MATH 101 V01 — ASSIGNMENT 3

Solutions

1. (a) Let a > 0. Use properties of the integral and integration by substitution to prove for any function f
that is continuous on the closed interval [—a, al:
i. If f is an even function (f(—xz) = f(z) for all ), then

de =2 dx.
[ @yae=2 [ fa)as
ii. If f is an odd function (f(—x) = —f(z) for all z), then

’ f(z)dx = 0.

(b) Let L > 0 be a constant and let n be a positive integer. Evaluate the two integrals

1 [k 1 [
an:Z/_ :z:%:os(?) dx, bnzz/_LwQSin($) dx.

L
Solution:
(a) For both i. and ii. split the integral on [—a,a] into a sum of an integral from [—a, 0] and and integral
from [0, a], make the substitution v = —z, du = —dx in the first integral, then use the definitions of even

and odd functions:
i. For an even function f we have

a 0 a
f@de= [ o+ [ f@a

—a

_ /0 F(—u) (~du) + /O f(x)dz
:/Oaf(—u)du—i—/oaf(l')df
/:f(x)dw+/0af(w)dl'

- ‘af(az)dx+'/0.af(l")dz

0

=2 af(T) dx.
0

ii. For an odd function f we have

a 0 a
[ f@de= [ f@ies [ @y
0 a
:/ f(—u) (—du)—l—/o f(z)dx

_ /Oaf(—u)du—i—/oaf(m)dx

:/Oa Fl—2) d:c+/:f(x) da
= /Oaf(x)d:v+/0af(w)dx
— 0.



(b) For a,, we note that f(z) = 22 cos(nmx/L) is an even function,
tion by parts twice

(in the first integration by parts put u = 22, dv = cos(nmx/L) dx;

so by part (a) we have, using integra-

du = 2z dz, v = (L/nr)sin(nmz/L),

then in the second integration by parts put u = z, dv = sin(nwz/L) dz; du = dx, v = —(L/nw) cos(nmx /L)),

1 L
an:Z[L$2COS (?) dx
2 L

=— z? cos (—mm) dx (first integration by parts)
L L
2 L 2L
=7 { Earz sin (?) ) “or s X sin (sz) dx} (second integration by parts)
2 )L 5. (mm:)‘L 2L L (nﬂx)‘L+ L [t (mrx) d
=—<{—z°sin(— )| —— |—-— zcos|— — cos | — | dx
L | nm L Jlo nm| nrm L /7o  nm /g L
2 (L o (mrx))L 2L [ L (nwx)’L+ L* . (mrx)\L
=—¢—ax'sin(— )| —— |—— zcos|—— —— sin [ ——
L | nm L Jlo nw| nmw L Jlo n2x? L Jlo
2 . (nm:)\L N 4L (mrx)‘L 412 (nmc)‘L
= — z°sin [ —— xcos (— )| — —— sin ( ——
nw L Jlo  n2x? L Jlo n3n3 L Jlo
j— 4L2 — n
=53 cos(nm) (note that cos(nw) = (—=1)")

while for b,,

we note that f(z) = 2?sin(nmz/L) is an odd function, so by part (a) we have

1 (L
bnzz/_LxQSin($) dxr
=0

2. (a) Use integration by parts to derive the following reduction formula

1

1 _ n
cos"xdxr = —cos" T xsinx +

n n

/

where n > 2 is an integer.
(b) Use the reduction formula to evaluate

/2
/ cos* z da.
0

Solution:
(a) Integrate by parts: put

u = cos" 'z dzx, dv = coszdx;

to get

1
/ cos" 2 z dz,

du= —(n—1)cos" ?zsinzdr, v =sinz

/cos” rdr =cos" tasinz + (n—1) /COS"_2 xsin® x dx

=cos" lxsinz 4+ (n—1) /005”_2 x(1

— cos® x) dx

=cos" txsinz 4+ (n—1) /cos"_Qa:dx —(n— 1)/cos"xdx



Then rearranging terms we get
n / cos" xdr = cos" ' xsinz 4 (n — 1) /005"72 xdx

and dividing by n gives the reduction formula.

(b) Using the reduction formula with n = 4, and then with n = 2 we get

1 3
/(3054 dr = Zcos%csinx + 1 /cos2xdac,

7!‘/2 1 77/2 3 7T/2
/ cos* dx = 1 cos® x sin x + f/ cos® x dx
0 0

/2
1o, 1 ,
= —cos’rsmmx + — | =cosxsinx

4 0 4\ 2
/2 /2 /2
I 3 .
= —cos” xrsmx + —cosxsinx + -z
0 8 0 0

3w
=0+0+ —
+ +16



