Rq, Bpx,A1Rqcq ¤ C1

mpBpx,Rqq
ΨpRq . cappΨq

The upper and lower bounds on capacity above will be denoted by cappΨq¤ and
cappΨq¥ respectively.

(d) We say that the an MMD space pX, d,m, E ,Fq satisfies the exit time bound EpΨq, if
there exist C,A P p1,8q, δ P p0, 1q such that for all x P X, 0   r   diampX, dq{A the
corresponding Markov process satisfies

C�1Ψprq ¤ ess inf
yPBpx,δrq

EyrτBpx,rqs, ess sup
yPBpx,rq

EyrτBpx,rqs ¤ CΨprq. EpΨq

The cutoff energy inequality CSpΨq mentioned above was first introduced by Barlow
and Bass [BB04]. The version above is from [Mur24] which combines simplifications
introduced in [AB, BM18].

The following theorem is due to a number of authors [Gri, Sal92, Stu96, BB04, BBK,
GHL15].

Theorem 3.27. Let pX, d,m, E ,Fq be an MMD space and let Ψ : r0,8q Ñ r0,8q be a
scale function. Then the following are equivalent:

(a) pX, d,m, E ,Fq satisfies PHIpΨq.
(b) pX, d,m, E ,Fq satisfies VD, EHI and cappΨq.
(c) pX, d,m, E ,Fq satisfies VD, EHI and EpΨq.
(d) pX, d,m, E ,Fq satisfies VD and HKEpΨq.
(e) pX, d,m, E ,Fq satisfies VD, PIpΨq and CSpΨq.

Moreover, if pX, d,m, E ,Fq satisfies any one of above equivalent conditions, then pX, dq
is connected and pX, d,mq is RVD.
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The equivalence between (a) and (e), (d) and (e) are of significance as it implies the
stability of parabolic Harnack inequality and sub-Gaussian heat kernel estimates. For
Brownian motion on Riemannian manifolds the equivalence between (a) and (e) for the
case Ψprq � r2 is independently due to Grigor’yan and Saloff-Coste [Gri, Sal92]. This was
later generalized to MMD spaces by Sturm [Stu96]. In these results it turns out that the
condition CSpΨq is unnecessary for the case Ψprq � r2. This condition was introduced
by Barlow and Bass [BB04] to obtain the stability of parabaolic Harnack inequality on
graphs with arbitrary Ψ (see also [BBK] for Dirichlet spaces). We will present a number
of applications of Theorem 3.27. A major conjecture is to show that each of the properties
in Theorem 3.27 is equivalent to the conjunction of the properties VD, PIpΨq and cappΨq.

The relationship between full sub-Gaussian heat kenrel bounds HKEfpΨq and the
version HKEpΨq with near diagonal lower bounds is given by the following result obtained
in [Mur20].

Theorem 3.28. Let pX, d,m, E ,Fq be an MMD space and let Ψ : r0,8q Ñ r0,8q be a
scale function. Then the following are equivalent:

1. pX, d,m, E ,Fq satisfies HKEfpΨq.
2. pX, d,m, E ,Fq satisfies HKEpΨq, the volume doubling property and the underlying

metric satisfies the chain condition.

More precisely, it was shown in [Mur20] that HKEfpΨq implies the chain condition for
the underlying metric. The other implications were well-known.

Remark 3.29. Functional inequalities such as Poicaré inequality and cutoff energy in-
equalities are stable under perturbations due to Le Jan’s domination principle, [LJ, Propo-

sition 1.5.5]. If two regular Dirichlet forms pE ,Fq and prE ,Fq be two regular Dirchlet forms
on L2pX,mq such that there exists C ¡ 0 satisfying

Epf, fq ¤ C rEpf, fq
Then their corresponding energy measures also satisfy the same estimate: that is,

Γpf, fqpAq ¤ CrΓpf, fqpAq, for all Borel sets A and f P F .

The following proof due is to Mosco uses chain rule for energy measures [Mosco]. It states
that for any m P N, Φ P C1pRmq with Φp0, . . . , 0q � 0, f1, . . . , fm, g P F X L8, we have
Φpf1, . . . , fmq P F and

ΓpΦpf1, . . . , fmq, gq �
m̧

i�1

BiΦpf1, . . . , fmq � Γpfi, gq.

For simplicity let us assume that both Dirichlet forms above are strongly local. For any
ϕ, f P F X L8, λ ¡ 0, we have by the Leibniz rule

Γpϕ cospλfq, ϕ cospλfqq � Γpϕ sinpλfq, ϕ sinpλfqq � Γpϕ, ϕq � λ2ϕ2Γpf, fq.
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Hence by computing the above energy measures on X and using the assumption, we have

Epϕ, ϕq �
»
X

λ2ϕ2 dΓpf, fq ¤ C rEpϕ, ϕq � C

»
X

λ2ϕ2 drΓpf, fq
for all ϕ, f P F X L8, λ ¡ 0. Dividing by λ2 on both sides and letting λÑ 8, we obtain»

X

ϕ2 dΓpf, fq ¤ C

»
X

ϕ2 drΓpf, fq, for all ϕ, f P F X L8.

This along with the regularity of pE ,Fq implies the desired inequality.

This shows that if we have two strongly local regular Dirichlet forms such that E � rE ,
then the energy measures are also comparable. This means that functional inequalities
such as the Poincaré inequality and cutoff energy inequality are stable under such pertur-
bations.

Roughly speaking Poincaré inequality implies that the space cannot have too many
bottlenecks and there is a large collection of curves joining pair of points. Using large
collections of curves joining pair of points it is possible to obtain Poincaré inequality. We
sketch this in the case of Rn but this approach also works in many other spaces.

Proposition 3.30. There exists A,C ¡ 1 such that for all f P C1
c pRnq, x P Rn, r ¡ 0,»

Bpx,rq

∣∣fpyq � fBpx,rq
∣∣2 dy ¤ »

Bpx,Arq
|∇fpyq|2 dy.

Proof. Let m denote the Lebesgue measure on Rn. Using the identity»
Bpx,rq

∣∣fpyq � fBpx,rq
∣∣2 dy � 1

2mpBpx, rqq
»
Bpx,rq

»
Bpx,rq

pfpyq � fpzqq2 dy dz,

it suffices to estimate |fpyq � fpzq| for any y, z P Bpx, rq in terms of∇f . For any piecewise
smooth curve γ from y to z, we have

|fpyq � fpzq|2 ¤
�»

γ

|∇fpγpsqq| ds

2

¤ Lpγq
»
γ

|∇fpγpsqq|2 ds,

where ds denotes the arc-length measure of γ and Lpγq is the length of γ. We now pick γ
at random according to measure Py,z which is supported on curves of union of two straight
lines from y to p and from p to z, where p is chosen uniformly among all points such that

|p� y| � |p� z| ¤ |y � z|.

Hence the length of any curve γ picked according to Py,z is of length at most 2|y � z| ¤ 4r
and any point q P γ satisfies |q � y| ^ |q � z| ¤ |y � z| ¤ 2r. This random collection of
curves is sometimes called a pencil of curves between y and z. Combining these we obtain
for any y, z P Bpx, rq

|fpyq � fpzq|2 ¤
»
Lpγq

»
γ

|∇fpγpsqq|2 dsPy,zpdγq
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À r

»
Bpx,3rq

|∇fpwq|2 �|y � w|�n�1 � |z � w|�n�1
�
dw

Hence we have»
Bpx,rq

∣∣fpyq � fBpx,rq
∣∣2 dy

� 1

2mpBpx, rqq
»
Bpx,rq

»
Bpx,rq

pfpyq � fpzqq2 dy dz

À r

mpBpx, rqq
»
Bpx,3rq

|∇fpwq|2
»
Bpx,rq

»
Bpx,rq

�
|y � w|�n�1 � |z � w|�n�1

�
dy dz dw

� r

»
Bpx,3rq

|∇fpwq|2
»
Bpx,rq

|y � w|�n�1 dy dw

À r2
»
Bpx,3rq

|∇fpwq|2 dw.

The same pencil of curves approach to prove Poincaré inequality can be adapted to
prove the following theorem.

Theorem 3.31. Let V,Ψ : r0,8q Ñ r0,8q be homeomorphisms such that Ψ is a scale
function and there exists α ¡ 0 such that

V pRq
V prq À

Rα

rα
, for all 0   r   R. (3.40)

Let pX, d,m, E ,Fq be an unbounded (infinite diameter) MMD space that satisfies the full
sub-Gaussian kernel estimate HKEfpΨq. Furthermore, suppose that exists C1 ¡ 1 satisfy-
ing

C�1
1 V prq ¤ mpBpx, rqq ¤ C1V prq, for all x P X, r ¡ 0. (3.41)

Then there exists C P p1,8q such that

C�1R
2

r2
¤ ΨpRq

Ψprq ¤ C
RV pRq
rV prq , for all 0   r ¤ R. (3.42)

Conversely, if V,Ψ satisfy (3.42) and (3.40), then there exist an unbounded (infinite
diameter) MMD space pX, d,m, E ,Fq that satisfies (3.41) and the full sub-Gaussian kernel
estimate HKEfpΨq.

In the special case when V prq � rα,Ψprq � rβ, the estimate (3.42) is equivalent to
2 ¤ β ¤ α � 1. This special case was shown by Barlow in the discrete time setting of
random walks on graphs [Bar04].

We now sketch the proof of Theorem 3.31 and refer to [Mur25+] for a details and
further background. Let R ¡ r ¡ 0. Let n be the smallest positive integer such that
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Bpx,A1RqzBpx,Rq � Yn�1
j�0Bpx,R � pj � 1qrqzBpx,R � jrq, where A1 P p1,8q is the

constant in cappΨq. By the triangle inequality

n Á R

r
. (3.43)

By a covering argument (by covering the annulus Bpx,R�pj�1qrqzBpx,R�jrq with balls
of radii comparable to r), we obtain cutoff function ψj for Bpx,R�jrq � Bpx,R�pj�1qrq
such that

Epψj, ψjq À mpBpx,R � pj � 1qrqqzBpx,R � jrq
Ψprq . (3.44)

Let N be a A�1
1 r{2-net (maximal r-separated subset) of Bpx,R�pj�1qrq, where A1 is the

constant in cappΨq. For each n P N , we choose a function ϕn P CcpXq a cutoff function
for Bpn,A�1

1 r{2q � Bpn, r{2q such that Epϕn, ϕnq À mpBpn, r{2qq{Ψprq. Choosing ϕ �
maxnPN ϕn yields the bound (3.44) due the following properties of energy measure:

Γpϕ, ϕq ¤
¸
nPN

Γpϕn, ϕnq

and the property that if f P FXCCpXq is constant in an open set U , then Γpf, fqpUq � 0
(due to strong locality). The first estimate above is due to the following description of
energy measure in terms of the associated process pYtq:»

X

f dΓpϕ, ϕq � lim
tÓ0

1

t
Ef �m

�pϕpYtq � ϕpY0qq2
�
, for all f P CcpXq with f ¥ 0.

By considering the function ψ � 1
n

°n�1
j�0 ψj, by strong locality and cappΨq

V pRq
ΨpRq

cappΨq¥,(3.41)À CappBpx,Rq, Bpx,A1Rqcq

¤ Epψ, ψq � 1

n2

n�1̧

j�0

Epψj, ψjq
(3.43),(3.44)

À r2

R2

µpBpx,ARqqzBpx,Rq
Ψprq

(3.41)

À r2

R2

V pRq
Ψprq

which implies the necessity of the first estimate in (3.42).

For the necessity of the second estimate in (3.42), we use the result from [Mur20] that
the full sub-Gaussian kernel estimate HKEfpΨq implies that the underlying metric space
pX, dq satisfies the chain condition. Let R ¡ r ¡ 0 and let ϕ be a function for Epϕ, ϕq ¤
2CappBpx,Rq, Bpx,A1Rqcq such that ϕ � 1 on Bpx,Rq and ϕ � 0 on Bpx,A1Rqc almost
everywhere, where A1 is the constant in cappΨq¤. By the chain condition, we can find a
sequence of balls B0, . . . , Bn where Bi � Bpxi, rq, i � 0, 1, . . . , n of radii r and K P p1,8q
such that K�1Bi � Bpxi, K�1rq are pairwise disjoint, Bi�1 � KBi � Bpxi, Krq for all
i � 0, . . . , n� 1, B0 � Bpx,A1Rqc, Bn � Bpx,Rq, and n À R

r
. Let

ϕBi
:� 1

mpBiq
»
Bi

ϕ dm.
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By the above properties of Bi, we have ϕB0 � 0, ϕBn � 1. Let AP P r1,8q denote the
constant in PIpΨq. We obtain the desired bound as follows:

1 �
�

n�1̧

i�0

ϕBi�1
� ϕBi

�2

¤ n
n�1̧

i�0

�
ϕBi�1

� ϕBi

�2
(by Cauchy-Schwarz)

À R

r

n�1̧

i�0

�
ϕBi�1

� ϕBi

�2
(since n À R{r)

À R

r

n�1̧

i�0

1

mpBiqmpBi�1q
»
Bi�1

»
Bi

pϕpxq � ϕpyqq2mpdyqmpdxq (by Jensen’s inequality)

À R

r

1

V prq
n�1̧

i�0

»
KBi

|ϕ� ϕKBi
|2 dm (by volume doubling, (3.41), Bi�1 � KBi)

À R

r

Ψprq
V prq

n�1̧

i�0

»
APKBi

dΓpϕ, ϕq (by PIpΨq and bounded overlap pAPKBiq0¤i¤n)

À R

r

Ψprq
V prqEpϕ, ϕq À

R

r

Ψprq
V prq CappBpx,Rq, Bpx,ARq

cq

À R

r

Ψprq
V prq

V pRq
ΨpRq (by cappΨq¤ and (3.41)).

