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1 Introduction

The study of heat kernels and their estimates is at the interface of analysis, geometry and
probability. Let us start with some examples of heat kernel. The fundamental solution of
the heat equation on R™

Opu = %Au, (1.1)

is given by the classical Gauss—Weierstrass kernel

Pz, y) = WGXP (—%) : (1.2)

That is, for any fixed x € R", the function (¢,y) — pi(x,y) solves the heat equation on
(0,0) x R™ and limy o p;(, ) = 0,, where ¢, is the Dirac mass at « in the sense of distribu-
tions. In particular, for any f e C&(R"), the function u(t,z) = {5, pi(z, y) f(y) dy, (t,z) €
(0,00) x R™ solves the Cauchy problem for the heat equation (1.1) with initial condition
u(0,z) = f(x) for all x € R™.

The fundamental solution of the heat equation can alternately be viewed as the tran-
sition probability density of the standard Brownian motion as p.(z,-) is the density of
the multivariate normal random variable with mean x and covariance matrix t1,,.,. Thus
the measure p;(z,y)dy is the law of the Brownian motion B, starting at By = z. By
extension, we use the term heat kernel to refer to the transition kernel of a variety of
Markov processes.

It is known that the behavior heat kernel is closely related to the geometry of the
underlying space. A classical result in this direction is the Varadhan’s asymptotic formula
[Var] (see also [Nor, HR]). It states that the fundamental solution of the heat equation
o = %Au on a Riemannian manifold satisfies

ltifg 2t log py(w,y) = —d(x,y)?,

where A is the Laplace-Beltrami operator and d denotes the Riemannian distance. Despite
the universal nature of Varadhan’s short time asymptotic mentioned above, the long time
behavior of the heat kernel of a manifold can be significantly different from the Euclidean

case. For instance, the heat kernel of the 3-dimensional hyperbolic space H? is given by
[DM, Theorem 2.1]

1 d(z,y) exp(_f d(m,y)2>‘

27t)3/2 sinh(d(z, y)) 2 2

Pt (.73 ) y) =
(
In the expression (1.2) for the heat kernel, the term |& — y|*/t reflects that time scales
like the square of the distance (Brownian space-time scaling). There are Markov processes
with other space-time scaling behavior. We describe two such examples: jump processes
on R™ and diffusions on fractals.



Let (Y;) be the symmetric a-stable process (where « € (0,2)) on R™; that is, (V;) is a
Lévy process (stationary, independent increments) such that

E[ef Yers=Ya)] — exp(—t[€]*), forallt,s >0 and £ € R™.

Then the law of (Y;) admits a density (heat kernel) p, satisfying the following estimate:
there exists C' € [1,00) such that

t

t
C~! min (t"/o‘, |—n+a) < pi(x,y) < C'min (tn/o‘, W) , forallt>0,x,yeR"
(1.3)

z —y

This formula suggest the space time scaling relation distance® scales like time.

A rich family of heat kernels arise from diffusions on fractals. Barlow and Perkins con-
structed a diffusion process on the standard Sierpinski gasket [BP]. The law of this diffu-
sion process at any time ¢ > 0 admits a density with respect to the d;-Hausdorff measure,
where dy = log, 3 is the Hausdorff dimension of the Sierpinski gasket. Let d,, = log, 5. The
transition density p; admits the following estimates: there exists Cy,Cy, C3,Cy € (0, 00)
such that for any z,y in the Sierpinski gasket and any ¢ € (0,1), we have

do, \ Y(dw=1) dy \ 1/(dw=1)
G e [l <pmy) < S exp |~y (YT
tdrde P 4 : S PN Y) S S, P 2 ¢

(1.4)
Bounds of the form (1.4) are called sub-Gaussian heat kernel estimates is now known to
hold on many fractals.

Here is the outline for this course. We will begin by covering fundamental aspects
of the theory of Dirichlet forms, a powerful framework for constructing and analyzing
symmetric Markov processes. We will then survey key results characterizing spaces that
satisfy heat kernel estimates analogous to (1.2), (1.3), and (1.4). We will illustrate these
results by applying them to a number of examples. One important class of examples
is the boundary trace process. Consider the reflected Brownian motion on the n + 1-
dimensional upper half space R™ x [0,00). The boundary trace process is obtained by
removing the path of the reflection Brownian motion in the interior R™ x (0,00) in a
certain sense. A classical result of Spitzer states that the resulting process is a jump
process on the boundary dH"*! = R and coincides with the symmetric 1-stable process
(Cauchy process). By modifying the reflected Brownian motion to a different reflected
diffusion process, Molchanov and Ostrowski [MO] discovered that any a-stable process
with « € (0,2) can be obtained as trace of a diffusion process on the upper half space.
This was rediscovered in an analytic setting by Caffarelli and Silvestre [CS]. We will study
the behavior of boundary trace process for more general diffusions and domains.



2 Dirichlet forms and symmetric Markov processes

We refer to the standard references [FOT, CF, BH91] for a comprehensive introduction
to the theory of Dirichlet forms.

2.1 Semigroup and resolvent

Definition 2.1 (semigroup of operators). Let H be a Hilbert space over R equipped with
inner product (-, and norm ||-||. We say that a family of linear operators {T}; : H —
H|t > 0} is a semigroup if it satisfies

(1) Each T; is a symmetric operator; that is, (T;(f),g) = {f,Ti(g)) for all ¢t > 0 and
fige™H.

(2) {T; : t > 0} satisfy the semigroup property; T, = T;T; for all ¢, s > 0.
(3) Each T, is a contraction operator, |T;(u)|| < |Ju|| for all t > 0,u € H.

(4) (strongly continuous) For all u € H, we have limy g |7} (u) — u|| = 0.

It is more precise to call it a symmetric, strongly continuous, contraction semigroup.
We will use the abbreviated term semigroup.

A Markov process (Y;);>o on a space X defines an operator

Fif () = Bo[f(Y)] = E[f(Y)[Yo = =],

for all ¢t > 0,x € X and a suitable class of functions f. By the Markov property, for any
t,s>0,xe X and f: X — R bounded, we have the semigroup property

Prisf(2) = o f(Yirs)] = Eo [Eaf (Yiro) [ F]] = Eo [Ey, [f (Yoll = Eo[ (P /) (Y)] = P(P(f)) ().

This estimate implies that the expected distance traveled by the diffusion process (B;)
satsifes the bound E[|B, — Bo|] = /% for all ¢t € (0,1). This should be compared with
the expected distance traveled by the Brownian motion on R” which is comparable to /t.

Example 2.2. (i) The Brownian (or heat) semigroup is given by P, : L*(R") — L?(R")
1s

2
P f(z) = JRR Wexp (— |2 2ty| ) fly)dy, forallt>0,fe L*R").

This corresponds to the standard Brownian motion on R".

(i) Let v, denote the standard Gaussian measure on R™; y,(dz) = (2r)~"/2e 1212 dg.
The Ornstein-Uhlenbeck process (X¢):=0 on R™ is a Markov process that is associated
with the stochastic differential equation

dXt == _Xt dt + \/§d_Bt7
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where (B;) is the standard Brownian motion on R™. Alternately,
X; = e*th + eitBem,l,

where (B;) is again the standard Brownian motion. Then the Ornstein-Uhlenbeck
semigroup is defined by P; : L?(R",v,) — L*(R™,~,) as

P f(x) = fn f (e_tx +vV1— e_Qty) Yuldy), for all f e L*(R"™ ~,),t > 0.

(ii) Let X ={1,...,n} and ¢: X x X — [0,0) be such that ¢(z,y) = ¢(y,z) = 0 for all
z,y€ X. Let m: X — [0,00) be

m(z) := Z c(x,y).

zeX

Let us assume that m(x) > 0 for all x € X. This defines a discrete time Markov
chain (Z,)nenuo; with transition probabilities given by

P(z,y) := mx for all z,y € X.

This defines a linear operator @Q : L*(E,m) — L*(E, m) given by

Qf(x) = E[f(Z1)|Zo = x] = Y, P(z,9) ().

yeX

By the Markov property, we have Q f(x) = E[f(Zy)|Zo = z] for all k € NuU {0} with
Q" = I, where QF denotes the k-fold composition of (). A standard construction of a
continuous time process (Y;) from the discrete time process (Z,,)nenogo; is obtained
by waiting at every state x € E for an exponential time Exp(1) before jumping
to a state y with probability Q(xz,y). If (N(t)),5, denotes a Poisson process with
rate 1 (independent of (Z,)) that determines the waiting times, we have that the
semigroup corresponding to process Y; := Zy is given by

0

Pf(x) = BL/(V)[Y = o] = 3} BIN() = DELf(Z)|Z0 = o] = 3 e 1@ f(2).

k=0
Then (P;)s>0 is a semigroup on L*(X,m).

Exercise 2.3. Verify that the examples above are a semigroup (in the sense of Definition
2.1).
Hint: In order to show strong continuity, it might help to look at Lemma 2.37.

As we will see, it is often easier to construct or analyze the Laplace transform of a
semigroup.



Definition 2.4 (resolvent). A resolvent on H is a family of linear operators {G, : H —
H|a > 0} on H such that

(1) Each G, is a symmetric operator; ; that is, (G4 (f), g) = (f,Ga(g)) for all t > 0 and
fr9eH.

(2) {G4 : a > 0} satisfy the resolvent equation

Go—Gs+ (a—p)G.Gz =0, forall o, > 0. (2.1)

(3) (contraction property) For any u € H,« > 0, we have ||aGul| < ||ul|.

(4) (strongly continuous) For any u € H, we have lim, o ||aG4(u) —ul] = 0.

The resolvent can be viewed as the Laplace transform of the semigroup ¢t — T;. To
describe this we need to define integrals of Hilbert space valued function.

Definition 2.5. Let I < R be an interval and (H,<-, -)) be a Hilbert space. We say that a
function f : I — H is weakly measurable if for any v € H, the functions ¢t — (v, f(t)) and
t — || f(t)|| are measurable functions on /. If a weakly measurable function f : I — H
satisfies {, || f(¢)|| dt < oo, we say that f is integrable. If f : I — H is weakly measurable
and integrable, then by the Riesz-Fréchet representation theorem, there exists a unique
x € H such that

(0, 7) = f@, FO)ydt, for all ve . (2.2)
I
We denote z as the integral §, f(t) dt € H.
The following basic properties of this integral are easily verified.

Exercise 2.6. Let I < R be an interval and (H,{-,-)) be a Hilbert space.

1. If f: I — H is continuous, then f is weakly measurable.

2. If f : I — H is weakly measurable and integrable, then we have the triangle
inequality

[ roa] < [ s a
I I
3. Let H; be a Hilbert space and let T" : H — H; be a bounded linear map. If

f I — H is continuous and integrable, then T o f : I — H; is weakly measurable
and integrable. Furthermore, we have

7 (L () dt) _ L (T'o F)(t) dt.

Every semigroup defines a resolvent as its Laplace transform.



Exercise 2.7. Consider a strongly continuous contraction semigroup {73 : ¢ > 0} on H.
For any a > 0,u € ‘H consider the integral

Go(u) = JOOO ¢=OUT, (u) dt.

Show that {G, : H — H|a > 0} defines a resolvent (in the sense of Definition 2.4).
Hint: The standard approach to showing the resolvent identity is to use

t
eat _ efﬁt _ (ﬁ . Oé)f efoc(tfs)efﬁs ds
0

in the integral for G,(u) — Gz(u) and interchange the order of integration and use semi-
group property.

Here is another probabilistic approach to show the resolvent identity': Assume o > 3
and consider two independent random variables {3 and ,_z with exponential distributions
with rate . Then here is an outline of the probabilistic approach.

1. & = &s A Eq—p 1s exponentially distributed with rate .
2. BT, (w)] = aGa(u), E[Tg, (u)] = 5G3(u).

3. P(éa=8p) =1 P& < &) = 2.

4. Conditioned on the event {{, < £z}, the distribution on £z — &, is exponential with
parameter 8 (memoryless property).

5. Write

Tey = Liga=goy Tea + Liga<eptTea © Tep—ta = Liga=go} Tea + Liga<enTe—ta © Tt
and take expectations on both sides to derive the resolvent identity.

Another way to rephrase the probabilistic approach is as follows. Let &, and &g be
independent exponential random variables with rates a and § with a > [ and let Z be
an independent (of &,,&s) Bernoulli random variable with P(Z =1) =1 -P(Z =0) = g
Then verify that the random variable

~

§p = Lz—136a + Lyz—0}(&a + &5)
is also exponentially distributed with parameter 5. Writing

Té; = ]l{Z=1}T£a + ]l{Z:O}Tga o Tfa = ]l{Z=1}T§a + ]l{Z=O}T§ﬁ o Tfa

and taking expectations as above yields the resolvent identity.

!Thanks to Ryoichiro Noda for sharing this argument due to David Croydon.



2.2 Generators and background on self-adjoint operators

The generator provides an infinitesimal description of the semigroup. Let A : D(A) — H
be a denseley defined operator on a Hilbert space H; that is, D(A) is a dense subspace of
H.

Definition 2.8 (Generator of a semigroup). Let {T}; : H — H|t > 0} be a semigroup.
Then the generator A of the semigroup {T; : ¢t > 0} is the operator A : D(A) — H is
defined as

A(u) := lim W, for all u € D(A),

where the domain D(A) is

T (u

B L )—u .
D(A)={ueH: 1t1¢%1 — exists}.

Often the generator is easier to compute than the semigroup as we illustrate.

Example 2.9. We will slightly generalize Example 2.2-(iii). Let X = {1,...,n} and
¢: X x X — [0,00) be such that ¢(z,y) = c¢(y,z) = 0forall z,y € X. Let m : X — [0, c0)

be
m(z) := Z oz, y).

yeX

Assume that m(x) > 0 for all 2 € X. This defines a discrete time Markov chain (Z,)nenooy
with transition probabilities given by

c(r,y)

Pay) = S0,

for all x,y € X.

Let A : X — (0,00) be a function determining a continuous time process as follows: at each
state x € X, the process waits (independently of other waiting times and transitions) an
exponential time with parameter A\(x)? before jumping to a new state y with probability
P(x,y). Call this process (Y);=o on X. If A = 1, the number of transitions (jumps) is
a Poisson process which helped in the computation of semigroup. Since A need not be a
constant function, the computation of semigroup corresponding semigroup P} : R* — R¥
is not as explicit as Example 2.2-(iii). Nevertheless, we can compute the generator by
observing that

P f(x) = B [f(Y)] = e X f(a) + Y (1= e X P(a,y) f(y) + O(),

for all f e R¥, ¢te (0,1),z € X. This implies
2 f) =t D ZIE 3650y 4 0@) Y P ) = M@ - Q).

2exponential random variable with parameter A has mean A~!, so larger A\ means smaller wait times

9



Since P is m-symmetric, it is easy to see that L is m-symmetric with m(z) = \(x)
as

m(z)

<_L)\f7 g>L2(ﬁ’L) = <([ - Q)f? g>L2(m) = <f7 ([ - Q)g>L2(m) = <f7 _L)\g>L2(ﬁL)7 (23>

for all f,g € L?>(X,m). Using the symmetry of L* in L?(X,m), we can conclude that
(P}) is also symmetric in L?(X, ) (we will justify this in Proposition 2.21).

If the discrete time random walk on X is irreducible, then using limiting behavior of
discrete time Markov chains, one can interpret m (normalized to be a probability measure)
as the asymptotic occupation time of a Markov chain; that is

t

1 ~
lim n Ly, ds = (y)
0

Diex M(2)’

Using the contraction property of the semigroup, we see that the generator is a non-
positive definite operator.

P.-a.s. for all z,y e X.

tToo

Lemma 2.10. D(A) defined above a subspace of H, A : D(A) — H is a linear map, and
A is non-positive definite; that is,

(A(u),uy <0, for allue D(A).

Proof. The first two claims are easy consequence of the definition of A. If u € D(A), then
1
(A(u),uy = ltlllgl Z<Tt(u) — U, U).

By Schwarz’s inequality, for any u € H,t > 0, we have (T)(u) —u, u) = (Ty(u), u)— ||u|’® <
1T, (w)]| |[u] = |lu||* < 0 (since T is a contraction). O

Lemma 2.11. Let {G, : a > 0} be a resolvent on H. Then for each o > 0, G, is injective
and non-negative definite.

Proof. Let B > 0. Since Gy is linear, it suffices to show that G has a trivial kernel. Let
u € H be such that Gg(u) = 0. By the resolvent equation, for any § > 0 we have

Ga(u) = Gp(u) + (B — @)Ga(Gs(u)) = 0.

Hence by strong continuity « = lim,_,o @G, (u) = 0. Hence G is injective for each g > 0.

To show that G, is non-negative definite, we need to verify that (u, G,u) = 0 for all
u € H. To this end, fix u € H and define f(a) = (u, Gouy. By the contraction property
of the semigroup

IGa(u) — Gs(u)ll < la = Bla™ 87 [lu]l.

Therefore, limg_,, Gg(u) = Go(u). For o # (3, by the resolvent equation and symmetry
of the resolvent operators, we have

f(B) = fla)

B—a = —(u, Go(Gp(u))) = —(Ga(u), Gg(u)).

10



Letting  — « and using limg_,, Gg(u) = G,(u), we obtain that a — f(«) is differentiable
and
(@) = = |Ga(w)|* < 0.

By the strong continuity, we have lima . f (@) = lima_eo(u, aGq (1)) = ||ul|* € [0, ).
Hence lim,—,o f(a) = 0. Since f is non-increasing, we conclude f(«a) = {(u, Gouy = 0 for
all a € (0, 00). O

By Exercise 2.7, every semigroup defines a resolvent as a Laplace transform. So one
might wonder if we can compute the generator of semigroup directly from the resolvent.
This motivates the following definition.

Definition 2.12 (Generator of a resolvent). Let {G,, : @ > 0} be a resolvent on H. The
generator of {G, : a > 0} is defined as the linear operator A : D(A) — H defined by

D(A) = Go(H), A(u) =au— G, (u), forany a > 0,ue D(A),
where G,! : Go(H) — H is the inverse of G,, (recall from Lemma 2.11 that G, is injective).

The fact that the above operator is well-defined is an easy exercise in the use of
resolvent equation that we state below.

Exercise 2.13. Let {G, : a > 0} be a resolvent on H.
(i) For any «, 8 > 0, show that G,(H) = Gs(H).
(ii) For any o, 8 > 0 and any u € Go(H) = Gz(H), show that au — G5 (u) = Pu —
G3t(v).
B

Hint: Use the resolvent equation (2.1).

Let ‘H be a Hilbert space. Let T : D(T') — H be a densely defined operator (D(T) =
H). Then define

D(T*) = {x € H|ly — (T'(y), z) is a bounded operator on D(T)}.

If x € H, then by Hahn-Banach theorem, there is a unique extension of the map y —
(x,A(y)) to H. Hence by Riesz-Fréchet representation theorem, there exists (a unique)
T*(z) € H such that

(T(y),x) =y, T*(x)), forall x e D(T*).

It is easy to verify that T* : D(T*) — H is a linear map. For an operator T': D(T') — H,
let G(T) = {(u,T(u)) : we D(T)} c H x H denote the graph of T. We view H x H
is a Hilbert space with inner product {(z1,41), (22, %2))uxn = {(x1,%2) + {y1,y2) for all
(x1,11), (2, y2) € H x H.

Definition 2.14. (i) We say an operator T : D(T') — H is closed if G(T') is a closed
set (in H x H).

11



(ii) We say a densely defined operator T': D(T') — H is symmetric if for all z,y € D(T),

we have
T'(2),y) =<z, T(y))

Equivalently, T* is an extension of T (D(T*) > D(T) and T*(z) = T(zx) for all
x € D(T)).

(iii) We say that an operator T': D(T') — H is self-adjoint if T = T*.

For a subspace M of a Hilbert space H, by M~ we denote the orthogonal complement
defined by
M+ ={ueH :{uymy=0 forallme M}.

The following lemma expresses the graph of the adjoint 7™ in terms of the graph of T

Lemma 2.15. Let T' : D(T) — H be a densely defined operator and let G(T) =
{(u,T(u)) : w e H} € H x H denote the graph of T. Let V : H x H — H x H be
defined by V(z,y) = (y, —x) for all (z,y) € H x H. Then G(T*) = V(G(T))*.

Proof. (xz,y) € G(T™*) if and only if
(T'(u),z) = {u,y)y, forallueD(T).
This can be rewritten as
Vw, T(w), (2, y))mxm = (T(w), =), (2,y))nxn = (T(u), 2)—(u,yy = 0, for all ue D(T).
]

Clearly, every self-adjoint operator is symmetric and closed (by Lemma 2.15).

Corollary 2.16. Let T : D(T') — H be an injective self-adjoint operator with range R(T).
Then T : R(T) — H is a densely defined, self-adjoint operator.

Proof. Let us show that R(T) is dense. This is equivalent to showing that R(T)* = {0}.

Let y € R(T)* as R(T) = (R(T)*)*. Then (y,0) € V(G(T))* = G(T*) = G(T). Since T
is injective, y = 0.

Let V, S : H x H — H x H be defined by V(z,y) = (y, —x) and S(z,y) = (y, z) for all
(x,y) € H x H. Then by Lemma 2.15 and the observation that V' oS = =S oV we have

GUT™)") =V (9(T7))" = V(SG(T)" = S(V(G(T)".

Since S : H x H — H x H is a unitary (inner-product preserving) bijection with S? = Id,
we have S(V(G(T)))* = S(V(G(T))*) and hence by Lemma 2.15, we have

12



Exercise 2.17. Let (2, 1) be a measure space and let H = L*(Q, u). Let A : Q — R be
a measurable function (not necessarily bounded). Show that the multiplication operator
My : D(My) — H with domain

D(My) = {f € A9, ) : A € I2(2, )}
defined by M,(f) = f(-)A(:) is a densely defined, self-adjoint operator.

Theorem 2.18 (Spectral theorem). Let A be a self-adjoint operator on a Hilbert space
H. Then there is a measure space (0, 1) and a unitary map U : L*(Q,u) — H and a
measurable function X\ : 0 — R such that

UTAU = My, D(A) ={U(f) : f e D(M)},

where My : D(My) — L*(2, u) is as defined in Ezercise 2.17.

Furthermore, if A is non negative definite (respectively, non positive definite); that is,
(A(u),uy = 0 (respectively, (A(u),uy < 0) for all u € D(A), then A(z) = 0 (respectively,
A(x) <0) for p-almost every x € €.

Definition 2.19 (Functional calculus). Let A be a non-positive self-adjoint operator on
a Hilbert space H and let U : L*(Q, ) — H and X : © — R be as given in Theorem 2.18.
Then for any Borel function f : (—o0,0] — R, we define f(A) : D(f(A)) — H denote the
operator defined by

U f(A)U = My, D(f(A) ={U(g) : g€ D(Msrey)}

It is easy to verify that f(A) is a self-adjoint operator on H. Note that if f is bounded,
then f(A) is a bounded operator with D(f(A)) = H. If f is non-negative (respectively,
non-positive), then f(A) is a non-negative definite (respectively, non-positive definite)
operator.

Proposition 2.20. Let {T; : t > 0} be a a strongly continuous contraction semigroup
{T} : t > 0} on H and let us denote the associated resolvent by {G, : a > 0} defined as

Gol(u) := L e~ Ty(u)dt, for allueH,a > 0. (2.4)

Let Ay amd A, denote the generators of the semigroup {1, : t > 0} and the resolvent
{Gy : a > 0} respectively. Then Ay = A, and is a non-positive definite self-adjoint
operator.

Proof. Let ue D(A,). Then u = G,(v) for some v € H and

(e Ty(u) — u) = % (eo‘tTt (JOOO e “Ts(v) ds) = LOO e “Ts(v) ds)
1
t

((f 5T () ds) _ JOOO 5T () ds)

13

~ | =



_ —at _ —at
Auu) = i B =y ) e T = e (2.5)
0 t t}0 t t,0 t
= —v+au=oau—G ' (u) = A.(u). (2.6)

This show that A, is an restriction of A,.

It remains to show that D(A,) < D(A,). To this end, let u € D(A). Then by the
calculation in (2.5)

. 1 —at . . at . _ at _
ltlfél . (e™'Ty(w) —w) = lt%l — (7T (u) — u) 11%1 — (7T (Ga(v)) — Go(v))
1 0 0
= —v + lim— (—J e “Ts(v)ds + J e “Ty(v) ds> =—v+v=0.
tlo 1 ¢ 0

Therefore
0 = auw, wh — (Au(uw), w) > adw, w),
and hence w = 0, or equivalently, u = G,(v) € D(A4,).

By Corollary 2.16 G_! is a self-adjoint operator and hence A, = a—G_ is self-adjoint.
By Lemma 2.10, A, = A, is a non-positive definite operator. m

We now state a converse to Proposition 2.20. The resolvent and semigroup corre-
sponding to the generator can be defined using functional calculus (Definition 2.19).

Proposition 2.21. Let H be a Hilbert space and let A : D(A) — H be a non-positive
definite, self-adjoint operator.

(a) Then {T, = exp(tA)|t > 0} and {G, = (a — A)a > 0} are a semigroup and
resolvent respectively. Furthermore, {G, : « > 0} is the resolvent corresponding to
the semigroup {T; = exp(tA)|t > 0}.

(b) The generators of the semigroup {T; > 0|t > 0} and the resolvent {G,|la > 0} in (a)
coincide with A. Furthermore, there is a unique semigroup and a unique resolvent
whose generators are A.

14



Proof. (a) Let U : L*(Q, 1) — H be an unitary operator and \ : 2 — (—o0, 0] be as given
in the spectral theorem (Theorem 2.18). Then we have

U 'TU = Mexpuney), U T'GoU = Mig_zepy-1, forallt>0,a> 0.

