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Marks

[42] 1. Short-Answer Questions. Put your answer in the box provided but show your work also.
Each question is worth 3 marks, but not all questions are of equal difficulty. Full marks will
be given for correct answers placed in the box, but at most 1 mark will be given for incorrect
answers. Unless otherwise stated, it is not necessary to simplify your answers in this question.

2 _
{a) Evaluate !llin% %_?_ or determine that this limit does not exist.
: Answer
clheh” -9
= lim 2 G
h 20 h :
. ho+ h™
= lwm S22 o i (G h)
h20 hao

(b) Evaluate lim (v/42? 4 z — 2x) or determine that this limit does not exist.

Tr— O
AL X+ 2x Answer !
_ N AT
= fim, (S5 -22) iy e +

X-pod

2
. 4xtsx - 4x
= fim ————
X200 [fdytix + 2
N l r
_ L A
limt == = Im

m—+2_x x 200 4¢x + 2 JFO ¢ 2

|

(¢) Find all values of the constant ¢ that make the function f continuous everywhere, or
determine that no such value exists:

sin{4dzx)

if x #0,
flz) = T
Need c if z =0
o = /J\M ‘p{l)
X20
) Answer
~ L, sin(4x) c=4
,’,_’;':’_, flx) = !&3‘0 x :
B ;{'.% #04x)
sin (4x)
R

Continued on page 3



December 2009

(d) Find the derivative of (t* + 2t)e’.

De Product Rule
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Answer

(£ 34 ¢ 2¢ + 2) e"

Té £&) = (43¢ 24) e®

Hen £'4) = (3£‘+2)€t + (fgflt‘:)ef

. sinz
(e) Find the derivative of y = -1;;1—.

Answer

Use Quotiout Rule p -

r_ (Cc§ .x)(x.*) - { SN )C)(4'X.3)
H - (y_f-)z

(f) Find f'(z), if f(z) =",

Answer
dcd X

F'/x.) = '—(‘u'n Jf-) e

Chain Rule

eusx ) d{,(m 3_)

Use

£ =

(g) Find the slope of the tangent line to the curve VZ + 3,/7 = 5 at the point (4, 1).

Answer
Use iwmplicit diffeveutiation _ 1‘;
e yyt = 5
Lx e 3g P = 0
M- - 2 - -é——"ﬁ - - 3’%_ s ()7 (41

Continued on page 4
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(h) Find ¢ if y = sin~!(z®). [Note: Another notation for sin™* is arcsin.]

Answer ;

y:

122
JT=x¢

f'= / s d 3
d J1=03)* ‘T"(x)

(i) Find f'(z) if f(z) = 2=,

ke !qyan'%m ve ditforentiation

In £} = sinx Inx

i
'P(.)‘_) = cvvx X + SsinXx -4

£x)

Answer

£ = 2™

x i X
(cosx.lnx + = )

2

() Use a linear approximation to estimate (1.999)*.

flix)y = Fla) + £'()(x-a)

{:(y_) - )‘_’- , -pt(l'-) - 4_13
x= 1999, a=2

Answer

15,960

(1999)t 2 25 « 422 (1999 -2) = 1b - 32 (0.001)

(k) Find the first three nonzero terms in the Maclaurin series for f(z) = z* sin(z?).

sia(x) = » -4 x> + 4, %

3i s!

Answer

re }'..6

1)
x

1
&

1 X-l+

sia(2) = (=307 F 40T -

xf sim{x*) =

xF [ x? -%E(;«.’)3 + -;-:!(x‘)s' - ]

Continued on page 5
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Find the absolute maximum walue of f{z) = %3 on the interval [-1,2].

(1)

Answer

/ 2 =iy 2z 33
FGY=35 % = 3

Al

2

F(x) = ¢ = = )1 s continkous everywhece
O o a critical number (_ £'{o) does wal ex;‘s-l-)

(-1 = | , £(o) = 0, L(Z) = 2#3 e lar.jesf~ ok these s

22 - o > 1

(m) Newton’s Method is used to approximate a solution of the equation z + Inx = 0, starting
with the initial approximation £; = 1. Find zs.

£ix, ) Answer

/
“nr T T Ty) 2= 2

Plx)s x ¢ Inx  (x>0)
fo= 1+ x

o RaLUE T L rint
2T e, res

(n) A particle is moving with velocity function v(¢) = cost — sint and initial displacement
s{(0) = 0. Find the displacement at any time ¢.