The proof of sufficiency of (3.42) involves constructing a new family of diffusions. We
explain the construction in the Gaussian case Ψprq � r2 as the general case is similar. The
basic idea behind the construction is to follow an idea of Laakso [Laa] by gluing (typically
infinitely many) copies of r0,8q together. The different copies of r0,8q are indexed by
an ultrametric space. We start with a description of the ultrametric space determined by
g : Z Ñ Z that satisfies 1 ¤ infZ g ¤ supZ g   8. This sequence defines an ultrametric
space on the set

Upgq :�
!
s : ZÑ Z | spkq P J0,gpkq � 1K for all k P Z and lim

kÑ8
spkq � 0

)
, (3.45)

equipped with the metric

dUpgqps, tq � 2inftkPZ|splq�tplq, for all l ¥ ku, for all s, t P Upgq. (3.46)

We denote the open and closed balls centered at s P Upgq with radius r ¡ 0 as BUpgqps, rq
and BUpgqps, rq.

Next, we describe a Borel measure mUpgq on pUpgq, dUpgqq. To define this measure, it
would be convenient to view Upgq as a product of two sets Upg,�8, 0q�Upg, 1,8q, where

Upg,�8, 0q :�
!
s
��
J�8,0K | s P Upgq

)
, Upg, 1,8q :�

!
s
��
J1,8K | s P Upgq

)
.

We note that Upg,�8, 0q can be naturally identified with the product space
±

jPZ,
j¤0

J0,gpkq�
1K. Using this we define the measure mUpg,�8,0q on Upg,�8, 0q as the product mea-
sure

±
jPZ,
j¤0

mgpkq, where mgpkq denote the uniform probability measure on the finite set
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J0,gpkq � 1K. We define mUpg,1,8q as the counting measure on Upg, 1,8q (note that
Upg, 1,8q is at most countable).

We identify Upgq with Upg,�8, 0q � Upg, 1,8q using the obvious bijection and using
this bijection we define the measure mUpgq on Upgq as the product measure

mUpgq :� mUpg,�8,0q �mUpg,1,8q. (3.47)

This defines a metric measure space pUpgq, dUpgq,mUpgqq. It is easy to verify that the
measure of balls is given by

mUpgq
�
BUpgqps, rq

� �
$''&''%
�±

0¤k¤n
kPZ

gpkq
	�1

if 2n�1   r ¤ 2n, n P Z, n ¤ 0,

1 if 1   r ¤ 2,±n�1
k�1 gpkq if 2n�1   r ¤ 2n, n P Z, n ¥ 2,

(3.48)

for any s P Upgq and r ¡ 0. Since supZ g   8, we note that mUpgq is a doubling measure
on pUpgq, dUpgqq. Since the volume growth does not depend on the center, we introduce
the abbreviated notation

Vgprq :� mUpgq
�
BUpgqps, rq

�
for all r ¡ 0. (3.49)

For each n P Z, we define level-n wormholes Wn is the set tp2k � 1q2n : k P Nu � r0,8q.
We define the Laakso-type space Lpgq as the quotient of the product space Upgq � r0,8q
with respect to the smallest equivalence relation that identifies points ps, xq and prs, rxq in
Upgq � r0,8q if and only if x � rx P Wn for some n P Z and s

��
Zztnu � rs��Zztnu. In other

words, there are gpnq copies of r0,8q identified (or glued) together when the projection to
r0,8q belongs to a level n-wormhole. The metric is the shortest path metric that agrees
with the Euclidean metric on each copy of r0,8q.

The process on the Laakso-type space Lpgq is defined using the theory of Dirichlet
forms and can be described heuristically as follows: the projection of the process to the
second (r0,8q) component is the reflected Brownian motion on r0,8q (has law equal to the
absolute value of one dimensional Brownian motion). Whenever the process hits a point
corresponding to a wormhole in the second component, the process is equally likely to
proceed in one of the copies. This process is symmetric with respect to the measure mLpgq
defined as the push-forward of mUpgq � λ under the quotient map above, where λ is the
Lebesgue measure on r0,8q. The Dirichlet form can be viewed as Epf, fq � ³pf 1q2 dmLpgq,
where f 1 is the derivative in the component corresponding to r0,8q. A probabilistic
construction of such a process is due to Barlow and Evans [BE]. The resulting MMD
space satisfies volume growth estimate r ÞÑ rVgprq and satisfies Gaussian heat kernel
bounds. The proof of a Poincaré inequality using the pencil of curves approach sketched
for the Euclidean case earlier. The idea here is that the wormholes provide a way for the
random curves to spread to different copies of r0,8q between any pair of points.

By varying g : Z Ñ N, one can achieve a wide range of possible volume growth. For
instance for any α ¥ 1, it is possible to have rVgprq � rα. The basic idea behind the
proof of Poincare inequality is that wormholes can be used to create a pencil of curves
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joining and pair of points by creating curves that choose to travel in different copies of
r0,8q. For non-Gaussian Ψ, we glue different copies of a carefully chosen R-tree instead
of r0,8q; see [Mur25+].

As a sharp contrast to Theorem 3.31, Carron and Tewodrose show the following rigidity
result [CT].

Theorem 3.32. Let pX, d,m, E ,Fq be a strongly local, regular metric measure Dirichlet
space and let α P r1,8q be such that the corresponding diffusion process has the Euclidean-
like heat kernel

ptpx, yq � 1

p2πtqα{2 exp
�
�dpx, yq

2

2t



for all x, y P X and t ¡ 0.

Then α � n for some n P N, X � Rn equipped with Lebesgue measure m, Euclidean
metric d and the diffusion process is the Brownian motion on Rn.

A remarkable aspect of this theorem is that α is not assumed to be an integer.
The proof uses the characterization of Gaussian heat kernel bounds using doubling and
Poincare inequality. Under these assumptions, a result of Colding and Minicozzi states
that the space of harmonic functions with atmost linear growth is finite dimensional [CM].
A well-chosen basis of harmonic functions of this space is used to obtain an isometry to
Rn. The authors of [CT] also obtain a similar rigidity result for Brownain motion on the
sphere Sn and conjecture4 a similar rigidity of the heat kernel for hyperbolic space.

3.4 Applications to reflected and killed diffusions

The theory of Dirichlet forms can be used to define and analyze new Markov processes
using old ones. We discuss two such transformations now: reflection and killing. We will
see how the general characterizations of heat kernel estimates discussed earlier is used to
analyze reflected and killed diffusions.

We start with reflected diffusions. There are several approaches based on SDE and
Dirichlet forms for defining the reflected Brownian motion on Rn. For a smooth domain
U in Rn, the SDE approach involves solving the stochastic differential equation (called
the Skorohod equation, 1962)

Y ptq � Y p0q �Bptq �
» t

0

n⃗pY psqq dLs,

where Bptq is the standard Brownian motion on Rn, Ls is the ‘boundary local time’ of the
process Y psq and n⃗pxq is the inward pointing unit normal vector at x P BU . Heuristically,
the last term is responsible for ‘pushing the diffusion Y ptq back into the domain’ when it
hits the boundary so that it stays in U . Given a smooth domain U , the Dirichlet form
approach involves the bilinear form

EUpf, fq :� 1

2

»
U

|∇f |2pxq dx,
4personal communication with G. Carron
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for all f P W 1,2pUq, where ∇f denotes the distributional gradient of f and W 1,2pUq
denotes the subspace of functions in L2pUq whose distributional first order partial deriva-
tives are also in L2pUq. Using the theory of Dirichlet forms, Fukushima (1967) constructs
a Markov process with continuous sample paths in some abstract closure of U (called the
Martin-Kuramochi compactification). If U is a smooth domain then this compactification
coincides with U but in general U is not a suitable state space for the reflected diffusion as
can be seen using slit domains (for example, R2ztpx, 0q : x ¤ 0u). Yet another approach
involves defining the transition density of the reflected diffusion process as the funda-
mental solution to the heat equation with Neumann boundary condition. The advantage
of SDE approach is that it is better suited for generalization to diffusions with oblique
reflection along the boundary (as opposed to normal reflection discussed above). Such
processes are not symmetric in general and is not suited for the Dirichlet form approach.
On the other hand, the Dirichlet form approach is better suited to handle domains with
non-smooth boundaries or when the underlying ambient space is not smooth. We refer
the reader to [Che93] for a more complete list of references and a more detailed account
of these approaches.

The general definition of a reflected diffusion corresponding to a strongly local regular
Dirichlet form is as follows.

Definition 3.33 (Local Dirichlet space and its energy measure). For an open set U � X
of an MMD space pX, d,m, E ,Fq, we define the local Dirichlet space FlocpUq as

FlocpUq :�
#
f

����� f is anm-equivalence class of R-valued Borel measurable
functions on U such that f1V � f#1V m-a.e. for some
f# P F for each relatively compact open subset V of U

+
(3.50)

and the energy measure ΓUpf, fq of f P FlocpUq associated with pX, d,m, E ,Fq is defined
as the unique Borel measure on U such that ΓUpf, fqpAq � Γpf#, f#qpAq for any rela-
tively compact Borel subset A of U and any V, f# as in (3.50) with A � V ; note that
Γpf#, f#qpAq is independent of a particular choice of such V, f#. We define

FpUq :� tf P FlocpUq :
»
U

f 2 dm�
»
U

ΓUpf, fq   8u, (3.51)

and the bilinear form pEU ,FpUqq as

EUpf, fq �
»
U

ΓUpf, fq, for all f P FpUq. (3.52)

The bilinear form pEU ,FpUqq is not a regular Dirichlet form on L2pU,mq in general.
However if we restrict to a class of ‘nice’ domain we obtain a regular Dirichlet form.

Definition 3.34. A connected, non-empty, proper open set U � X is said to be a A-
uniform domain if for every pair of points x, y P U , there exists a curve γ in U from x
to y such that its diameter diampγq ¤ Adpx, yq and for all z P γ,

δUpzq ¥ A�1min pdpx, zq, dpy, zqq ,
where δUpzq :� distpz, U cq. Such a curve γ is called a A-uniform curve.
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Note that the definition of uniform domains allows for a rich family of curves joining
any pair of points as the curves in the definition of uniform domain tend to stay away
from the boundary.

A large family of uniform domains is due to a construction of T. Rajala [Raj]. We
say that a metric space pX, dq is quasiconvex if there exists Cq P p1,8q such that for
any x, y P X, there is a curve γ connecting x, y such that ℓpγq ¤ Cqdpx, yq. For any
quasiconvex, doubling metric space pX, dq, for any bounded domain Ω � X and for any
ϵ ¡ 0, there exist uniform domains Ωi and Ωo such that Ωi � Ω � Ωo and

Ωo � rΩsϵ, Ωc
i � rΩcsϵ, where rAsϵ denotes the ϵ-neighborhood of A.

In other words, every bounded domain can be ϵ-approximated by uniform domains from
outside and inside for any ϵ ¡ 0. Examples of domains that fail to be uniform include
domains with inward or outward pointing cusps, or domains with slits or the strip p0, 1q�
R � R2.

A natural question is whether reflected diffusion on a domain inherits similar heat
kernel estimates as the diffusion on the whole space. The following theorem addresses
this question for unfiorm domains.

Theorem 3.35 (Heat kernel estimate for reflected diffusion). Let pX, d,m, E ,Fq be an
MMD space that satisfies the heat kernel estimate HKEpΨq for some scale function Ψ
and let m be a doubling measure. Then for any uniform domain U , the bi-linear form
pEU ,FpUqq is a strongly-local regular Dirichlet form on L2pU,mq. Moreover, the corre-
sponding MMD space pU, d,m, EU ,FpUqq satisfies the heat kernel estimate HKEpΨq.

The Gaussian case Ψprq � r2 of the above result was obtained by [GyS] and the
general case was handled in [Mur24]. The setting of [GyS] is more general as they allow
for inner uniform domains which are uniform domains with respect to the intrinsic metric
(distance between points of U is the infimal length of the curves in U joining them). Such
domains can contain slits. While the methods of [GyS] can be used to obtain Poincaré
inequality for general space-time scalings, the main difficulty is to obtain cutoff energy
inequality. The proof in [Mur24] for cutoff energy inequality does not work for inner
uniform domains. We conjecture that Theorem 3.35 should also be true if we replace
uniform domains with inner uniform domain equipped with the intrinsic metric mentioned
above. N. Kajino (unpublished work) observed that a positive resolution of the conjecture
that sub-Gaussian heat kernel estimates is equivalent to VD, PIpΨq and cappΨq would
imply a positive answer to the above conjecture concerning reflected diffusion on inner
uniform domains (see [Mur24, §6.3]). The difficulty of proving a cutoff energy inequality
does not arise in the Gaussian case as it can be characterized only using the volume
doubling property and Poincaré inequality.