The symmetry of T; follows from symmetry of Mgy, For all f,g € H,t > 0 we
have

(T(f).g) = f Mooy (U () (g) dps = j exp(t\ UL (F)U(g) dp
- f U1 Mapion(U(9)) dpt = (f. Ty(9)>.

The proof of the semigroup property is similar as for all ¢,s > 0
T, = UMexp(t)\)UilUMexp(s)\)Uil = UMexp(t)\)Mexp(s)\)Uil = UMexp((t—&-s))\)Uil = Tt+s-

To show strong continuity, note that for any f € H and using the fact that A < 0
m-a.e., we have |(exp(t\) — D)U(f)| < U Y(f) m-ae. for all ¢ > 0. Hence by
dominated convergence theorem, we have

i I7:7) = 17 = tim | J(exp(eh) = DU ()P du =0, for all £ 7,

The proof that {Go = UM_x.)-1U""a > 0} defines a resolvent is similar and left
as an exercise.

To verify that {G, : @ > 0} is the resolvent corresponding to the semigroup {T; =
exp(tA)[t > 0}, for any f € H, we have

Q0

[ e mtnyie= [ v o 0) ae =0 ( |

0 0 0

6_atMexp(t)\) (U_l (f)) dt)

=U (JOO exp(—at + X)UL(f) dt) —U (M(Q_A(.))fl(U_l(f))) _au(f).

0

(b) For any f e L*(, 1), we have the pointwise limit

lim Mexp(t)\(-)) (f) - f — lim (eXp(t)\() — 1)(f()
) t tl0 t

= Mx(f),
and that since A < 0 m-a.e., we have

exp(tA(+)) — 1‘ _ 1—exp(tA())
t t

T A(-),m-a.e. as t | 0.

So by the dominated convergence theorem,

lim Mexp(t)\(~)) (f) - f — lim (exp(t)\() — 1)(f()
t10 t tl0 t

= My(f),

15



in L?(Q, u) if and only if f € D(M,) = {f € L*(Q, ) : Af € L*(2, u)}. This implies
that the generator of the semigroup {T; = UMepur(pU™" it > 0} is A = UM\U™.
Since the generators of a semigroup and the corresponding resolvent coincide (by
Proposition 2.20), we have that A is the generator of the resolvent {G,, : o > 0}.

By the injectivity of Laplace transform, it suffices to show that the resolvent is
uniquely determined by the generator. Suppose {G, : @ > 0} and {G!, : a > 0}
are two resolvent with generator A, for any f € H,a > 0, w = G,(f) — GL(f)
satisfies

(0 = A)(w) = (@ = A)(Ga(f) = Go(f)) = f = f = 0.

Since —A is non-negative definite, we have
0={(a—A)(w),w) = lw,w)y =0,

and hence w = 0. Since f € H is arbitrary, G, = G.,. n

«

Exercise 2.22. Show that {G, = UM_x.)-1U"'a > 0} defined in the proof above is
a resolvent.

In the next exercise, we outline a direct proof of the uniqueness of the semigroup
with a given generator (without relying on the injectivity of Laplace transform and the
corresponding uniqueness result for the resolvent).

Exercise 2.23. Let H be a Hilbert space and let A : D(A) — H be a non-positive
definite, self-adjoint operator. Let {7} : ¢ > 0} be a semigroup with generator A.

(i) Show that for any x € D(A),t > 0, we have T;(x) € D(A) and

d
2 (L)) = A(Ty(x)) = T(A(x)).

(i) Using (i), show that if {Z} : ¢ > 0} and {7} : ¢ > 0} are two semigroups with generator
A, then for any x € D(A) the function E, : (0,00) — [0, 0) defined by

~ 2
E.(t) = ’Tt(x) —Tt(:p)H , forallt>0

satisfies
CELt) = XTi(a) — Tia), ATw) ~ Ty <0, for all 1> 0
and limy o E,(t) = 0.
(iii) Conclude from (i) that T3(z) = Ty(x) for all z € H and ¢ > 0.

The following exercise can be viewed as an inverse Laplace transform formula for the
semigroup corresponding to a resolvent.
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Exercise 2.24. Let {G,, : @ > 0} be a resolvent on H. Show that for all t > 0, f € H

n

1) = tim 3 0y () (2.7

a—00 n

defines a semigroup and that {G, : @ > 0} is the resolvent corresponding to the semigroup
{T; : t > 0}. Hint: Use the proof of Proposition 2.21 to express G, = UM a1 U™
and show that T; = UMeXp(t)\(.))U’l.

2.3 Closed quadratic forms

Definition 2.25. Let H be a Hilbert space with the inner product {:,-). A quadratic
form £ : F x F — R is a dense subspace of F (called the domain of the quadratic form)
of H such that it satsfies the following properties:

(i) (bi-linearity) For all aj,as € R and fi, fo,g € F, we have E(a1fi + asfe,g9) =
a1&(f1,9) + a€(f2, 9)-

(ii) (symmetry) E(f,g) = E(g, f) for all f,ge H.
(iii) (non-negative definite) E(f, f) = 0 for all f € F.

We say that a quadratic form is said to closed if F is a Hilbert space equipped with the
inner product & : F x F - R

&i(f,9) = E(f,g9) +{f,g), forall f,geF.

Familiar properties of inner product such as Schwarz inequality and triangle inequality
hold for (non-negative definite) quadratic forms with identical proofs.

Exercise 2.26. Let £ : F x F — R be a quadratic form on a Hilbert space H. Show
that for all f, g € F, we have the Schwarz inequality

1€ (u,v)| < E(u, u)2E (v, v)"/?
and the triangle inequality

Ef+a.f+9) P <Ef N +E(9,9)"

There is a one-to-one correspondence between closed quadratic forms and non-positive
definite self-adjoint operators A.

Theorem 2.27. Let A be a non-positive definite, self-adjoint operator on H. Then (€, F)
1s a closed quadratic form, where

E(f.9) = (V=A(f),V-Al9)), [ geF:=D(/-A). (2.8)

Conversely, any closed quadratic form on H arises from a non-positive definite, self-
adjoint operator on H as given in (2.8).

17



Proof. Since (F, &) is an inner product space, we need to verify completeness. Note that
v/—A is a non-negative definite, self-adjoint operator. Let (fn)nen be a Cauchy sequence in
(F,&). This implies that (f,, v/—A(fs))nen is a Cauchy sequence in H x H that belongs
to the graph G(y/—A). Since the graph of every self-adjoint operator is closed (by Lemma
2.15), we conclude that there exists f € F such that lim, . & (f — fn, f — fn) = 0. Hence
(F, &) is Hilbert space.

Define &,(f,q) := E(f,g) + alf,g) for all f,ge F. Let {Gq = (a — A)7' : a > 0}
denote the resolvent generated by A. Using the spectral theorem, it is easy to verify that

Go(H) c F, E.(Gu(f),9) ={f,g9), forall feH,ge F. (2.9)

Conversely, let (€, F) be a closed quadratic form. Since (F,&,) is a Hilbert space for
each a > 0 and for any u € H, the function v — (u,v) where v € F is a bounded linear
functional in the Hilbert space (F,&,). Hence by Riesz-Fréchet representation theorem,
there exists (a unique) G, (u) in F such that

Eu(Go(u),v) =(u,vy, forallueH,veF and a > 0. (2.10)

We claim that {G,, : @ > 0} is a resolvent. For the symmetry of G,, note that for each
u,v € H, we have

(2.10)

(Galw),0) "= E(Gulu), Galv)) =" (u, Go(v)).

To obtain the resolvent equation, note that for any u € H,v € F, we have

Ea(Gp(u) = (@ = B)GaGp(u),v) = Ea(Gp(u),v) = (@ = F)Ea(Ga(Gp(w)), v)

P20 £,(Gs(u),v) — (a — B)(G(u), v) = E5(Gy(u),v)

(2.10)

20 Cu, vy P2 E,(Galu), v).
Since (F,&,) is a Hilbert space, we obtain the resolvent equation
Go(u) = Gg(u) — (v — B)GaGp(u), for all ue H.
For each a > 0, a(G, is a contraction since
[(eGa) (W[ [Ga(w)]| = alGalu), Ga(w)) < Ea(Galu), Ga(w)) = (u, Galw)) < [Jull [Ga(u)]],

for all uw € H. For strong continuity, we use the contraction property to obtain

Ea(aGy(u) —u, aGy(u) —u) (10 a?(Go(u),uy + &(u,u) — alu,u)
al|aGa ()| ||lul| — a|lul|* + E(u,u) < E(u,u), for all ue F.

allaGa(u) — ul* <
<

Hence
lim |[|aGa(u) —u|| =0, for all ue F.
a—>0
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Since F is dense in H, for any u € H, there exists a sequence (un)neny in F such that
lim,, e ||, — u|| = 0. Now since aG, is a contraction, we have

laGa(u) = ul| < [(aGa)(u = un)|[+]aGal(un) = unll+[lun = ul] < 2[lu = un[|+]|aGa(un) = -

Let o — oo and then n — oo to obtain

lim sup [|aGy(u) —ul] < 2 [Ju — u,|| === 0.
a—0

This concludes the proof of strong continuity and hence {G, : @ > 0} is a resolvent.

Let A be the generator of the resolvent (€', F') closed quadratic form corresponding to
the non-positive self-adjoint operator A as defined in (2.8). By (2.9), we have G,(H) < F
and hence

2.9)

E(Ga(1), Gaw)) B (Gu(w),v) "2” €.(Ga(w), Ga(v)), for all u,v e H.

Hence & and &€ coincide on Go(H) x Go(H). By (2.10), Go(#H) is dense in the Hilbert
space (F,&,). Similarly, by (2.9), Go(H) is dense in the Hilbert space (F', ). Since
both (£, F) and (£, F') are closed quadratic forms that coincide on a dense set, they
are equal. Hence the correspondence given in (2.8) is a bijection between non-positive
definite, self-adjoint operators and closed quadratic forms. n

The quadratic form corresponding to the generator of a semigroup and resolvent can
be described directly as outlined below.

Exercise 2.28. Let A be a non-positive definite, self-adjoint operator on H that is the
generator of a semigroup {F; = exp(tA) : t > 0} and resolvent {G,, = (a — A)~': a > 0}.
Let (€,F) denote the closed quadratic form corresponding to A as given by Theorem
2.27. Using the spectral theorem, show the following

(a) For any f € H, the function
1
too LU= PO D)

is non-increasing and non-negative function on (0,0). Furthermore the quadratic
form (&, F) is given by

F= {7 ulim < - gy <0}

and

EU.1) =lim (T~ P).J), forall fe F.
(b) For any f € H, the function

a— (I —aGa)f, f)

19



is non-decreasing and non-negative function on (0,00). Furthermore the quadratic
form (£, F) is given by

F = {f € H| liga((f —aGa)f, [y < 00}7

and

E(f, f) = liTrglooz<(I— aGy)f, [, forall feF.

To summarize, there is a one-to-one correspondence between

(a) Closed non-negative definite quadratic forms (Definition 2.25)
(b) Non-positive definite self-adjoint operators (Definition 2.14)
(c) Semigroups (Definition 2.1)

(d) Resolvents (Definition 2.4).

The following exercise outlines an argument for the computation of Dirichlet form for the
Brownian motion. It assumes familiarity with Fourier transform of tempered distributions.

Exercise 2.29. Let m denote the Lebesgue measure and let P, : L?(R", m) — L*(R™, m)
denote the Brownian semigroup

. 1 |£B _ y|2 2(Tn
P, f(x) := JRnWexp (— 57 f(y)dy, forallt>0,feL*(R").
Show using Exercise 2.28-(a) that the corresponding Dirichlet form is given by F = {f €
LARY) - 2e L2(R),for alli=1,...,n}, E(f, f) = L §e [V dm for all f e F, where
Vf= (% is the distributional gradient of f.
i) i=1

Hint: The following facts about Fourier transform and distributional derivatives are
relevant. Fourier Transform of a function of a function f € L2(R") is given by

~

fk)=| f(x)e™*d"x, forall ke R"
Rn

Inverse Fourier Transform of f € L2(R™) is

1 o .
f(x) = f(k)e®*d"k, for all x € R”
(x) @ o (k)
The Parseval’s Formula states
1 R
J 0P = J FK)[2dK, for all f e L2(R™)
n )" Jpn
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The Gaussian probability density function ¢ with zero mean and covariance matrix ¢/
(where [ is the identity matrix)

() = g
X) = e 2
g (2mt)n/?
has Fourier transform given by
. _tlki?
g(k) =e 2.

Fourier trasform of convolution is the product of Fourier transform m = ﬁfQ for all
f1, fo € L*(R™). Fourier transform of the distributional derivative of f € L*(R") is

jf (k) := —k; f(k), forallk = (ki,...,ky)eR" andi=1,...,n.
1)

2.4 Beurling-Deny criterion and Markov operators
We introduce the definition of Dirichlet form, a notion due to Beurling and Deny [BD].

Definition 2.30. Let (X, M,m) be a o-finite measure space. A Dirichlet form on
L*(X,m) is a quadratic form (in the sense of Definition 2.25; that is, bi-linear, sym-
metric, non-negative definite, closed, densely defined) £ : F x F — R on L?(X, m) such
that it satisfies the Markov property: for all u € F, we have @ := (0 v u) A 1 € F and

E(u,u) < E(u,u).

At this point the terminology Markov property might seem strange. As we will later
justify (see Theorem 2.36), the Markov property of quadratic form is equivalent to the
Markovian property of the corresponding semigroup (or resolvent).

Definition 2.31. We say that a bounded linear map T : L*(X,m) — L*(X,m) is
Markovian if for any f € L?*(X,m) such that 0 < f < 1 m-almost everywhere, we
have 0 < T'(f) < 1 m-a.e.

Exercise 2.32. Let T : L?*(X,m) — L*(X,m) be a bounded linear operator. Then show
that the following are equivalent.

(a) For any f € L*(X,m) such that 0 < f < 1 m-almost everywhere, we have 0 < T(f) <
1 m-a.e.

(b) For any f € L*(X,m) such that f < 1 m-almost everywhere, we have T'(f) < 1 m-a.e.

The following exercise gives a description of all Dirichlet forms on a finite set. This
special case of the Beurling-Deny decomposition of regular Dirichlet forms admits an
elementary proof as outlined below. We use 14 to denote the indicator of a set A.

Exercise 2.33. Let X = {1,...,m}, where n € N and let m be a measure on X with
m({i}) > 0 for all i € X. Let £ : F x F — R be a Dirichlet form on L*(X,m).
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(i) Prove that F = L*(X,m).
(ii) Show that for any 4, j € X with ¢ # j, we have
E(lyy, 1gy) < 0.
Hint: Consider f = 1; — el for e = 0.

(iii) Show that for any ¢ € X, we have £(1;,1x) > 0. Hint: Consider f = 1x + el
for e = 0.

(iv) Using (ii) and (iii), show that there exists ¢;; = 0, for all 1 <7 < j <nand k(i) = 0
for all 7 € X such that

n

Ef )= Do ci(f@) = f()*+ D k(i) f(i)?, forall feF=RX.

1<i<j<n i=1

The next exercise illustrates the existence of closed, non-negative definite, symmetric
quadratic forms which do not satisfy the Markovian property.

Exercise 2.34. Let X = {1,2} be equipped with the counting measure m and let (&€, F)
define a symmetric, bi-linear form on L?(X, m) given by F = L?(X,m),

ECFf) = (FO) = @)+ F()? +A 2, F()*,

where A € R is a parameter, f € F. For f,g € F, we define E(f, g) by polarization.

(a) Show that (€, F) is a non-negative definite, closed, quadratic form on L?(X, m) if and
only if A > —1(3 —v/5).

(b) Show that (£, F) is a Markovian, non-negative definite, closed, quadratic form on
L*(X,m) if and only if A > 0.

(c) Conclude that there exist (contraction, strongly continuous) semigroups that do not
satisfy the Markovian property®.

Lemma 2.35. Let P : L*(X,m) — L*(X,m) be a bounded, linear, m-symmetric, Marko-
vian operator and let F : R — R be a 1-Lipschitz function (that is, |F(a) — F(b)| < |a — b|
for all a,b e R) such that F(0) = 0.

(i) Then for any n € N, for all pairwise disjoint sets Ay, ..., A, such that m(A;) < o

oralli=1,...,n, and for all a,,...,a, € R, writing f =Y. a;14,, we have
foralli=1 d for all R, writing f = >, a;La,, we h
- 1
(I =P)f, Praxm = ) mia; + 3 D1 aiglai—aj), (2.11)
i=1 I<i<j<n

3Thanks to Renan Gross for asking a question that inspired this exercise and for helpful discussions.
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where

aiji=Da, Pla)rexm =0, g = m(4;) — Z a =0, foralll<i,j<n.
k=1

(2.12)

(ii) For any g € L*(X,m), then § := F(g) satisfies

<(I - P)g’ §>L2(X,m) < <(I - P)gag>L2(X,m)~ (213>

Proof. (i) Note that by the m-symmetry of P, we have a;; = (la,, Pla,)r2(xm) =

(Pla;, 14, )12x;m) = oy for all 1 <4, j < n. By linearity of P and the symmetry
a;; = aj,;, we have

n n

(I =P)f, Frracem = Y, . aia{(I = PYLa, La ra(xm)

i=1j5=1
n
Z@%%J

7=1

@
Il
I
M=
HM:
I

2
(%%J—%%%ﬂ

=1 i=1j5=1
1 n n
2 2 2
= Z wia; + 5 Z Z (ai Q;j +aja; — Qaiajai7j)
i=1 i=1j=1
n
_ 2 + 1 ( )2
= 2 it + 3 a;(a; —aj
i=1 1<i<j<n

Since 0 < Ply4; < 1 m-ae. by the Markovian property of P, we have «;; =
(La;, PLa,)r2x,my = 0. Since Ay, ..., A, are pairwise disjoint, by the Markovian
property of P, we have

n

Z a; = (La,, Z P(ly,)) < J 1a,dm =m(4;), foralll<i<n,
k=1 k=1 X

or equivalently p; = 0 for all 1 <7 < n.

If ¢ is a simple function as given in (i), then the desired estimate (2.13) follows from
(2.11) and (2.12). In general, for any g € L*(X,m), there exists a sequence of simple
function (g, )ney such that g, ~——» g pointwise, |g,| 1 |g| pointwise, and g, ——2>

g in L*(X,m). Since |F(a)| < |a| for all a € R, by the dominated convergence
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theorem gy, := F(g,) === § := F(g) in L*(X,m). Hence by the continuity of P,
n—0o0

P(g,) —— Pg in L*(X,m) hence by using (2.13) for simple functions (since g, are
also simple functions) we obtain

<([ - P)E? §>L2(X7m) = r}l—r»{olo<([ - P)%,%>L2(X7m)

(211),(2.12) .
< hm<(I - P)gn7gn>L2(X,m) = 7}1_1}010<(] - P)g7g>L2(X,m)'

n—oo
[

Let (X, B, m) be a o-finite measure space.

Theorem 2.36. Let £ : F x F — R be a closed quadratic form on L*(X,m). Let
{T, -t >0}, {Gy : a >0} and A : D(A) — L*(X,m) denote the associated semigroup,
resolvent and generator associated with € respectively. Then the following are equivalent:

(a) Ty is a Markovian operator for each t > 0.

(b) aG, is a Markovian operator for each t > 0.

(¢) For all f € D(A), we have (A(f),(f —1)*) <0.

(d) For allue F, we have U := (0 v u) A 1€ F and E(0,u) < E(u,u).

Proof. The implications (a) = (b) and (b) = (a) follow easily from (2.4) and (2.7).
Next, let us show that (d) = (b). Let u € F such that 0 < u < 1 m-a.e. and a > 0.
We consider the function ¥, : 7 — R defined by

U(w) = E(w,w) + adw — o tu, w — o~ u).

For all w € F, we have

U(w) — U(Go(u)) = Ea(w, w) — 2w, u) + o u,u)

— Ea(Go(u), Go(u) + 260Gy (u), u) — o Hu,u)

Ea(w,w) — 2w, uy + E(Golu), Go(u))

Ea(w,w) — 2E,(Go(u), w) + E4(Go(u), Go(u))
(

Ea(Go(u) —w, Go(u) — w),

and hence
U(w) < U(Gu(u)) if and only if w = Gu(u). (2.14)

1}1Eow,ddeﬁne v=a"((0v (aGyu))) A1) = (0v Gulu)) A a™. So by (d), we have
E(v,v) < a28(aG (1), aGa(u)) = E(Galu), Golu)). (2.15)
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Since u(z) € [0, 1] for m-a.e., we have for m-a.e. x € X,
lv(z) — o 'u(z)| = [((0 v Ga(u)(2)) A a™') — a7 u(z)] < |Galu)(z) — o u(z)).
(2.16)
By (2.15), (2.16), we have ¥(v) < V(G,(u)) and hence by (2.16), we conclude that
v=(0v Gy(u) Anat=G,(u). Thus aG, is a Markovian operator.

The implications (a) = (d) and (b) = (d) follows from Lemma 2.35 (by setting
F(t) = (0 vt) Alin Lemma 2.35-(ii)) and Exercise 2.28.

Next, let us show (b) = (¢). By using Lemma 2.35 (by setting F'(t) = t A 1) and
Exercise 2.28(b), we obtain that for all fe F, fale Fand E(f AL, fAl)<Ef[).
In particular for f € D(A), we have f Al = f —(f—1), and hence E(f — (f — 1), f —
(f—1);) < E(f, f) or equivalently,

2A(f), (f = 1)) = =26(f,(f = 1)2) < —E((f = D) (f = 1)) < 0.

It remains to show (¢) = (b). By Exercise 2.32, it suffices to show that if f € L*(X, m)
satisfies f < 1 m-a.e., then aG,(f) <1 for all & > 0. Fix o > 0 and f as above and set
g 1= aG,(f) so that g € D(A) and

ag — A(g) = af. (2.17)

By (2.17) and () (A(g), (g — 1)') < 0, we obtain (g, (g — 1)+) < {f(g — D)), or
equivalently,

| w-pe-vo<o-|@-ne-no=0
{g=1} X
Since f < 1 m-a.e., the above inequality implies that g = aG,(f) < 1 m-a.e. ]

In order to show the existence of heat kernel, it is useful to consider the Markovian
semigroup (7;) on L*(X,m) also as an operator on L'(X,m). By Markov property, we
have |Ty(f)| < Ti(|f|) m-a.e. for any f € LY(X,m) n L?*(X,m) (since T} is positiv-
ity preserving). Let A, be a sequence of increasing measurable sets with U, A, = X
and m(A,) < oo for all n. By using Markov property and symmetry of T;, for all
fe LYX,m)n L*(X,m), we have

T =t [ L0, 1) dm < lim [ 10, T 1) =l [ Ti(L 1A don < [ 151

Hence by the density of L'(X,m) n L*(X,m) in L*(X,m), T; uniquely extends as a
contraction on L'; that is

1P < £l for all f e X, m). (2.18)
By the Riesz-Thorin interpolation theorem, T; extends as a contraction to LP(X,m) for
all p € [1,2]. By considering the (Banach space) adjoint of T; : LP(X, m) — LP(X,m) for
p € [1,2), we obtain a contraction operator T} : LI(X,m) — L4(X,m) for all ¢ € (2, o0].
Since we only need the case p = 1 or p = 2 we don’t provide further details on the
Riesz-Thorin interpolation theorem or the duality argument.

The following lemma provides a convenient sufficient condition for the strong conti-
nuity property of a semigroup.
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Lemma 2.37. Let H = L*(X,m) be a Hilbert space over R, where m is a measure on X .
Consider a family of linear operators {T; : L*(X,m) — L*(X,m)|t > 0} such that each
T, is a Markovian, contraction operator. Furthermore if £L < L'(X,m) n L*(X,m) is a
dense subspace of L*(X,m) such that for any f € L, we have

ltiféth(f)(x) = f(x) for m-a.e. x € X. (2.19)

Then for any u € L*(X,m), we have limy g ||T3(u) — ul|, = 0.

Proof. Since T; is a contraction, we have

IT(F) = FI5 = ITD I+ l5=2F T ) < 201152, To(f)), forall fe L2()<(7 m))-
2.20

If f e L, by (2.19) and the dominated convergence theorem (dominating function is
1/l f € L'(X, m) by the Markovian property of T;; by Exercise 2.32 we have ||T;(f)]],, <
f]lee) we have

limd f, Ti(f)) = 1£1l5 - (2.21)

Hence by (2.20) and (2.21) we have limy o ||73(f) — f||, = 0 for all f € £. By the density
of £ in L*(X,m) and the contraction property of T3, we have limyo || T3(f) — f]|, = 0 for
all fe L*(X,m) O

2.5 Regular Dirichlet forms and Fukushima’s theorem

The theory of Dirichlet forms is useful to construct and analyze Markov processes. We
have already seen the construction of a Markovian semigroup from the Dirichlet form.
There are two issues with defining a Markov process on X from a Markovian semigroup
on L?(X,m). The first issue is that it is possible for T;1(x) < 1, which implies that the
semigroup at time ¢ correponding to the process started at x has a probability strictly less
than one to belong in the state space X (sub-probability measure). This issue is handled
by adding an absorbing state (called the cemetery state A) and thus defining a transition
probability measure on X := X U {A}. The second issue is that functions in L?(X,m)
are not pointwise defined. So the resulting process is well-defined up to modification on
‘small’ sets.

Definition 2.38. Let (X, M,m) be a o-finite metric measure space, and let (£, F) be
a Dirichlet form on L?(X,m). We say the Dirichlet form (€, F) be a Dirichlet form on
L2(X,m) is regular, if it satisfies the following properties:

(a) X is a locally compact separable metrizable topological space X, with M the associ-
ated Borel o-field, a Radon measure m on X with full support ( a Borel measure m on
X which is finite on any compact subset of X and strictly positive on any non-empty
open subset of X).