Answer
s}z smt + s & ~ !
k)= s°t4) = ces t - siv
s(t) = simt #cxt F C,
s{o) = sin O + 50 ¢« C =0
o 1
c ==

Continued on page 6



December 2009 Mathematics 100/180 Page 6 of 13 pages

Full-Solution Problems. In questions 26, justify your answers and show all your work. If
a box is provided, write your final answer there. Simplification of answers is not required unless
explicitly requested.

[10] 2. A bacteria culture grows with constant relative growth rate, After 2 days there are 40,000
bacteria and after 7 days the count is 4 billion = 4 - 10%.

(a) Write a differential equation satisfied by the bacteria population at any time ¢,

Answer ff_P_ P
A
(b} Find the initial population, expressed as an integer.
Answer
PU) = Plo)et 90

M ota2

4.10% = Plo) e

410 _ s
™ - T T 1°
¢
pe o= 9 e lk k o (-= -'Infoq)
4.107 = Plo)e e =10 , k= Inf =

plo) = 4.10% e (o 4107 e )

210
= 4. f04 e i
= 4.00% 107*
(¢c) Find the population after ¢ days.
Answer
400 e(i‘nto)t

Continued on page 7
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[10] 3. An airplane flies horizontally at an altitude of 6 km and passes directly over a tracking telescope
on the ground. When the angle of elevation (i.e. the angle at the telescope measured upwards
from the horizontal to the airplane} is 7 /6, this angle is decreasing at a rate of 40 rad/miu.

How fast is the airplane travelling at that time? Lisiiisad wivaalistise tly, )

Answer
S0  lem fmin
Airplane
s g e s B = r— -
- )

[

Grooned y &
Teleswpe

x = hecizontal distance Cin bu) from poiut a(;'ved-/y above Telescope

Fined 5:{—':_ = speed of m‘rp[due

...(‘_’. - 'f'aa 9
x%
6 de _ ,tg dP
-2 % = S“Bd{:
dx _x‘su‘@ d6
At ¢
When 627, 3 4,.5““ Ji
)(_=(9‘J3 ¢ B 12 i W2
2
sec B = E
a o .
7 40
2, T 42
dx _ _ (6d3) (1) (%) = + L-4 .40
b 6

Continued on page 8
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12] 4. Let f(z) =224+ _g_mz/s.
(a.)" (1 mark) Find the domain of f{z). ( = 3,) x¥ o+ %— 3[1‘_‘ )

- € x &9

(b) (4 marks) Determine intervals where f(z) is increasing or decreasing and the z- and
y-coordinates of all local maxima or minima (if any).
i -5 My 8 - o 5 2l
{: (7-) = 3, ¥ ~+ ':',; b 4 2 sfi

Critieal wumbiors =1 y O

Tuteval x+1 Hx &' ¢

s + increasi
("”:-I) . 4 loc| waximuwr x = = | | 4 35__
- - decressing
-1, 0 + 3
(-1,0) p . local mininwu x= 0, y=0
(D,OO) 4 + + treréesiug

A2 N 2
-1 o
foeat
!:;:;f :a t

(c) (3 marks) Determine intervals where f(x) is concave upwards or downwards, and the
z-coordinates of all inflection points (if any).

H L o -y _ 5 43 _ 5 2x-|
£ 6)=3 3% 9

B Yx*

Tuwlerval 2x-1 v €Y Comavity

(-e,0) - + - clowmward

4 - + - downwerd
o ) inflection poiwt whev x = Yy

(‘/:.,“’) i 4= 4= u-p\ﬂﬂfﬂ{

e

Question 4 continues on the next page..,

Continued on page 9
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Question 4 continued

(d) (2 marks) Find and verify the equations of any asymptotes (horizontal, vertical or slant),
or else determine that there are no asymptotes.

No varticsl asj.up'l'ofes ( €6) is €uite Lor all Luite x )
No hovizouticl asyupteres ( iiuim-(f(z) > -0, ,[Li_;umﬂ'x) =+ )

=22 ! Aysm

No slaut dLSjw-p{'o'l‘es ( {iwe c—()—tl = o0 fiwa £%] = +ao)

(e) (4 marks) Sketch the graph of y = f(z), showing the features given in items (a} to

(d) above and giving the (z,y) coordinates for all points occurring above and also all
z-intercepts (if any). '

-i0)
tb)= x5+ E)
Vertical +ﬂ-"-je~d' t (o,o)

e £'4x) = -2
20

Jim Fl(x) = 4og
xaQY

Continued on page 10
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[10] 5. Find {with justification) the dimensions of the rectangle of largest area that has its base on

the z-axis and its other two vertices above the z-axis and lying on the parabola y = 15 — 22,
i