The key tool behind the proof of Theorem 3.35 is the following extension theorem in
[Mur24]. Similar extension theorem for Sobolev spaces on uniform domains was obtained
by P. Jones [Jon81] which generalized earlier results be Calderon and Stein for Lipschitz
domains.
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Theorem 3.36 (Extension property). Let pX, d,m, E ,Fq be an MMD space that satisfies
the heat kernel estimate HKEpΨq for some scale function Ψ and let m be a doubling
measure. Let U be a uniform domain U and let pEU ,FpUqq denote the bi-linear form in
Definition 3.33. There is a linear operator E : FpUq Ñ F such that the restriction of
Epfq to U is f for all f P F (that is, E is an extension operator). Furthermore, there
exist C,K P p1,8q, c P p0, 1q such that for all x P U , and f P FpUq, we have

ΓpEpfq, EpfqqpBpx, rqq ¤ CΓUpf, fqpBUpx,Krqq, for all 0   r   cdiampUq; (3.53)»
Bpx,rq

|Epfq|2 dm ¤ C

»
BU px,Krq

f 2 dm for all r ¡ 0; (3.54)

EpEpfq, Epfqq ¤ C

�
EUpf, fq � 1

ΨpdiampUqq
»
U

f 2 dm



; (3.55)»

X

|Ef |2 dm ¤ C

»
U

f 2 dm. (3.56)

Here Γ,ΓU denote the energy measures of pE ,Fq and pEU ,FpUqq respectively. Further-
more, if f P FpUq is a version that belongs to CcpUq, then the extension Epfq can be
chosen to be a pointwise well-defined version in CcpXq.

In (3.55) above, we interpret 1
Ψp8q � 0 in case diampUq � 8.

We now sketch the Theorem 3.35 using the extension property above. Let us check that
pEU ,FpUqq is a closed quadratic form. We equip FpUq,F with the corresponding inner
products EUp�, �q � x�, �yL2pU,mq, and Ep�, �q � x�, �yL2pX,mq respectively. Let E : FpUq Ñ F
be an extension operator as given above. If fn is a Cauchy sequence in FpUq, then Epfnq
is a Cauchy sequence in F (since E is a bounded operator). Since F is complete, Epfnq
converges to a limit, say g P F . The restriction of g to U yields the desired limit of fn in
FpUq.

The regularity of pEU ,FpUqq is an easy consequence of the regularity of pE ,Fq and the
extension property. To this end, note that function f P FpUq has an extension Epfq P F
which is a limit of functions in CcpXq X F and hence by restricting this sequence of
functions to U , we obtain that CcpUq X FpUq is dense in FpUq. Since any function in
CcpUq can be extended to a function on CcpXq, by the same argument as above, we obtain
that any function on CcpUq is a limit (with respect to the uniform norm) of functions in
CcpUq X FpUq.

We will see how to prove Poincaré inequality for the MMD space pU, d,m|U , EU ,FpUqq
corresponding to the reflected diffusion using that for the ambient diffusion pX, d,m, E ,Fq.
For any f P FpUq, x P U, 0   r   diampU, dq{A2

inf
αPR

»
UXBpx,rq

|f � α|2 dm ¤ inf
αPR

»
Bpx,rq

|Epfq � α|2 dm

À rβ
»
Bpx,A1rq

dΓpEpfq, Epfqq

À rβ
»
UXBpx,KA1rq

dΓUpf, fq.
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The proof of cutoff energy inequality for the reflected diffusion using the extension map
is similar to the proof of Poincare inequality above.

Next, we defined the diffusion killed upon exiting a domain U . The part process of a
diffusion tYtut¥0 killed upon exiting U is denoted by tY U

t ut¥0 is defined as

Y U
t :�

#
Yt if t   τU ,

∆ if t ¥ τU ,
t P r0,8s,

where τU � TUc is the exit time of U and ∆ denotes the cemetery state. It is an m|U -
symmetric diffusion process on U , its Dirichlet form pEU ,F0pUqq is a strongly local regular
symmetric Dirichlet form on L2pU,m|Uq and identified as the part Dirichlet form of pE ,Fq
on U given by

F0pUq � tf P F | rf � 0 E-q.e. on XzUu and EU � E |F0pUq�F0pUq,

where rf denotes a quasi-continuous version of f [FOT, Theorems 4.4.2 and 4.4.3]. Note
that the above definition is natural by recalling our convention that the value of any
function is extended by 0 to the cemetery state. In this case, we view U c as part of the
cemetery state.

There are two important tools to obtain heat kernel bounds for diffusions killed upon
exiting a uniform domain: Doob h-transform and the boundary Harnack principle. Let h
be a positive harmonic function on U with Dirichlet boundary condition along U .

More generally, we are interested in harmonic functions on an open set V with zero
(or Dirichlet) boundary condition “along the boundary of a larger open set U” as defined
below.

Definition 3.37 (Function with Dirichlet boundary condition). Let pX,m, E ,Fq be a
strongly local regular Dirichlet space, and let V � U be open subsets of X. We define

F0
locpU, V q :�

#
f

�����
f is anm-equivalence class of R-valued Borel measurable func-
tions on V such that f � f# m-a.e. on A for some f# P F0pUq
for each open subsetA of V with A compact andAXUzV � H

+
,

(3.57)
so that F0

locpU, V q is a linear subspace of FlocpV q, and call each u P F0
locpU, V q a function

on V with Dirichlet boundary condition relative to U . Each u P F0
locpU, V q that is E-

harmonic on V is called an E-harmonic function on V with Dirichlet boundary condition
relative to U .

Consider an MMD space pX, d,m, E ,Fq and let U be an unbounded uniform domain.
Assume that there exists h P F0

locpU,Uq such that h ¡ 0 m-a.e. on U and harmonic on
U . Consider the unitary operator Mh : L2pU, h2 �mq Ñ L2pU,mq, where Mh denotes the
multiplication by h

Mhpfq � hf, for all f P L2pU, h2 �mq.
Let pEU ,F0pUqq denote the Dirichlet form on L2pU,m��

U
q corresponding to the process

Y U
t killed upon exiting U . We define a closed quadratic form pEU

h ,FU
h q on L2pU, h2 �mq
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by FU
h �M�1

h pF0pUqq and

EU
h pf, fq � EpMhpfq,Mhpfqq, for all f P FU

h .

If pPU
t qt¡0 is the semigroup corresponding to the process pY U

t q, then it is easy to verify
that

PU,h
t :�M�1

h � PU
t �Mh, for all t ¡ 0,

is the (strongly continuous, contraction) semigroup associated with the closed quadratic
form pEU

h ,FU
h q on L2pU, h2 �mq. Using the harmonicity of h on U , a result due to Hunt

implies that PU
t phq ¤ h and hence PU,h

t 1U ¤ 1U . This implies that the semigroup pPU,h
t q

is a Markovian semigroup. This transformation of the semigroup is called the Doob h-
transform (we refer to [Doo58] for the original reference and [CW, Chapter 11] and [Doo84,
Part 2, Chp. X] for more on h-transforms). If the semigroup pPU,h

t q admits a heat kernel
pU,ht p�, �q, then it is easy (Exercise) to verify that the semigroup pPU

t q also admits a heat
kernel pUt p�, �q given by

pUt px, yq � hpxqhpyqpU,ht px, yq. (3.58)

Often, it is easier to analyze the process corresponding to the semigroup pPU,h
t q (for

example, using Theorem 3.27) and this can be used to understand the semigroup pPU
t q

corresponding to the process pY U
t q killed upon exiting U . In order to do this, we first

need to construct a harmonic function h with zero boundary conditions.

Let us explain this construction of such a harmonic function for the Brownian motion
as the general case is similar. Let U be an unbounded uniform domain in Rn and let
gUpx, yq, x, y P D denote the Green function on a domain D. That is, ∆ygUpx, yq � �δx
in the sense of distributions and gUpx, �q has boundary condition 0 on BU . We consider
a sequence of points xn Ñ 8 such that xn P U . Fix some base point x0 P D1. Then
the sequence of Green functions

gDn pxn,�q
gDn pxn,x0q normalized to be 1 at x0 admits a subsequence

converges uniformly and compact subsets (by the Arzela-Ascoli theorem) to a limiting
function h : U Ñ p0,8q that is positive and harmonic on U with Dirichlet boundary
conditions on U [GyS, §4.3.1.]; that is, h P F0

locpU,Uq. The uniqueness of such a harmonic
function (up to a constant multiplicative factor) follows from the boundary Harnack prin-
ciple which in the Euclidean case is due to Aikawa [Aik01]. Aikawa’s argument works
for any uniform domain in a MMD space satisfying sub-Gaussian heat kernel bounds
[GyS, Lie15, BM19, Che25].

Definition 3.38 (Boundary Harnack principle (BHP)). Let pX, d,m, E ,Fq be an MMD
space and let U be an open subset of X. We say that U satisfies the (scale-invariant)
boundary Harnack principle, abbreviated as BHP, if there exist A0, A1, C1 P p1,8q
such that for all ξ P BU , all r P p0, diampUq{A1q and for any two non-negative E-harmonic
functions u, v on U XBpξ, A0rq with Dirichlet boundary condition relative to U such that
v ¡ 0 m-a.e. on U XBpξ, rq, we have

ess sup
xPUXBpξ,rq

upxq
vpxq ¤ C1 ess inf

xPUXBpξ,rq
upxq
vpxq . BHP
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The proof of uniqueness follows from obtaining a version of Moser’s oscillation lemma
for the ratio of two positive harmonic functions (with the same proof as in the case of
Moser’s oscillation lemma). Then the proof of Liouville property under elliptic Harnack
inequality can be adapted to show that the ratio of any two such harmonic functions is a
constant.

The boundary Harnack principle also provides useful estimates on the harmonic func-
tion above which leads to proof of doubling property, Poincaré and cutoff energy inequal-
ities for the h-transformed Dirichlet space pEU

h ,FU
h q on L2pU, h2 � mq and leads to the

following theorem [GyS, Lie22].

Theorem 3.39. If pX, d,m, E ,Fq is a MMD space and let Ψ : r0,8q Ñ r0,8q be a scale
function such that pX, d,m, E ,Fq satisfies the parabolic Harnack inequality PHIpΨq. Let U
be an unbounded uniform domain and let h P F0

locpU,Uq the unique (up to a multiplicative
constant) positive harmonic function with Dirichlet boundary condition on U . Then the
MMD space pU, d, h2 � m��

U
, EU

h ,FU
h q also satisfies the the parabolic Harnack inequality

PHIpΨq.

The above result along with (3.58) and Theorem 3.27 leads to heat kernel bounds
for process killed upon exit a uniform domain. In case of bounded uniform domains,
one replaces the harmonic function with the first Dirichlet eigenfunction in the Doob
transform (sometimes called the ground state transform) and similar arguments apply in
this case as well. The proof of the above theorem relies on obtaining Poincaré and cutoff
energy inequalities for the Doob h-transformed space pU, d, h2 �m��

U
, EU

h ,FU
h q.

Example 3.40. If we consider the killed Brownian motion on the domain U � p0,8q �
X � R, we obtain the harmonic function hpxq � x on U . The process obtained after the
Doob h-transform is the three dimensional Bessel process (see Exercise 2.50).

More generally, if U � p0,8qn � Rn hpx1, . . . , xnq �
±n

i�1 xi. If U � RnzBp0, 1q
is the exterior of the closed unit disk where n ¥ 2. Then hpxq � 1 � |x|2�n if n ¥ 3
and hpxq � logp|x|q if n � 2. In general, it is not always easy to estimate or compute
h. In two dimensions conformal maps are useful to compute h but much less is known
in higher dimensions. Getting good estimates on h or first Dirichlet eigenfunctions for
bounded domains is a challenging problem in general; see [BS-C] for a recent work in this
direction.

The proof of Poincaré inequalities for both reflected and killed diffusion and also the
construction of the extension map in Theorem 3.36 rely on the notion of Whitney cover.

Definition 3.41. Let ϵ P p0, 1{2q and U � X. We say a collection of balls tBpxi, riq : xi P U, ri ¡ 0, i P Iu
is an ϵ-Whitney cover if it satisfies the following properties:

(i) The collection of sets tBpxi, riq, i P Iu are pairwise disjoint.

(ii) The radii ri satisfy

ri � ϵ

1� ϵ
distpxi, U cq, for all i P I.
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(iii)
�

iPI BUpxi, Kεriq � U , where Kϵ � 2p1� ϵq P p2, 3q.