(b) The vector space F n C¢(X) is dense both in (F, &) and in (Co(X), ||-]|,)-
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A fundamental theorem of Fukushima the assumption of the regularity of the Dirich-
let form allows us to construct a m-symmetric Markov process on X whose semigroup
coincides with the semigroup of the Dirichlet form. Assume for the moment that the semi-
group corresponding to a Dirichlet form is defined over a space of pointwise well-defined
functions. Then the Markov property along with Riesz—Markov-Kakutani representation
theorem would then imply the existence of a sub-probability measure on X which can be
made into a transition probability on X U A, where A is an absorbing cemetery state.
Fukushima observed that the assumption of regularity ensures that every function in the
domain of the form can be modified to continuous outside a small set (quasi-continuous).
This allows us to overcome the difficulty of functions in L? being not pointwise well-

defined.

Theorem 2.39 (Fukushima’s theorem). [FOT, Theorem 7.2.1] Let (€, F) be a regular
Dirichlet form on L*(X,m). Let B denote the Borel o-field on X. Let X U {A} de-
note the one-point compactification of X and let Bn = B u {B u A|B € B}. For each
x e X U{A}, there is a Xa := X U {A}-valued stochastic process (2, (Fi)i=0,{Y: : t €
[0, 0]}, {Ps }aexuqay) that satisfies the following properties:

1. (Fi)i=0 is a right continuous filtration on Q and (Y3) is (Fi)i=o-adapted; that is Y; :
(Q, F) = (X U A, Ba) is measurable for each t = 0.

2. For each E € Ba andt > 0, the function x — P,(Y; € E) is measurable on (X OA, Ba).
3. (Markov property) For each x € X,t,s >0 and E € B we have
P,(Y;ys € E|F) = Py, (Y, € E).

4. (cemetery is absorbing) Yoo (w) = A for allw e Q, PA(Y; = A) =1 for allt = 0. More
generally, P.(Y,(w) = A) =1 for all t = {(w), where ((w) denotes the lifetime of the
process

((w) :=inf{t > 0: Y (w) = A}

5. (normal process) For each x € X, we have P,(Yy = x) = 1.
6. (cadlag paths) t — Yi(w) is right continuous on [0,00) and has left limits on (0, 0).

7. (time shift operators) For each t = 0, there exists a time shift operator 6, : QO —
such that Yy 00; = Yi,,.

8. (strong Markov property) For any probability measure u on (X U{A}, Ba) and for any
(Fy)-stopping time T, and for all s = 0, we have

P, (Yrss € E|Fp) =Py, (Yo € E), for all E € Ba.

9. The process is quasi-left continuous on (0,00): for any sequence of (F;)i=0 Stopping
times T, 1 T and any probability measure u on (X U {A}, Ba), we have

P, (lim Yo, = Vi, T < oo) — P, (T < ).

n—o0
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The semigroup (P}) corresponding to the process (Y;) defined by PY f(x) = E,[f(Yi)Ly<q]
coincides with the semigroup corresponding to the Dirichlet form (€, F) on L*(X,m) (the
term Ly<¢y is usually dropped with the convention that every function f on X is extended

to X u {A} by setting f(A) =0).

The Markov process in Fukushima’s theorem is not quite unique because the semigroup
associated to a Dirichlet form is not well-defined pointwise. However, it is essentially
unique outside a very small set as shown in [FOT, Theorem 4.2.8]. We describe the
uniqueness below.

Let X U {A}-valued stochastic process (€2, (F)i=0,{Y: : t € [0, 0]}, {Ps}sexoga}) be a
stochastic process as above. We say that subset N of X is properly exceptional for the
Markov process {Y; : ¢ € [0, 0]} if A is a Borel set with m(N') = 0 and

P, ({we QYi(w) € XA\W,Y; (w) € Xa\WN}, forall t = 0) =1, forall z € X\N.

The process constructed in Fukushima’s theorem is unique in the following sense. Suppose
{Y; -t = 0} and {Y; : t = 0} be two Markov processes that satisfy the conclusion of
Theorem 2.39, then there is a common properly exceptional set N for both {Y; : ¢t > 0}
and {Y; : t = 0} such that for all z € X\N, for all t > 0 and E € B, we have

P,(Y; € E) = P, (Y, € E).

Let us recall the definition of quasi-continuous functions. First, we define the 1-capacity
Cap,(A) of A ¢ X with respect to (X, m, &, F) by

Cap,(4) := inf{é’l(f, f) ‘ feF, f>=1m-a.e. on aneighborhood of A}, (2.22)

where & 1= £ + (-, -)r2(x,m) as defined before. A subset N of X is said to be £-polar if
Cap,;(N) = 0. For A © X and a statement S(z) on x € A, we say that S holds &-quasi-

everywhere on A (€-q.e. on A for short), or S(x) holds for £-quasi-every v € A (€-q.e.
x € A for short), if S(x) holds for any x € AAN for some E-polar N' < X.

Polar sets and properly exceptional are defined using the Dirichlet form (£, F) and the
corresponding Markov process (Y;);>o respectively. These two notions are closely related
as follows: any properly exceptional set N' < X for (Y})i=0 is E-polar, ¢ any E-polar subset
of X is included in some properly exceptional set N for (Y})i=o-

Definition 2.40 (Quasi-continuous function). Let (€, F) is a regular Dirichlet form on
L3*(X,m). Let f e L*(X,m). A quasi-continuous version of f is a (pointwise defined)

~ ~

function f : X — R, f = f m-a.e. and for ¢ > 0 there exists an open set G of X such

h .
that Cap,(G) < € and ﬂX\G

A crucial ingredient in the proof of Theorem 2.39 is the existence of quasicontinuous
modification of functions in F [FOT, Theorem 2.1.3].

Theorem 2.41. Let (€, F) be a reqular Dirichlet form on L*(X,m). Then every function

f e F admits a quasi-continuous modification f : X — R such that f = f m-a.e.
Furthermore any two quasi-continuous modifications are equal quasi-everywhere.
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We will use the notation f to denote the quasi-continuous modification of a function

ferF.

Remark 2.42. The assumption of local compactness in the definition of regular Dirich-
let forms does not allow for some infinite dimensional examples. There is a fruitful gen-
eralization of regular Dirichlet form that allows for such examples called quasi-regular
Dirichlet forms. We refer to [AM, CF| for more on this theory. The theory of quasi-
regular Dirichlet forms allows to handle many infinite-dimensional spaces of interest; see
[DeS, HKIK, Suz, Stu25] for some recent examples.

We discuss conditions on a regular Dirichlet form that ensure continuity of the sample
paths of the associated Markov process. For a function f € L?*(X,m), we denote the
support of the measure f-m as supp,,(f).

Definition 2.43. Let (£, F) be a regular Dirichlet form on L*(X,m). We say that
a Dirichlet form (&, F) is strongly local E(f,g) = 0 for any f,¢g € F with supp,,[f],
supp,,|g] compact and supp,,[f — al x| N supp,,|g] = & for some a € R.

We say that a Dirichlet form (&€, F) is local E(f,g) = 0 for any f, g € F with supp,,[f],

supp,,[g] compact and supp,,[f] N supp,,[g9] = & for some a € R.

By [FOT, Theorem 4.5.3], for a process (Y;) associated with a strongly local Dirichlet
form, we have for q.e. x € X,

P,([0,00) 5t — Y; € X4 is continuous) = 1.

For a local Dirichlet form, the corresponding process is allowed to have a discontinuity at
its lifetime (that is, a jump to cemetery state). By [FOT, Theorem 4.5.3|, for a process
(Y;) associated with a local Dirichlet form, we have for q.e. x € X,

P,([0,¢) 5t~ Y; € X is continuous) = 1.

Every regular Dirichlet form can be canonically decomposed into three parts: strongly-
local part (diffusion), jumping part (jumping between two points in X') and killing part
(junp from a point in X to the cemetery state A). This is called the Beurling-Deny
decomposition. We state this first before discussing the probabilistic meaning.

Theorem 2.44 (Beurling-Deny decomposition). For a regular Dirichlet fpr (€, F) on
L*(X,m) there exists a unique triple (£, J, k) of a strongly local non-negative definite
symmetric bilinear form £ : FxF — R, a symmetric Radon measure J on X x X\ diagy
and a Radon measure k on X, such that J((X x N1) n X2)) = 0 = (N7) for any E-polar
N € B(X) and

E(u,v) = E9(u,v) —i—lJ

X x X\ diagy

() —u(y))(0(z) —v(y)) J(dz dy) + f t(z)o(x) r(dr)
X

for any u,v € F, where u,v denote &-quasi-continuous versions of u,v respectively and

diagy © X x X denotes the diagonal subset. We call £, J, k the strongly local part,

the jumping measure and the killing measure, respectively, of the Dirichlet form (€, F)

on L*(X,m).
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We remark that the condition J((X x Nj) n X2) = 0 = x(N;) for any E-polar N €
B(X) ensures that the above integrals are well-defined as quasi-continuous modifications
are well-defined up to quasi-everywhere equivalence. It might be possible for x to be
singular to m and J be singular to m x m and hence use of quasi-continuous versions is
needed in general.

For a probabilistic description of jumping and killing measures, let us make a simpli-
fying assumption that 14 € F and is quasi-continuous for all Borel sets A € B(X) (for
example, a finite set as the state space). In this case, for any pair of disjoint Borel sets
A, B € B(X) we have

J(AxB) = —E(14,15) = — 1%1 T (I-T)(14),15) = 1551 T (14),15) = 13%115—1@1/4, T,(15))

which has the probabilistic interpretation as jump intensity of the associated process (Y})
as

t10

ﬂAxByzmnlfPAEeBﬁmwy
A
Similarly for any Borel set A € B(X), we have
K(A) =E(a, 1x) =E(1La, 1x) = 1}fg)1t_l<]lm (I —T))1x),

which has the probabilistic interpretation as the killing (jump intensity to the cemetery
state A) of the associated process (V) as

Mngy*mezAWM@

The strongly local part of the Beurling-Deny decomposition is somewhat mysterious and
is not as explicit as the jumping and Kkilling parts.

Example 2.45. Let m denote the Lebesgue measure on R? and let A < R? denote the
straight line from (0, 0) to (0,1). Let (£, F) denote the Dirichlet form corresponding to the
two-dimensional Brownian motion given by F = W?(R?), and E(f, f) = 3 {s- IV f|? dm
for all f € F (see Exercise 2.29). Then Cap,(A) > 0 = m(A). This shows that there are
non-E-polar sets with measure zero (see Exercise 3.10 for another example). On the other
hand by the inequality, Cap,(A) = m(A), every set of 1-capacity zero has measure zero.

2.6 Irreducibility, recurrence and transience

Familiar probabilistic notions such as irreducibility, recurrence and transience can be
defined at the level of Dirichlet forms.

Let (€, F) be a Dirichlet form on L?(X,m) and let (P;);~o denote the corresponding
semigroup.

Definition 2.46. We say that a measurable set A < X is E-invariant, if it satisfies

P,(1of) =14P(f), me-a.e. on X for any f € L*(X,m) and any ¢ € (0, c0).
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Equivalently, 1 4u € F for any u € F and
E(uyu) = E(1gu, 1 gu) + E(L e, 1 geu).

We say that a Dirichlet form (&, F) is irreducible if m(A)m(X\A) = 0 for any E-invariant
set A.

In order to define recurrence and transience, we recall the definition of extended Dirich-
let space.

Definition 2.47 (Extended Dirichlet space). We define the extended Dirichlet space F.
of a Dirichlet form (€, F) on L?*(X,m) as the space of m-equivalence classes of func-
tions f: X — R such that lim, . f, = f m-a.e. on X for some {f,},en < F with
limg e E(fe — fi, fr — fi) = 0. Then the limit E(f, f) := lim, o E(fn, fn) € R exists
and is independent of a choice (why?) of such {f,},en for each f € F., so that & is
canonically extended to F. x F..

We say that a Markovian semigroup (B;)io is transient if for any f € L*(X,m) n
L*(X,m) with f = 0-m-a.e., we have
T

Gf:=lim | P(f)dm <o, m-a.e.

T—w j
We say that a Dirichlet form (€, F) on L*(X,m) is transient if there exists a f €
LY(X,m) n L®(X,m) such that f is strictly positive m-a.e., and satisfying

J lul fdm < +/E(u,u), forall ue F.
b's
The following theorem gives equivalent definitions of transience [FOT, Theorems 1.5.3

and 1.6.2].

Theorem 2.48. Let (€, F) be a Dirichlet form on L*(X,m) and let (P;)y~o denote the
corresponding semigroup. The following are equivalent:

1. The semigroup (P,)i=o s transient.
2. The Dirichlet form (€, F) is transient.
3. (Fe, &) is a Hilbert space.

We say that a m-symmetric Markov semigroup (F;);=o is recurrent, if for all non-
negative f € L'(X,m), we have
T

Gf:=lim | Pfdte{0,o0} m-a.e on X.

T—o0 0

We say that a Dirichlet form (£, F) on L*(X,m) is recurrent if 1x € F, and E(1x,1x) =
0. Analogous to Theorem 2.48, we have the following result [FOT, Theorem 1.6.3].
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Theorem 2.49. Let (€, F) be a Dirichlet form on L*(X,m) and let (P;)¢~o denote the
corresponding semigroup. The following are equivalent:

1. The semigroup (Py)¢=o 18 recurrent.

2. The Dirichlet form (€, F) is recurrent.

The following exercise concerns the Dirichlet form for n-dimensional Bessel process.

Exercise 2.50. Let n € (0,00). Consider the measure m(dz) = 2" ' dx on X = (0, 0).
Let F denote the set of all functions f : X — R such that f is absolutely continuous on
X and satisfies

| (r@p e is@P) man) = | (7@ 1f@F) e do <
(0,00) (0,00)
Then (&, F) is a Dirichlet form on L?(X,m), where

&.h = | F@g@mdo). foral fge 7,

1. Show that (&, F) is irreducible.

2. Show that (&, F) is recurrent if n € (0,2] and is transient if n € (2, 00).
Hint: For the case n € (2, ), the following inequality is useful to obtain

1f(z) = fW))? < (n—2)"Ha>™ —y*™E(f, f), forall feFx,yel withz <y.

Let (Y;) denote the Markov process associated with a regular Dirichlet form (€, F) on
L*(X,m). For a Borel set B < X, we denote by T, the hitting time of set B defined as

Tp :=inf{t > 0|Y; € B}.

If (€, F) is irreducible, then for all non E-polar Borel set B < X, and for q.e. z € X, we
have [C'F, Theorem 3.5.6-(1)]
P, (T < o) > 0.

If (£, F) is transient, then the path wanders to infinity whenever the lifetime is infinite;
that is, (see [CF, Theorem 3.5.2])

P,(¢ = oo,tlim Xy =A) =P, (¢ =), forqe xzelX.
—00

On the other hand, by [CF, Theorem 3.5.6-(ii)] if (€, F) is recurrent and irreducible, then
the process visits any non-E-polar Borel set B < X infinitely often, that is,

P, (Tgob, <owforallneN) =1, forq.e xeX.
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3 Heat kernel

Definition 3.1. Let (£, F) be a regular Dirichlet form on L?(X,m) with associated
semigroup (P,);~o. A family {p;},., of [0, co]-valued Borel measurable functions on X x X
is called the heat kernel, if p; is an integral kernel of the operator P, for any t € (0, 0),
that is, for any ¢ € (0,00) and any f € L*(X,m),

P f(x) = JX pe(z,y) f(y) dm(y) for m-a.e. x € X.

3.1 Existence of heat kernel via ultracontractivity

In general, a heat kernel need not exist (consider the semigroup consisting of identity
maps). From a probabilistic perspective, if the heat kernel exists, p;(z,y) m(dy) can be
viewed as the law of the corresponding Markov process started at x at time ¢t. So the
existence of heat kernel can be viewed as the absolute continuity (with respect to the
reference measure m) of the law of a Markov process.

The following very general result is useful to show the existence of a heat kernel (see
[DS, Theorem 6, VI.8.6]).

Proposition 3.2. Suppose (X, M, m) be a o-finite, separable measure space and let
T : LY(X,m) — L®(X,m) be a bounded linear operator. Then there exists a jointly mea-
surable function K : X x X — R such that K € L*(X x X,m xm) with |[K||., = [T,
and

Tf(x)= J K(z,y)f(y)m(dy), m-a.e. for each f e L'(X,m).
X
A linear operator that is bounded from L' to L® as above is said to be ultracontractive.
Ultracontractivity of semigroup offers a way to show the existence of heat kernel.

Proposition 3.3. Let (€, F) be a reqular Dirichlet form on L*(X,m) and let {P, : t > 0}
denote the associated semigroup. Assume that there exists C; = 0,Cy > 0 and n = 1 such
that we have the Nash inequality

FIE2 < £l (CollFIE + CoECF )™ for all f € LY(X,m) A F. (3.1)

Then the semigroup {P, : t > 0} admits a heat kernel {p.(-,-)} such that
esssup py(x, y) < max (201, u) .
z,ye X t

Proof. First we show the estimate

nCy

n/4
o ) Ifll,, forallt>0and feL'(X,m). (3.2)

|mum<mm@a,
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By the density of L' n L? in L' and linearity of P, it suffices to consider f € L'(X,m) n
L*(X,m) with ||f||; = 1. By the spectral theorem, we note that P,(f) € D(A) for all
t > 0, where A is the generator and

CAPARIE = 25 PP, PAFY) = 2APAT), B = —2£(PAF), BT,

Setting W(t) := || P,(f)||2 by the above equality and (3.1), we obtain
. SCEY .
V(O = PO < IR (CIBNI + Ca [P, B
(2.18)
< CLU(t) — 271Gl (1),
If U(t) = (2C))"?, then W () 2" — C1U(t) = W) (V)" — Cy) = 2710 (4)+¥". This
leads to the differential inequality,

()2 < —Cy 0 (1)

for all + > 0 such that W(t) > (2C;)"? (recall that ¥ is non-increasing). This can be
written as

d 2 2
7 (T ") = —~0(1) 0=

which implies (3.2).

Now by duality of L, spaces and symmetry of P, we have ||Bl, ,, = || P54 To
see this, note that
1Bl = sup PNl = sup Bl
feL2 || fll,=1 feL*nL” ||fll,=1
= s [ pdn=sw (R
fELlr\'L‘Tvllf“Q:l? X felequv“fIIQZij
geLl llgll; =1 geL' L™ |igll,=1
= sup  (f,P(g)) = sup  [[B(g)lly = 1Pl
fEL AL || fllo=1, geLInL® ||g|l,=1
geL*nL” Jigll; =1
Now by the semigroup property and submultiplicativity of operator norms, we have
) (32) nCy\ "™
1Pl o < HPt/2H1~>2 HPt/2H2—>CD - ||Pt/2||la2 S max (201’ ¢ :
The existence of heat kernel and the upper bound follows from Proposition 3.2 O

We remark that conversely the existence of such heat kernel bounds imply the Nash
inequality assumed [Cou, CKS].
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Example 3.4. J. Nash obtained the following inequality on R™: there exists C' > 0 such
that

n/4
152 < sl ([ IVA@r )L fora fe DR AWRRY. (33)

Therefore Proposition 3.3, gives the upper bound py(z,y) < t/2 for all z,y € R" for
the heat kernel for Brownian motion on R”. The advantage of this method is that it is
robust to perturbations. Consider a measurable symmetric positive definite matrix valued
function A : R" — R™ ™ such that there exists A € [1, )

AT < EA@)E < ANIE)P,  for all 7, & e R™

Then the Dirichlet form E(f, f) = §.(Vf(2))' A(z)V(f)dz on W'?(R") correspond-
ing to uniformly elliptic operator div(A(x)V(:)) also satisfies the above Nash inequality
(since E(f, f) = {u IV S (z)|* dz) and hence the same upper bound. From a probabilistic
viewpoint the diffusion generated by a uniformly elliptic operator can be viewed as a per-
turbation of the Brownian motion that allows for different speeds of diffusion at different
points in the space and also allows for anisotropic (tendency for the diffusion process to
prefer certain direction over others) behavior.

Let us quickly sketch the proof of Nash for the case when f e C*(R") is smooth and
well-behaved at infinity [Nas]. The Fourier transform f(§) = {,. f(2)e™*¢ dx satisfies the

‘fH = || f||, and the elementary bound Hf < || fll;- Again
2 0

by Parseval’s identity and the Fourier transform of derivative formula, we have

| 1vi@p e = o | i d

Denoting w,, as the volume of unit ball in R", we have

113 = o |

<(@2m) " 7
( W) £§|<R}} H
< @0 If I w R + R*J IV f(2) da.

Parseval’s identity (27)~"/?

F©)| de

2

’2

*|Fe| ae

dg + (277)"R2J
{lSI=R}}

0

Minimizing the above expression as a function of R, we obtain the Nash inequality when f
is smooth and well-behaved at infinity. The general case follows from the same argument
by viewing f as a tempered distribution.

Remark 3.5. The Nash inequality (3.3) for the case n > 3 is a simple consequence of
Holder inequality

n/(n+2 2/(n+2)
PR T e
and the Sobolev inequality

1 fllonjn—sy < IV flly,  for all fe WH2(R").
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Remarkably, one can obtain Sobolev inequality from the Nash inequality using an ele-
mentary ‘truncation argument’ [BCLS].

We describe an example due to C. Berg (1976) who showed that it is possible for the
heat kernel to exist for certain times but fail to exist for other times [Berg].

Example 3.6. Consider the one-dimensional torus T := R/(27Z) (more popularly known
as the circle) equipped with the normalized Haar measure m (normalized to be a proba-
bility measure). The image of Brownian motion on R under the quotient is defined to be
the Brownian motion on R. It is easy to see that the heat kernel p,(z,y) := g;(x — y) for
all x,y € T is given by

[2n (z + 27k)?
gi(x) := - Z exp <_T> , forallzeT,t>0.

k€EZ

Let (B;) denote the Brownian motion on ¢ > 0 defined as the projection of 1-dimensional
Brownian motion under the quotient map R — R/(27Z). Now for a sequence (ay, as, . . ., )
of positive real numbers consider the process Y; := (B}, , By,,,...) on the infinite dimen-
sional torus T® = ]_[Zozl T, where B!, B2, ... are independent Brownian motions on T.
The n-th component is faster than the usual Brownian motion by a factor a,, (assuming
a, > 1). Let my denote the Haar (probability) measure on T* (product of infinitely

many copies of m). Let y; denote the law of Y; stated at 0; that is,

p(dz) := Hgant(l“) -m(dz).

By Kakutani’s dichotomy theorem ([[<ak]), p; is mutually absolutely continuous with
respect to me, if and only if

nf \/Ga,t dm > 0,
neN YT
and p; L my if and only if
HJ /Ga,t dm = 0.
neN YT

After some estimates, this leads to the condition that pu, is absolutely continuous with
respect to my if and only if

e}

Z e ' < 0.

n=1

For example if a,, := ilog(n + 1) for all n € N where o > 0, then p; L me, if and only if
t < a and is absolutely continuous with respect to my, for all ¢t > a.

The dichotomy between singularity and absolute continuity is conjectured to hold
even when the Brownian motion in individual components are dependent; that is, when
the diagonal covariance matrix of the underlying Gaussian is replaced with arbitrary
covariance. We refer to [Sall0, Problem 4] for details and a precise statement.
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3.2 Brownian motion on the Sierpinski gasket

Let % = {q17QQ7Q3}7 where

1 V3
qi ‘= (57 7) ’ qz ‘= (070)7 qs = (170)
Let S := {1,2,3} and set f; : R? - R? as f;j(z) := 3(z + ¢;) for all j € S. Define

inductively for m € N
Vm = U fj(vmfl)'
jes
By an induction argument, V,,, < Vy,,11 for all m € Nu {0}. Set Vi = Uy Vi and let
K =V, denote the closure of V, in R?. Since Vi = J;.q f;(V*), we have

K =] £;(K).

jes

We set [} = fj‘ i for all j € S. We define words of lengths with alphabet S as W), =
S = wy ... Wy W, ..., Wy €S for all m e N U {0} (with Wy = {J} consisting of the
empty word). For m e Nu {0}, w = wy...w,, € W, and F, := F,, o---0F, (with
Fg =1) and zy := qi.

The approach behind constructing a Dirichlet form on K is to construct a limit of
a sequence of Dirichlet forms on V,, as m — oo. Equivalently, from a probabilistic
perspective, the diffusion on Sierpinski gasket is constructed as a limit of random walks
on a sequence of graph approximations. For x,y € V,,, we say that  ~ y if and only if
x #yand z,y € F,(Vp) for some w € W,,.

We define quadratic forms E(™ £ .V, x V,, — R for all u,v e R¥»

B =3 3 () —u)e@) -~ o) o) = (3) BP0, (34)

The reason for the re-scaling factor (g)m is due to the following fact. For any m €

N U {0},u € RV there exists a unique extension H,,,11(u) € RY»+1 of u such that

3
B (Hp (), o () = min - EC(0,0) = S w,u). (35)
VER erl7
v|v,, =u

The analysis can be reduced to the case m = 0. Suppose (u(q1), u(q2),u(gs)) = (a,b,c) €
R®. For j,k € S with j # k, we set qr; = Fi(q;), so that Fy(K) n Fj(K) = {q;x}. Let
v e RV be an extension of u with (x,v,2) := (v(q23),v(g31),v(q12)), then

EW(v,v) = (y—2)*+(a—y)*+(a—2)*+(0—2)* 4+ (x—2)*+(2=b)*+(2—c)*+ (c—y)*+ (y—2z)*.
We need to minimize this expression as a function of x,y, z. This leads to

dr=b+z4+y+c, dy=c+x+z+a, 4dz=a+y+z+0b,
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or equivalently,

a+2b+ 2c _2a+b+20

r= Y

2a + 2b+ ¢
3 2= —.

5 ’ 5
For v chosen as above, it is easy to compute that E® (v, v) = gE(O) (u,u). This completes
the proof of (3.5).

