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Figure 2: Factorization of C through pulling tight at D•.

uniquely-defined induced strong inversion hp,q on the (p, q) cable Kp,q. This holds in particular
for (2, 1) cables, in which case the induced strong inversion is easily modelled by an isometry
in R3, as in Fig. 7. Therefore there is an operator that takes a 4-ended tangle associated with
a strong inversion TK into the uniquely defined tangle associated with the strong inversion on
the cable, namely TK2,1 . Our purpose is to investigate the e↵ect of this cabling operator on the

Bar-Natan invariant gBN (TK) defined in [KWZ19].

The Bar-Natan invariant is a bordered theory, meaning that it is a tangle invariant that enjoys
pairing theorems allowing for e�cient recovery of either the Bar-Natan or Khovanov homology
of a link obtained by gluing the ends of two 4-ended tangles. Two applications of interest are the
rapid computation of s-invariants and a relationship with the novel smooth concordance invariant
#c defined in [LZ22]. As we discuss in Sections 2.3 and 4.1, the immersed curve gBN (T ) 2

Fuk(S2
4,⇤) is equivalent to a bigraded type D structure over an algebra B. The category of

bigraded type D structures over B is denotedModB, and it is in this more algebraic category that
we truly work. Our cabling operator is then more honestly described as an endofunctor

C : ModB
! ModB

on the category of bigraded type D structures over the Bar-Natan algebra B. The operator C is
determined by the relation

C (gBN (TK)) = gBN (TK2,1),

and we investigate the image of C on the Bar-Natan invariants of cap-trivial tangles.

In the bordered language, B has the structure of an I-algebra, where I is the subring generated
by idempotents, and ModB is a category of modules over I. Our operator C can be interpreted
as a B � B bimodule [LOT15] BC B with the action on an element DB 2 ModB given by a box
tensor product:

C (DB) = DB ⇥ BC B
.

Finally, we touch on the work of [LZ22]. Therein, Lewark–Zibrowius define and study a new
concordance invariant #c, parametrized by a prime number c. One critical class of knots for the
behaviour of #c is termed the #c-rational knots. Precisely, a knot K is #c-rational if and only if
the tangle associated with the strong inversion on K#K has the non-compact component of its
immersed curve invariant equal to gBN ( ) [Mar25]. More generally, we can define a #c-rational

tangle T to be a cap-trivial tangle with non-compact immersed curve invariant equal to gBN ( ).
On the one hand, given the restrictiveness of this condition, it is expected that tangles should
generically not be #c-rational. On the other hand, roughly half of the tangles produced by our
operator are #c-rational. More precisely, we have

Theorem 1.4. Given a cap-trivial tangle T , the invariant C (gBN (T ;Fc)) is equal to a number

of compact curves and one non-compact curve that is, up to mirroring and framing, one of

gBN (T31) or gBN ( ).
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