Note that since Kϵ   3 by (iii), we have¤
iPI
Bpxi, 3riq � U.

The existence of such a Whitney cover follows from Zorn’s lemma by picking a maximal
collection of balls that satisfy properties (i) and (ii) above.

Exercise 3.42. Use the above statement to prove the existence of ϵ-Whitney cover. If
pX, dq admits a volume doubling measure m, then show that there exists C depending
only on the constant in doubling property and ϵ such that for any ϵ-Whitney cover WpUq
of a domain U , we have ¸

Bpx,rqPWpUq
1Bpx,ε�1rq ¤ C1U .

We briefly sketch the construction of the extension map E : FpUq Ñ F in Theorem
3.36 which follows an idea due to Jones [Jon81]. The basic idea is to pick two Whitney
covers for the domains U and V :� pUqc, say WpUq and WpV q respectively. We pick

a subset �WpV q of WpV q that consist of all balls of radii less than cdiampUq for some

c P p0, 1q. This allows us to define a ‘reflection map’ R : �WpV q Ñ WpUq such that each

ball Bpxi, riq P �WpV q is mapped to QpBpxi, riqq � Bpyi, siq such that dpxi, yiq � ri � si.

Using upper bounds on capacity of annuli, there exist a partition of unity of V indexed
by WpV q such that for each Bpxi, riq P WpV q, there exists a function ϕBpxi,riq supported
in Bpxi, Kriq � V and such that EpϕBpxi,riqϕBpxi,riqq � mpBpxi,riqq

Ψpriq . The extension Epfq is
then defined as

Epfq � fp�q1Up�q �
¸

Bpx,rqP�WpV q
fQpBpx,rqqϕBpx,rqp�q,

where fQpBpx,rqq is the m-average of f in the reflected ball QpBpx, rqq. The above con-
struction of the extension map is essentially same as that of P. Jones [Jon81]. However
the proof that the extension map is bounded requires new ideas. In the case of Sobolev
spaces on Rn, Jones uses pointwise estimates on the gradient to bound Sobolev norms.
However in our setting pointwise estimates on gradient could be meaningless as the en-
ergy measures could be singular [KM20]. Our approach is based on a result of Korevaar
and Schoen [KoSc, Theorem 1.6.2] which implies that for any f PW 1,2pRnq, the Dirichlet
energy

³
Rn |∇f |2pxqdx is comparable to

lim sup
rÓ0

»
Rn

1

rn�2

»
ty:|y�x| ru

|fpxq � fpyq|2 dy dx.

An extension of Korevaar-Schoen theorem for the setting of Dirichlet forms satsifying sub-
Gaussian heat kernel estimates due to Grigor’yan, Hu and Lau [GHL03]. The extension
of these results also hold for energy measures [Mur24] and is an important ingredient in
the proof of extension theorem.
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4 Time change of Markov processes

Let us illustrate time change of symmetric Markov process in a simple case by revisiting
Examples 2.2-(iii) and 2.9. Let X � t1, . . . , nu and c : X � X Ñ r0,8q be such that
cpx, yq � cpy, xq ¥ 0 for all x, y P X. Let m : X Ñ r0,8q be

mpxq :�
¸
yPX

cpx, yq.

Assume thatmpxq ¡ 0 for all x P X. This defines a discrete time Markov chain pZnqnPNYt0u
with transition probabilities given by

P px, yq :� cpx, yq
mpxq , for all x, y P X.

Let us assume that the corresponding Markov chain is irreducible and let λ : X Ñ p0,8q
be a function determining a continuous time process as follows: at each state x P X,
the process waits (independently of other waiting times and transitions) an exponential
time with rate λpxq before jumping to a new state y with probability P px, yq. Call this
process pY λ

t qt¥0 on X. Recall that the generator Lλ of the semigroup pP λ
t qt¡0 generator

corresponding to the process pY λ
t qt¥0 is

Lλfpxq � lim
tÓ0

P λ
t fpxq � fpxq

t
� �λpxqfpxq � λpxq

¸
yPX

P px, yqfpyq � �λpxqpI �Qqfpxq.

It follows from (2.3) that Lλ is rm-symmetric with rmpxq � λpxq�1mpxq and the corre-
sponding Dirichlet form pE ,Fq is given by the following expression: for all f P F � RX ,
we have

Epf, fq � x�Lλf, fyL2pX, rmq � xpI �Qqf, fyL2pmq

�
¸

x,yPX
pfpxq � fpyqqP px, yqmpxq �

¸
x,yPX

pfpxq � fpyqqcpx, yq

� 1

2

¸
x,yPX

pfpxq � fpyqq2cpx, yq (since cpx, yq � cpy, xq). (4.1)

In particular, the Dirichlet form does not depend on the choice of λ.

If λ � 1, we drop λ from the notation; that is the corresponding process, semigroup
and generator are denoted by pYtq, pPtq, L respectively. Let us show a construction of pY λ

t q
as a time-change of the process pYtq. We define a process pAλ

t qt¥0 as

Aλ
t �

» t

0

λpYsq�1 ds.

We note that if pFtq and pθtqt¥0 are the filtration and shift-operators corresponding to the
Markov process pYtq, we have the following properties.
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1. pAλ
t q is r0,8q valued, non-decreasing5 pFtq-adapted process with Aλ

0 � 0.

2. Aλ
t�spωq � Aλ

t pωq � Aλ
s � θtpωq for all t, s ¥ 0.

Let pτλt q denote the right continuous inverse of pAλ
t q defined by

τλt :� infts ¥ 0|As ¡ tu.

Then the process pYτλt q has the same law as the process pY λ
t q. To see this note that if the

process pYtq spends a time T1 at state x1 before jumping to the next state, followed by a
duration T2 at state x2 (that is, Yt � x2 for t P rT1, T1 � T2q before jumping to the next
state, and so on. Then pYτλt q spends time T1{λpx1q at state x1 before jumping to state
x2 and spending T2{λpx2q at state x2 before jumping to the next state. This proves our

claim and pYτλt q is also a Markov process (recall that if T
pdq� Expp1q, the T {λ pdq� Exppλq).

Let us consider the case when some of the states are allowed to have instantaneous
jumps (that is, λpxq � 8 for some x P X). In this case, the corresponding symmetric
measure rm does not have full support. Let F � suppprmq denote the support of the
measure rm. Assume that F � H and XzF � H.

Our discussion above suggests that pYτλt q is rm-symmetric Markov process on F (note
that the process pYτλt q doesn’t spend any time at XzF ). Let us now compute its Dirichlet
form. Let TF denote the hitting time of the set F for the process pYtq; that is

TF � inftt ¥ 0|Yt P F u.

For any g P RF , we define HF pgq P RX as

HF pgqpxq :� ExrgpYTF
qs.

The following exercise described equivalent descriptions of HF pgq. It can be viewed as a
solution to the Dirichlet problem for L-harmonic function with prescribed boundary value
g on F . That is, HF pgq is the harmonic extension of g. We saw such extensions in the
construction of Dirichlet form for the Brownian motion on the Sierpinski gasket.

Exercise 4.1. Let X � t1, 2, . . . , nu, λ : X Ñ p0,8s, rmpxq � mpxq{λpxq for all x P X,
c : X �X Ñ p0,8q, L : RX Ñ RX be as above. Let pYtq denote the m-symmetric process
corresponding to the Dirichlet form pE ,Fq on L2pX,mq given by (4.1). Let g P RF and
let rg P RX be an extension of g (that is, rg��

F
� g). Then the following are equivalent:

(a) rgpxq � HF pgqpxq � ExrgpTF qs for all x P X.

(b) (harmonic in XzF in the strong sense) Lprgq��
XzF � 0.

(c) For any ϕ P RX such that supppϕq � XzF , we have (weak formulation of harmonicity)

Eprg, ϕq � 0.

5strictly increasing in this case but we will soon allow λ to take infinite value
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(d) (variational formulation of harmonicity) Eprg, rgq � minhPRX ,
h|F�g

Eph, hq.

Similar to Example 2.9, we can compute the semigroup corresponding to pYτλt q up to

Opt2q error as

P λ
t gpxq � ExrgpY λ

t qs � e�λpxqtgpxq �
¸
yPX

p1� e�λpxqtqP px, yqpHF pgqqpyq �Opt2q,

for all g P RF , t P p0, 1q, x P F . By the same computation as Exercise 2.9, we have the
generator

Lλgpxq :� �λpxqpI �QqpHF pgqqpxq, for all g P RF , x P F ,
and the Dirichlet form

Ěpg, gq � EpHF pgq, HF pgqq, for all g P RF ,

where E is the Dirichlet form corresponding to pYtq given in (4.1). We note that this for-
mula gives a probabilistic interpretation of the construction of Dirichlet form on Sierpiński
gasket using graph approximations.

Let pE ,Fq be a regular Dirichlet form on L2pX,mq. Let pYtq be the corresponding
m-symmetric Markov process with state space X with time-shift operators θt : Ω Ñ Ω.
Let pFtqtPr0,8s denote the corresponding filtration. A collection A � tAtutPr0,8q of r0,8s-
valued random variables on Ω is called a positive continuous additive functional (PCAF
for short) of pYtq, if the following three conditions hold:

(i) At is Ft-measurable for any t P r0,8q.
(ii) There exist Λ P F8 and a properly exceptional set N � X for pYtq such that

PxpΛq � 1 for any x P XzN and θtpΛq � Λ for any t P r0,8q.
(iii) For any ω P Λ, r0,8q Q t ÞÑ Atpωq is a r0,8s-valued continuous function with

A0pωq � 0 such that for any s, t P r0,8q, Atpωq   8 if t   ζpωq, Atpωq � Aζpωqpωq
if t ¥ ζpωq, and At�spωq � Atpωq � Aspθtpωqq.

The sets Λ and N are referred to as a defining set and an exceptional set, respectively, of
the PCAF A. If N can be taken to be the empty set H, then we say that A is a PCAF
in the strict sense of pYtq. the support F of A defined by

F :� tx P XzN | PxpR � 0q � 1u, where R :� inftt P p0,8q | At ¡ 0u,
and N is an exceptional set of the PCAF. Given a PCAF A, there is a unique Borel
measure µ on X such that»

X

f dµ � lim
tÓ0

1

t
Em

�» t

0

fpYsq dAs

�
,

for any non-negative Borel measurable function f : X Ñ r0,8q. This measure µ does not
charge E-polar set and is called the Revuz measure of the PCAF A. Conversely, for any
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Radon measure µ on X such that µpAq � 0 for any E-polar Borel set A, there exists a
PCAF whose Revuz measure is A. The condition that Revuz measure does not charge
any polar set is natural as probability of hitting a polar set is zero from almost every
starting point. So we would like such sets to remain polar after the time change.

Example 4.2. 1. Let pE ,Fq be a regular Dirichlet form on L2pX,mq and let pYtq be
the associated process. If g : X Ñ p0,8q is a strictly positive function such that
g �m is a Radon measure on X. Then the PCAF A whose Revuz measure is µ is
given by

At :�
» t

0

gpYsq ds.

2. For the Dirichlet form corresponding to one-dimensional Brownian motion pBtq, the
Dirac measure µ � δx for x P R is the Revuz measure of the PCAF pLx

t q, where Lx
t

is the local time at x. Recall that Lx
t can be viewed as the occupation density of

the Brownian motion at x as

Lx
t � lim

ϵÓ0
1

2ϵ

» t

0

1tBsPpx�ϵ,x�ϵqu ds.

In this case, for any Radon measure µ, the corresponding PCAF Aµ is given by

Aµ
t �

»
R
Lx
t µpdxq.

Hence PCAF can be interpreted as an integrated version of local time. For higher
dimensional Brownian motion the Dirac measure is not a suitable Revuz measure
for a PCAF as it assigns positive measure to a polar set. Nevertheless, it is useful
to think of PCAFs as integrated (or averaged) local times.

We will only consider the case when A is a PCAF in the strict sense and the support
of A coincides with the topological support of the Revuz measure µ6. In this case, let us
denote the support of A (and µ) by F . The time-changed process corresponding to the
PCAF A supported on F with Revuz measure µ is given byqYt :� Yτt , τt :� infts ¡ 0|As ¡ tu.

Similar to the discrete setting, it turns out that pqYtq is a µ-symmetric process on F , whose

Dirichlet form pqE , qFq is given by

qF � t rf ���
F
: f P Fe, rf ���

F
P L2pF, µqu,

where rf denotes a quasi-continuous version of f P Fe, andqEpu, uq :� EpHF pruq, HF pruqq
6Although this condition is typically satisfied, it is not always true as observed by Sturm [Stu92]. In

general, the support of the PCAF is contained in the topological support of the Revuz measure.
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where HF denotes the harmonic extension of ϕ defined by

HF rupxq :� Ex

�rupYTF
q1tTF 8u

�
, TF � inftt P p0,8q | Yt P F u.