By (3.5), for any u € RY*, the sequence (5(’”) (u‘v ,u‘v )) is non-decreasing
m m” /) meNuU{0}

and hence lim,, o, £™ (u‘v ,u‘v ) € |0, 00] exists. Define

Fy = {ueR%| lim E(W)(u‘v Jul, ) < o}, EW(u,u) = lim E(W)(U‘V Jul, ),

m—0 m—0

for all u € F,. It is easy to see that F, is a subspace of RV* since £*) (au, au) = a*>£™) (u, u)
for all @ € R,u € RY*, and €% (u + v)V2 < E®(u,u)/? + EF)(v,v)Y? for all u,v € F,
(see Exercise 2.26). By bi-linearity we have that lim,, . & (u‘v,,n u‘vm) € R exists for
all u,v e Fi.

The following self-similarity follows easily from the definition of the energies.

Exercise 3.7. For any u € RY*, we have

5
el ul, )= 3 M etm(uo F,

jes

(3.6)

VL’UOFj

Vn Vin )’

and hence

Fo={ueR%™ :uoFjeF,foral je S}, &E¥(uu)= 225(*)(quj,quj). (3.7)

jes
More generally, for any m € N, we have
5 m
Fo={ueR%™ :uocF, e F, forall Te W,}, E¥(u,u)= <§> Z EW(uoF. uoF,).

TEWm,
(3.8)

Proposition 3.8. For all z,y € V, and u € F,, we have
[u(z) — u(y)[* < 400|z — y[*E™ (u, u) (3.9)

where |-| denotes the Euclidean distance in R* and a = logy(5/3). In particular, every
u € Fy is uniformly continuous in Vy and hence admits a unique continuous extension to
its closure K = V,.

Proof. Note that the graph corresponding to V; with edges given by < has diameter 2.
Hence for any y, z € V] there exists ¢ € V; such that one of hte following hold: y = 2z = ¢

or y < g=zory < q < z. In all these cases, for any v € RV we have

lo(y) — v(2)] < [v(y) — v(@)] + [v(g) —v(z)| < V2 (Jo(y) — v(@)]* + [v(q) — v(2)[?)
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< V2ED(v,0) ") \/6/56W (v, v) (3.10)

Now let u € F,,x € V, be arbitrary. Then there exists m e Nyw = wy ... w,, € W,,,,j € S
such that z = F,(g;). Set for 1 < k <m, x = Fy,.w, ,(q;) (With Fg = I for j = 0).
Then for all kK =1,...,m we have

(1) - u(xk>)| - \u © P (Pt (001)) = 00 P (Fil Ly, (1)

'\/ 5 1) UOle W — 1“/7 w1 W 1“/1 1/2 < A\ 6/55(*)(UOFw;UOFw)

G /3\ E=0/2 [ eN (D) 1/2
TEWK_1

(k—=1)/2
29 [6 (3
() . (5) £ (u, )2, (3.11)

Hence we obtain

[u(g; Z|“ 1) — ulx JH)Z\[( ) EX (u, u)'/?

Z \[ ( ) £ (u, u)? < 5E® (u, u) V2. (3.12)

Thus for any z,y € V, and any u € F,, we have

() — uly)] < [u() — u(g)] + |u(y) — u(g)] < 106 (u, u)2. (3.13)

Since for any w € W,,,,m € Nu {0}, F,,(K) is a subset of an equilateral triangle with side
length 2™, for any w,v € W,,, with F,,(K) n F,(K) # &, we have

e —yl <27+ 2™ =277 forall xe F (K),y e F,(K). (3.14)

Let z,y € K be arbitrary with « # y. Let n := n,, = max{m € N u {0} :
there exist v, w € W, with x € F,,(Vi),y € Fi,(Vi), Fo(K) n Fy(K) # &}, Let g e F,(K)n
F,(K) c V,, where v,w € W, with z € F,(V,),y € F,,(V,) as above. Then

[u(z) = u(y)| < |u(z) = ulg)| + |uly) = u(g)] = |uo F(F(2)) —uo Fu(Fy ' (y))]

(3.13)
< 10(EW(uo Fyuo F)? + M (uo Fy,uo F,)"?)

< 10v2 (& (quv,uOF)—l—g*)(UOFw,qu))1/2

n/2 1/2
vVFEW 3 "
< 10\/5(3) (( ) D EW o K|, quT\V*)>
TeWn
3.8 3\"?
2 10v2 (5) W) (u, u)'/2. (3.15)
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Let 4,j € S be such that v € F,(K),y € F,;(K), where vi,wj € W, denotes
concatenation of words. By the maximality on n, F,;(K) n F,;(K) = & and hence

|z —y| = */752_"_1 (draw a picture to see the possibilities). Hence from (3.15), we esti-
mate

4 (0%
lu(z) — u(y)]> < (200)-27°"EM (u, u) < 200 (7§> |z — y|*EW (u, u) < 400|z — y|*E® (u, u).

[
Let F < C(K) be defined as

Fi={ue C(K): lim M (u|, ,ul, ) <o} ={ueC(K):u|, €F.}.

m—00

The standard Dirichlet form on Sierpinksi gasket £ : F x F — R is defined as

E(u,v) ;= lim S(W)(U‘Vm,v‘vm), for all u,v e F.

m—00
The following properties of (€, F) follow easily from the construction. From (3.7), we
have the self-similarity property
)
F={ueC(K):uoFje FforaljeS}, &E(uu)= gzg(quj,quj). (3.16)
JES
By Proposition 3.8 and the density of V, in K, we have
lu(z) — u(y)|* < 400|z — y|*E(u,u), for all u € F, (3.17)
where a = log,(5/3). In particular, by (3.17), we have
Rlg = {alkl|a € R} = {u € F|E(u,u) = 0}.

For any 1-Lipschitz function F' : R — R and for any v € F, we have F ou € F and
E(Fou,Fou) < E(u,u). In particular, for any u € F, we have @ := uy A 1€ F and
E(u,u) < E(u,u). The subspace F is closed under pointwise multiplication (that is, an
algebra). More precisely, we have for all u,v € F, we have uv € F and (denoting by ||-||..,
the sup norm)

E(uv,uv) < 2 ||ull>, Ew,v) + 2|, £ (u, u). (3.18)

The estimate (3.18) follows from showing an analogous estimate for £ for all m € N
using the elementary inequality

((uo)(x) = (w)(y)* < 2u(z)*(v(z) — v(y)* + 20(y)*(u(z) — u(y))®, forallz,ye K.

Next, we show that F is dense subspace of the Banach space (C(K),|-||,,). Since F is
an algebra, by the Stone-Weierstrass theorem (cf. [?, Corollary 4.50]), it suffices to show
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that F separates points and that for any = € K, there exists v € F such that v(z) # 0.
There it suffices to show the following: for any non-empty finite subset V' < K, we have

{u‘vzue}"} =RY.

Since the inclusion {u‘v cu e F} < RY is trivial, it suffices to show that {u‘v cueF} o

RY. To this end, it suffices to consider V with #V > 2 as Rlx < F. Let g € RV be

arbitrary. Choose m € N such that 2'™™ < ming yev, |z — y|. Then for any z,y € V with
TF#

v
x # y and for any v,w € W,,, with z € F,(K),y € F,,(K), we have
F,(K)n F,(K) = . (3.19)

For each = € V, pick w, € W,, such that x € F,, (K). Define h € RY™ such that for all
x €V and for all z € V,, n F,,,(K), we have h(z) = g(x), and h is arbitrarily defined
at other vertices (such a function h exists due to (3.19)). There exists u € F such that
u‘vn = H,_1,00Hymirh. It is easy to see that u‘sz (K) = g(x) for all x € V and hence

u‘v = g. This concludes the proof that in the Banach space (C'(K), |-||,,), we have

Fl= — oK), (3.20)

We summarize the construction of Dirichlet form for Brownian motion on the Sierpinski
gasket below.

Proposition 3.9. Let m be a Radon probability measure on the Sierpinski gasket K with
full support. Then (€, F) is a strongly local, reqular, Dirichlet form on L*(K,m).

Proof. Since C'(K) is dense in L?(K,m), by (3.20), we have that F is a dense subspace of
L?(K,m). The bi-linearity, symmetry, non-negative definiteness and Markov property of
(€, F) follow from the corresponding properties for £™). Next, let us verify that (£, F)
is closed. To this end, let (f,)nen be an £-Cauchy sequence. By (3.9), for all z,y € K
and for all g € F, we have (denoting every g € F by its continuous version)

l9(x)|* < 2(Jg(y)[* + 400&(g, 9))

By averaging over y with respect to m, we have
l9(x)]? < 2(J lg()|” dm + 400E(g, g)) < 800E1(g,g), forallze K,ge F.  (3.21)
K

By (3.21) for each x € K, (f,,())nen is a Cauchy sequence and hence lim,,_,o, f,,(x) = f(z)
exists. Let € > 0 and n € N be arbitrary. Then exists N € N such that for all k,l € N
with k£ Al = N, we have

gm ((fk — fl)‘vn’ (fk — fl)‘vn) <E(fu—fi, fr—f) <E(fe—fi, fu—f)) <e, forallneN.

By letting [ — oo and using the pointwise convergence of f; to f, we obtain

sup £M ((fk _ f)‘vn’ (fe — f)‘vn> <e

neN
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Hence f e F and limg 0o E(fx — f, fx — f) = 0.
It remains to show that f;, converges to f in L*(K, m). By (3.21) and sup,,cy E1(fn, fn) <
00, we have

supsup | fn(z)| < 0.
neN zeK

Combining this with (3.9) and sup,,ey €1(fn, fn) < 00, we have that the sequence (f,,)nen is
uniformly boundeded and equicontinuous. Hence by the Arzela-Ascoli theorem, (f,)n w

converges to f in the sup norm and hence f, % f. Therefore (&1, F) is a Hilbert
L?(Km

space. The regularity of (€, F) follows from (3.20) and F < C(K).
Let us verify the strong locality property. Let f,g € F and a € R be such that
supp,,(f — alk) nsupp,,(g) = &. Then there exists n € N such that

dist(supp,, (f — alk),supp,,(g)) = ] ppir(ljf . |z —y| > 27"
xresu m —alg),
yesupp,,, (9)

Therefore for all w € W,,, we have either F,,(K) n supp,,(f —alg) = & or F,(K) n
supp,,(g) # & (or possibly both). Thus by the self-similarity property (3.16) we have

5

E(f.9)= > (g)ng(fon,gon) = 0.

weWn,

]

Exercise 3.10. Let (£, F) denote the Dirichlet form on L?*(K,m) in Proposition 3.9.
Show that the only £-polar subset of K is the empty set. Hint: Use (3.17).

Our next goal is to obtain the existence of heat kenrel for Brownian motion on the
Sierpinski gasket. To this end, we need the following general notion of energy measures.
The energy measure of a function f can be viewed as the generalization of the measure
A-§, IV f(2)|? da.

Definition 3.11 (Energy measure; [FOT, (3.2.13), (3.2.14) and (3.2.15)]). Let (£, F) be
a strongly local, regular, Dirichlet form on L?(X,m). The £-energy measure T'(f, f) of
[ € F is defined, first for f € F n L®(X,m) as the unique ([0, co]-valued) Radon measure
on X such that

| s -cut0-5ere  frangeFac. B2

next by T'(f, f)(A) := lim, o ' ((—n) v (f A n),(—n) v (f A n))(A) for cach A € B(X)
for f € F. For f,g € F, we define the (signed) energy measure I'(f, g) by polarization as

(O +9.f +9)(A) =T(f =g, = 9)(A)) .

|

I'(f,9)(A) =
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The energy measure of the whole space is the Dirichlet energy, that is, E(f, f) =
I'(f, /)(X) for all fe F. By [FOT, (3.2.13) and (3.2.14)], we have the triangle inequality
for energy measure

Wfff —/T(g.9)(B \<F(f—g,f—g>(B)<8(f—g,f—g>, (3.23)

for all Borel sets B and for all f,g € F.

The self-similarity property of energy (3.16) along with the definition of energy mea-
sure leads to the self-similarity of the corresponding energy measures.

Exercise 3.12. Show that for the Dirichlet form (£, F) on L?(K,m) in Proposition 3.9,

the corresponding energy measure satisfies

U(f, f) = (§)m > (Fu)«(L(fo Fy foF,)), forallmeN, and feF. (3.24)

3 weWm,

On the Sierpinski gasket, let B(x,r) denote the open ball centered at = € K with
radius r > 0 with respect to the Euclidean metric. We show the following Poincaré
imequality on the Sierpinski gasket.

Proposition 3.13. Let (€, F) be the Dirichlet form on L*(K,m) in Proposition 5.9. Set
dy, =log5/log2. There exists C > 0, A = 1 such that for allz € K,0 <r <1, feF, we
have

2
| 15w = o Pty < et | arrg), (3.25)
B(z,r) B(z,Ar)
where [p(z) = m S f(z) m(d2).

Proof. Since m(F,(K)) = 37 and diam(F,(K)) = 27™ for all w € W,,,m € N, there
exists Cy > 0 such that

Gyt <m(B(w,r)) < Cir®, forallze K,0 <r <1, (3.26)

Therefore for all x € K,0 <r <1, fe F,

JB( )}f() Fon| mdy) < Cr¥ sup  |f(y) — F(2)" (3.27)

y,2€B(z,r)

Fix any y,z € B(z,r) and f € F. Let n € N U {0} be largest integer such that there
exist v,w € W, such that y € F,(K),z € F,(K) and F,(K) n F,(K) # . Let q €
F,(K)n F,(K) ,v # w. Similar to the proof of Proposition 3.8 (see (3.11)), we estimate

f(y) — f(z >|2 <2 (|f( )= f@)F +1f(z) = f(@])
800( (f Fv,fOF)-i-g(fon,fon))

< soo() DU, ) (FoK) U Fo(K)) (3.28)
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As explained in the proof of Proposition 3.8, ‘/7§2_”_1 < |y — z| < 2r and hence by (3.27)
and (3.28), we obtain the desired Poincaré inequality (3.25) with A =1 + % as

F,(K) U Fy(K) c B(x,r +2") < B(x, (1+8/v/3)r).

For a function f € L'(K,m) and r > 0, by f, : K — R we denote the function

1
[r(2) 527[ fdmz—f fdm, forall ze K.
B(z,r) m(B(JZ,T)) B(z,r)

The following estimate is called the pseudo-Poincaré inequality. The difference from
Poincaré inequality is that the integrals involved are global.

Lemma 3.14. There exists C' > 0 such that for all f € F,r >0, we have

f (@) — fo(@)Pmdz) < Criag(f, ),

where d,, := logy 5.

Proof. It suffices to assume 0 < r < 1 as the case r > 1 follows from Proposition 3.13.
By Jensen’s inequality and the volume estimate (3.26), we have

J @ =@ m) < | f 15 = ) ma ma
ST dff J |f(z " L agayy<ry m(dy) m(dw) — (3.29)

Let N denote a r-net (a maximal r-separated subset; any two distinct points in N are
at least distance r apart and any set that strictly contains N is not r-separated). The
maximality of N implies that

Z ]lB(n,r) = ]lK, Z ]lB(n,2r) (x)]lB(n,Zr) (y) = ]l{d(1-7y)gr}, for all X,y € K.
neN neN

The balls B(n,2Ar), where A is the constant in (3.25) do not overlap too much in the
sense that Y v 1pmoary < 1gx (due to the volume estimate (3.26); see also Exercise
3.15). Hence by (3.29), for all f € F, we have

| 1@ = 5 miae) < f f @) = 1) mdy) )

<o [ 1666) = F0P Lt i) it

3 f 2) = @) m(dy) m)
neN Y B(n,2r) JB(n,2r)
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< n;\[ JB(H . |f(z) - fB(n,zqn)}2 m(dz)

5y f Lpmaan dD(f, F) ST™E(f.[).  (3.30)

neN

O

The following exercise outlines a proof of the bounded overlap estimate used above.

Exercise 3.15. Let 0 < r < R and let N be a an r-separated subset of R™ (that is;
d(x,y) = r for any pair of distinct points 2,y € N). Show that there exists C' (independent
of r, R) such that for all x € R, we have

2 Laer)(r) <C <§)n

yeN

Hint: Consider the set of all y € N such that d(x,y) < R and observe that

B(z,R+7r) > B(y,r)

yeN,d(z,y)<R

and use the additivity of Lebesgue measure.

We obtain a Nash inequality for the Brownian motion on the Sierpinski gasket.

Proposition 3.16. There exists Cy,Cy € (0,00) such that
n n/4
A2 < NI (Coll £l + CollECH D)™, for all f e LMK, m) A F,
where n = 2d¢/d,, = 2log5/log 3.
Proof. Let 0 <r <1and fe L'(K,m) nF. Then by Lemma 3.14,

1£lly < UF = Folly + 1 folly S 7 2ECF D2+ 11, - (3.31)
By Cauchy-Schwarz inequality, for all f € L'(X,m),r € (0,1], we have

fellz < Wfelleo IFelly < = WAL AL L -

By Jensen’s inequality, we have

150 < | Ay m(dn) <07 | | )L sen mlds) m(de) = | 7o) mlas) < 11,
Combining the above tow estimates, we obtain

1foll, <7 %2 f]l,, forall fe L'(K,m) and 7€ (0,1].
Thus by (3.31), we obtain

1Flly < 1 = Folly+ I folly < 7 2ECf ) P4r= 42| f]l,, forall f € Fn L'(K,m) and r € (0,1].

Optimizing over r € (0, 1] yields the desired estimate. O
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Hence the using the Nash inequality above, we obtain the existence of heat kernel and
an upper bound using Proposition 3.3.

Proposition 3.17. Let m denote the self-similar measure on the Sierpinski gasket K
such that m(F,(K)) = 37% for all k € N and w € Wy,. Then the Dirichlet form (€, F) on
L*(K,m) admits a heat kernel. There exists C' > 0 such that

C
pe(x,y) < TR for allt € (0,1], 2,y € K, where df = logy(3), dyy = logy(5).

As mentioned earlier in (1.4) sharp two-sided bounds on the heat kernel was obtained
by Barlow and Perkins and is referred to as sub-Gaussian heat kernel bounds [BP].

The argument for obtaining heat kernel bound using Nash inequality is versatile and
also applies to jump processes such as the symmetric a-stable process as outlined in the
exercise below.

Exercise 3.18. Let a € (0,2) and consider the Dirichlet form (€, F) on L*(R™, m), where
m is the Lebesgue measure and

f:&eﬂﬁwmﬁmﬁugfﬁﬁymw<w} aﬁﬁ:fmﬁuﬁfﬁgyw@,

for all f € . Then show that the following psedo-Poincare inequality holds: there exists
(1 > 0 such that

j|ﬂ@—ﬂuwm@w<awaﬂﬁ,ﬂxﬂfeﬂ

where f,.(x) = fB(x " fdm. Using this and adapting the proof of Nash inequality in
Proposition 3.16, show that there exist a heat kernel p;(-,-) for all ¢ > 0 and Cy > 0 such

that
Cy

v forallt > 0,z,ye X.

pe(z,y) <

Next, we give an explanation for the exponential term in the expression of the heat
kernel of the Sierpinski gasket

¢, .y’ VO
pe(z,y) = s, <P <—Cg <# , forallz,ye K,te(0,1).

Usually in order to obtain heat kernel lower bounds, first one obtains the following near
diagonal bound: there exists ¢ > 0 such that

1
pt(l', y) = Wﬂ{d(m,y)éctl/dil)}v for all T,y € K,t € (0, 1)

In order to obtain the full heat kernel lower bound, we choose n € N a sequence of points
1/dw e(t/m) 1V dw

T = xg,%1,...,T, =y such that d(z;, r;41) < % Set B; = B(x;, %), so that

by the near diagonal lower bound, for any y; € B;, y;11 € Bi;1 we have

Pifm(Yis Yirr) Z (/) —ds/dw
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n)l/dw

Such points zg, 1, . .., x, exist provided d(z,y) < n%

o, V(1)
s (d(x,ty) ) -

or equivalently,

By the Chapman-Kolmogorov equation, we have the bound

pe(,y) ZJ f D@, Y1)Den (Y1, Y2) - - Pen(Yn—1,y) m(dyn—1) ... m(dy),
Bs Bn_1

which implies
pi(w,y) 2 (t/n) /% exp(—con)

d(z,y)dw 1/(dw*1)
T) )

we obtain the desired lower bound. The proof of heat kernel upper also uses a similar
chaining argument.

for some ¢y > 0. By choosing n as small as possible (that is n = (

9

The exact value of d, obtained for Sierpinski gasket is not the typical for diffusion
processes defined on fractals. For many ‘infinitely ramified’ fractals such as the Sierpinski
carpet, the value of d,, is not known. In these cases, the existence of such an exponent
is shown using estimates on resistances of approximating graphs. We refer the reader to
[Bar9g, Kig0O1] for more on diffusion on fractals.

3.3 General characterization of heat kernel bounds and Harnack
inequalities

While the Nash inequality gives sharp on-diagonal upper bounds (bounds p;(x, z)) in many
examples such as Brownian motion in R" or the Sierpinski gasket and a-stable process,
it is not suited to handle situations where diffusion has very different heat kernel at
different points in the space. In particular, Proposition 3.2 may not apply as a semigroup
(P;) might admit a heat kernel without being ultracontractive (that is || P; = oo for
all t > 0) as illustrated below.

||1—>OO

Example 3.19. Consider the Dirichlet form (£, F) on L?*(R",m,), where m,(dr) =
(14 |2[*)*, a € (=n, ), n € N with n = 2 with Dirichlet form given by

E 1) = | IVI@P ma(da),

for all f € F, where V[ is the distributional gradient of f. Note that this includes
Brownian motion as a special case a = 0. The generator (integration by parts) can be
viewed as Brownian motion with a radial drift as it equals

ax - Vf

_ 922 iy o/2\2 £\ _
Lof = (L4 [2[™7) 7 div (1 + |2[*7)°f) = Af + A2
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This is called the weighted Laplacian as this operator is self-adjoint on L*(R"™, m,). Note
that integration by parts implies

J Lo(f)gdmg = fLa(g)dmg = — Vf-Vgdm,, forall f ge Cr(R").
n RTL R?’L
In this case the measure m,, satisfies the estimate

meo(B(z,r)) = r"(1 4 |z| + r)®.

Grigor’yan and Saloff-Coste [GGS] obtain the following Gaussian heat kernel bounds: there
exist a heat kernel p; such that

2
pe(z,y) = m exp <—cd<$£y) > , forallt>0andx,yeR"

which can be written as

o) 2P (e )

= Jforallt > 0 and z,y € R™. 3.32
t2(1+ [2] + Vi) Y (3.52)

If a € (—n,0), then by letting = y — o0 in the above estimate, we obtain

”PtHl—»oo = €88 suppt(x,y) = 0.
x,yeR"

This example shows that ultracontractivity is sufficient but not necessary for the existence
of heat kernel.

An important message from the above example is that the heat kernel can have differ-
ent behavior at different parts of the space (unlike the earlier examples). To handle such
behaviors at different parts of the space, instead of relying on global functional inequalities
such as the Nash inequality, we needs to develop methods that takes into account different
local behaviors. This is accomplished by using local versions of functional inequalities:
that is energies and norms are considered on balls rather on the whole space. In partic-
ular, the key tool to obtain (3.32) in [GS] is a Poincaré inequality on balls. We already
encounter such a Poincaré inequality on the Sierpinski gasket (see Proposition 3.13).

Next, we will survey the relationships between heat kernel estimates and Harnack
inequalities. An important influence in the study of heat kernel bounds was works of de
Giorgi, Nash and Moser [DeG, Nas, Mos61, Mos64] on Harnack inequality and Hoélder
continuity estimates for solutions to elliptic and parabolic equations corresponding to
uniformly elliptic operators.

The classical elliptic Harnack inequality (1887) states that there exists C' > 1 such
that for any € R, r > 0, and any non-negative harmonic function h : B(x,2r) — [0, o)
(that is, Ah =0 on B(z,2r)), we have

sup h < C inf h.
B(z,r) B(z,r)
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Here the constant C' is independent of x,r and h. The usefulness of Harnack inequality is
due to its robustness; that is, it is stable under perturbations. The first evidence of such
a stability is due to Moser (1964) who showed that the elliptic Harnack inequality holds
if we replace Laplace operator with an uniformly elliptic operator (in divergence form) .4

A1) = 33 (w2,

where (a;;(z), z € R?) is bounded, measurable and uniformly elliptic. This allowed Moser
to give a new proof of Holder regularity of the associated solutions a result earlier obtained
by de Giorgi [DeG]. Using very different methods S. Y. Cheng and S. T. Yau [CY] obtained
elliptic Harnack inequality obtained ellitpic Harnack inequality for Riemannian manifolds
with non-negative Ricci curvature.

Since the kind of Holder regularity obtained by Moser will be used later in our analysis
of boundary trace process, we recall Moser’s oscillation lemma. The idea of Moser is to
apply Harnack inequality to h(-) — infp( 2, h and supg, 5,y b — h(:) to obtain

sup h— inf h < C(inf h— inf h)

B(z,r) B(xz,2r) B(z,r) B(xz,2r)

and

sup h— inf h < C( sup h— sup h).
B(z,2r) B(z,r) B(z,2r) B(z,r)

Adding the above inequalities, and setting osc4 h = sup 4 h — inf 4 h, we obtain

C+1 B(()ms,gr) ’

osc h <
B(z,r)
The above estimate is called Moser’s oscillation lemma. By iterating the above estimate,
we obtain

d(yy, “
) = )| = (M) g for o € Ber)

where a = log, (g—;}) If h is harmonic and bounded in R™ by letting » — oo in the
above estimate, we obtain the Liouville property that every bounded harmonic function

1S constant.