Answer
A

{x4) width =205 5 heﬁghf = (O

Avaa of ru‘fﬁujfe -

= 2xj

£y = 2x (is-x*) = 30x-~2x
0 44 » £ {5

L) = 30 ~6x" = 6(5-x)

= O :"chiouly of x=*J5
5 i iwdhe dowain ( S<15 »d5 <5 )
-5 s wet i the dowtain
Justilication of absolute weaximum attained when x =45
C losecl Iutervel AMeticed
£ (a pol_\,u.ow.iql) s conlidkous oi [O, dis 1
floy=o, () (=205) >0 , #fB)=0

The jrud:‘es-l' numhor of dhese three {5 @(«G) , He ouly positive oue
First Docvative Test €ov Absolute Extreme Valves

oF

§ (a Palyuouia[.) is coktivuouwsy  ou LO, dis ]
L) >0 Lor 0< x &S
L)< 0 £or 5<xsfi5

Diweusious of rec:l-au.J[e
2x = 245

y = 15-(3)

Continued on page 11



December 2009 Mathematjcs 100/180

[4] 6. Use the definition of the derivative to find

f(x), if

f(z)=vz+1L

You may not use derivative formulas such as the Power Rule or the Chain Rule to answer this

question.

£6) = lam

h> 0

flxabk) - £6)
o

m Jx+i

Page 11 of 13 pages

,J';TTJ_‘_

- lim
hao
= lim ,J—T—’_ hhaS
" hao
i | (xvh+ 1) = (>+¢1)
o h{daRe T )
h
Mo WLETRey e )

P S
= lim _J";_-TT\-:_\_*J"*'

h=30

J;r

J—‘—RTT-PJ‘——‘

S S (:r.)-—1)_

Continued on page 12
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(4] 7. Determine what degree Maclaurin polynomial for In{1—z) that should be used to approximate

In(1.1), so that the approximation is guaranteed to be accurate to within 109,

~ -Fu"‘(c) o,
Rn(x) = Lk ')l ( )

v = ‘-O;l)

§x) = ln{1-%)

fy= - —1-%;

§7) = - (_t{_-_;)’ ). - T
(3} - e
f () TPy

(OMU3)
'F (”(3-) = W

i A+
' Ra(-o t)‘ ““)l "' ‘('!ﬂ_":m-“(-m) |

wheve ¢  is befweew a awl x

a=0 , n= deqgrae od Maclaurin Poljuom‘a'

—i<c<0

where o
)ﬂl io )

= el (lc-

L] i " m
Thes positive value increases &s & iucreases fvo

'CO'( G “"Pp‘( LOWA ‘i‘wke = O
l 4 A
\ R“(-—o.l)l £ W (10)

veawive
To jun,mufee arcurecy 3 YL

-)HJ" -9
nn ( \o

1 0" (nsi) < ‘0" 2

nit

nid

{ né7

witl net 3uarm'l'e0. accuracy
L
2 -9
L0t 4 10

-4t O

Continued on page 13
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8] 8.

(a) (4 marks) Prove that z 4+ In|z| = 0 has at least one solution in the open interval (—1,1).
F(x) = x +n |x| is  continuous an [-1,0) akd ou (O, 1] bid s discontiunous at O

F(|}='l g 'C(a.)-‘- a + dna <0 {or any a> 0 Su{'{:icieuH) close to O}

Siuce fiwe la lxl = -0
x>0t

2.4, a= %_ or a= el ete,
Ckoosiutj D<a< 1l so tud £(a) <O
{ 5 condinuous on [«,1 1

By the Tutermediate Valie Theren £(x)~0 has at least oue

solution in (a) I) whiedh s tkerefove also i C-l,l)

(b) {4 marks) Prove that z + In|z| = 0 has exactly one solution in the open interval (-1, 1).

f'le)= t+ 3 x#40

b

‘F'(x.) > 0 Ador O <x < |

fle) = O can have uo wmore tham oue solution i (o0,1)

Justification
{ 5 iweressi
o wse ANT avdk Proo{! Lj coutrediction
£6Y=0 cannot have any solitions iu (-—l)o)

JLLS‘{C'&L.:C“OVI
x <0, mlxl <0 = x+ lnjx| €0 € -tex<O

or -Fifx) <0 , £ Aecreasiuj in (-l,O) ad £(-1)=-1<0

S5 fx) ¢~1 for 1< <O,

The End