We refer to [FOT, Theorem 6.2.1] for the proof of identification of the Dirichlet form

corresponding to the time-changed process pqYtq. It is possible for the mpF q � 0 and
hence f

��
F
is not well-defined if f P L2pmq. On the other hand, since quasi-continuous

versions are well-defined up to q.e. equivalence and µ does not charge sets of capacity

zero, rf ���
F
is well-defined up to µ-a.e. equivalence if rf is quasi-continuous. This explains

the need for choosing quasi-continuous versions in the above definitions.

Perhaps the most well-known example of time change concerns the conformal invari-
ance of two dimensional Brownian motion.

Example 4.3. Let pE ,Fq be a regular Dirichlet form L2pU,mq corresponding to a process
pYtq. Let Φ : U Ñ V be a bijection. We could like to compute the Dirichlet form

corresponding to the process rYt :� ΦpYtq on V . Let f P L2pV, rmq, where rm :� Φ�pmq, so
that f �Φ P L2pU,mq. Let pPtq and p rPtq denote the semigroups corresponding to pYtq and
prYtq. ThenrPtfpyq � rEypfprYtqq � EΦ�1pyqpf�ΦpYtqqq � Ptpf�ΦqpΦ�1pyqq, for all y P V, f P L2pV, rmq.
The following properties are easily verified from the above expression of the semigroup
(Exercise).

(i) p rPtq is a rm-symmetric (strongly continuous) Markovian semigroup on L2pV, rmq.
(ii) The Dirichlet form prE , rFq on L2pV, rmq corresponding to the semigroup p rPtq is given

by rF � tf P L2pV, rmq : f � Φ P Fu, rEpf, fq � Epf � Φ, f � Φq.

Now, let us specialize to case when U and V are domains in R2 and Φ : U Ñ V is an
orientation preserving, C1-diffeomorphism. That is Φ and Φ�1 : V Ñ U are continuously
differentiable bijections and detpDΦq ¡ 0 on U . Let pE ,Fq :� pEU ,F0pUqq denote the
Dirichlet form corresponding to Brownian motion killed upon exiting U on L2pU,mq,
where m denotes the Lebesgue measure on R2 and

DΦ :�
�BΦ1

Bx1

BΦ2

Bx1BΦ1

Bx2

BΦ2

Bx2

�
denotes the derivative of Φ � pΦ1,Φ2q. Then the Dirichlet form prE , rFq on L2pV, rmq is
given by

rEpf, fq � Epf � Φ, f � Φq �
»
U

∇pf � Φqpyq2 dy

�
»
V

detpDΦpΦ�1pxqqq�1∇fpxqTDΦpΦ�1pxqqTDΦpΦ�1pxqq∇fpxq dx
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�
»
V

∇fpxqTApxq∇fpxq dx

for all f P rF , where Apxq :� detpDΦpΦ�1pxqqq�1DΦpΦ�1pxqqTDΦpΦ�1pxqq and rm �
Φ�pmq. It is an easy exercise to verify that Apxq � Id if and only if Φ satisfies the
Cauchy-Riemann equations or equivalently, that Φ is conformal. Hence the image of a
absorbing Brownian motion on U under Φ is a time-change of the absorbing Brownian
motion on V if and only if Φ : U Ñ V is conformal.

The positive-definite matrix valued function A : V Ñ R2�2 defines a uniformly-elliptic
operator if and only if there exists K ¥ 1 such that

∥DΦpyq∥2 ¤ K detpDΦpyqq, for all y P U ,
where ∥DΦpyq∥ denotes the largest singular value (operator norm) of the matrix ∥DΦpyq∥.
The above inequality is essentially the definition of quasiconformal maps (except for the
caveat that this condition and the condition that Φ is differentiable is only required
almost everywhere. We refer to [Ahl, LV] for the theory of quasiconformal mappings).
Geometrically, under a quasiconformal map image of infinitesimal circles are ellipses with
bounded eccentricity K. In summary, the image of an absorbing Brownian motion on
U under Φ is a time-change of the absorbing diffusion generator by an uniformly elliptic
operator on V if and only if Φ : U Ñ V is quasi-conformal.

Using the above observation and a quasi-conformal mapping due to Beurling and
Ahlfors [BA], Caffarelli, Fabes and Kenig construct an example of an uniformly elliptic
operator whose associated diffusion has harmonic measure singular with respect to the
surface area measure on unit disk or upper half-space [CFK].

The following example is of interest as we will learn in the mini-course this week.

Example 4.4. Let pE ,Fq denote the Dirichlet form for the two dimensional Brownian
motion on L2pR2,mq, where m is the Lebesgue measure. Let M the Liouville quantum
gravity measure which is formally defined as eγX dx, where X is the massive Gaussian free
field on R2. The measure M almost surely is a Radon measure that does not charge any
E-polar set for the Brownian motion and the corresponding PCAF A in the strict sense
has full support [GRV14, Lemmas 1.5 and 1.6]. The corresponding time-change process
is called the Liouville Brownian motion [GRV14, GRV16, Ber].

The next example due to Kigami illustrates that a drastic difference in heat kernel
behavior is possible under a time-change.

Example 4.5. Let K denote the (standard two-dimensional) Sierpinski gasket equipped
with Euclidean metric d and letm denote the self-similar probability measure (normalized
Hausdorff measure). Let pE ,Fq denote the Dirichlet form for the Brownian motion on
Sierpinski gasket described in Proposition 3.9. Consider harmonic functions h1, h2 P F
E-harmonic on KzV0, with

ph1pq1q, h1pq2q, h1pq3qq �
?
2

3
p1,�1{2,�1{2q, ph2pq1q, h2pq2q, h2pq3qq � 1?

6
p0, 1,�1q.
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The harmonic functions h1, h2 have energy 1 and are orthogonal in the sense that
Eph1, h2q � 0 (any pair of such functions would work for this construction). The Kusuoka
measure µ � Γph1, h1q � Γph2, h2q is the sum of the two energy measures. The Kusuoka
measure µ is the Revuz measure of a PCAF in the strict sense with full support K. The
corresponding time-changed process has Dirichlet form pE ,Fq on L2pK,µq. Define the
intrinsic metric with respect to µ as

dµintpx, yq :� suptfpxq � fpyq|f P F X CpKq,Γpf, fq ¤ µu.
While the MMD space pK, d,m, E ,Fq satisfies sub-Gaussian heat kernel bounds with walk
dimensions log 5

log 2
[BP], the time-changed MMD space pK, dµint, µ, E ,Fq satisfies Gaussian

heat kernel bounds [Kig08].

4.1 Boundary trace of reflected diffusions

Unlike the above three examples, time-change of a diffusion process can lead to a process
with jumps. This is often the case if the corresponding PCAF does not have full support.
In such case, in order to analyze the time-changed process, it is useful to compute the
Beurling-Deny decomposition of the trace Dirichlet form. Let us illustrate this for reflected
Brownian motion restricted to the boundary.

Example 4.6. Let us compute the Dirichlet form corresponding to the boundary trace
process for reflected Brownian motion in a bounded smooth domain. That is, the PCAF
(and the Revuz) measure have support BU . For instance, this is the case if we chose the
Revuz measure to be either the surface area measure on BU or the harmonic measure ωU

x0

(law of BτU with B0 � x0 P U , where Bt is the Brownian motion). The Green’s function
of a domain U is for x, y P U is defined by#

∆ygUpx, yq � �δx, if y P U
gUpx, yq � 0, if y P BU

For a function f : BU Ñ R, let HBUpfq : U Ñ R denote the harmonic function on U
(that is ∆HBUpfq � 0 on U) with Dirichlet boundary value f � HBUpfq

��
BU . By the theory

described earlier, the Dirichlet form on BU is given by f ÞÑ ³
U
|∇pHBUpfqq|2 dx. We would

like to describe this more explicitly by computing its Beurling-Deny decomposition. As
we will see this is a pure-jump Dirichlet form which is not at all clear from the above
expression.

Next, we apply the Green’s second identity»
U

pv2pxq∆v1pxq � v1pxq∆v2pxqq dx �
»
BU

�
v1
Bv2pξq
Bn⃗ξ

pξq � v2pξq Bv1Bn⃗ξ

pξq


σpdξq,

where n⃗ξ is the inward pointing normal derivative and σ is the surface measure on BU .
Substituting v1 � HBUpfq, v2 � gUpx, �q, we obtain

HBUpfqpxq �
»
BU
fpξqBgpx, ξq

dn⃗ξ

σpdξq,
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where n⃗ξ is the inward pointing normal vector at ξ P BU . In other words, the harmonic
measure ωU

x on BU for Brownian motion started at x (the exit distribution of a Brownian
motion started at x) is given by

ωU
x pdξq �

Bgpx, ξq
dn⃗ξ

� σpdξq. (4.2)

Next, we would like to compute the Dirichlet energy of HBUpfq in terms of the boundary
values f . We apply Green’s first identity»

U

∇v1 �∇v2 dx � �
»
U

v1∆v2 dx�
»
BU
v1
Bv2
Bnξ

σpdξq,

where n⃗ξ is the inward point normal vector at ξ P BU , to v1 � v2 � HBUpfq, to obtain»
U

|∇pHBUpfqq|2 dx � �
»
BU
fpξqBHBUpfq

Bn⃗ξ

σpdξq � �
»
BU

»
BU
fpξqfpηqB

2gUpη, ξq
Bn⃗ηBn⃗ξ

σpdηqσpdξq.

Since
³
BU

Bgpx,ξq
dn⃗ξ

� σpdξq � 1 for all x P U , we have»
BU

B2gUpη, ξq
Bn⃗ηBn⃗ξ

σpdξq � 0.

Hence we have (using the symmetry gUpx, yq � gUpy, xq for all x, y P U and the above
identity) »

U

|∇pHBUpfqq|2 dx � �
»
BU

»
BU
fpξqfpηqB

2gUpη, ξq
Bn⃗ηBn⃗ξ

σpdξq

� 1

2

»
BU

»
BU
pfpξq � fpηqq2B

2gUpη, ξq
Bn⃗ηBn⃗ξ

σpdξq. (4.3)

This expression is the Beurling-Deny decomposition of the boundary trace process, and
gives the interpretation of

B2gUpη, ξq
Bn⃗ηBn⃗ξ

σpdηqσpdξq (4.4)

as the jumping measure for the boundary trace process. The above expression also shows
that the killing and strongly local parts of the trace process are zero.

Recently, there are a number of works on equations involving fractional Laplace oper-
ator by using the fact that it arises as a boundary operator corresponding to some local
(diffusion) operator. For α P p0, 2q, the fractional Laplace operator �p�∆qα{2f on Rn

can be defined using the spectral theorem and functional calculus. Alternately, it can be

defined using the Fourier transform {p�∆qα{2fpξq � |ξ|α pfpξq or as a singular integral

�p�∆qα{2fpxq � lim
rÓ0

cn,α

»
RnzBpx,rq

fpyq � fpxq
|x� y|n�α dy,
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where

cn,α � 2αΓppn� αq{2q
πn{2Γp�α{2q .

The fractional Laplace operator �p�∆qα{2 is the generator of the symmetric α-stable
process for all α P p0, 2q. We refer to [Kwa] for equivalence of different definitions of the
fractional Laplace operator.

Example 4.7. Molchanov and Ostrowski [MO] discovered that α-stable processes can
be obtained as a boundary trace process of a reflected diffusion on the closed upper half
space. This was later independently revisited by Caffarelli and Silvestre in an equivalent
form [CS].

We consider the Molchanov–Ostrowski diffusion [MO] on the closed upper half-space
X � tpx, yq : x P Rn, y P r0,8qu � Rn � r0,8q is induced by the Dirichlet form pE ,Fq
given by

Epu, uq :�
»
Rn

» 8

0

|∇u|2px, yq|y|1�α dy dx

on L2pRn � r0,8q, |y|1�α dy dxq, where α P p0, 2q. This corresponds to the Brownain
motion in Rn direction and an independent p2 � αq-dimensional Bessel process (recall
Exercise 2.50) in the last r0,8q direction.

Let us identify the boundary of Hn�1 :� Rn � r0,8q with Rn. Consider a function
f P C8

c pRnq. Since the generator of pE ,Fq is given by

Lu � yα�1div py1�α∇uq � ∆xu� 1� α

y
uy � uyy.

If HBHn�1f � u, then u satisfies the equation Lu � 0 on Rn � p0,8q with boundary
condition f on Rn. In order solve this equation, we take Fourier transform with respect
to the x-variable. Defining

pupξ, yq :� »
upx, yqe�ix�ξ dx,

the equation Lu � 0 can be written as

�|ξ|2pupξ, yq � 1� α

y
puypξ, yq � puyypξ, yq,

with boundary condition

pupξ, 0q � pfpξq � »
fpxqe�ix�ξ dx, for all ξ P Rn.