The parabolic version for the Harnack inequality for the heat equation is (indepen-
dently) due to Hadamard and Pini (1954). The parabolic Harnack inequality for non-
negative solutions of heat equation states that there exist C' > 1 such that for any
z € R, r > 0 and a non-negative solution u : (0,7?) x B(z,r) — [0,0), we have

supu < Cinf u,
Q_ Q+

where Q_ = (r?/4.r?/2) x B(z.r/2) and Q, := (3r*/4.r*) x B(x.r/2). Here the constant
C'is independent of x, r, u. Note that the parabolic Harnack inequality implies the elliptic

49



Harnack inequality as u(t, z) = h(z) satisfies the heat equation for any harmonic function
h. Moser obtained the parabolic Harnack inequality for any uniformly elliptic operator
(in divergence form) as mentioned above for the elliptic case [Mos64]. Moser adapted the
above argument for Holder continuity to obtain parabolic Holder regularity that providing
a new proof of a result of Nash [Nas]. P. Li and S. T. Yau obtained parabolic Harnack
inequality for Riemannian manifolds with non-negative Ricci curvature [LY].

Since u = P, f is a solution to the heat equation, where (F;) is the Brownian semigroup
(sped up by a factor of 2) we can think of parabolic Harnack inequality is a local version
of ultracontractivity. To see this, let f = 0, f € L' n L* with | f||, = 1. Then for any
zeR" r>0,

1 C
sup  Paa <C inf P <C—J Pooj(f)dm < —————
eop Dol ) < C Il BUDW) < OO0y Jpns - M < g2

where the last inequality follows from the fact the semigroup is contraction in L'. This
yields local ultracontractivity bound

[Pue < T
L @ SLE (Ben2) S g (B(r, r/2))
which implies
esssup  ps2p(y, 2) < ¢
3r2/8\Y, 2) S — o

yeB(z,r/2),zeR" / m(B(ac, 7“/2))
Such local ultracontractivity bounds are enough to obtain the existence of heat kernel
and provide sharp bounds in many cases such as Example 3.19. This suggests that the

parabolic Harnack inequality can be viewed as a local version of L™ to L* ultracontrac-
tivity estimate.

A metric measure Dirichlet space, or an MMD space (X,d,m,E,F) is a complete,
locally compact metric space (X, d), equipped with a Radon measure m of full support
and a strongly local, regular symmetric Dirichlet form (€, F) on L*(X,m).

We recall the definitions of harmonic function and caloric (solutions to ‘heat’ equation)
for a MMD space.

Definition 3.20. A function h € F is said to be £-harmonic on an open subset U of X,
if
E(h,f)=0  forall feFnC.(X) with supp,,[f] = U. (3.33)

Let I be an open interval in R. We say that a function u : I — L*(X,m) is weakly
differentiable at to € I if for any f € L*(X, m) the function t — {(u(t), f) is differentiable
at to, where (-, -) denotes the inner product in L?(X, m). If u is weakly differentiable at to,
then by the uniform boundedness principle, there exists a (unique) function w € L*(X, m)

such that
<M, f> ={w, f), forall fe L*(X,m).
— 1o

We say that the function w is the weak derivative of the function u at ¢, and write
w = u'(to).

lim
t%to
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Let I be an open interval in R and let €2 be an open subset of X. A functionu : I — F
is said to be caloric in I x § if u is weakly differentiable in the space L*(Q) at any ¢ € I,
and for any f e F n C.(2), and for any t € I,

W' fy+Eu, f)=0. (3.34)

In order to describe the space-time scaling, the following notion is used. Let ¥ :
[0,00) — [0,90) be a homeomorphism, such that for all 0 < r < R,

(7)) <sm=e(7) o

for some constants 1 < (1 < fy and C' > 1. Such a function ¥ is said to be a scale
function. For example, the scale function in case of the Brownian motion on R™ is W(r) =
r? reflected by the space-time scaling in the parabolic Harnack inequality mentioned above.
We allow for quite general space-time scaling in the following definition.

Definition 3.21 (Harnack inequalities). We say that an MMD space (X, d, m, &, F) satis-
fies the elliptic Harnack inequality (abbreviated as EHI), if there exist C' > 1 and ¢ € (0, 1)
such that for all x € X, r > 0 and for any h € F that is non-negative on B(z,r) and
E-harmonic on B(z, ), we have

esssup h < C'essinf h. EHI
B(z,0r) B(z,0r)

We say that an MMD space (X, d, m, €, F) satisfies the parabolic Harnack inequality with
space-time scaling ¥ (abbreviated as PHI(¥)), if there exist 0 < C; < Cy < C3 < Cy < o0,
Cs > 1 and § € (0,1) such that for all z € X, r > 0 and for any non-negative bounded
caloric function u on the space-time cylinder Q) = (a,a + C4¥(r)) x B(x,r), we have

esssupu < Csessinf u, PHI()
Q_ Q+

where Q_ = (a + C1Y(r),a + Co¥(r)) x B(z,dr) and Q4 = (a + C3¥(r),a + C,¥(r)) x
B(x,or).

The measures we consider will often satisfy the following volume doubling and reverse
volume doubling properties.

Definition 3.22 (Volume doubling and Reverse volume doubling properties). Let (X, d)
be a metric space and let p be a Borel measure on X.

(a) We say that p satisfies the volume doubling property VD, or u is a doubling measure
on (X,d), or (X,d, u) is VD, if there exists Cp € (1,00) such that

0 < u(B(z,2r)) < Cpu(B(x,r)) <o forall xe X, re (0,0). VD
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(b) We say that u satisfies the reverse volume doubling property RVD, or (X, d, u) is RVD,
if there exist C1,Cy € (1,00),a € (0,00) such that

W(Be,R)) = ¢y (?)U(B(n ") RVD

forall ze X, 0 <r < R < diamy(X)/Cs.

Exercise 3.23. (i) Show that if a metric space (X, d) is connected and if m is a measure
that satisfies the volume doubling property, then it also satisfies the reverse volume
doubling property.

(ii) Consider the measure m, on R" in Example 3.19. Then show that m,, satisfies the
volume doubling property if and only if a > —n.

Associated with a scale function U satisfying (3.35), we define

D(s) = sup <§ - ﬁ) . (3.36)

For example, if U(r) = r? for some 8 > 1, then ®(r) = r##~D. We define sub-Gaussian
heat kernel estimates with space-time scaling ¥ below.

Definition 3.24 (HKE(V)). Let (X, d, m, &, F) be an MMD space, and let { ;},., denote
its associated Markov semigroup. A family {p;},., of non-negative Borel measurable
functions on X x X is called the heat kernel of (X, d,m,E, F), if p; is the integral kernel
of the operator P, for any ¢ > 0, that is, for any ¢ > 0 and for any f € L?(X,m),

P f(x) = JX pe(z,y) f(y) dm(y) for m-almost all x € X.

We say that (X, d,m, &, F) satisfies the sub-Gaussian heat kernel estimates HKE(V),
if there exist Cy, ¢y, ¢2,¢3,6 € (0,00) and a heat kernel {p;},_, such that for any ¢ > 0,

) d(z, y)
pe(z,y) < (B, v (1) exp (—cltq) (02 ; for m-a.e. x,y e X, (3.37)
pe(z,y) = e for m-a.e. z,y € X with d(z,y) < §¥71(¢), (3.38)

m(B(z, U-1(t)))

where @ is as defined in (3.36). If the underlying metric is close to a geodesic metric (see
Definition 3.25), then by the same argument sketched for Sierpiriski gasket to obtain full
lower bound from near diagonal lower bound, we obtain a lower bound that matches the
upper bound in (3.37). We say that (X,d, m, &, F) satisfies the full sub-Gaussian heat
kernel estimates HKE¢(V), if there exist Ci, ¢y, c9,¢3,Cy,Cs > 0 and a heat kernel
{Dt},~ such that for any ¢ > 0, we have (3.37) along with the lower bound

d(z,y)

C3

m(B(z, ¥=1(t))) exp (—C’4t<1> (05
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We clarify what we mean by ‘close to a geodesic metric’ mentioned above. The argu-
ment presented for heat kernel lower bounds for Sierpinski gasket relies on the following
property of the underlying metric.

Definition 3.25. Let (X, d) be a metric space. We say that a sequence {x;}/; of points
in X is an e-chain between points z,y € X if

ro=z, xn=vy, and d(x;,x;1)<e foralli=0,1,...,N—1.

For any € > 0 and z,y € X, define

N—

1
dg(l',y) = inf Z d(xi7xi+1)7

{z;} is e-chain |3

where the infimum is taken over all e-chains {xi}z‘]io between z,y with arbitrary N.
We say that (X, d) satisfies the chain condition if there exists K € [1,00) such that

de(z,y) < Kd(xz,y) foralle>0,z,ye X.

The following theorem provides a large class of examples of spaces satisfying sub-
Gaussian heat kernel bounds.

The sub-Gaussian heat kernel estimates are known to imply Poincaré inequality, ca-
pacity estimates, cutoff energy inequality and exit time bounds.

Definition 3.26. Let (X,d,m,&,F) be an MMD space, ¥ : [0,00) — [0,20) be a scale
function, and let T'(-,-) denote the corresponding energy measure.

(a) We say that (X, d,m, &, F) satisfies the Poincaré inequality PI(V), if there exist
constants Cp, Ap > 1 such that for all (x,r) € X x (0,00) and all f € F,

f (f = Fogom)” dm < cpwr)f ar(f. f). PI(V)
B(z,r)

B(z,Apr)
where fp( ) = m(B(z,r))"! SB(J»‘W) fdm.

(b) For open subsets U,V of X with U < V, we say that a function ¢ € F is a cutoff
function for U c V if 0 < ¢ < 1, ¢ = 1 on a neighbourhood of U and supp,,[¢] = V.
Then we say that (X,d, m,E,F) satisfies the cutoff energy inequality CS(¥), if
there exist C's > 0, Ay, Ay, C7 > 1 such that the following holds: for all x € X and
0 < R < diam(X, d)/As, there exists a cutoff function ¢ € F for B(z, R) < B(x, A1R)
such that for all f e F,

~ c,
2dl (¢, 0) < C dr(f, — 2dm; CSS(¥
fB(x,AlR) d (9.9) < G JB(x,AlR) (1) =+ U(R) fB(x,AlR) J-dm ()

where f is a quasi-continuous version of f € F.
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(c) For subsets A, B < X, we define

F(A,B):={feF:f=1on aneighborhood of A and f =0 on a neighborhood of B},

and the capacity Cap(A, B) as
Cap(4, B) = inf (E(f. f) : f € F(A, B)} .

We say that an MMD space (X, d, m, £, F) satisfies the capacity bound cap(V) if there
exist C1, Ay, Ay > 1 such that for all R € (0,diam(X,d)/As), x € X, we have

(B(z, R))

m B(x, R))
I M)

< Cap(B(zx, R), B(x, A1R)°) < C’lm(\p(R) cap(V)

The upper and lower bounds on capacity above will be denoted by cap(¥)< and
cap(¥) respectively.

(d) We say that the an MMD space (X, d,m, &, F) satisfies the ezit time bound E(V), if
there exist C, A € (1,0),6 € (0, 1) such that for all z € X,0 < r < diam(X,d)/A the
corresponding Markov process satisfies

C'U(r) < essinf E,[Tpun], esssupE,[7pen] < CU(r). E(V)
yEB(z,07) yeB(x,r)

The cutoff energy inequality CS(V) mentioned above was first introduced by Barlow
and Bass [BB04]. The version above is from [Mur24] which combines simplifications
introduced in [AB, BMI18].

The following theorem is due to a number of authors [Gri, Sal92, Stu96, BB04, BBEK,
GHL15].

Theorem 3.27. Let (X,d,m,E, F) be an MMD space and let ¥ : [0,00) — [0,00) be a
scale function. Then the following are equivalent:

(a) (X,d,m,E,F) satisfies PHI(V).
(b) (X,d,m,E,F) satisfies VD, EHI and cap(V).

( )
( )
(c) (X,d,m,&,F) satisfies VD, EHI and E(V).
(d) (X,d,m,E,F) satisfies VD and HKE(T).

( )

(e) (X,d,m,E,F) satisfies VD, PI(V) and CS(V).

Moreover, if (X,d,m,E,F) satisfies any one of above equivalent conditions, then (X, d)
is connected and (X,d, m) is RVD.

o4



The equivalence between (a) and (e), (d) and (e) are of significance as it implies the
stability of parabolic Harnack inequality and sub-Gaussian heat kernel estimates. For
Brownian motion on Riemannian manifolds the equivalence between (a) and (e) for the
case ¥(r) = r? is independently due to Grigor’yan and Saloff-Coste [Gri, Sal92]. This was
later generalized to MMD spaces by Sturm [Stu96]. In these results it turns out that the
condition CS(W) is unnecessary for the case W(r) = r2. This condition was introduced
by Barlow and Bass [BB04] to obtain the stability of parabaolic Harnack inequality on
graphs with arbitrary ¥ (see also [BBK] for Dirichlet spaces). We will present a number
of applications of Theorem 3.27. A major conjecture is to show that each of the properties
in Theorem 3.27 is equivalent to the conjunction of the properties VD, PI(¥) and cap(WV).

The relationship between full sub-Gaussian heat kenrel bounds HKE¢(¥) and the
version HKE (V) with near diagonal lower bounds is given by the following result obtained
in [Mur20].

Theorem 3.28. Let (X,d,m,E, F) be an MMD space and let ¥ : [0,00) — [0,00) be a
scale function. Then the following are equivalent:

1. (X,d,m,E,F) satisfies HKE¢(V).

2. (X,d,m,E, F) satisfies HKE(V), the volume doubling property and the underlying
metric satisfies the chain condition.

More precisely, it was shown in [Mur20] that HKE¢(W) implies the chain condition for
the underlying metric. The other implications were well-known.

Remark 3.29. Functional inequalities such as Poicaré inequality and cutoff energy in-
equalities are stable under perturbations due to Le Jan’s domination principle, [L.J, Propo-
sition 1.5.5]. If two regular Dirichlet forms (£, F) and (€, F) be two regular Dirchlet forms
on L?(X,m) such that there exists C' > 0 satisfying

E(f. f) <CE(f. )

Then their corresponding energy measures also satisfy the same estimate: that is,
T(f, F)(A) < CT(f, f)(A), for all Borel sets A and f e F.

The following proof due is to Mosco uses chain rule for energy measures [Mosco]. It states
that for any m € N, ® € CY(R™) with ®(0,...,0) =0, fi,..., fm,g € F n L®, we have
O(f1,..., fm) € F and

m

D(@(fr,. s fm)r 9) = Z@‘I’(fl, o fm) - T(fis 9)-

=1

For simplicity let us assume that both Dirichlet forms above are strongly local. For any
o, fe Fn L® X\ >0, we have by the Leibniz rule

L(¢ cos(Af), pcos(Af)) + T(dsin(Af), dsin(Af)) = T(¢,6) + N¢°T(f, f).
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Hence by computing the above energy measures on X and using the assumption, we have

£6.0)+ | NOdN(1.1) < CE0.0)+ C | NP di(f,p
b's b's
for all ¢, f € F n L®, X > 0. Dividing by A? on both sides and letting A\ — oo, we obtain

J¢2drff J¢2drf>f)7 forall¢7femew

This along with the regularity of (£, F) implies the desired inequality.

This shows that if we have two strongly local regular Dirichlet forms such that £ = £ ,
then the energy measures are also comparable. This means that functional inequalities
such as the Poincaré inequality and cutoff energy inequality are stable under such pertur-
bations.

Roughly speaking Poincaré inequality implies that the space cannot have too many
bottlenecks and there is a large collection of curves joining pair of points. Using large
collections of curves joining pair of points it is possible to obtain Poincaré inequality. We
sketch this in the case of R™ but this approach also works in many other spaces.

Proposition 3.30. There exists A,C > 1 such that for all f € CL{(R"),z € R",r > 0,

| 1@ - tsenf s | 19wy
B(z,r) B(z,Ar)

Proof. Let m denote the Lebesgue measure on R"™. Using the identity

2 1
- JB(z,r = — o 2 dud :
JB(QCJ‘) ‘f(y) f ® )‘ dy 277/7’(‘8(‘7:7 T)) JB(Z‘,T) fB(m,r) (f(y) f(Z)) yaz

it suffices to estimate | f(y) — f(2)| for any y, z € B(x,r) in terms of V f. For any piecewise
smooth curve v from y to z, we have

f(y) — (J IV f(y \ds) <L J]w N ds,

where ds denotes the arc-length measure of v and L(+y) is the length of v. We now pick ~y
at random according to measure P, . which is supported on curves of union of two straight
lines from y to p and from p to z, where p is chosen uniformly among all points such that

p—yl=1lp—2 <|y— 2|

Hence the length of any curve v picked according to P, , is of length at most 2|y — z| < 4r
and any point ¢ € v satisfies |¢ —y| A |¢ — z| < |y — 2| < 2r. This random collection of
curves is sometimes called a pencil of curves between y and z. Combining these we obtain
for any y, z € B(z,r)

#0) -1 < [ 26 f VA3 ds P . (d)
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<o VIR (- el =) d
B(z,3r)
Hence we have

f £ ) — Fogem | dy
B(z,r)

1 , .
=SB Dy o U0 P

r 2 —n+1 —n+1
< — |V f(w)] J J ly — w| + |z — w| dy dz dw
m(B(x, T)) JB(w,Sr) B(z,r) JB(z,r) ( )
o 0 R R
B(z,3r) B(z,r)

< rQJ IV f(w)]* dw.
B(x,3r)

]

The same pencil of curves approach to prove Poincaré inequality can be adapted to
prove the following theorem.

Theorem 3.31. Let V, ¥ : [0,00) — [0,00) be homeomorphisms such that ¥ is a scale
function and there exists a > 0 such that

“//((f)) < }:—a, for all0 <r < R. (3.40)

Let (X,d,m,E,F) be an unbounded (infinite diameter) MMD space that satisfies the full
sub-Gaussian kernel estimate HKE(V). Furthermore, suppose that exists C; > 1 satisfy-
mg

CrWV(r) <m(B(z,r)) < CV(r), foralzeX,r>Q0. (3.41)
Then there ezists C € (1,00) such that

R _W(R) _ RV(R)
72 U(r) rV(r)’

for all0 <r < R. (3.42)

Conversely, if V,U satisfy (3.42) and (3.40), then there exist an unbounded (infinite
diameter) MMD space (X,d,m,E, F) that satisfies (3.41) and the full sub-Gaussian kernel
estimate HKE (V).

In the special case when V(r) = 7% U(r) = r?, the estimate (3.42) is equivalent to
2 < f < a+ 1. This special case was shown by Barlow in the discrete time setting of
random walks on graphs [Bar(4].

We now sketch the proof of Theorem 3.31 and refer to [Mur25+] for a details and
further background. Let R > r > 0. Let n be the smallest positive integer such that
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B(z, AiR)\B(z,R) 2 U'_(B(x,R + (j + 1)r)\B(z, R + jr), where A; € (1,00) is the
constant in cap(V). By the triangle inequality

nz (3.43)

R
-
By a covering argument (by covering the annulus B(z, R+ (j+1)r)\B(z, R+ jr) with balls
of radii comparable to ), we obtain cutoff function «; for B(z, R+ jr) ¢ B(z, R+ (j+1)r)
such that

E(;,b;) < m(B(z, R+ (j + D)r)\B(z, R + jr)
S W) -

Let N be a A7'r/2-net (maximal r-separated subset) of B(x, R+ (j+1)r), where A; is the
constant in cap(¥). For each n € N, we choose a function ¢, € C.(X) a cutoff function
for B(n, A;'r/2) < B(n,r/2) such that E(d,, ¢n) < m(B(n,r/2))/¥(r). Choosing ¢ =
max,ey ¢ yields the bound (3.44) due the following properties of energy measure:

neN

(3.44)

and the property that if f € F nCc(X) is constant in an open set U, then T'(f, f)(U) =0
(due to strong locality). The first estimate above is due to the following description of
energy measure in terms of the associated process (Y;):

| £d06.0) = tim 1B, (600 = 904))%) . for all £ € CX) with £ > 0
X t

By considering the function 1) = Z 0 %, by strong locality and cap(WV)

cap(¥)=,(3.41)
% Pz Cap(B(z, R), B(z, A R)°)

//\

- 1 "= (343),(3.44) 2 1(B(x, AR)\B(z, R) 341) 12 V(R)
—2 Z %,% < ﬁ \I’(T) s ﬁ ‘I/(T)

which implies the necessity of the first estimate in (3.42).

For the necessity of the second estimate in (3.42), we use the result from [Mur20] that
the full sub-Gaussian kernel estimate HKE(V) implies that the underlying metric space
(X, d) satisfies the chain condition. Let R > r > 0 and let ¢ be a function for £(¢, ¢) <
2 Cap(B(z, R), B(x, A1 R)°) such that ¢ =1 on B(x, R) and ¢ =0 on B(x, A;R)¢ almost
everywhere, where A; is the constant in cap(¥)<. By the chain condition, we can find a
sequence of balls By, ..., B, where B; = B(x;,r),i =0,1,...,n of radii r and K € (1, )
such that K=!'B; = B(x;, K~'r) are pairwise disjoint, B;;; < KB; = B(z;, Kr) for all
i=0,...,n—1, B < B(z,A1R)°, B, < B(z,R), and n < £. Let




By the above properties of B;, we have ¢p, = 0,¢p, = 1. Let Ap € [1,00) denote the
constant in PI(V). We obtain the desired bound as follows:

n—1 2 n—1
1= (Z OBy — QbBi) <n Z (¢B¢+1 — gbBi)Q (by Cauchy-Schwarz)
i=0

i—0

< i 2 (08,4, — B, (since n < R/r)
r — i+ ’L
R n—1

< — J f m(dy) m(dx) (by Jensen’s inequality)
r =0 (BZ) H'l Bit1
R 1 n—1

< — f | — ¢KBi|2 dm  (by volume doubling, (3.41), B;1; € KB;)
r V(T) i=0 YKB;
R (r) sy

< — dl'(¢,¢) (by PI(V) and bounded overlap (ApK B;)o<i<n)
rV(r) o JApKB;
R (r) RY(r)

<= < =" Cap(B B(z, AR)°

S V(r)€(¢’¢) STV Cap(B(x, R), B(x, AR)°)
RY(r)V(R)

< — ——= U< 41

S V) U(R) (by cap(V)< and (3.41)).

The proof of sufficiency of (3.42) involves constructing a new family of diffusions. We
explain the construction in the Gaussian case U(r) = r? as the general case is similar. The
basic idea behind the construction is to follow an idea of Laakso [Laa] by gluing (typically
infinitely many) copies of [0,00) together. The different copies of [0,0) are indexed by
an ultrametric space. We start with a description of the ultrametric space determined by
g : 7 — 7 that satisfies 1 < inf; g < sup, g < co. This sequence defines an ultrametric
space on the set

U(g) :={s:Z—Z|s(k) € [0.g(k) — 1] forall ke Z and lim s(k) =0}, (3.45)

k—o0

equipped with the metric

du(e) (s, ) = 2nitkezisO=e. forall =Ry = gor a1 s ¢ e U(g). (3.46)

We denote the open and closed balls centered at s € U(g) with radius 7 > 0 as Byg)(s,7)
and By g)(s, 7).

Next, we describe a Borel measure myg) on (U(g),du(g)). To define this measure, it
would be convenient to view U(g) as a product of two sets U(g, —o0,0) xU(g, 1, 00), where

Ulg,~0,0) = {s|, o |scUl®)}, Ulg1,0):={s|,, |scUlg)}.
We note that (g, —oo, 0) can be naturally identified with the product space [ [ ez, [0, g(k)—
i<,

s
1]. Using this we define the measure my g 00y on U(g, —0,0) as the product mea-
sure [ [jez Mgy, where mgqy denote the uniform probability measure on the finite set
3<0
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[0,g(k) — 1]. We define myg1,0) as the counting measure on U(g,1,0) (note that
U(g,1,00) is at most countable).

We identify U(g) with U(g, —o0,0) x U(g, 1,00) using the obvious bijection and using
this bijection we define the measure myg) on U(g) as the product measure

Mui(g) *= Mu(g,—o0,0) X Mu(g,1,00)- (3.47)

This defines a metric measure space (U(g), du(g), Mu(g))- It is easy to verify that the
measure of balls is given by

-1

(Hoikin g(k)) if 2t <r<2"neZn<0,

S

Mug) (Bue)(s:7)) = 1 1 if1<r<2, (3.48)
110 (k) if 2"t <r<2®neZn=2,

for any s € U(g) and r > 0. Since sup, g < 00, we note that myg) is a doubling measure
on (U(g),du())- Since the volume growth does not depend on the center, we introduce
the abbreviated notation

Ve (r) := my(g) (Bucg)(s,r)) for all r > 0. (3.49)

For each n € Z, we define level-n wormholes W, is the set {(2k — 1)2" : k € N} < [0, o0).
We define the Laakso-type space L£(g) as the quotient of the product space U(g) x [0, o)
with respect to the smallest equivalence relation that identifies points (s,z) and (3,7) in
U(g) x [0,00) if and only if x = T € W, for some n € Z and S‘Z\{n} = §‘Z\{n}. In other
words, there are g(n) copies of [0, c0) identified (or glued) together when the projection to
[0, 00) belongs to a level n-wormhole. The metric is the shortest path metric that agrees
with the Euclidean metric on each copy of [0, c0).

The process on the Laakso-type space £(g) is defined using the theory of Dirichlet
forms and can be described heuristically as follows: the projection of the process to the
second ([0, o)) component is the reflected Brownian motion on [0, o0) (has law equal to the
absolute value of one dimensional Brownian motion). Whenever the process hits a point
corresponding to a wormhole in the second component, the process is equally likely to
proceed in one of the copies. This process is symmetric with respect to the measure m )
defined as the push-forward of myg) x A under the quotient map above, where A is the
Lebesgue measure on [0, o). The Dirichlet form can be viewed as E(f, f) = {(f')? dmg),
where f’ is the derivative in the component corresponding to [0,00). A probabilistic
construction of such a process is due to Barlow and Evans [BE]. The resulting MMD
space satisfies volume growth estimate r +— rVg(r) and satisfies Gaussian heat kernel
bounds. The proof of a Poincaré inequality using the pencil of curves approach sketched
for the Euclidean case earlier. The idea here is that the wormholes provide a way for the
random curves to spread to different copies of [0, o0) between any pair of points.

By varying g : Z — N, one can achieve a wide range of possible volume growth. For
instance for any o > 1, it is possible to have rVg(r) = r®. The basic idea behind the
proof of Poincare inequality is that wormholes can be used to create a pencil of curves

60



joining and pair of points by creating curves that choose to travel in different copies of
[0, 00). For non-Gaussian ¥, we glue different copies of a carefully chosen R-tree instead
of [0, 0); see [Mur25-+].

As a sharp contrast to Theorem 3.31, Carron and Tewodrose show the following rigidity
result [CT].

Theorem 3.32. Let (X,d,m,E, F) be a strongly local, reqular metric measure Dirichlet
space and let o € [1,00) be such that the corresponding diffusion process has the Euclidean-
like heat kernel

1 d 2
pe(z,y) = Wexp (—%) for all z,y e X and t > 0.
Then a = n for somen € N, X = R" equipped with Lebesque measure m, FEuclidean
metric d and the diffusion process is the Brownian motion on R™.

A remarkable aspect of this theorem is that « is not assumed to be an integer.
The proof uses the characterization of Gaussian heat kernel bounds using doubling and
Poincare inequality. Under these assumptions, a result of Colding and Minicozzi states
that the space of harmonic functions with atmost linear growth is finite dimensional [CM].
A well-chosen basis of harmonic functions of this space is used to obtain an isometry to
R”. The authors of [C'T] also obtain a similar rigidity result for Brownain motion on the
sphere S™ and conjecture* a similar rigidity of the heat kernel for hyperbolic space.

3.4 Applications to reflected and killed diffusions

The theory of Dirichlet forms can be used to define and analyze new Markov processes
using old ones. We discuss two such transformations now: reflection and killing. We will
see how the general characterizations of heat kernel estimates discussed earlier is used to
analyze reflected and killed diffusions.

We start with reflected diffusions. There are several approaches based on SDE and
Dirichlet forms for defining the reflected Brownian motion on R”. For a smooth domain
U in R", the SDE approach involves solving the stochastic differential equation (called
the Skorohod equation, 1962)

t

Y(t) =Y(0)+ B(t) + f (Y (s))dLs,

0
where B(t) is the standard Brownian motion on R", L; is the ‘boundary local time’ of the
process Y (s) and 7i(z) is the inward pointing unit normal vector at x € 0U. Heuristically,
the last term is responsible for ‘pushing the diffusion Y () back into the domain’ when it
hits the boundary so that it stays in U. Given a smooth domain U, the Dirichlet form
approach involves the bilinear form

Eur. )= 5 | VP

4personal communication with G. Carron
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for all f € W12(U), where Vf denotes the distributional gradient of f and W12(U)
denotes the subspace of functions in L*(U) whose distributional first order partial deriva-
tives are also in L*(U). Using the theory of Dirichlet forms, Fukushima (1967) constructs
a Markov process with continuous sample paths in some abstract closure of U (called the
Martin-Kuramochi compactification). If U is a smooth domain then this compactification
coincides with U but in general U is not a suitable state space for the reflected diffusion as
can be seen using slit domains (for example, R*\{(z,0) : # < 0}). Yet another approach
involves defining the transition density of the reflected diffusion process as the funda-
mental solution to the heat equation with Neumann boundary condition. The advantage
of SDE approach is that it is better suited for generalization to diffusions with oblique
reflection along the boundary (as opposed to normal reflection discussed above). Such
processes are not symmetric in general and is not suited for the Dirichlet form approach.
On the other hand, the Dirichlet form approach is better suited to handle domains with
non-smooth boundaries or when the underlying ambient space is not smooth. We refer
the reader to [Che93] for a more complete list of references and a more detailed account
of these approaches.

The general definition of a reflected diffusion corresponding to a strongly local regular
Dirichlet form is as follows.

Definition 3.33 (Local Dirichlet space and its energy measure). For an open set U < X
of an MMD space (X,d, m,E, F), we define the local Dirichlet space Fio.(U) as

functions on U such that f1y = f#1y m-a.e. for some

f is an m-equivalence class of R-valued Borel measurable
} (3.50)
f# e F for each relatively compact open subset V of U

Floc(U) = {f

and the energy measure I'y(f, f) of f € Fi,.(U) associated with (X, d, m, &, F) is defined
as the unique Borel measure on U such that Ty (f, f)(A) = T(f#, f#)(A) for any rela-
tively compact Borel subset A of U and any V, f# as in (3.50) with A < V; note that
L(f#, f#)(A) is independent of a particular choice of such V, f#. We define

FU) = {f € FoelU) : Lf?dm+LrU(f, f) < o}, (3.51)

and the bilinear form (&, F(U)) as

Eul(f,f) = JU Lu(f, f), forall feF(U). (3.52)

The bilinear form (£, F(U)) is not a regular Dirichlet form on L*(U,m) in general.
However if we restrict to a class of ‘nice’ domain we obtain a regular Dirichlet form.

Definition 3.34. A connected, non-empty, proper open set U < X is said to be a A-
uniform domain if for every pair of points z,y € U, there exists a curve v in U from x
to y such that its diameter diam(y) < Ad(z,y) and for all z € ~,

dv(2) = A  min (d(, 2), d(y. 2)) ,

where dy(2) := dist(z,U*). Such a curve 7 is called a A-uniform curve.
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Note that the definition of uniform domains allows for a rich family of curves joining
any pair of points as the curves in the definition of uniform domain tend to stay away
from the boundary.

A large family of uniform domains is due to a construction of T. Rajala [Raj]. We
say that a metric space (X,d) is quasiconver if there exists C; € (1,00) such that for
any z,y € X, there is a curve 7 connecting z,y such that ¢(y) < C,d(z,y). For any
quasiconvex, doubling metric space (X, d), for any bounded domain 2 < X and for any
€ > 0, there exist uniform domains €2; and €2, such that €2; € Q < €, and

Q, < [Q]e, QF < [Q°, where [A]. denotes the e-neighborhood of A.

In other words, every bounded domain can be e-approximated by uniform domains from
outside and inside for any ¢ > 0. Examples of domains that fail to be uniform include
domains with inward or outward pointing cusps, or domains with slits or the strip (0, 1) x
R < R2.

A natural question is whether reflected diffusion on a domain inherits similar heat
kernel estimates as the diffusion on the whole space. The following theorem addresses
this question for unfiorm domains.

Theorem 3.35 (Heat kernel estimate for reflected diffusion). Let (X,d,m,E,F) be an
MMD space that satisfies the heat kernel estimate HKE(W) for some scale function ¥
and let m be a doubling measure. Then for any uniform domain U, the bi-linear form

(Ev, F(U)) is a strongly-local regular Dirichlet form on L*(U,m). Moreover, the corre-
sponding MMD space (U,d, m,Ey, F(U)) satisfies the heat kernel estimate HKE(V).

The Gaussian case WU(r) = 72 of the above result was obtained by [GyS] and the
general case was handled in [Mur24]. The setting of [GyS] is more general as they allow
for inner uniform domains which are uniform domains with respect to the intrinsic metric
(distance between points of U is the infimal length of the curves in U joining them). Such
domains can contain slits. While the methods of [GyS] can be used to obtain Poincaré
inequality for general space-time scalings, the main difficulty is to obtain cutoff energy
inequality. The proof in [Mur24] for cutoff energy inequality does not work for inner
uniform domains. We conjecture that Theorem 3.35 should also be true if we replace
uniform domains with inner uniform domain equipped with the intrinsic metric mentioned
above. N. Kajino (unpublished work) observed that a positive resolution of the conjecture
that sub-Gaussian heat kernel estimates is equivalent to VD, PI(V) and cap(¥) would
imply a positive answer to the above conjecture concerning reflected diffusion on inner
uniform domains (see [Mur24, §6.3]). The difficulty of proving a cutoff energy inequality
does not arise in the Gaussian case as it can be characterized only using the volume
doubling property and Poincaré inequality.

The key tool behind the proof of Theorem 3.35 is the following extension theorem in
[Mur24]. Similar extension theorem for Sobolev spaces on uniform domains was obtained
by P. Jones [Jon81] which generalized earlier results be Calderon and Stein for Lipschitz
domains.
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Theorem 3.36 (Extension property). Let (X,d, m,E, F) be an MMD space that satisfies
the heat kernel estimate HKE(V) for some scale function ¥ and let m be a doubling
measure. Let U be a uniform domain U and let (Ey, F(U)) denote the bi-linear form in
Definition 3.33. There is a linear operator E : F(U) — F such that the restriction of
E(f) toU is f for all f € F (that is, E is an extension operator). Furthermore, there
exist C, K € (1,00),c e (0,1) such that for all x € U, and f € F(U), we have

T(E(f), E(f))(B(z,r)) < CTy(f, f)(Bu(z, K1), for all0 <r < cdiam(U); (3.53)

J |E(f)Pdm < C fAdm  for all r > 0; (3.54)
B(z,r) By (z,Kr)
E(E(f), E(f)) < C <5U<f, 1)+ m L £ dm> ; (3.55)
| Bram<c | am. (3.56)
X U

Here I',T'y denote the energy measures of (€, F) and (Ey, F(U)) respectively. Further-
more, if f € F(U) is a version that belongs to C.(U), then the extension E(f) can be
chosen to be a pointwise well-defined version in Ce(X).

In (3.55) above, we interpret ﬁ = 0 in case diam(U) = oo.

We now sketch the Theorem 3.35 using the extension property above. Let us check that
(v, F(U)) is a closed quadratic form. We equip F(U), F with the corresponding inner
products Ey (-, ) + (5 Dr2wmy, and E(-, ) + (-, )r2(x,m) respectively. Let E : F(U) — F
be an extension operator as given above. If f,, is a Cauchy sequence in F(U), then E(f,)
is a Cauchy sequence in F (since E is a bounded operator). Since F is complete, E(f,)
converges to a limit, say g € F. The restriction of g to U yields the desired limit of f, in
F(U).

The regularity of (£, F(U)) is an easy consequence of the regularity of (£, F) and the
extension property. To this end, note that function f € F(U) has an extension E(f) € F
which is a limit of functions in C.(X) n F and hence by restricting this sequence of
functions to U, we obtain that C.(U) n F(U) is dense in F(U). Since any function in

C.(U) can be extended to a function on C.(X), by the same argument as above, we obtain

that any function on C.(U) is a limit (with respect to the uniform norm) of functions in

C(U) n F(U).
We will see how to prove Poincaré inequality for the MMD space (U, d, m|z, &y, F(U))

corresponding to the reflected diffusion using that for the ambient diffusion (X, d, m, &, F).
For any fe F(U),z e U,0 <r < diam(U,d)/As

inff |f—a|2dm<inff |E(f) — al*dm
ocR UnB(z,r) acR B(z,r)
<ot | anEe). B
B(z,A1r)
< aru(f, )
UnB(z,KAir)
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The proof of cutoff energy inequality for the reflected diffusion using the extension map
is similar to the proof of Poincare inequality above.

Next, we defined the diffusion killed upon exiting a domain U. The part process of a
diffusion {Y;};>¢ killed upon exiting U is denoted by {Y,V};~0 is defined as

Y, ift<
v =400 DI e [0,00),
A ift = 1y,

where 7y = Tye is the exit time of U and A denotes the cemetery state. It is an m|y-
symmetric diffusion process on U, its Dirichlet form (€Y, FO(U)) is a strongly local regular
symmetric Dirichlet form on L?(U, m|y) and identified as the part Dirichlet form of (€, F)
on U given by

FUy={feF|f=0&qe on X\U} and &Y = &|rwyxrow,

where f denotes a quasi-continuous version of f [FOT, Theorems 4.4.2 and 4.4.3]. Note
that the above definition is natural by recalling our convention that the value of any
function is extended by 0 to the cemetery state. In this case, we view U¢ as part of the
cemetery state.

There are two important tools to obtain heat kernel bounds for diffusions killed upon
exiting a uniform domain: Doob h-transform and the boundary Harnack principle. Let A
be a positive harmonic function on U with Dirichlet boundary condition along U.

More generally, we are interested in harmonic functions on an open set V' with zero
(or Dirichlet) boundary condition “along the boundary of a larger open set U” as defined
below.

Definition 3.37 (Function with Dirichlet boundary condition). Let (X, m,&,F) be a
strongly local regular Dirichlet space, and let V' < U be open subsets of X. We define

tions on V such that f = f# m-a.e. on A for some f# € F°(U)

for each open subset A of V with A compact and AnU\V = &
(3.57)

so that F2 (U, V) is a linear subspace of Fio.(V), and call each u € F (U, V) a function

loc oc

on V with Dirichlet boundary condition relative to U. Each u € F2 (U, V) that is &-

loc
harmonic on V' is called an £-harmonic function on V with Dirichlet boundary condition

relative to U.

f is an m-equivalence class of R-valued Borel measurable func—}

7 0,V) = {f

Consider an MMD space (X, d, m,E, F) and let U be an unbounded uniform domain.
Assume that there exists h € F.(U,U) such that h > 0 m-a.e. on U and harmonic on
U. Consider the unitary operator My, : L*(U, h? - m) — L*(U,m), where M, denotes the
multiplication by A

My (f) =hf, forall fe L*(U, h*-m).

Let (€Y, F°(U)) denote the Dirichlet form on L?(U,m|,) corresponding to the process
Y,V killed upon exiting U. We define a closed quadratic form (€Y, FY) on L*(U, h? - m)
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by FU = M, (FO(U)) and
EV(f, f) = EM(f), My (f)), forall feFY.

If (PY)s~0 is the semigroup corresponding to the process (Y,V), then it is easy to verify
that
P = M7 o PV o My, forall t >0,

is the (strongly continuous, contraction) semigroup associated with the closed quadratic
form (67, FY) on L*(U,h? - m). Using the harmonicity of h on U, a result due to Hunt
implies that PV (k) < h and hence P”"1; < 1. This implies that the semigroup (P
is a Markovian semigroup. This transformation of the semigroup is called the Doob h-
transform (we refer to [Doo58] for the original reference and [CW, Chapter 11] and [Doo84,
Part 2, Chp. X] for more on h-transforms). If the semigroup (P’"") admits a heat kernel
p"(-,-), then it is easy (Exercise) to verify that the semigroup (PF) also admits a heat
kernel pY (-, ) given by

v/ (z,y) = h(@)h(y)p," (2, y). (3.58)

Often, it is easier to analyze the process corresponding to the semigroup (PtU’h) (for
example, using Theorem 3.27) and this can be used to understand the semigroup (PY)
corresponding to the process (YY) killed upon exiting U. In order to do this, we first
need to construct a harmonic function h with zero boundary conditions.

Let us explain this construction of such a harmonic function for the Brownian motion
as the general case is similar. Let U be an unbounded uniform domain in R™ and let
gu(z,y),z,y € D denote the Green function on a domain D. That is, A,gy(x,y) = —0,
in the sense of distributions and gy (z,-) has boundary condition 0 on dU. We consider
a sequence of points z, — oo such that z, € U. Fix some base point x¢ € D;. Then
the sequence of Green functions % normalized to be 1 at xy admits a subsequence
converges uniformly and compact subsets (by the Arzela-Ascoli theorem) to a limiting
function h : U — (0,00) that is positive and harmonic on U with Dirichlet boundary
conditions on U [GyS, §4.3.1.]; that is, h € F (U, U). The uniqueness of such a harmonic
function (up to a constant multiplicative factor) follows from the boundary Harnack prin-
ciple which in the Euclidean case is due to Aikawa [AikO1]. Aikawa’s argument works
for any uniform domain in a MMD space satisfying sub-Gaussian heat kernel bounds

[GyS, Liel5, BM19, Che25).

Definition 3.38 (Boundary Harnack principle (BHP)). Let (X,d,m, &, F) be an MMD
space and let U be an open subset of X. We say that U satisfies the (scale-invariant)
boundary Harnack principle, abbreviated as BHP, if there exist Ag, Ay, C; € (1, 0)
such that for all £ € U, all r € (0,diam(U)/A;) and for any two non-negative £-harmonic
functions u, v on U n B(&, Apr) with Dirichlet boundary condition relative to U such that
v >0 m-a.e. on U n B(, 1), we have

(z) < () essinf

. BHP
2eUnB(&r) v(x)

ess sup <
zeUNB(&,r) U(l’)
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The proof of uniqueness follows from obtaining a version of Moser’s oscillation lemma
for the ratio of two positive harmonic functions (with the same proof as in the case of
Moser’s oscillation lemma). Then the proof of Liouville property under elliptic Harnack
inequality can be adapted to show that the ratio of any two such harmonic functions is a
constant.

The boundary Harnack principle also provides useful estimates on the harmonic func-
tion above which leads to proof of doubling property, Poincaré and cutoff energy inequal-
ities for the h-transformed Dirichlet space (€Y, FY) on L*(U,h? - m) and leads to the
following theorem [GyS, Lie22].

Theorem 3.39. If (X,d,m,&E,F) is a MMD space and let ¥ : [0,00) — [0,20) be a scale
function such that (X, d, m,E, F) satisfies the parabolic Harnack inequality PHI(V). Let U
be an unbounded uniform domain and let h € F_(U,U) the unique (up to a multiplicative
constant) positive harmonic function with Dirichlet boundary condition on U. Then the
MMD space (U,d,h* - m U,E,LU,F}L]) also satisfies the the parabolic Harnack inequality

PHI().

The above result along with (3.58) and Theorem 3.27 leads to heat kernel bounds
for process killed upon exit a uniform domain. In case of bounded uniform domains,
one replaces the harmonic function with the first Dirichlet eigenfunction in the Doob
transform (sometimes called the ground state transform) and similar arguments apply in
this case as well. The proof of the above theorem relies on obtaining Poincaré and cutoff
energy inequalities for the Doob h-transformed space (U, d, h* - m)|,, &, Fy).

Example 3.40. If we consider the killed Brownian motion on the domain U = (0, 0) <
X =R, we obtain the harmonic function h(z) =  on U. The process obtained after the
Doob h-transform is the three dimensional Bessel process (see Exercise 2.50).

More generally, if U = (0,00)" < R" h(zy,...,z,) = [[\_,z;. If U = R™\B(0,1)
is the exterior of the closed unit disk where n = 2. Then h(z) = 1 — |z " if n > 3
and h(x) = log(|z|) if n = 2. In general, it is not always easy to estimate or compute
h. In two dimensions conformal maps are useful to compute h but much less is known
in higher dimensions. Getting good estimates on h or first Dirichlet eigenfunctions for
bounded domains is a challenging problem in general; see [BS-C] for a recent work in this
direction.

The proof of Poincaré inequalities for both reflected and killed diffusion and also the
construction of the extension map in Theorem 3.36 rely on the notion of Whitney cover.

Definition 3.41. Let e € (0,1/2) and U & X. We say a collection of balls { B(x;,r;) : x; € U,r; > 0,i € I}
is an e-Whitney cover if it satisfies the following properties:

(i) The collection of sets {B(x;,1;),i € I} are pairwise disjoint.

(ii) The radii r; satisfy
€

dist(z;, U¢), forallie I.

T, =
+ €
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(ili) ;e Bu(zi, Kori) = U, where K, = 2(1 4+ ¢€) € (2,3).
Note that since K. < 3 by (iii), we have

U B(x;,3r;) = U.

el

The existence of such a Whitney cover follows from Zorn’s lemma by picking a maximal
collection of balls that satisfy properties (i) and (ii) above.

Exercise 3.42. Use the above statement to prove the existence of e-Whitney cover. If
(X,d) admits a volume doubling measure m, then show that there exists C' depending
only on the constant in doubling property and e such that for any e-Whitney cover W(U)
of a domain U, we have
Z 11 < Cly.
B(z,r)eW(U)

We briefly sketch the construction of the extension map E : F(U) — F in Theorem
3.36 which follows an idea due to Jones [Jon81]. The basic idea is to pick two Whitney
covers for the domains U and V := (U)¢, say W(U) and W(V') respectively. We pick

—~—

a subset W(V') of W(V') that consist of all balls of radii less than cdiam(U) for some

—~—~—

c € (0,1). This allows us to define a ‘reflection map’ R : W(V) — W(U) such that each

ball B(z;,1;) € W is mapped to Q(B(z;,1;)) = B(y;, s;) such that d(x;,y;) = r; = s;.
Using upper bounds on capacity of annuli, there exist a partition of unity of V' indexed
by W(V') such that for each B(z;,r;) € W(V), there exists a function ¢?@+"?) supported
in B(z;, Kr;) < V and such that &(¢pPEim)gBEird) = % The extension E(f) is
then defined as
E(f) = OO+ 2 famemo™ (),

B(a:,r)em)

where fo(p(zr)) is the m-average of f in the reflected ball Q(B(x,r)). The above con-
struction of the extension map is essentially same as that of P. Jones [Jon81]. However
the proof that the extension map is bounded requires new ideas. In the case of Sobolev
spaces on R"™, Jones uses pointwise estimates on the gradient to bound Sobolev norms.
However in our setting pointwise estimates on gradient could be meaningless as the en-
ergy measures could be singular [[KXM20]. Our approach is based on a result of Korevaar
and Schoen [KoSc, Theorem 1.6.2] which implies that for any f € W?(R"), the Dirichlet
energy {o. |V f *(z)dz is comparable to

. 1
fimsup | | () — ()P dyda.
rl0 n T {y:|ly—z|<r}

An extension of Korevaar-Schoen theorem for the setting of Dirichlet forms satsifying sub-
Gaussian heat kernel estimates due to Grigor'yan, Hu and Lau [GHLO03]. The extension
of these results also hold for energy measures [Mur24| and is an important ingredient in
the proof of extension theorem.
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4 Time change of Markov processes

Let us illustrate time change of symmetric Markov process in a simple case by revisiting
Examples 2.2-(iii) and 2.9. Let X = {1,...,n} and ¢ : X x X — [0,00) be such that
c(x,y) =c(y,x) =0 forall z,y € X. Let m : X — [0,00) be

m(zx) = Z oz, y).

yeX

Assume that m(x) > 0 for all 2 € X. This defines a discrete time Markov chain (Z,)nenu(oy
with transition probabilities given by

c(r,y)

, forall z,ye X.
m(z)

P(z,y) :=

Let us assume that the corresponding Markov chain is irreducible and let A : X — (0, o0)
be a function determining a continuous time process as follows: at each state x € X,
the process waits (independently of other waiting times and transitions) an exponential
time with rate A(z) before jumping to a new state y with probability P(x,y). Call this
process (Y);=0 on X. Recall that the generator L* of the semigroup (P});~ generator
corresponding to the process (Y));q is

_ o PRf(a) — f(2)
LM f(x) = ltllIgl ,

= —\@)f(@) + AM@) Y. Pla,y)f(y) = —\z)(I — Q) f(x).

yeX

It follows from (2.3) that L* is m-symmetric with m(z) = A(z)~!'m(z) and the corre-
sponding Dirichlet form (€, F) is given by the following expression: for all f € F = R¥,
we have
Ef, ) = (=L, Porexamy = T = Q) f, Frzm)
= > (f(@) = fW) P, yym(z) = > (f) = f@)c(z,y)

= 3 @)~ W) elay) (since e(z.y) = cly. ). (1)

In particular, the Dirichlet form does not depend on the choice of .

If A =1, we drop A from the notation; that is the corresponding process, semigroup
and generator are denoted by (Y;), (P), L respectively. Let us show a construction of (Y,})
as a time-change of the process (V;). We define a process (A});=0 as

We note that if (F;) and (6;);=0 are the filtration and shift-operators corresponding to the
Markov process (Y;), we have the following properties.

69



1. (A}) is |0, 00) valued, non-decreasing® (F;)-adapted process with A} = 0.
2. AY (w) = AMw) + A2 0 0y(w) for all t,s > 0.
Let (7;') denote the right continuous inverse of (A}) defined by
) = inf{s = 0|A, > t}.

Then the process (Y,) has the same law as the process (¥;}). To see this note that if the
process (Y;) spends a time T at state x; before jumping to the next state, followed by a
duration T3 at state xo (that is, Y; = a9 for t € [T, T + T5) before jumping to the next
state, and so on. Then (Y») spends time T1/A(z1) at state z; before jumping to state
x9 and spending Tp/\(x2) at state xo before jumping to the next state. This proves our
claim and (Y;») is also a Markov process (recall that if 7 @ Exp(1), the T'/\ @ Exp()\)).

Let us consider the case when some of the states are allowed to have instantaneous
jumps (that is, A(z) = oo for some x € X). In this case, the corresponding symmetric
measure m does not have full support. Let F' = supp(m) denote the support of the
measure m. Assume that F' # ¢§ and X\F # (.

Our discussion above suggests that (Y,») is M-symmetric Markov process on F' (note
that the process (Y1) doesn’t spend any time at X\F'). Let us now compute its Dirichlet
form. Let Tr denote the hitting time of the set F' for the process (Y;); that is

Tp = inf{t > 0[Y; € F}.
For any g € RY, we define Hp(g) € RX as

Hp(g)(x) := Ea|g(Yrp)]-

The following exercise described equivalent descriptions of Hr(g). It can be viewed as a
solution to the Dirichlet problem for L-harmonic function with prescribed boundary value
g on F. That is, Hp(g) is the harmonic extension of g. We saw such extensions in the
construction of Dirichlet form for the Brownian motion on the Sierpinski gasket.