Note that the PDE has been transformed to a ODE in the variable y. Using the homo-
geneity and scaling properties of this ODE, solution is given by pupξ, yq � pfpξqϕp|ξ|yq,
where ϕ : r0,8q Ñ R solves the ODE

�ϕ� 1� α

y
ϕy � ϕyy � 0, on p0,8q with ϕp0q � 1.)
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This is the Bessel differential equation and has a unique solution such that limyÑ8 ϕpyq �
0. We would like to express the energy

³
Rn

³8
0
|∇u|2px, yq|y|1�α dy dx in terms of the

boundary condition f . Ignoring multiplicative constants and using Parseval’s formula,
Fubini’s theorem and the solution pupξ, yq � pfpξqϕp|ξ|yq, we have»

Rn

» 8

0

|∇u|2px, yq|y|1�α dy dx � c

» 8

0

»
Rn

p|ξ|2|pupξ, yq|2 � |puypξ, yq|2q|y|1�α dξ dy

� c

» 8

0

»
Rn

|ξ|2
∣∣∣ pfpξq2∣∣∣p|ϕp|ξ|yq|2 � |ϕ1p|ξ|yq|2q|y|1�α dξ dy

� c

» 8

0

»
Rn

|ξ|α
∣∣∣ pfpξq2∣∣∣p|ϕpzq|2 � |ϕ1pzq|2q|z|1�α dξ dz

� c1
»
Rn

|ξ|α
∣∣∣ pfpξq2∣∣∣ dξ

� c2xp�∆qα{2f, fy � c3
»
bRn

»
bRn

pfpxq � fpyqq2
|x� y|n�α dy dx.

(4.5)

which corresponds to the Dirichlet form for symmetric α-stable process (up to identifying
the multiplicative constant). Using Harnack inequality for the diffusion process (or equiv-
alently, the generator L), Caffarelli and Silvestre were able to obtain Harnack inequality
for the α-stable process (or equivalently, the fractional Laplacian) [CS].

Doob [Doo62] found a remarkable extension of (4.3) to domains that are not necessarily
smooth. He stated the result under an abstract potential theoretic setting of (locally
Euclidean) Green spaces7 in the sense of Brelot and Choquet [BC], in which the boundary
values of the harmonic functions are prescribed on the Martin boundary BMD of the
domain D. To describe Doob’s result, we recall the Näım kernel ΘD

x0
p�, �q defined by

ΘD
x0
pξ, ηq � lim

xÑξ
lim
yÑη

gDpx, yq
gDpx0, xqgDpx0, yq for ξ, η P BMD, ξ � η, (4.6)

where the limits are with respect to the fine topology, x0 P D is an arbitrary base point,
and gDp�, �q is the Green function on D as before. The existence of the above limits in
the setting of Green spaces follows from the fundamental work by L. Näım [Näı]. Then
it was shown in [Doo62, Theorem 9.2] that the Doob–Näım formula»

D

|∇u|2pxq dx � 1

2

»
BMD

»
BMD

pfpξq � fpηqq2ΘD
x0
pξ, ηq dωD

x0
pξq dωD

x0
pηq (4.7)

holds if u is a harmonic function on the domain D with fine boundary value f : BMD Ñ R,
where ωD

x0
denotes the harmonic measure, i.e., the probability distribution of the position

of the first hitting to BMD, of the Brownian motion on D started at x0. There is a version

7Roughly speaking, a Green space is a locally compact, connected Hausdorff space with a count-
able base that is locally Euclidean of dimension n ¥ 2 and such that a strictly positive nonconstant
superharmonic function exists.
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of the Doob–Näım formula for transient symmetric Markov chains on countable state
spaces due to M. Silverstein [Sil, Theorem 3.5]. Let us give some heuristic behind (4.7).
From the expression (4.4) for the jump measure in the smooth case and the formula (4.2)
for the harmonic measure, we can express the jump measure for bounded smooth domains
as

B2gUpη, ξq
Bn⃗ηBn⃗ξ

σpdηqσpdξq � B2gUpη, ξq
Bn⃗ηBn⃗ξ

Bgpx0, ξq
dn⃗ξ

�1Bgpx0, ηq
dn⃗η

�1

ωU
x0
pdξqωU

x0
pdηq.

This is suggestive of the Doob-Näım formula (if we ‘cancel’ the terms Bn⃗η and Bn⃗ξ).

We describe an extension of Doob-Näım formula that was obtained in a joint work
with N. Kajino [KM24]. Unlike the original version due to Doob, our version applies to
diffusions generated by uniformly elliptic operators or the Molchanov-Ostrowski diffusion.
In particular, our result shows that the results of [MO, CS] establishing α-stable process
as the boundary trace process can be viewed as a special case of our version of the
Doob-Näım formula. In order to define the Näım kernel first we recall the existence and
properties of Green functions.

For the remainder of §4.1, we make the following assumption. Let pX, d,m, E ,Fq
be an MMD space that satisfies full sub-Gaussian heat kernel bound HKEfpΨq, where
Ψ : r0,8q Ñ r0,8q is a scale function. To simplify some technicalities, we assume that
pX, dq is a geodesic space. We assume that U is a uniform domain satisfying the capacity
density condition:

CappBpξ, rqBpξ, 2rqcq À CappBpξ, rqzU,Bpξ, 2rqcq for all ξ P BU , 0   r À diampUq.
(4.8)

This class includes all bounded smooth domains, Lipschitz domains and non-tangetially
accessible domains in the sense of Jerison and Kenig. In particular, this class includes do-
mains with fractal boundary such as the von Koch snowflake domain. A major advantage
of this class of domains is that Aikawa and Hirata obtained sharp bounds on the harmonic
measure [AH] which in particular implies that the harmonic measure has full support on
BU . More precisely, there exist C,A ¥ 1 such that for all x0 P U, ξ P BU, 0   r   dpx0, ξq{A

ωU
x0
pBpξ, rq X BUq � gUpx0, ξrqCappBpξ, rq, Bpξ, 2rqcq, (4.9)

where ξr P U is such that dpξ, ξrq � dpξr, BUq � r and gU denotes the Green function
whose properties are recalled below in Proposition 4.8. The existence of such a ξr follows
from the definition of uniform domain (cf. [Mur24, Lemma 3.4]). Aikawa and Hirata’s
argument also applies to the above general setting of MMD space satisfying sub-Gaussian
heat kernel bounds; see [KM24, Theorem 4.6] or [CC].

We collect some basic properties of Green function in this setting. We refer to [BCM,
Theorem 4.4] for a proof in a more general setting.

Proposition 4.8. Let pX, d,m, E ,Fq be an MMD space satisfying sub-Gaussian heat
kernel bound HKEfpΨq. Let pYtq denote the corresponding diffusion process. Let D be
a domain such that Dirichlet form pED,F0pDqq corresponding to killed diffusion process
pY D

t q is transient. Then there exists a function gD : D � D Ñ r0,8s and a properly
exceptional set N for pYtq such that the following hold:
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1. (symmetry) gDpx, yq � gDpy, xq for all px, yq P D �D.

2. (continuity) gDp�, �q is r0,8q-valued and continuous on D �Dz diagD.
3. (harmonicity) For each x P D, we have gDpx, �q P F0pD,Dztxuq and that gDpx, �q is

E-harmonic on Dztxu.
4. (occupation density formula) For any Borel measurable function f : D Ñ r0,8q,

GDfpxq :�
#³

D
gDpx, yqfpyqmpdyq if x P D,

0 if x R D.

satisfies

Ex

�» τD

0

fpYsqds
�
� GDfpxq for every x P DzN .

Furthermore if for a Borel measurable function f : D Ñ r0,8q, if ³
D
fGDpfq dm  

8, then GDpfq P F0pDqe and satisfies

EDpGDpfq, GDpfqq �
»
D

fGDpfq dm.

More generally, for any u P F0pDqe, we have

EDpGDpfq, uq �
»
D

fu dm.

The following lemma provides a suitable generalization of the formula for harmonic
measure that ωU

x pdξq � Bgpx,ξq
dn⃗ξ

� σpdξq obtained in (4.2) for Brownian motion on smooth

domains. This result can be paraphrased by saying that the harmonic measure is the
distributional Laplacian (or more generally, the generator) of the Green function.

Lemma 4.9. For all x P U, u P FpUq X L8pUq such that x R suppU rus, we have

EUpgUpx, �q, uq � �
»
BU

rudωU
x .

(Recall that since gUpx, �qq P F0
locpU,Uztx0u the expression EUpgUpx, �q, uq is defined).

Proof. Due to transience of the killed process, there exists a non-negative function f P
L1pU,mq with

³
U
fGUpfq dm   8. To see the existence of such a function, we pick

some f1 P L1 X L8 with f1 ¡ 0 m-a.e. By the transience we have Gpf1q   8 m-a.e.
Then f :� f1

Gpf1q_1
satisfies the desired property. Now pick r ¡ 0 small enough that

suppU rus � Bpx, rqc. Replacing f with f1Bpx,rq and multiplying by a constant, we may
assume that suppmrf s � Bpx, rq and ³

U
f dm � 1.

Since GUpfq P F0pUqe (due to
³
U
fGUpfq dm   8) andHBUpruqq is a harmonic function

on U , we have EUpGUpfq, HBUpruqq � 0. Then we have

EUpGUpfq, uq � EUpGUf, uq � EUpGUpfq, HBUpruqq
80



� EUpGUpfq, u�HBUpruqq � »
U

fpu�HBUpruqq dm � �
»
U

fHBUpruq dm.
Letting r Ó 0, we obtain the desired result as GUpfq Ñ gUpx, �q and

³
U
fHBUpruq dm Ñ

HBUpruqpxq � ³
BU ru dωU

x .

The following lemma concerns the equilibrium measures for capacity between two sets.

Lemma 4.10. ([KM24, Lemma 2.11]) Let A,B � X be disjoint closed sets such that A
and Bc are compact. Let eA,B P Fe X L8 such that �eA,B � 1 q.e. on A and �eA,B � 0
q.e. on B and eA,B is harmonic on pA Y Bqc. Then there exists finite Borel measure
λ1A,B and λ0A,B charging no E-polar set such that λ1A,BppBAqcq � λ0A,BppBBqcq � 0 and
λ1A,BpXq � λ0A,BpXq � EpeA,B, eA,Bq. For any u P L8 X Fe, we have

EpeA,B, uq �
»
BA

ru dλ1A,B �
»
BB

ru dλ0A,B.

Remark 4.11. The function eA,B above is called the equilibrium potential and λ1A,B and
λ0A,B are called the equilibrium measures. In terms of the corresponding process pYtq we
can describe eA,B as

eA,Bpxq � PxrTA   TBs,
where TA, TB denote the hitting times of A,B respectively.

Proof Sketch. We only sketch the proof for λ1A,B as λ0A,B is similar. First, we briefly explain
the reason for the exitstence of eA,B. This is due to the fact that pF0pBcqe, Eq is a Hilbert
space (owing to the transience of the process killed upon exiting Bc) and hence the set

LA,B :� tf P F0pBcqe| rf ¥ 1 q.e. on Au
is a closed convex subset of the Hilbert space pF0pBcqe, Eq and hence there exists an
element eA,B P LA,B of minimal energy E . By the Markov property of E , we note that
p0 _ eA,Bq ^ 1 � eA,B and hence �eA,B � 1 q.e. on A and �eA,B � 0 q.e. on B and eA,B is
harmonic on pAYBqc.

By the minimality of energy of eA,B and replacing eA,B with eA,B � tv for all t ¥ 0,
where v P F0pBcqe is such that v ¥ 0 a.e., we conclude

EpeA,B, vq ¥ 0, for all v P F0pBcqe with v ¥ 0 m-a.e.

This along with Riesz representation theorem allows us to conclude the existence of mea-
sure λ1A,B such that EpeA,B, vq �

³
A
rv dλ1A,B for all v P F0pBcqe. The fact that this measure

is supported in BA is due to the strong locality and the assertion that �eA,B � 1 q.e. on
A.

Definition 4.12. Let x0 P U . We recall the notion of Martin kernel introduced by
R. S. Martin [Mar].

KU
x0
px, ξq :�

$''&''%
gUpx, ξq
gUpx0, ξq if ξ P Uztx0, xu,

lim
UQyÑξ

gUpx, yq
gUpx0, yq if ξ P BU ,

(4.10)
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The existence of the above limit follows from Hölder regularity estimate on ratio of har-
monic function obtained using boundary Harnack inequality and the Moser’s oscillation
lemma argument.

Similarly, the Näım kernel is first defined for px, yq P pUzx0q � pUztx0uqz diagUztx0u as

ΘU
x0
px, yq :� gUpx, yq

gUpx0, xqgUpx0, yq (4.11)

and then extended as a continuous function to pUzx0q � pUztx0uqz diagUztx0u.

The Näım kernel can be expressed in terms of the Martin kernel as

ΘU
x0
px, yq �

$'''&'''%
KU

x0
px, yq

gUpx0, xq if x P U ,

lim
UQzÑx

KU
x0
pz, yq

gUpx0, zq if x P BU ,
(4.12)

where the existence of the above limit can be justified using the boundary Harnack prin-
ciple and Moser’s oscillation lemma argument.

The Martin kernel is useful to relate harmonic measure at different starting points.

Proposition 4.13. For all x0, x P U , we have

dωU
x

dωU
x0

� KU
x0
px, �q.

Proof Sketch. Let ξ P BU and r ¡ 0 be small. Consider the sets A � Bpξ, rq X BU and
B � U X Bpξ, 2rqc. Consider the function eA,B as given in Lemma 4.10 for the reflected
diffusion and the corresponding equilibrium measure λ1A,B and λ0A,B. Then by Lemma 4.9
and 4.10, we have (denoting by Spξ, 2rq the sphere of radius 2r)

0  
»
BU

reA,B dω
U
x � �EUpgUpx, �q, eA,Bq

� �
�»

A

gUpx, yq dλ1A,Bpyq �
»
UXSpξ,2rq

gUpx, yq dλ0A,Bpyq



�
»
UXSpξ,2rq

gUpx, yq dλ0A,Bpyq. (4.13)

Taking ratio of (4.13) for x and for x0 in place of x, we obtain∣∣∣∣
³
BU reA,B dω

U
x³

BU reA,B dωU
x0

�Kx0px, ξq
∣∣∣∣ �

∣∣∣∣∣
³
UXSpξ,2rq gUpx, yq dλ0A,Bpyq³
UXSpξ,2rq gUpx0, yq dλ0A,Bpyq

�Kx0px, ξq
∣∣∣∣∣

¤
∣∣∣∣∣
³
UXSpξ,2rq gUpx0, yqpKx0px, yq �Kx0px, ξqq dλ0A,Bpyq³

UXSpξ,2rq gUpx0, yq dλ0A,Bpyq

∣∣∣∣∣
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¤
³
UXSpξ,2rq gUpx0, yq|Kx0px, yq �Kx0px, ξq| dλ0A,Bpyq³

UXSpξ,2rq gUpx0, yq dλ0A,Bpyq
. (4.14)

Letting r Ó 0 and using Lebesgue differentiation theorem and the continuity of Martin
kernel on the boundary, we obtain the desired result.

In order to make the argument in the last step precise, we need the following ver-
sion of Lebesgue differentiation theorem for pointwise-doubling measures. The pointwise
doubling condition (4.15) required for the application of Lebesgue differentiation theorem
follows from (4.9) (cf. [HKST, Theorem 3.4.3 and (3.4.10)]).

Lemma 4.14 (Lebesgue’s differentiation theorem). Let pX, d,mq be a metric measure
space such that pX, dq is separable, mpBpx, rqq   8 for some r P p0,8q for each x P X,
and

lim sup
rÓ0

mpBpx, 2rqq
mpBpx, rqq   8 for m-a.e. x P X. (4.15)

Then for any locally integrable function f : X Ñ R almost every point is a Lebesgue point
of f ; that is,

lim
rÓ0

 
Bpx,rq

|fpyq � fpxq| dmpyq (4.16)

for m-a.e. x P X. In particular, for any x P suppXrms satisfying (4.16), if ε P p0,8q
and ψr : X Ñ R is a Borel measurable function satisfying 1Bpx,rq ¤ ψr ¤ 1Bpx,2rq for each
r P p0, εq, then

lim
rÓ0

³
X
ψrf dm³

X
ψr dm

� fpxq. (4.17)

Next, we show the Doob-Näım formula for the jumping measure.

Proposition 4.15. The jump measure of the boundary trace process corresponding to
reflected diffusion on a uniform domain U satisfying the capacity density condition is given
by the Doob-Näım formula; that is the jump measure equals ΘU

x0
pξ, ηq dωU

x0
pdξq dωU

x0
pdηq.

Proof Sketch. Let ξ, η P BU be distinct and r   dpξ, ηq{4. Let A � Bpξ, rq X BU , B �
Bpξ, 2rqc X U and v :� eA,B P F0pBcq denote the equilibrium potential correpsonding to
the reflected diffusion on U . Let u P FpUq X CcpUq be any function such that

1Bpη,rq ¤ u ¤ 1Bpη,2rq.

By Lemma 4.10 and supppωU
x0
q � BU , we have

0  
»
BU

reA,B dω
U
x0
�
»
UXBB

gUpx0, yq dλ0A,Bpyq. (4.18)

Since HBUu is EU -harmonic on U and HBUreA,B � reA,B EU -q.e. on BU , we have

EU
�
HBUu,HBUreA,B

� � EU
�
HBUu, reA,B

�
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� �
»
UXSpξ,2rq

HBUu dλ0A,B (by Lemma 4.10)

� �
»
UXSpξ,2rq

�»
BU
upzq dωU

y pzq


dλ0A,Bpyq

� �
»
UXSpξ,2rq

�»
BU
upzqKx0py, zq dωU

x0
pzq



dλ0A,Bpyq, (4.19)

where we use Proposition 4.13 to change the base point of the harmonic measure. If J
is the jump measure of the Beurling-Deny decomposition of the boundary trace Dirichlet
form, we have

EU
�
HBUu,HBUreA,B

� � 1

2

»
pBU�BUqzdiagBU

pupxq � upyqqpreA,Bpxq � reA,Bpyqq Jpdx dyq

� �
»
pBU�BUqzdiagBU

upxqreA,Bpyq Jpdx dyq. (4.20)

We thus obtain³
pBUq2od

upxqreA,Bpyq Jpdx dyq³
BU u dω

U
x0

³
BU reA,B dωU

x0

� �EUpHBUu,HBUpreA,Bqq³
BU u dω

U
x0

³
BU reA,B dωU

x0

(by (4.20))

�
³
UXSpξ,2rq

�³
BU upzqKx0py, zq dωU

x0
pzq� dλ0A,Bpyq³

BU u dω
U
x0

³
UXSpξ,2rq gUpx0, yq dλ0A,Bpyq

(by (4.18) and (4.19))

(4.12)�
»
UXSpξ,2rq

»
BU

ΘU
x0
py, zq upzq³

BU u dω
U
x0

dωU
x0
pzq gUpx0, yq³

UXSpξ,2rq gUpx0, �q dλ0A,B

dλ0A,Bpyq.
(4.21)

As r Ó 0, we note that pz, yq Ñ pξ, ηq and by using the joint continuity of Näım kernel,
we obtain the desired result.

We omit the calculation of the strongly local part and the killing part of the Beurling-
Deny decomposition as they are both zero under (4.8) and refer to [KM24].

We describe our choice for the Revuz measure for PCAF corresponding to a boundary
trace process. The use of harmonic measure ωU

x0
is natural. This requires a choice of a

base point x0. If the uniform domain U is bounded (diampUq   8), then any choice
x0 P U with distpx0, U cq � diampUq would lead to a doubling measure. Furthermore,
by the elliptic Harnack inequality any two such measures assign comparable mass to all
measurable sets.

If U is unbounded the following construction provides a canonical version of harmonic
measure. It can be viewed as a rescaled harmonic measure from infinity. Such measures
were first constructed by Kenig and Toro in Euclidean case [KT, Corollary 3.2].
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Lemma 4.16. Let x0 P U , and let txnunPN � Uztx0u be any sequence satisfying
limnÑ8 dpx0, xnq � 8. Let hx0p�q � limnÑ8Kx0p�, xnq denote the unique harmonic func-
tion on U with Dirichlet boundary conditions with hx0px0q � 1. Then the sequence of the
measures νn :� gUpx0, xnq�1ωU

xn

��
U
converges in total variation on any compact subset of

U to an EU -smooth Radon measure νUx0
on U with νUx0

pUq � 0 and

EUphx0 , uq � �
»
BU

ru dνUx0
(4.22)

for all u P FpUq X L8pU,m|Uq such that suppm|U rus is compact. This measure νUx0
is a

doubling measure on BU .
Proof sketch. We simply use Lemma 4.9 to obtain

gUpx0, xnq�1EUpgUpxn, �q, uq � �
»
BU

rugUpx0, xnq�1dωU
xn
.

for all x P U, u P FpUq X L8pUq such that x R suppU rus. By the BHP, we can show that
the left hand side above converges to gUpx0, xnq�1EUpgUpxn, �q, uq as gUpx0, xnq�1gUpxn, �q
converges to hx0 .

The Doob-Näım formula along with general characterization of stable-like heat kernel
bounds established by Chen, Kumagai and Wang [CKW] imply sharp two-sided bounds
on the boundary trace process [KM24]. This can also be obtained without the exact
identification of the jump kernel but only two-sided estimates estimates on the jump
kernel as shown by [CC].

If U is unbounded uniform domain and BU is bounded (for example, complement of
a bounded convex set is Rn is always a uniform domain [GyS]). In this case, we could
introduce a weaker version of capacity density condition, where (4.8) is

CappBpξ, rqBpξ, 2rqcq À CappBpξ, rqzU,Bpξ, 2rqcq for all ξ P BU , 0   r À diampBUq.
Our proof of the Doob-Näım formula also extends to this case but in this case the killing
measure need not be zero. The killing measure is zero if and only if the associated reflected
diffusion in recurrent. If the reflected diffusion on U is transient, then

Px0pTBU � 8qhUx0
pxq � 1�HBU1BUpxq � PxpTBU � 8q.

Note that for any u P FpUq X CcpUq, we have

EUpHBU1, HBUpuqq �
»
BU
u dκ,

where κ is the killing measure of the boundary trace process. Hence by (4.22),

κ � Px0pTBU � 8qνUx0
.

Hence the killing measure can be viewed as a rescaled limit of harmonic measure at
infinity.
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4.2 Time change, conformal gauge and Harnack inequalities

Next we will describe how time change can be used to better understand the relationship
between elliptic and parabolic Harnack inequalities. There are two useful operations
that preserve the elliptic Harnack inequality: time-change by an admissible measure and
quasisymmetric change of metric.

Let us describe the notion of admissible measure. Let pX, d,m, E ,Fq be an MMD
space. A Radon measure µ is said to be admissible if it the Revuz measure of a positive
continuous additive functional (PCAF) with full support X. Recall that such a measure
µ defines a time change of the process whose associated Dirichlet form is called the trace
Dirichlet form given by

Fµ � Fe X L2pX,µq and Eµpu, vq � Epu, vq for u, v P Fµ,

and pEµ,Fµq is a strongly local, regular symmetric Dirichlet form on L2pX,µq by [FOT,
Theorems 5.1.5, 6.2.1 and Exercise 3.1.1]. We also note that by [CF, Theorem 5.2.11],

ApX, d,m, E ,Fq � ApX, d, µ, Eµ,Fµq, pFµqe � Fe.

Since the extended Dirichlet space remains invariant under a time change by an admis-
sible measure, the space of harmonic functions remains unchanged and hence the elliptic
Harnack inequality is preserved under time change.

The description of Harnack inequalities rely on balls and hence they depend on the
metric. There is a particular change of metrics that preserve the elliptic Harnack inequal-
ity.

Definition 4.17. A distortion function is a homeomorphism of r0,8q onto itself. Let η
be a distortion function. A map f : pX1, d1q Ñ pX2, d2q between metric spaces is said to
be η-quasisymmetric, if f is a homeomorphism and

d2pfpxq, fpaqq
d2pfpxq, fpbqq ¤ η

�
d1px, aq
d1px, bq



for all triples of points x, a, b P X1, x � b. We say f is a quasisymmetry if it is η-
quasisymmetric for some distortion function η. We say that metric spaces pX1, d1q and
pX2, d2q are quasisymmetric, if there exist s a quasisymmetry f : pX1, d1q Ñ pX2, d2q. We
say that metrics d1 and d2 on X are quasisymmetric, if the identity map Id : pX, d1q Ñ
pX , d2q is a quasisymmetry. It is an easy exercise to verify that the notion of quasisym-
metry defines an equivalence relation among metrics. The conformal gauge of a metric
space pX, dq is defined as

J pX, dq :� tθ : X �X Ñ r0,8q | θ is a metric on X, d is quasisymmetric to θu. (4.23)

In other words, this is the equivalence class corresponding to the equivalence relation of
quasisymmetry.
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Quasisymmetric maps are considered as the ‘right’ analouge of conformal (or qua-
siconformal) maps on metric spaces. This might seem strange as quasisymmetry is a
global condition rather an infinitesimal one. A homeomorphism f : pX1, d1q Ñ pX2, d2q is
K-quasiconformal (where K ¥ 1), if

lim sup
rÓ0

suptd2pfpxq, fpzqq : d1px, zq ¤ ru
inftd2pfpxq, fpzqq : d1px, zq ¥ ru ¤ K, for all x P X1.

It is easy to verify that quasisymmetry implies quasiconformality (with K � ηp1q) while
the converse is not true in general. However many metric spaces satsify a local to global
principle. Gehring (1960) showed that if f : Rn Ñ Rn is quasiconformal (where n ¥ 2),
then f is a quasisymmetry. However this fails when n � 1 (Exercise: consider fpxq � x�ex
on R). If f : R2 Ñ R2 is orientation preserving and 1-quasiconformal, then f is conformal.
We refer to [HeKo] for a far reaching generalization of Gehring’s theorem.

The following comparison of annuli follows readily from the definition.