Exercise 4.1. Let X = {1,2,...,n}, A : X — (0,00], m(x) = m(z)/\(z) for all z € X,
c: X x X — (0,00), L : RY — R¥ be as above. Let (Y;) denote the m-symmetric process
corresponding to the Dirichlet form (€, F) on L*(X,m) given by (4.1). Let g € RF and
let § € R be an extension of g (that is, Ei‘ P = g). Then the following are equivalent:

(a) g(z) = Hp(g)(z) = E,[g(TF)] for all x € X.
(b) (harmonic in X\ F in the strong sense) L(g)‘X\F = 0.

(c) For any ¢ € R¥X such that supp(¢) < X\F, we have (weak formulation of harmonicity)

£(g,9) = 0.

Sstrictly increasing in this case but we will soon allow \ to take infinite value

70



(d) (variational formulation of harmonicity) £(g,g) = mingegx E(h, h).
h‘Fzg

Similar to Example 2.9, we can compute the semigroup corresponding to (YTtA) up to
O(t?) error as

Prg(x) = E[g(Y)] = e XPg(a) + 3 (1 — e ) Pl,y)(Hr(9))(y) + O(t?),

yeX

for all g € RY ¢t € (0,1),2 € F. By the same computation as Exercise 2.9, we have the
generator

Lrg(z) = —M2)(I — Q)(Hp(9))(z), foral geRF zeF,
and the Dirichlet form

E(g,9) = E(Hr(9), Hr(g)), forall ge RF,

where £ is the Dirichlet form corresponding to (Y;) given in (4.1). We note that this for-
mula gives a probabilistic interpretation of the construction of Dirichlet form on Sierpinski
gasket using graph approximations.

Let (€, F) be a regular Dirichlet form on L*(X,m). Let (Y;) be the corresponding
m-symmetric Markov process with state space X with time-shift operators 6, : 2 — €.
Let (F)ieo,0] denote the corresponding filtration. A collection A = {A;}se[0,00) of [0, o0]-
valued random variables on (2 is called a positive continuous additive functional (PCAF
for short) of (Y;), if the following three conditions hold:

(i) A;is Fi-measurable for any t € [0, c0).

(ii) There exist A € F, and a properly exceptional set N' < X for (V;) such that
P,(A) =1 for any x € X\N and 6,(A) < A for any ¢ € [0, o0).

(iii) For any w € A, [0,0) 3 t — Ay (w) is a [0, 00]-valued continuous function with
Ag(w) = 0 such that for any s,t € [0,00), Ay(w) < w0 if t < ((w), Ai(w) = A¢(w)(w)
if t 2 ((w), and Apys(w) = Ap(w) + As(0:(w)).

The sets A and NV are referred to as a defining set and an exceptional set, respectively, of
the PCAF A. If N can be taken to be the empty set ¢, then we say that A is a PCAF
in the strict sense of (Y;). the support F' of A defined by

F:={re X\N |P,(R=0) =1}, where R:=inf{t e (0,00) | A; > 0},

and N is an exceptional set of the PCAF. Given a PCAF A, there is a unique Borel
measure g on X such that

.1 !
L fdu= lgfg 7Em UO f(Ys) dAs] ,

for any non-negative Borel measurable function f : X — [0, 00). This measure p does not
charge E-polar set and is called the Revuz measure of the PCAF A. Conversely, for any
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Radon measure p on X such that pu(A) = 0 for any E-polar Borel set A, there exists a
PCAF whose Revuz measure is A. The condition that Revuz measure does not charge
any polar set is natural as probability of hitting a polar set is zero from almost every
starting point. So we would like such sets to remain polar after the time change.

Example 4.2. 1. Let (£, F) be a regular Dirichlet form on L?*(X,m) and let (Y;) be
the associated process. If g : X — (0,00) is a strictly positive function such that
g - m is a Radon measure on X. Then the PCAF A whose Revuz measure is p is

given by .

A= J g(Ys) ds.

0
2. For the Dirichlet form corresponding to one-dimensional Brownian motion (B;), the
Dirac measure p = 4, for x € R is the Revuz measure of the PCAF (L}), where LY
is the local time at z. Recall that L] can be viewed as the occupation density of

the Brownian motion at = as

Lt = lell%l % JO ]l{BSe(z—e,x—i-e)} ds.

In this case, for any Radon measure pu, the corresponding PCAF A* is given by

Al — f L7 ulde).
R

Hence PCAF can be interpreted as an integrated version of local time. For higher
dimensional Brownian motion the Dirac measure is not a suitable Revuz measure
for a PCAF as it assigns positive measure to a polar set. Nevertheless, it is useful
to think of PCAFs as integrated (or averaged) local times.

We will only consider the case when A is a PCAF in the strict sense and the support
of A coincides with the topological support of the Revuz measure p°. In this case, let us
denote the support of A (and p) by F. The time-changed process corresponding to the
PCAF A supported on F with Revuz measure p is given by

Y, = Y., 7 :=inf{s > 0|4, > t}.

Similar to the discrete setting, it turns out that (YQ) is a p-symmetric process on F', whose
Dirichlet form (€, F) is given by

F=(J] :rer.j| e’ (Fm),

where f denotes a quasi-continuous version of f € F., and

E(u,u) = E(Hp(T), Hp(2))

6 Although this condition is typically satisfied, it is not always true as observed by Sturm [Stu92]. In
general, the support of the PCAF is contained in the topological support of the Revuz measure.
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where Hr denotes the harmonic extension of ¢ defined by
Hpiti(z) == E,[0(Yr, ) Lip<0y|, Tr = inf{t € (0,00) | Y; € F}.

We refer to [FOT, Theorem 6.2.1] for the proof of identification of the Dirichlet form
corresponding to the time-changed process (Y;). It is possible for the m(F) = 0 and
hence f ‘ - 1s not well-defined if f € L*(m). On the other hand, since quasi-continuous
versions are well-defined up to q.e. equivalence and p does not charge sets of capacity
ZEro, f‘ is well-defined up to p-a.e. equivalence if f is quasi-continuous. This explains
the nee(li7 for choosing quasi-continuous versions in the above definitions.

Perhaps the most well-known example of time change concerns the conformal invari-
ance of two dimensional Brownian motion.

Example 4.3. Let (£, F) be a regular Dirichlet form L?*(U, m) corresponding to a process
(Y:). Let @ : U — V be a bijection. We could like to compute the Dirichlet form
corresponding to the process Y; := ®(Y;) on V. Let f € L*(V,m), where m := ®,(m), so

that fo® € L*(U,m). Let (P;) and (P;) denote the semigroups corresponding to (¥;) and
(Y:). Then

Pif(y) = E,(f(V2) = Bo 1) (fo® (V7)) = P(fo®) (@7 (y)), forall yeV,fe LAV, ).

The following properties are easily verified from the above expression of the semigroup
(Exercise).

(i) (P,) is a Mm-symmetric (strongly continuous) Markovian semigroup on L2(V, ).

(i) The Dirichlet form (£, F) on L2(V, ) corresponding to the semigroup (P,) is given
by
F={feLl*(Viin): fodeF}, E(f,f)=E(fo® fod)

Now, let us specialize to case when U and V are domains in R? and ® : U — V is an
orientation preserving, C!-diffeomorphism. That is ® and &' : V — U are continuously
differentiable bijections and det(D®) > 0 on U. Let (&, F) := (€Y, F°(U)) denote the
Dirichlet form corresponding to Brownian motion killed upon exiting U on L?*(U,m),
where m denotes the Lebesgue measure on R? and

091 0P
._ |0 0
Do := [afﬂ a%é]
02 0T

denotes the derivative of ® = (®;,®,). Then the Dirichlet form (£, F) on LX(V, ) is
given by

&ﬂﬂ=SUo@fﬂw=quo@@f@

_ L det (DD(D(2))) "1V £ (2)7 DD(® (2))” DD(D(2))V f (x) d
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= JV Vi)' A@)V f(z)dr

for all f € F, where A(z) = det(D®(® (2))) ' D®(®(z))TDP(®(x)) and M =
®,(m). It is an easy exercise to verify that A(x) = Id if and only if ® satisfies the
Cauchy-Riemann equations or equivalently, that ® is conformal. Hence the image of a
absorbing Brownian motion on U under @ is a time-change of the absorbing Brownian
motion on V' if and only if & : U — V is conformal.

The positive-definite matrix valued function A : V' — R2?*2 defines a uniformly-elliptic
operator if and only if there exists K > 1 such that

|1 D®(y)||* < K det(D®(y)), forall y e U,

where || D®(y)|| denotes the largest singular value (operator norm) of the matrix || D®(y)||.
The above inequality is essentially the definition of quasiconformal maps (except for the
caveat that this condition and the condition that & is differentiable is only required
almost everywhere. We refer to [Ahl, LV] for the theory of quasiconformal mappings).
Geometrically, under a quasiconformal map image of infinitesimal circles are ellipses with
bounded eccentricity K. In summary, the image of an absorbing Brownian motion on
U under @ is a time-change of the absorbing diffusion generator by an uniformly elliptic
operator on V' if and only if ® : U — V' is quasi-conformal.

Using the above observation and a quasi-conformal mapping due to Beurling and
Ahlfors [BA], Caffarelli, Fabes and Kenig construct an example of an uniformly elliptic
operator whose associated diffusion has harmonic measure singular with respect to the
surface area measure on unit disk or upper half-space [CFK].

The following example is of interest as we will learn in the mini-course this week.

Example 4.4. Let (€, F) denote the Dirichlet form for the two dimensional Brownian
motion on L?*(R? m), where m is the Lebesgue measure. Let M the Liouville quantum
gravity measure which is formally defined as e?* dz, where X is the massive Gaussian free
field on R2. The measure M almost surely is a Radon measure that does not charge any
E-polar set for the Brownian motion and the corresponding PCAF A in the strict sense
has full support [GRV14, Lemmas 1.5 and 1.6]. The corresponding time-change process
is called the Liouwville Brownian motion [GRV14, GRV16, Ber].

The next example due to Kigami illustrates that a drastic difference in heat kernel
behavior is possible under a time-change.

Example 4.5. Let K denote the (standard two-dimensional) Sierpinski gasket equipped
with Euclidean metric d and let m denote the self-similar probability measure (normalized
Hausdorff measure). Let (£, F) denote the Dirichlet form for the Brownian motion on
Sierpinski gasket described in Proposition 3.9. Consider harmonic functions hy, hy € F
E-harmonic on K\Vp, with

(h1(q1), P1(ga), Pa(gs)) = \/?5(17 —1/2,-1/2),  (ha(q1), h2(g2), ha(g3)) = \%(07 1, —1).
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The harmonic functions hi, ho have energy 1 and are orthogonal in the sense that
E(h1, hy) = 0 (any pair of such functions would work for this construction). The Kusuoka
measure p = I'(hy, hy) + I'(he, ho) is the sum of the two energy measures. The Kusuoka
measure 4 is the Revuz measure of a PCAF in the strict sense with full support K. The
corresponding time-changed process has Dirichlet form (€, F) on L?(K, ). Define the
intrinsic metric with respect to p as

dipy(z,y) :=sup{f(z) — f(Y)|f € F n C(K),T(f, f) < p}.

While the MMD space (K, d, m, £, F) satisfies sub-Gaussian heat kernel bounds with walk
dimensions % [BP], the time-changed MMD space (K,d. ., 1, E, F) satisfies Gaussian
heat kernel bounds [[Kig08].

4.1 Boundary trace of reflected diffusions

Unlike the above three examples, time-change of a diffusion process can lead to a process
with jumps. This is often the case if the corresponding PCAF does not have full support.
In such case, in order to analyze the time-changed process, it is useful to compute the
Beurling-Deny decomposition of the trace Dirichlet form. Let us illustrate this for reflected
Brownian motion restricted to the boundary.

Example 4.6. Let us compute the Dirichlet form corresponding to the boundary trace
process for reflected Brownian motion in a bounded smooth domain. That is, the PCAF
(and the Revuz) measure have support oU. For instance, this is the case if we chose the
Revuz measure to be either the surface area measure on 0U or the harmonic measure wgo

(law of B,, with By = x¢ € U, where B; is the Brownian motion). The Green’s function
of a domain U is for z,y € U is defined by

Aygu(x,y) = =0, fyeU
gu(z,y) =0, if y e oU

For a function f : 0U — R, let Hoy(f) : U — R denote the harmonic function on U
(that is AHuy (f) = 0 on U) with Dirichlet boundary value f = HﬁU(f)‘aU' By the theory
described earlier, the Dirichlet form on U is given by f — { |V(Hau(f)) * dz. We would
like to describe this more explicitly by computing its Beurling-Deny decomposition. As
we will see this is a pure-jump Dirichlet form which is not at all clear from the above
expression.

Next, we apply the Green’s second identity

ov ov
[ atozu) - wwan= [ (12290 - w© 22 o)
U oU Ong One
where 7¢ is the inward pointing normal derivative and o is the surface measure on JU.
Substituting v; = Hay(f),v2 = gu(x, ), we obtain

Hao () = | 1628

ou drg

o (dg),
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where ng is the inward pointing normal vector at £ € dU. In other words, the harmonic
measure wY on oU for Brownian motion started at x (the exit distribution of a Brownian
motion started at z) is given by

e = e ofag) (4:2)

Next, we would like to compute the Dirichlet energy of Hay(f) in terms of the boundary
values f. We apply Green’s first identity

j Vv, - Vugdr = — J nAvy dr — f Ul% o(d§),
U U 5715

where 7 is the inward point normal vector at € oU, to v1 = vy = Hay(f), to obtain

[ 1wt = [ ro® Do =~ [ | resn e oot

Since {,,; 59({{) o(d¢) =1 for all z € U, we have

j 529U(77af) O'(dg) —0.

v Ongong

Hence we have (using the symmetry gy(z,y) = gu(y,x) for all z,y € U and the above
identity)

o= - GRURI
L’WHw(fW d f S OF0) R o(de)
5[ [ o- st o, s

This expression is the Beurling-Deny decomposition of the boundary trace process, and
gives the interpretation of
gu(n,§)
——">05(dn)o(d 4.4
a0 o(de) (14)
as the jumping measure for the boundary trace process. The above expression also shows
that the killing and strongly local parts of the trace process are zero.

Recently, there are a number of works on equations involving fractional Laplace oper-
ator by using the fact that it arises as a boundary operator corresponding to some local
(diffusion) operator. For a € (0,2), the fractional Laplace operator —(—A)*2f on R"
can be defined using the spectral theorem and functional calculus. Alternately, it can be

defined using the Fourier transform (— )a/2 fl& =€ |°‘J?(£) or as a singular integral

fy) = f(2)

) ‘x_yanra ?

(=AY f(z) = lim g j
R™\B(z,r

rl0
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where
B 2°T((n + «)/2)

o = TRl (Ca)2)
a2

The fractional Laplace operator —(—A)** is the generator of the symmetric a-stable
process for all a € (0,2). We refer to [[Kwa] for equivalence of different definitions of the
fractional Laplace operator.

Example 4.7. Molchanov and Ostrowski [MO] discovered that a-stable processes can
be obtained as a boundary trace process of a reflected diffusion on the closed upper half
space. This was later independently revisited by Caffarelli and Silvestre in an equivalent
form [CS].

We consider the Molchanov—Ostrowski diffusion [MO] on the closed upper half-space
X ={(z,y) : x e R", y € [0,00)} = R™ x [0,0) is induced by the Dirichlet form (&, F)
given by

E(u,u) ::J J \Vul?(z,y) |y~ dy d
»Jo

on L*(R" x [0,00), |y|""* dy dz), where a € (0,2). This corresponds to the Brownain
motion in R™ direction and an independent (2 — «)-dimensional Bessel process (recall
Exercise 2.50) in the last [0, 00) direction.

Let us identify the boundary of H"™! := R™ x [0,00) with R". Consider a function
f e C*(R™). Since the generator of (€, F) is given by

Lu = y*~'div (y'7*Vu) = Ayu + Uy + Uyy.

If Hppn+1f = u, then u satisfies the equation Lu = 0 on R™ x (0,00) with boundary
condition f on R". In order solve this equation, we take Fourier transform with respect
to the x-variable. Defining

u€,y) = Ju(az:,y)e””'é dux,

the equation Lu = 0 can be written as

l—«

— €7 a(g, ) + Uy (&, y) + Ty (£, 1),

with boundary condition

a(€,0) = 7(6) = f F@)e ™ de, for all € € R”.

Note that the PDE has been transformed to a ODE in the variable y. Using the homo-
geneity and scaling properties of this ODE, solution is given by u(&,y) = f(£)o(|€|y),
where ¢ : [0,00) — R solves the ODE

1—

; Qb+ by =0, on (0,00) with ¢(0) = 1.)

_¢+
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This is the Bessel differential equation and has a unlque solution such that lim, ., ¢(y) =

0. We would like to express the energy (.. §, IVul*(z,y)|y|™ dydz in terms of the
boundary condition f. Ignoring multiplicative constants and using Parseval’s formula,
Fubini’s theorem and the solution u(&,y) = f(£)o(|¢]y), we have

f f VP, )y dy de = c f (€10, )2 + [, (&, w) Pl de dy
n J0o 0 JRn
=cj0 | 1eeffe
=cf0 | ter|er
o MGHE:

= (=A)PF ) =" LR” LR" (f|(;)__y‘];(g.c))2 dy dz.
(4.5)

(S + 10" ()"l '~ dé dy

(I6(2)* + 16/ ()= d€ d=

which corresponds to the Dirichlet form for symmetric a-stable process (up to identifying
the multiplicative constant). Using Harnack inequality for the diffusion process (or equiv-
alently, the generator L), Caffarelli and Silvestre were able to obtain Harnack inequality
for the a-stable process (or equivalently, the fractional Laplacian) [CS].

Doob [Doo62] found a remarkable extension of (4.3) to domains that are not necessarily
smooth. He stated the result under an abstract potential theoretic setting of (locally
Euclidean) Green spaces” in the sense of Brelot and Choquet [BC], in which the boundary
values of the harmonic functions are prescribed on the Martin boundary Oy D of the
domain D. To describe Doob’s result, we recall the Naim kernel G)fo(-, -) defined by

(6 77) = lim lim 9o (:C, y)

for &,me oyD, £ #n, 4.6
x—’fyﬁngD(xoﬁ)gD(%,y) 7 D, ¢ #n (4.6)

where the limits are with respect to the fine topology, x¢ € D is an arbitrary base point,
and gp(-,-) is the Green function on D as before. The existence of the above limits in
the setting of Green spaces follows from the fundamental work by L. Naim [Nai]. Then
it was shown in [Doo62, Theorem 9.2] that the Doob—Naim formula

| Jvur@ae =5 [ [ g0 - rmrelemat@ddo @

holds if w is a harmonic function on the domain D with fine boundary value f: dyy D — R,
where wﬁ) denotes the harmonic measure, i.e., the probability distribution of the position
of the first hitting to dy; D, of the Brownian motion on D started at xy. There is a version

"Roughly speaking, a Green space is a locally compact, connected Hausdorff space with a count-
able base that is locally Fuclidean of dimension n > 2 and such that a strictly positive nonconstant
superharmonic function exists.
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of the Doob—Naim formula for transient symmetric Markov chains on countable state
spaces due to M. Silverstein [Sil, Theorem 3.5]. Let us give some heuristic behind (4.7).
From the expression (4.4) for the jump measure in the smooth case and the formula (4.2)
for the harmonic measure, we can express the jump measure for bounded smooth domains

as
0*gu(n, §) Pgu(n,§) 0g(wo, ) ! 99(xo,n) ! U U
Oty i orione dng dr, WaldE)ws, (dn)

This is suggestive of the Doob-Naim formula (if we ‘cancel’ the terms on,, and ong).

o(dn) o(d€) =

We describe an extension of Doob-Naim formula that was obtained in a joint work
with N. Kajino [KM24]. Unlike the original version due to Doob, our version applies to
diffusions generated by uniformly elliptic operators or the Molchanov-Ostrowski diffusion.
In particular, our result shows that the results of [MO, CS] establishing a-stable process
as the boundary trace process can be viewed as a special case of our version of the
Doob-Naim formula. In order to define the Naim kernel first we recall the existence and
properties of Green functions.

For the remainder of §4.1, we make the following assumption. Let (X,d,m,&,F)
be an MMD space that satisfies full sub-Gaussian heat kernel bound HKE¢(¥), where
U : [0,00) — [0,00) is a scale function. To simplify some technicalities, we assume that
(X, d) is a geodesic space. We assume that U is a uniform domain satisfying the capacity
density condition:

Cap(B(&,r)B(&,2r)°) < Cap(B(&,r)\U, B(&,2r)°) forall £ € oU, 0 < r < diam(U).
(4.8)
This class includes all bounded smooth domains, Lipschitz domains and non-tangetially
accessible domains in the sense of Jerison and Kenig. In particular, this class includes do-
mains with fractal boundary such as the von Koch snowflake domain. A major advantage
of this class of domains is that Aikawa and Hirata obtained sharp bounds on the harmonic
measure [AH] which in particular implies that the harmonic measure has full support on

oU. More precisely, there exist C; A > 1 such that for all zy € U, £ € oU,0 < r < d(z0,£)/A

ng(B(f, r)ynoU) = gy(xo, &) Cap(B(&,r), B(§, 2r)°), (4.9)

where &, € U is such that d(§,&,) = d(§,,0U) = r and gy denotes the Green function
whose properties are recalled below in Proposition 4.8. The existence of such a &, follows
from the definition of uniform domain (cf. [Mur24, Lemma 3.4]). Aikawa and Hirata’s

argument also applies to the above general setting of MMD space satisfying sub-Gaussian
heat kernel bounds; see [KM24, Theorem 4.6] or [CC].

We collect some basic properties of Green function in this setting. We refer to [BCM,
Theorem 4.4] for a proof in a more general setting.

Proposition 4.8. Let (X,d,m,E,F) be an MMD space satisfying sub-Gaussian heat
kernel bound HKE¢(V). Let (Y;) denote the corresponding diffusion process. Let D be
a domain such that Dirichlet form (EP,F°(D)) corresponding to killed diffusion process
(Y,P) is transient. Then there exists a function gp : D x D — [0,00] and a properly
exceptional set N for (Y;) such that the following hold:
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1. (symmetry) gp(x,y) = gp(y,x) for all (v,y) € D x D.
2. (continuity) gp(-,-) is |0, 00)-valued and continuous on D x D\ diag,.

3. (harmonicity) For each x € D, we have gp(x,-) € F°(D, D\{z}) and that gp(z,-) is
E-harmonic on D\{x}.

4. (occupation density formula) For any Borel measurable function f: D — [0,00),

§pap(z,y)fly) m(dy) ifzeD,

Gof(x) = {o ifzédD.

satisfies

E, [JTD f(Ys)ds] = Gpf(x) for every x € D\N.
0

Furthermore if for a Borel measurable function f : D — [0,00), if {, fGp(f)dm <
o, then Gp(f) € F°(D). and satisfies

EP(GP(f), GP(f)) = jD G () dm.

More generally, for any u € F°(D)., we have
eGP (f).0) = | fudm.
D

The following lemma provides a suitable generalization of the formula for harmonic
measure that w? (d€) = %{f) - o(d§) obtained in (4.2) for Brownian motion on smooth
domains. This result can be paraphrased by saying that the harmonic measure is the
distributional Laplacian (or more generally, the generator) of the Green function.

Lemma 4.9. For allz € Uyue F(U) n L*(U) such that x ¢ suppg|u], we have

Eulgu(x, ), u) = —J ﬂdwg.
oU

(Recall that since gy (z,-)) € F

loc

(U, U\{zo} the expression Ey(gu(x,-),u) is defined).

Proof. Due to transience of the killed process, there exists a non-negative function f €
L'(U,m) with §, fGu(f)dm < . To see the existence of such a function, we pick
some f; € L' n L® with f; > 0 m-a.e. By the transience we have G(f;) < o m-a.e.
Then f := W satisfies the desired property. Now pick r > 0 small enough that
suppg[u] < B(x,7)°. Replacing f with f1p(,,) and multiplying by a constant, we may
assume that supp,,[f] < B(z,r) and §, fdm = 1.

Since Gy (f) € FO(U). (due to §,; fGu(f) dm < o0) and Hpy (1)) is a harmonic function
on U, we have E;(Gy(f), Hoy()) = 0. Then we have

Eu(Gu(f),u) = Eu(Guf,u) = Eu(Gu(f), Hou (1))
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= SU(GU(f),U — H@U(?j)) = JU f(u — HaU(a)) dm = — JU fHaU(a) dm.

Letting r | 0, we obtain the desired result as Gy (f) — gu(z,-) and §, fHay (%) dm —
Hoy () () = §,, @ dwl. O

The following lemma concerns the equilibrium measures for capacity between two sets.

Lemma 4.10. ([KM?2/, Lemma 2.11]) Let A, B < X be disjoint closed sets such that A
and B¢ are compact. Let eap € F. N L® such that éxp = 1 ge. on A and éxp = 0
g.e. on B and ey p is harmonic on (A u B)°. Then there exists finite Borel measure
Mg and N g charging no E-polar set such that Ny p((0A)°) = X 5((6B)°) = 0 and
Myp(X) = Xy 5(X) = E(eas, ean). For anyue L* N F., we have

5(€A,37 U) = f

2A ’ ’

oB
Remark 4.11. The function e4 g above is called the equilibrium potential and )&L  and
A p are called the equilibrium measures. In terms of the corresponding process (;) we
can describe ey p as

€A7B(l’) = Px[TA < TB])

where Ty, Ts denote the hitting times of A, B respectively.

Proof Sketch. We only sketch the proof for A p as A\ p is similar. First, we briefly explain
the reason for the exitstence of e4 g. This is due to the fact that (F°(B¢),, £) is a Hilbert
space (owing to the transience of the process killed upon exiting B¢) and hence the set

Lap:={feF(B)|f>1qe on A}

is a closed convex subset of the Hilbert space (F°(B¢).,€) and hence there exists an
element ey p € L4 p of minimal energy £. By the Markov property of £, we note that
(Oveap)~nl =eqapandhence é45 =1qe on Aand ésp =0q.e on B and ey p is
harmonic on (A U B)°.