Lemma 4.18. Let the identity map Id : pX, d1q Ñ pX, d2q be an η-quasisymmetry for
some distortion function η. Then for all A ¡ 1, x P X, r ¡ 0, there exists s ¡ 0 such that,
writing Bi for balls in pX, diq

B2px, sq � B1px, rq � B1px,Arq � B2px, ηpAqsq. (4.24)

Moreover, for all A ¡ 1, x P X, r ¡ 0, there exists s ¡ 0 such that

B1px, rq � B2px, sq � B2px,Asq � B1px,A1rq, (4.25)

where A1 � 1{η�1pA�1q.

The EHI is also a quasisymmetry invariant as shown in the following easy but impor-
tant lemma due to J. Kigami (unpublished work).

Lemma 4.19. Let pX, di, µ, E ,Fµq, i � 1, 2 be two MMD spaces such that d1 and d2 are
quasisymmetric. If pX, d2, µ, E ,Fµq satisfies EHI, then so does pX, d1, µ, E ,Fµq.

Proof. Let CH , A ¡ 1 be constants corresponding to EHI for pX, d2, µ, E ,Fµq such that
supBpx,rq h ¤ CH infBpx,rq h for all functions h non-negative and harmonic in Bpx,Arq.
Then by (4.25), we have EHI for pX, d2, µ, E ,Fµq with constants CH , A1 ¡ 1, where A1 is
as given in Lemma 4.18.

The following example illustrates how time-change along with quasisymmetric change
of metrics could be used to obtain heat kernel bounds.

Example 4.20 (Snowball). Snowballs are fractals that are homeomorphic to S2 and are
defined as limits of polyhedral complexes. Their name stems from the fact that snowballs
can be viewed as higher dimensional analogues of the Koch snowflake. We recall the
definition of one such fractal below.
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Let pS0, d0q denote the surface of the unit cube, equipped with the intrinsic metric d0.
In other words, pS0, d0q can be viewed a polyhedral complex obtained by gluing six unit
squares similar to the faces of a cube. We replace each face in S0 by 13 squares with edge
length 1

3
as shown in Figure 1 to obtain a polyhedral complex pS1, d1q. More generally,

we repeat this construction to obtain a geodesic metric space pSn, dnq from pSn�1, dn�1q
(n ¥ 1) by replacing each square of length 3�pn�1q with 13 squares of each with edge
length 3�n as shown in Figure 1. The polyhedral complex pSn, dnq is obtained by gluing
6�p13qn faces, where each face is isometric to a square with edge length 3�n. It is easy to
see that the metric spaces pSn, dnq has a Gromov-Hausdorff limit pS, dSq, which is called
the snowball.

Figure 1: The sequence of graphs viewed from the central square converges to an infinite
quadrangulation of the plane with walk dimension dw � log3p13q.

We collect some properties of the metric space pS, dSq. Evidently, the spaces pSn, dnq
for n ¥ 0, and pS, dSq are all homeomorphic to S2. Let dS2 denote the standard Rieman-
nian metric on S2, viewed as an embedded surface in R3. It is known that pS, dSq and
pS2, dS2q are quasisymmetric – see [Mey10].

There exists a homeomorphism η : r0,8q Ñ r0,8q, and η-quasisymmetric homeomor-
phisms fn : pSn, dnq Ñ pS2, dS2q, n ¥ 0, and f : pS, dq Ñ pS2, dS2q satisfying the following
properties:

(a) The push-forward metrics ρn : S2 � S2 Ñ r0,8q, n ¥ 0, where ρnpx, yq �
dnpf�1

n pxq, f�1
n pyqq, converge uniformly in S2 � S2 to ρ : S2 � S2 Ñ r0,8q, where

ρpx, yq � dSpf�1pxq, f�1pyqq, that is
lim
nÑ8

sup
x,yPS2

|ρnpx, yq � ρpx, yq| � 0.

(b) Let F n
i , i � 1, 2, . . . , 6 � p13qn denote the faces of the polyhedral complex Sn, n ¥ 0.

We have
lim
nÑ8

max
1¤i¤6p13qn

diampfpF n
i qq � 0, (4.26)

where diam above denotes the diameter in dS2 metric. For n ¥ 1, and for i �
1, 2, . . . , 6 � p13qn, there exists j � 1, . . . , 6 � p13qn�1 such that

fnpF n
i q � fn�1pF n�1

j q.
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(c) The maps fn : Sn Ñ S2 are conformal maps when Sn and S2 are viewed as Riemann
surfaces (The polyhedral surface Sn has a canonical Riemann surface structure as
explained in [Bea, Section 3.3]. Around a vertex with total angle θ, we use the chart
z ÞÑ z2π{θ to ‘flatten’ it.)

If µn denotes the uniform probability measure on Sn such that each face has equal mass,
then this defines a canonical diffusion on Sn. By the conformal invariance of Dirichlet en-
ergy, the image of the canonical diffusion on Sn under fn can be viewed as a time-change of
the Brownian motion on S2 with respect to an admissible measure given by pfnq�pµnq. The
limiting measure µ on pS, dSq has polynomial volume growth with exponent log 13{ log 3
and µ is such that f�pµq is an admissible measure for S2. This can be considered as the
image of the cannonical diffusion process on pS, d, µq and is a time change of the Brownian
motion on S2. By Lemma 4.18, we have the elliptic Harnack inequality and matching two
sided capacity bounds for the diffusion process on pS, d, µq. This satisfies sub-Gaussian
heat kernel bounds with df � dw � log 13{ log 3 by using Theorem 3.27 (characterization
using VD, EHI and cappΨq).

We have the easy implication that the elliptic Harnack inequality implies parabolic
Harnack inequality. The converse can be easily seem to be false by using a time change
with an admissible measure that is not volume doubling as such spaces will fail to satisfy
the parabolic Harnack inequality. In order to ‘upgrade’ from the elliptic to parabolic
Harnack inequality it is therefore natural to allow ourselves a time change and/or a
quasisymmetric change of metric. This motivates the following definition.

Definition 4.21 (Conformal walk dimension). The conformal walk dimension dcw of an
MMD space pX, d,m, E ,Fq is defined as

dcw :� inf

"
β ¡ 0

���� there exist µ P ApX, d,m, E ,Fq and θ P J pX, dq such
that pX, θ, µ, Eµ,Fµq satisfies PHIpβq

*
, (4.27)

where infH :� 8 and pEµ,Fµq denotes the time-changed Dirichlet form on L2pX,µq.

Since Gaussian space-time scaling is the smallest possible, we have dcw ¥ 2. The
reason for the infimum in the above definition is that it is always possible to increase the
walk dimension by a quasisymmetric change of metric. A change of metric from d to dγ

for some γ P p0, 1q results in a change from PHIpβq to PHIpβ/γq. On the other hand, it
might not be possible to reduce the walk dimension β (for instance, if β � 2).

We say that a metric space pX, dq is quasi-arc connected if there is a homeomorphism
η : r0,8q Ñ r0,8q such that for any pair of distinct points x, y P X, there is a curve
γx,y : r0, 1s Ñ X such that γx,y is a η-quasisymmetry between r0, 1s and the image
γx,ypr0, 1sq.

The following theorem clarifies the relationship between elliptic and parabolic Harnack
inequalities and was obtained in [BM18, BCM, KM23].

Theorem 4.22. Let pX, d,m, E ,Fq be an MMD space with a quasi-arc connected metric.
Then the following are equivalent:
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1. pX, d,m, E ,Fq satisfies the EHI.

2. dcw   8.

3. dcw � 2.

A consequence of the above theorem along with the stability of parabolic Harnack
inequality (Theorem 3.27) is that the elliptic Harnack inequality is stable under pertur-
bations. For example, the Laplace-Beltrami operator on a Riemannian manifold satisfies
the elliptic Harnack inequality if and only if any uniformly elliptic operator satisfies the
elliptic Harnack inequality.

It is trivial that (3) implies (2). The invariance of EHI under quasisymmetric change
of metric and time change with respect to an admissible measure, along with the fact
that PHI implies EHI shows that (2) implies (1). The result (1) implies (2) was first
obtained in [BM18] under slightly restrictive assumptions and generalized in [BCM]. The
result (2) implies (3) was obtained in [KM23]. The first evidence towards this implication
is the example of Kigami (Example 4.5), where he obtains Gaussian heat kenrel bounds
by a time change and quasisymmetric change of metric for the Brownian motion on the
Sierpinksi gasket. The infimum in the definition of conformal walk dimension is not always
attained. This was shown from higher dimensional Sierpinski gaskets in [KM23] which is
in contrast with the two-dimensional Sierpinksi gasket.

We now provide some heuristics behind the proof of (2) implies (3). Assume
that pX, d,m, E ,Fq satisfies PHI(γ) for some γ ¡ 2. Let us try construct a metric
θ P J pX, dq and a measure µ P ApX, d,m, E ,Fq such that the corresponding MMD space
pX, θ, µ, Eµ,Fµq satisfies PHI(2) (Note that this is not always possible as the infimum
need not be attained as mentioned above).

Consider the annulus Bdpx, 2rqzBdpx, rq. Discretize X s at a smaller scale s (say s ¤
r{100). This is done by choosing an s-net N (maximal s-separated subset) of X as the set
of vertices of a graph and two vertices x1, x2 P N are adjacent if Bdpx1, λsqXBdpx2, λsq �
H, where λ ¡ 2 is fixed. If such θ, µ exist then they satisfy certain properties. For v P N
such that Bdpv, sq XBdpx, 2rq � H, we define the relative diameter as

ρpvq :� diamθpBdpv, sqq
diamθpBdpx, rqq

(I) (No shortcuts)
°

vPγ ρpvq Á 1 for any path γ in the graph joining Bdpx, rq to
Bdpx, 2rqc; that is, the first vertex v in the path satisfies Bdpv, sq � Bdpx, rq and all
the vertices except the last one belongs to Bdpx, 2rq and the last vertex w satisfies
Bdpw, sq � Bdpx, 2rqc.
This condition follows from triangle inequality and quasisymmetry as¸

vPγ
diamθpBdpv, sqq ¥ distθpBdpx, rq, Bdpx, 2rqcq � diamθpBdpx, rqq.

(II) (Mass bound) Let NpBdpx, 2rqq :� tv P N |Bdpx, 2rq X Bdpv, λsq � Hu. By the
doubling property of µ, quasisymmetry and the capacity bounds in Theorem 3.27,
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we have

µpBdpx, rqq � µpBdpx, 2rqq �
¸

vPNpBdpx,2rqq
µpBdpv, λsqq

�
¸

vPNpBdpx,2rqq
diamθpBdpv, λsqq2CappBdpv, sq, Bdpv, 2sqcq

Since µpBdpx, rqq � diamθpBdpx, rqq2CappBdpx, rq, Bdpx, 2rqcq, the above estimate
implies ¸

vPNpBdpx,2rqq
ρpvq2CappBdpv, rq, Bdpv, 2rqcq � CappBdpx, rq, Bdpx, 2rqcq.

We will sketch a construction of ρ satisfying the no shortcuts condition and the mass
bound above. We denote by Bv :� Bdpv, sq, 2Bv � Bdpv, 2sq for any v P N . Consider
a function u P CcpXq X F that is almost minimizer for the capacity across the annulus
CappBdpx, rq, Bdpx, 2rqcq � Epu, uq. Define

rρpvq :� ¸
w�v

∣∣∣∣ 
Bv

u dm�
 
Bw

u dm

∣∣∣∣.
By Poincaré inequality PI(γ), we have

|rρpvq|2 À sγ

mpBvq
»
A�Bv

dΓpu, uq � 1

CappBv, p2Bvqcq
»
A�Bv

dΓpu, uq, for all v P NpBdpx, 2rqq.

Summing over v and using bounded overlap of pA �Bvq, we obtain¸
vPNpBdpx,2rqq

rρpvq2CappBv, p2Bvqcq À
¸

vPNpBdpx,2rqq

»
A�Bv

dΓpu, uq � Epu, uqCappBdpv, rq, Bdpv, 2rqcq.

This is the mass (upper) bound.

The no shortcut condition follows from triangle inequality as the first ball in the path
has average one and the last ball has average 0. Since increasing rρ preserves the no shortcut
condition, it is always possible to obtain matching mass lower bound by increasing rρ if
needed.

The main message here is that the discrete gradient of energy minimizers across annuli
can be used to deform the metric on a sequence of scales. The proof of (2) implies (3)
relies heavily on hyperbolic spaces as a metric space viewed simultaneously at a sequence
of scales has the structure of a Gromov hyperbolic space (see [GH90] for an introduction
to Gromov hyperbolic spaces). More precisely, a result of Bourdon and Pajot shows that
every (nice) metric space can be viewed as the boundary of a hyperbolic space [BP]. A
result of Bonk and Schramm [BoSc] implies that metrics in the conformal gauge of the
boundary of a hyperbolic space can be obtained by a bi-Lipschitz change of this Gromov
hyperbolic space. We adapt arguments of Carrasco [Car13] where such techniques were
developed for a different notion of conformal dimension. The question of whether or not
a given MMD space attains the infimum in the definition of conformal walk dimension
remains a challenging problem in many examples (see [KM23]).
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