By the minimality of energy of e4 p and replacing es p with e4 g + tv for all t > 0,
where v € FY(B¢), is such that v > 0 a.e., we conclude

E(eap,v) =0, forall ve FU(B®), with v = 0 m-a.e.

This along with Riesz representation theorem allows us to conclude the existence of mea-
sure Ay p such that €(eap,v) = §,0d\) p for all v € F°(B°).. The fact that this measure
is supported in 0A is due to the strong locality and the assertion that ésp = 1 q.e. on
A. O

Definition 4.12. Let 2y € U. We recall the notion of Martin kernel introduced by
R. S. Martin [Mar].

gU("L‘vg)
Ki{)(:c, £) = gu (2o, &)

lim 90 @) if € € OU,
Usy—¢ gU(a:O? y)

if £ € U\{xg, x},
(4.10)
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The existence of the above limit follows from Holder regularity estimate on ratio of har-
monic function obtained using boundary Harnack inequality and the Moser’s oscillation
lemma argument.

Similarly, the Naim kernel is first defined for (z,y) € (U\zo) x (U\{zo})\ diagn (5} as

gu(z,y)
oY (z,y) := 4.11
0( Y) gu (20, ¥)gu (%o, y) ( )
and then extended as a continuous function to (U\zo) x (U\{zo})\ diagz (4, -
The Naim kernel can be expressed in terms of the Martin kernel as
KU
o] (. y)) ifzel,
X, T
ol (zr,y) = { " O’KU( ) (4.12)
z
lim —22 % e op,

Usz—a G (fEO , z)

where the existence of the above limit can be justified using the boundary Harnack prin-
ciple and Moser’s oscillation lemma argument.

The Martin kernel is useful to relate harmonic measure at different starting points.
Proposition 4.13. For all o,z € U, we have

U
dw_U

dw_g = Ky, (@, ).
T

Proof Sketch. Let £ € 0U and r > 0 be small. Consider the sets A = B(&,r) n U and
B = U n B(£,2r)¢. Consider the function e4 g as given in Lemma 4.10 for the reflected
diffusion and the corresponding equilibrium measure X} 5 and A% 5. Then by Lemma 4.9
and 4.10, we have (denoting by S(&,2r) the sphere of radius 2r)

0< J gA,B dwg = —gU(gU(l’, '),6,473)
oU
_ ( [ weniaw-[ ey dAOA,B@))
A UnS(¢,2r)

= J gu(z,y) d\) p(y)- (4.13)
UnS(g,2r)

Taking ratio of (4.13) for z and for z; in place of z, we obtain

S@U gA,B dwg K SU(\S(&QT) gu ('T7 y) d/\%,B (y)
> dwl o wO(I’g) = . d)\(] - KIEO(‘I7£)
SaU €A,B AWy, SUmS({,Qr) gu (o, y) A,B(y)
< SUGS(S,QT) gU(x07 y) (Kﬂio (QZ, y) - Kwo ($, 5)) d)‘OA,B(y)
N SUmS(g,zr) gu (o, y) d)‘OA,B(Z/)
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< SUmS(g,%) gu (‘7;07 y) ‘Kxo (LL’, y) o KIBO (.7}, €)| d)‘?4,B (y)
N SﬁmS(g,Qr) gu (o, y) CD\OA,B(?J)

. (4.14)

Letting | 0 and using Lebesgue differentiation theorem and the continuity of Martin
kernel on the boundary, we obtain the desired result. O]

In order to make the argument in the last step precise, we need the following ver-
sion of Lebesgue differentiation theorem for pointwise-doubling measures. The pointwise
doubling condition (4.15) required for the application of Lebesgue differentiation theorem
follows from (4.9) (cf. [HKST, Theorem 3.4.3 and (3.4.10)]).

Lemma 4.14 (Lebesgue’s differentiation theorem). Let (X, d,m) be a metric measure

space such that (X, d) is separable, m(B(x,r)) < oo for some r € (0,00) for each x € X,
and Blz.2

lim sup m(B(w, 2r))

|0 m(B(Iu T))

Then for any locally integrable function f: X — R almost every point is a Lebesgue point

of f; that is,

<o form-a.e. veX. (4.15)

fim [f(y) = f ()| dm(y) (4.16)
B(z,r)

for m-a.e. x € X. In particular, for any x € suppy|m]| satisfying (4.16), if € € (0, 00)
and ,: X — R is a Borel measurable function satisfying 1p.,y < ¢, < Lp2n for each
r e (0,¢), then

. \\‘X wadm o

Next, we show the Doob-Naim formula for the jumping measure.

Proposition 4.15. The jump measure of the boundary trace process corresponding to

reflected diffusion on a uniform domain U satisfying the capacity density condition is given
. . - ‘ U U U

by the Doob-Naim formula; that is the jump measure equals ©F (&,1) dwy (d€) dwy, (dn).

Proof Sketch. Let &,m € oU be distinct and r < d(§,n)/4. Let A = B(§,r) ndU, B =
B(£,2r) n U and v := ey g € F°(B°) denote the equilibrium potential correpsonding to

the reflected diffusion on U. Let ue F(U) n C.(U) be any function such that
Lpry < v < Lpwan.

By Lemma 4.10 and supp(wf ) = U, we have

0< [ Zapdet = [ gulen)dNno) (4.15)
oU UnéB

Since Hypu is Ey-harmonic on U and Hay€a p = €45 Ey-q.e. on U, we have
Ev(Hovu, Houea,p) = Ev(Houu, €ap)
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= —J Hyyud)\ 5 (by Lemma 4.10)
TAS(€,2r) ’

- Lms@,gm ( Ja ; u(z) dw? (z)) Xy 5(y)
_ LHW) ([ wormamaate)atsm, (@19

where we use Proposition 4.13 to change the base point of the harmonic measure. If J
is the jump measure of the Beurling-Deny decomposition of the boundary trace Dirichlet
form, we have

N 1
Ev(Hovu, HopCap) = =

ulr) —u €ap(r) —€an J(dx d
2J(6Ux6U)\diang( (@) W) ’ (z) ’ ) J( v)

= - J w(x)éap(y) J(dx dy). (4:20)
(0U x0U )\ diagays
We thus obtain
S(aU)ﬁd ule)easly) J{d dy)
Sov wdwf, $a @ap dwy
B —&v(Hayu, HaU(eA»B)) (by (4.20))

N SaU u dw SaU €a,p dwl)
_ §nsean (o w(2) K (y, 2) dwg (2)) dA) 5(y)
SaU udwl SUmS(g,zr) gu (20, y) dA%,B(y)

(412)J ol ( u(z2) U gu (o, y) .
- zo\Y> Z) dw:): z dA Y).
Tns(ean Jou udw?, ol )SUQS(&QT) gu (o, ) AN 4,5(Y)

(by (4.18) and (4.19))

(4.21)

As r | 0, we note that (z,y) — (£,n) and by using the joint continuity of Naim kernel,
we obtain the desired result. O

We omit the calculation of the strongly local part and the killing part of the Beurling-
Deny decomposition as they are both zero under (4.8) and refer to [[KM24].

We describe our choice for the Revuz measure for PCAF corresponding to a boundary
trace process. The use of harmonic measure wgo is natural. This requires a choice of a
base point zy. If the uniform domain U is bounded (diam(U) < o), then any choice
xo € U with dist(xg,U¢) = diam(U) would lead to a doubling measure. Furthermore,
by the elliptic Harnack inequality any two such measures assign comparable mass to all

measurable sets.

If U is unbounded the following construction provides a canonical version of harmonic
measure. It can be viewed as a rescaled harmonic measure from infinity. Such measures
were first constructed by Kenig and Toro in Euclidean case [K'T, Corollary 3.2].
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Lemma 4.16. Let xy € U, and let {x,}nen © U\{zo} be any sequence satisfying
limy, o0 d(0, ©,) = 00. Let hyy(-) = limy, o Ky (-, ) denote the unique harmonic func-
tion on U with Dirichlet boundary conditions with h,,(x¢) = 1. Then the sequence of the
measures v, = gU(xo,xn)*lwgn‘U converges in total variation on any compact subset of

U to an Ey-smooth Radon measure v, on U with v¥ (U) = 0 and

E(hyy,u) = —J udvl, (4.22)
oU

for all uw e F(U) n L®(U, m|g) such that SUpp, . [u] is compact. This measure vYois a

T
doubling measure on oU.

Proof sketch. We simply use Lemma 4.9 to obtain
g (o, 20) "' (gu (20, +), u) = —J Ugy (o, x,) " dwy .
oU

for all x € U,u e F(U) n L*(U) such that x ¢ suppg|u]. By the BHP, we can show that
the left hand side above converges to gy (zo, Tn) v (gr(Tn, ), u) as gu (o, ) gu (Tn, *)
converges to hy,. ]

The Doob-Naim formula along with general characterization of stable-like heat kernel
bounds established by Chen, Kumagai and Wang [CIKXW] imply sharp two-sided bounds
on the boundary trace process [KM24]. This can also be obtained without the exact
identification of the jump kernel but only two-sided estimates estimates on the jump
kernel as shown by [CC].

If U is unbounded uniform domain and dU is bounded (for example, complement of
a bounded convex set is R" is always a uniform domain [GyS]). In this case, we could
introduce a weaker version of capacity density condition, where (4.8) is

Cap(B(&,r)B(&,2r)°) < Cap(B(&,r)\U, B(&,2r)¢)  for all £ € oU, 0 < r < diam(0U).

Our proof of the Doob-Naim formula also extends to this case but in this case the killing
measure need not be zero. The killing measure is zero if and only if the associated reflected
diffusion in recurrent. If the reflected diffusion on U is transient, then

]P)xo(Tt?U = OO)th(ilj’) =1- H@U]L}U((L') = Pm(TaU = OO)

Note that for any u € F(U) n C.(U), we have
Eu(Hovl, Hoy(u)) = J udk,
ou

where & is the killing measure of the boundary trace process. Hence by (4.22),

KR = ]P)zo (TaU = OO)VU

xo*

Hence the killing measure can be viewed as a rescaled limit of harmonic measure at
infinity.
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4.2 Time change, conformal gauge and Harnack inequalities

Next we will describe how time change can be used to better understand the relationship
between elliptic and parabolic Harnack inequalities. There are two useful operations
that preserve the elliptic Harnack inequality: time-change by an admissible measure and
quasisymmetric change of metric.

Let us describe the notion of admissible measure. Let (X,d,m,E, F) be an MMD
space. A Radon measure p is said to be admissible if it the Revuz measure of a positive
continuous additive functional (PCAF) with full support X. Recall that such a measure
1 defines a time change of the process whose associated Dirichlet form is called the trace
Dirichlet form given by

Fl = Fen L*(X, ) and  E(u,v) = E(u,v) for u,ve FH,

and (E#, F*) is a strongly local, regular symmetric Dirichlet form on L?(X, i) by [FOT,
Theorems 5.1.5, 6.2.1 and Exercise 3.1.1]. We also note that by [CF, Theorem 5.2.11],

AX,d,m, &, F) = A(X,d, u, E*, F*),  (F")e = Fe.

Since the extended Dirichlet space remains invariant under a time change by an admis-
sible measure, the space of harmonic functions remains unchanged and hence the elliptic
Harnack inequality is preserved under time change.

The description of Harnack inequalities rely on balls and hence they depend on the
metric. There is a particular change of metrics that preserve the elliptic Harnack inequal-

ity.

Definition 4.17. A distortion function is a homeomorphism of [0, c0) onto itself. Let n
be a distortion function. A map f : (X;,d;) — (Xa,ds) between metric spaces is said to
be n-quasisymmetric, if f is a homeomorphism and

bo(f(2), f(@) _ (dy(x,a)
(@), f0) (mw)

for all triples of points z,a,b € X,z # b. We say [ is a quasisymmetry if it is n-
quasisymmetric for some distortion function n. We say that metric spaces (X1, d;) and
(X3, ds) are quasisymmetric, if there exist s a quasisymmetry f : (X,d;) — (Xa,d2). We
say that metrics d; and dy on X are quasisymmetric, if the identity map Id : (X, d;) —
(X, ds) is a quasisymmetry. It is an easy exercise to verify that the notion of quasisym-
metry defines an equivalence relation among metrics. The conformal gauge of a metric
space (X, d) is defined as

J(X,d):={0: X x X - [0,00) | 0 is a metric on X, d is quasisymmetric to 6}. (4.23)

In other words, this is the equivalence class corresponding to the equivalence relation of
quasisymmetry.
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Quasisymmetric maps are considered as the ‘right’ analouge of conformal (or qua-
siconformal) maps on metric spaces. This might seem strange as quasisymmetry is a
global condition rather an infinitesimal one. A homeomorphism f : (X;,d;) — (X3, ds) is
K-quasiconformal (where K > 1), if

o SR{ (@), F2)) £ (. 2)
o W& (f(0), £() - i, 2)

It is easy to verify that quasisymmetry implies quasiconformality (with K = n(1)) while
the converse is not true in general. However many metric spaces satsify a local to global
principle. Gehring (1960) showed that if f : R® — R" is quasiconformal (where n > 2),
then f is a quasisymmetry. However this fails when n = 1 (Exercise: consider f(z) = x+e”
on R). If f : R? — R? is orientation preserving and 1-quasiconformal, then f is conformal.
We refer to [HeKo] for a far reaching generalization of Gehring’s theorem.

T}<K

< K, forall z e X;.
r}

WA

The following comparison of annuli follows readily from the definition.

Lemma 4.18. Let the identity map 1d : (X,d;) — (X,dy) be an n-quasisymmetry for
some distortion function n. Then for all A > 1,x € X,r > 0, there exists s > 0 such that,
writing By for balls in (X, d;)

By(z,s) € By(z,r) € Bi(x, Ar) < By(z,n(A)s). (4.24)
Moreover, for all A> 1,z € X,r > 0, there exists s > 0 such that
By(x,r) € By(z,s) € Ba(x, As) < By(z, Ayr), (4.25)
where Ay = 1/n 1 (A™1).

The EHI is also a quasisymmetry invariant as shown in the following easy but impor-
tant lemma due to J. Kigami (unpublished work).

Lemma 4.19. Let (X,d;, pu, E, F"),i = 1,2 be two MMD spaces such that dy and dy are
quasisymmetric. If (X, ds, p, E, F") satisfies EHI, then so does (X, dy, p, E, F*").

Proof. Let Cy, A > 1 be constants corresponding to EHI for (X, ds, i, £, F*) such that
SUPp(sy A < Cuinfpe ) h for all functions h non-negative and harmonic in B(x, Ar).
Then by (4.25), we have EHI for (X, do, u, €, F*) with constants Cy, A; > 1, where A; is
as given in Lemma 4.18. O

The following example illustrates how time-change along with quasisymmetric change
of metrics could be used to obtain heat kernel bounds.

Example 4.20 (Snowball). Snowballs are fractals that are homeomorphic to S? and are
defined as limits of polyhedral complexes. Their name stems from the fact that snowballs
can be viewed as higher dimensional analogues of the Koch snowflake. We recall the
definition of one such fractal below.
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Let (So, dp) denote the surface of the unit cube, equipped with the intrinsic metric dy.
In other words, (Sp,dy) can be viewed a polyhedral complex obtained by gluing six unit
squares similar to the faces of a cube. We replace each face in Sy by 13 squares with edge
length % as shown in Figure 1 to obtain a polyhedral complex (Si,d;). More generally,
we repeat this construction to obtain a geodesic metric space (S, d,) from (S,—1, d,—1)
(n = 1) by replacing each square of length 3~(=1) with 13 squares of each with edge
length 37" as shown in Figure 1. The polyhedral complex (S, d,,) is obtained by gluing
6 x (13)™ faces, where each face is isometric to a square with edge length 37". It is easy to
see that the metric spaces (S,,d,) has a Gromov-Hausdorff limit (S, ds), which is called
the snowball.

Figure 1: The sequence of graphs viewed from the central square converges to an infinite
quadrangulation of the plane with walk dimension d,, = logs(13).

DE(

We collect some properties of the metric space (S, ds). Evidently, the spaces (S, d,)
for n > 0, and (S, ds) are all homeomorphic to S?. Let dge denote the standard Rieman-
nian metric on S?, viewed as an embedded surface in R3. Tt is known that (S,ds) and
(S?,ds2) are quasisymmetric — see [Mey10)].

There exists a homeomorphism 7 : [0,00) — [0, 90), and n-quasisymmetric homeomor-
phisms f,, : (Sp,d,) — (S?,ds2), n = 0, and f: (S,d) — (S?,ds2) satisfying the following
properties:

(a) The push-forward metrics p, : S* x §* — [0,0), n = 0, where p,(z,y) =
dn(f 1 (), £, (y)), converge uniformly in S* x S? to p : S x §? — [0,00), where
p(z,y) = ds(f~H(x), f~1(y)), that is

lim sup |pn(z,y) — p(z,y)| = 0.

n—o0 I,yESQ

(b) Let F*,i = 1,2,...,6-(13)™ denote the faces of the polyhedral complex S,,,n > 0.
We have
lim max diam(f(F")) =0, (4.26)

n—0o0 1<i<6(13)"

where diam above denotes the diameter in dsz metric. For n > 1, and for ¢ =
1,2,...,6-(13)", there exists j = 1,...,6- (13)" ! such that

fn(an) - fn—l (an_l)'
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(c) The maps f, : S, — S? are conformal maps when S,, and S? are viewed as Riemann
surfaces (The polyhedral surface S, has a canonical Riemann surface structure as
explained in [Bea, Section 3.3]. Around a vertex with total angle 6, we use the chart
z > 229 to ‘flatten’ it.)

If i1, denotes the uniform probability measure on S,, such that each face has equal mass,
then this defines a canonical diffusion on §,,. By the conformal invariance of Dirichlet en-
ergy, the image of the canonical diffusion on &, under f,, can be viewed as a time-change of
the Brownian motion on S with respect to an admissible measure given by (f,,).(z,). The
limiting measure p on (S, ds) has polynomial volume growth with exponent log 13/log 3
and p is such that f,(u) is an admissible measure for S?. This can be considered as the
image of the cannonical diffusion process on (5, d, ;1) and is a time change of the Brownian
motion on S?. By Lemma 4.18, we have the elliptic Harnack inequality and matching two
sided capacity bounds for the diffusion process on (S,d, ). This satisfies sub-Gaussian
heat kernel bounds with d; = d,, = log 13/log 3 by using Theorem 3.27 (characterization
using VD, EHI and cap(V)).

We have the easy implication that the elliptic Harnack inequality implies parabolic
Harnack inequality. The converse can be easily seem to be false by using a time change
with an admissible measure that is not volume doubling as such spaces will fail to satisfy
the parabolic Harnack inequality. In order to ‘upgrade’ from the elliptic to parabolic
Harnack inequality it is therefore natural to allow ourselves a time change and/or a
quasisymmetric change of metric. This motivates the following definition.

Definition 4.21 (Conformal walk dimension). The conformal walk dimension d., of an

MMD space (X, d,m, &, F) is defined as

. there exist u € A(X,d,m,E, F) and 0 € J(X,d) such
dow += mf{ﬁ >0 ‘ that (X, 0, u, EH, F*) satisfies PHI(5) - (427)

where inf ¢f := o0 and (#, F*) denotes the time-changed Dirichlet form on L?(X, p).

Since Gaussian space-time scaling is the smallest possible, we have d., = 2. The
reason for the infimum in the above definition is that it is always possible to increase the
walk dimension by a quasisymmetric change of metric. A change of metric from d to d”
for some ~y € (0,1) results in a change from PHI(5) to PHI(8/7v). On the other hand, it
might not be possible to reduce the walk dimension § (for instance, if g = 2).

We say that a metric space (X, d) is quasi-arc connected if there is a homeomorphism
n : [0,00) — [0,00) such that for any pair of distinct points z,y € X, there is a curve
Yoy © [0,1] — X such that v,, is a n-quasisymmetry between [0,1] and the image
Yoy ([0, 1]).

The following theorem clarifies the relationship between elliptic and parabolic Harnack
inequalities and was obtained in [BM18, BCM, KM23].

Theorem 4.22. Let (X,d,m,E, F) be an MMD space with a quasi-arc connected metric.
Then the following are equivalent:
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1. (X,d,m,E,F) satisfies the EHI.
2. dey < 00.
3. dew = 2.

A consequence of the above theorem along with the stability of parabolic Harnack
inequality (Theorem 3.27) is that the elliptic Harnack inequality is stable under pertur-
bations. For example, the Laplace-Beltrami operator on a Riemannian manifold satisfies
the elliptic Harnack inequality if and only if any uniformly elliptic operator satisfies the
elliptic Harnack inequality.

It is trivial that (3) implies (2). The invariance of EHI under quasisymmetric change
of metric and time change with respect to an admissible measure, along with the fact
that PHI implies EHI shows that (2) implies (1). The result (1) implies (2) was first
obtained in [BM18] under slightly restrictive assumptions and generalized in [BCM]. The
result (2) implies (3) was obtained in [KM23]. The first evidence towards this implication
is the example of Kigami (Example 4.5), where he obtains Gaussian heat kenrel bounds
by a time change and quasisymmetric change of metric for the Brownian motion on the
Sierpinksi gasket. The infimum in the definition of conformal walk dimension is not always
attained. This was shown from higher dimensional Sierpinski gaskets in [[XM23] which is
in contrast with the two-dimensional Sierpinksi gasket.

We now provide some heuristics behind the proof of (2) implies (3). Assume
that (X,d,m,&,F) satisfies PHI(y) for some v > 2. Let us try construct a metric
0 e J(X,d) and a measure p € A(X,d, m,E, F) such that the corresponding MMD space
(X,0,u,EF FH) satisfies PHI(2) (Note that this is not always possible as the infimum
need not be attained as mentioned above).

Consider the annulus By(z, 2r)\Bg(x, 7). Discretize X s at a smaller scale s (say s <
r/100). This is done by choosing an s-net N (maximal s-separated subset) of X as the set
of vertices of a graph and two vertices x1,x € N are adjacent if By(x1, As) N Bg(xa, \s) #
&5, where A > 2 is fixed. If such 6, u exist then they satisfy certain properties. For v e N
such that By(v,s) n By(z,2r) # &, we define the relative diameter as

_ diamg(By(v, 5))
PL) = g (Ba(, 1)

(I) (No shortcuts) >, p(v) 2 1 for any path v in the graph joining By(z,r) to
By(z,2r)¢; that is, the first vertex v in the path satisfies By(v, s) € By(z,r) and all
the vertices except the last one belongs to By(z,2r) and the last vertex w satisfies
Bg(w, s) € By(x,2r)°.

This condition follows from triangle inequality and quasisymmetry as

Z diamg(By(v, s)) = diste(By(z, ), By(z,2r)°) = diamg(By(z,)).

VEY

(IT) (Mass bound) Let N(By(z,2r)) := {v € N|By(z,2r) n By(v,\s) # &}. By the
doubling property of i, quasisymmetry and the capacity bounds in Theorem 3.27,
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we have
p(Ba(w,r)) = p(Ba(w,2r)) = >} i(Ba(v,As))
vEN(Bg(z,2r))
= Z diamg(Bgy(v, As))? Cap(By(v, s), Ba(v, 25)°)
vEN(Bg(z,2r))
Since pu(Bqy(z,r)) = diamg(Bgy(z,7))? Cap(Bqy(z,r), Ba(z,2r)), the above estimate
implies

Z p(v)? Cap(By(v,7), By(v,2r)¢) = Cap(Bqy(z,7), Ba(z, 2r)°).

veN(Bg(z,2r))

We will sketch a construction of p satisfying the no shortcuts condition and the mass
bound above. We denote by B, := By(v,s),2B, = B4(v,2s) for any v € N. Consider
a function u € C.(X) n F that is almost minimizer for the capacity across the annulus
Cap(Bq(x,r), Bi(z,2r)°) = E(u,u). Define

p(v) = Z ][ udm — udm‘.
v Bw

w~v

By Poincaré inequality PI(vy), we have

N2 1
)" <

T = r f 11 N .
JA.BU dl(u, u) Can(B..(2B.)°) JA.BU dl'(u,u), for all ve N(By(z,2r))

S’Y

m(Bv)

Summing over v and using bounded overlap of (A - B,), we obtain

> B)Cap(B,,(2B)) s > L.B dl (u, u) = &(u, u) Cap(Bg(v, ), By(v, 2r)°).

veN (Bgy(z,2r)) veN(Bg(x,2r))

This is the mass (upper) bound.

The no shortcut condition follows from triangle inequality as the first ball in the path
has average one and the last ball has average 0. Since increasing p preserves the no shortcut
condition, it is always possible to obtain matching mass lower bound by increasing p if
needed.

The main message here is that the discrete gradient of energy minimizers across annuli
can be used to deform the metric on a sequence of scales. The proof of (2) implies (3)
relies heavily on hyperbolic spaces as a metric space viewed simultaneously at a sequence
of scales has the structure of a Gromov hyperbolic space (see [GHI0] for an introduction
to Gromov hyperbolic spaces). More precisely, a result of Bourdon and Pajot shows that
every (nice) metric space can be viewed as the boundary of a hyperbolic space [BP]. A
result of Bonk and Schramm [BoSc| implies that metrics in the conformal gauge of the
boundary of a hyperbolic space can be obtained by a bi-Lipschitz change of this Gromov
hyperbolic space. We adapt arguments of Carrasco [Carl3] where such techniques were
developed for a different notion of conformal dimension. The question of whether or not
a given MMD space attains the infimum in the definition of conformal walk dimension
remains a challenging problem in many examples (see [IKM23]).
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